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Abstract
We consider an initial-boundary value problem for the degenerate linear hyperbolic equation
as a model of the motion of an inextensible string fixed at one end in the gravity field. We shall
show the existence and the uniqueness of the solution and study the regularity of the solution.

1. Introduction

We are concerned with the motion of an inextensible string of finite length with uniform
density having one end fixed and another end free and acted on solely by forces of the gravity
and the tension. Let L be the length of the string and s (€ [0, L]) be the arc length measured
from the free end of the string. Suppose that the string is described as a curve

u(s, 1) = (ui(s, 1), ua(s, 1), uz (s, 1)), s €[0,L]
at time ¢ and that the fixed end of the string is at the origin in R? (see Fig. 1 below).

o, G
s=1L

s=0
Fig.1. Hanging string
The motion of the string is dominated by the force of gravity and the tension of the string.
Let p be the density of the string, g = (0,0, —1) the acceleration of gravity vector, and

T = 7(s, 1) the (scalar) tension of the string. Then the equation of the motion of the string
has the form

(1.1) puy = (tug)g = pg in (0,L)x(0,T)
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(for instance, see [9]). Inextensibility of the string is mathematically enforced by requiring
that

(1.2) lugg =1 in (0,L)x(0,T).
As for the boundary conditions, we impose that
(1.3) U= =0, 7li=0=0 on (0,7).

The first condition of (1.3) means that the fixed end (s = L) of the string is at the origin in
R? and the second one means that the tension vanishes at the free end (s = 0). As for the
initial conditions, we impose that

(1.4) (u, up)li=o = (uo(s),v0(s))  in (0, L).

There are few results about the existence and the uniqueness of the solution of this initial-
boundary value problem. Reeken [6, 7] considered the motion of an inextensible string of
infinite length having one end fixed at the point (0,0, +o0) in a gravity field. For technical
reasons he assumed that the acceleration of gravity vector g is not a constant. In precise, he
assumed that g = g(s) € C* is constant for s € [0,/] and grows linearly beyond s = [ for
some /. Under this non-physical condition, he proved the existence locally in time and the
uniqueness of the solution provided the initial data are sufficiently close to a trivial stationary
solution. Preston [3] considered the motion of an inextensible string of finite length in the
absence of gravity, that is g = 0. He proved the existence locally in time and the uniqueness
of the solution for arbitrary initial data.

Remark. The stationary solution (i, T) of the boundary value problem (1.1)—(1.3) is given
by

u(s) =(0,0,s - L), T(s)=ps.

This implies that the stationary tension 7(s) is positive except at the free end (s = 0) and
degenerates linearly at this end.

In what follows we assume, for simplicity, that p = 1 and L = 1 and set / = (0,1). In
this paper, assuming that the function 7(s, ¢) is given, we discuss on the solution u of the
initial-boundary value problem (1.1), (1.3), and (1.4) neglecting (1.2). More precisely, for
given functions 7(s, ) and f(s, ¢), we consider the following initial-boundary value problem:

(1.5) uy — (t(s, Hug)s = f(s,1) in Ix(0,7),
(1.6) ulg=1 =0 on (0,7),
(1.7) (ut, up)li=0 = (uo(s), vo(s)) in I,

where u(s, ) is a scalar unknown function. We note that the relationship between the position
vector u and the tension 7 can be determined by the inextensibility constraint (1.2). If 7(s, ¢)
is strictly positive, then (1.5) is a wave equation with a non-degenerate coefficient, and hence
the existence and the uniqueness of the solution of the initial-boundary value problem (1.5)—
(1.7) are well-known. However, from the boundary condition (1.3) it is natural to assume
that 7(s, t) degenerates at s = 0.

Koshlyakov, Gliner, and Smilnov [1] considered the case 7(s, ) = s, which is the station-
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ary tension of the boundary value problem (1.1)—(1.3). By using eigenfunction expansion
method they proved the existence of the solution of the initial-boundary value problem (1.5)—
(1.7) with f = 0. Yamaguchi [8] also considered the case 7(s, ) = s. However, instead of a
linear equation (1.5), he considered a semi-linear equation

(1.8) Uy — (1(s, Hug)s = f(s,u) in Ix(0,T).

Under some technical conditions of f(s, u) he proved the existence of a time global solution
of the initial-boundary value problem (1.8), (1.6), and (1.7) provided the initial data are
sufficiently small.

Remark. If (u,7) is a smooth solution of the initial-boundary value problem (1.1)—(1.4),
then the tension 7 satisfies

70,0 =0, 740,£)>0, and 7(s,1)>0 for (s,1)€(0,L]x][0,T]

under a physically natural condition. In other words, the tension 7(s, f) is positive except at
the free end (s = 0) and degenerates linearly at this end.

Taking into account of Remark above, for the given function 7(s, f) we assume that
(1.9) 7(s,1) = sa(s,t), wherea € C*(I x [0, T]) is strictly positive on I X [0, T'].

In this paper, we shall show the existence and the uniqueness of the solution of the initial-
boundary value problem (1.5)—(1.7) and study the regularity of the solution under this as-
sumption (1.9).

This paper is organized as follows. In Section 2 we define function spaces X”(R.) which
are essentially the same as in [6]. We also state our main theorem. In Section 3 we introduce
maps § and b which play crucial roles to prove main theorem. We also give the proof of
main theorem admitting that some propositions hold. Section 4 is devoted to functions with
weights. In Section 4.1 we prove some inequalities. In Section 4.2 we prove a function
in X"(R,) can be approximated bysmooth functions. In Section 5 we give the proofs of
propositions used in Section 3 admitting that Proposition 5.1 holds. In Sections 6 we give
the proof of Proposition 5.1.

2. Notation and main theorem

Throughout this paper, for two norms || - ||; and || - [, we will write ||v]|; < ||v]l> to denote
the fact that ||v||; < Cl|Jv||, for a certain constant C which is independent of v. We will also
write |[v]|; 2 ||v]|> to denote the fact that ||v||; < ||vll> and ||v]]> < [[v]l;. In other words, |[v]|; = ||vll2
means that the two norms || - ||; and || - ||, are equivalent.

Let Z, denote the set of non-negative integers and R, denote the set of positive real
numbers, namely, Z, = {0,1,2,...} and R, = (0, +00). We use the following notation for
the function spaces: For m € Z, we define

2.1 X"(Ry) = {u € L*(R}); |ullxnwr,) < +o0}

equipped with the norm
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(2.2) [zl xR, )

k k
D 10w, + D150 ), m=2k keZ,
_J =0 =0

k k
DNl + D s g, m=2k+ 1, ke Zy,
j=0 Jj=0

where d,u = %u(s). Similarly, we define the function space X" (/) and the norm || - ||xmp
replaced R, by [/ in the definitions (2.1) and (2.2) above (these function spaces X"'(I) are
essentially the same as those in Section 2 in [6]). We note that a function u € X"({) is
expressed as u = #t|; for some &t € X™(R,). Furthermore, we define

Ay = ()0, T X" (1))
j=0

equipped with the norm

m

llag = " sup 117uC, Dllxoscry-

‘0 1€l0.7]
RemMark. Let m > 2 be an integer and suppose that
feAy and (up,v0) € X™(I) x X" N(I).

If u is a solution of the initial-boundary value problem (1.5)—(1.7) in the class u € A7, then
we have 8/u(0, s) = UY(s) (j = 0,1,...,m), where UY)(s) is determined from the initial
data (ug, vp) inductively by
UO®s) =ugp(s),  UD(s) = vo(s),
and
j-2

U (s) = Z( ! : : )as(0{_2_i7(0, )3,U(s)) + 8/ £(0, 5), J=2.3.....m.
pry

Since UY € H"7I(6,1) (j =0,1,...,m—1) for any § € (0, 1), we can define the trace of the
function UY (j = 0,1,...,m — 1) at s = 1. Therefore, the compatibility conditions which
are necessary to insure that the solution u is in A are given by

(2.3) U2y =0, j=0,1,....,m—1.
Our main theorem is as follows:
Theorem 2.1. Let m > 2 be an integer and T > 0. Suppose that
feAr and (uo,vo) € X™(I) x X" '(I)

satisfy the compatibility conditions (2.3). Then the initial-boundary value problem (1.5)—
(1.7) has a unique solution u € N7, which satisfies the estimate

(2.4) llullaze < Nuollxmry + Nvollxn1cry + I llag-1-
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3. Proof of the main theorem

3.1. Preliminaries. We use the following notation for the function spaces: For m € Z.
we define

(3.1 H;Zd(Rz) = {w € H"(R?); wis a radially symmetric function}

and denote H?a d(Rz) by era d(RZ). Similarly, we set Q = {(x,y) € R?; x> + y> < 1} and define
the function space H,,(€2) replaced R? by Q in the definition (3.1) above. We note that a
function w € H! () is expressed as w = W]q for some i € Hr”;d(Rz).

For the proof of Theorem 2.1, we introduce the following notation: For u € L>(R,) we
define the function u* : R? — R as

W y) = u(® + %),  (n,y) € R

Then it is easily checked that the map # : L2(R)) > u +— u € L? (R?) is bijective and
norm-preserving in the sense that

Il 2@y = Vallullzg,) for ue LX(R,).

This map # gives the following relationship between X”(R,) and H d(RZ) and between
X"(I) and H:,(€).

Proposition 3.1. Let m € Z,. Then the map § : X"(R,) 3 u > uf € Hgd(Rz) is bijective
and for u € X™(R,) it holds that
el ey = il xm -
Proposition 3.2. Let m € Z,. Then the map § : X"(I) > u — ut e H" () is bijective
and for u € X" (1) it holds that
el 2y = el

The proofs of Propositions 3.1 and 3.2 are given in Section 5.
For convenience, we also construct the inverse map of § : L*(R;) — L2 ,(R?). For given
w € L2 (R?), since w is radially symmetric, there exists a function W : R, — R such

that w(x,y) = W(r), where r = 4/x2 + y2. Using this function W, we define the function
w : R, > Ras

wb(s) = W(s%), s €R,.
Then it is easily checked that the map b : era d R?) 3 w — w” € L*(R,) is also bijective and
norm-preserving in the sense that
1
uwmmg=9#wmmatm we Ly(R%)
This map b : L2 ,(R?) — L*(R,) is the inverse map of § : L*(R,) — L2 (R?). Therefore,
from Propositions 3.1 and 3.2 we immediately have

Corollary 3.3. Letm € Z,. Then the map b : H"

rad(R2) sw uw’ e X"(R,) is bijective
and for w € Hr'gd(RZ) it holds that

b
lw[lxmR,) = lwll gmR2).-
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Corollary 3.4. Letm € Z,. Then the map b : H!" (Q) > w w” € X"(I) is bijective and
Jorw € H (Q) it holds that

1 lxmay = ol om-
We also introduce the following differential operators: For m € Z, we define A,, as
Aou = u, Au = s%asu, Aou = 0,(s0,u),

and

A, m=2k keZ,

Au =

AlAgu, m=2k+1,keZ,

(these operators A,, are essentially the same as those in Section 2 in [6]). Then we have

Proposition 3.5. Let w € X*(R,) and u,v € X"(R,). Then it holds that
1 1
(3.2) (Aw)* = ZAwﬂ, (A (A ) = Z(Vu" Vo),

where A and V are the Laplacian and the gradient in R?, respectively.

Proposition 3.6. Let w € Hrza1 d(Rz) and u,v € Hrla d(Rz). Then it holds that

(3.3) A’ = %(Aw)b, (A1) (A) = %(Vu Vo).

The proofs of Propositions 3.5 and 3.6 are given in Section 5. In what follows, admitting
that Propositions 3.2, 3.5, and 3.6 hold, we shall give the proof of Theorem 2.1.

3.2. Uniqueness of the solution. Let u € A} be a solution of the initial-boundary value
problem (1.5)—(1.7) and set w = u*. Then Proposition 3.2 yields

we Ap = [ | CU0, T); Hiy ().
=0
Furthermore, from the assumption (1.9) we have
(Tuy)s = (sauy)y = a(suy)s + sasus = aAsu + (Aja)(Aju).

Thus Proposition 3.5 shows that w is a solution of the following initial-boundary value prob-
lem:

1
(3.4) Wy — Z(aﬁAw +Vd-Vw)y=f  in Qx(0,7),
(3.5) w=0 on 8Qx(0,T),
(3.6) (w, wli=o = (b, of) in Q.

From the assumption (1.9), the function a’(s, ) is strictly positive on Qx[0, T, and hence
(3.4) is a wave equation with a non-degenerate coefficient. Thus, by standard arguments of
initial-boundary value problem for a linear hyperbolic equation (for instance, see Proposi-
tion 2.1 in [5]), the solution w of the initial-boundary value problem (3.4)—(3.6) is unique.
Therefore the solution u of the initial-boundary value problem (1.5)—(1.7) is also unique. O
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3.3. Existence and estimate of the solution. Letm > 2 be an integer and suppose that
feAyt and  (up,v9) € X" () x X" (D)

satisfy the compatibility conditions (2.3). We now consider the initial-boundary value prob-
lem (3.4)—(3.6). Proposition 3.2 yields

rad

ffe Agﬁid and (u?), v(ﬁ)) € H”(Q) x H' 1 (Q).

Moreover, f* and (u(ﬁ), v(ﬁ)) also satisty the compatibility conditions of the initial-boundary
value problem (3.4)—(3.6). Thus, by standard arguments (for instance, see Theorem 3.1 in
[5]), we obtain a unique solution

we Ajy =) CI0, T); H" ()
Jj=0

of the initial-boundary value problem (3.4)—(3.6), which satisfies
(3.7) lellagy < leehllzmcey + 10§ llrm-1c + LF g1

Since the solution of the initial-boundary value problem (3.4)—(3.6) is unique and func-
tions aﬁ, f ﬁ, uﬁ, vﬁ are radially symmetric, the solution w is also radially symmetric, namely,

w € A} 4 Now let us set u = w”. From Corollary 3.4 we have u € AY. Moreover, Propo-

sition 3.6 shows that u is a solution of the initial-boundary value problem (1.5)—(1.7). The
estimate (2.4) follows from Proposition 3.2 and (3.7). m|

4. Functions with weights
4.1. Auxiliary inequalities. We start with the following lemma.

Lemma 4.1. Ler w € L*(0, 1) and set
S
W(s) =57 f w(e)do,  se(0,1).
0
Then we have W € L*(0, 1) and it holds that

4
IWllr20,1) < ;”w”LZ(O,l)-

Proof. For 0 < § < 1 we set

Es = (‘[51 W(s)? ds)%.

Using integration by parts we have

E2—fl l(fsw(a)dd)zds
o s §Jo

S 2 1s=1 1 s
= (log s)(j(; w(o-)do-) |s:5 —2f6 (log s)(fo w(a')da')w(s)ds



554 M. TAKAYAMA
2 I 1
= | log 4| f w(o)do) -2 f s2(log s) W(s)w(s) ds
0 o

2 4
<llogd|( [ w(@)do) + —lwllonEs,
0 e
where we used 0 < s%llog s| < % for s € (0, 1). In short, we obtain
5 2 4
(4.1) Ej <A;+BEs;, where A;=|logdl( | w(o)do), B=—luwllp.m.
0 e

Solving the quadratic inequality (4.1), we have

1
4.2) Es < E(B + VB? +4A;).
On the other hand, we note that
) 0 0
45| < |1og ]( f Ldo)( f w(o)? dor) = 6| log o f w(o)do) >0 as & — +0.
0 0 0

Therefore, passing to the limit as ¢ — +0 in (4.2), we conclude the proof. m|

As an immediate corollary to Lemma 4.1 we have
Corollary 4.2. Letu € L*(R,) and suppose that Au, Ayu € L*(R.). Then we have
1 S
osu(s) = —f w(o)do, where w = Asu.
s Jo

Proof. Since d,(sd,u) = w, there exists a constant ¢ € R such that

sOsu(s) = ¢ + fs w(o)do.
0

fs w(o)do.
0

From Lemma 4.1 and the fact that Aju,w € L*(0, 1), the right-hand side of (4.3) belongs
to L>(0,1). On the other hand, we note that 572 ¢ L2>(0,1). This implies ¢ = 0, which
concludes the proof. m|

This implies

(SIS
(SIS

4.3) cs 2 =Au—s

Lemma 4.3. Let v € L*(0, 1) and suppose that 0,(sv) € L*(0, 1). Then it holds that

1
sup [s2o(s)| < [|05(sv)llz2(0.1)-
5€(0,1)

Proof. Let us set w = d(sv). Then, by using the same argument as in the proof of
Corollary 4.2 we have

su(s) = f wo)de, s,
0

and hence

|su(s)| = |f0 w(O')d0'| < (fo ld(r)%(fos w(or)? do')% < sl s €(0,1).
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This concludes the proof. m|

Lemma 4.4. Let a > —% and v € L*(R,), and set

V(s) = f o®v(o) do, s € R,.
0

sa+1

Then we have V € L*(R.) and it holds that
2
VI, < m”UHU(Rg-

By using an argument similar to that in the proof of Lemma 4.1, we can also prove Lemma
4.4 (see also Lemma 1 in [7]). Thus we omit the proof.

Lemma 4.5. Let o, € R and suppose that a > —% and a + > —1. In addition, let

w € L*(R,) and suppose that supp w C [0, R] for some R > 0. Moreover, set
—+00
W(s) = s“f Aw(o) do, s€R,.
N

Then we have W € L*(R,) and it holds that

”Sa+ﬁ+l

W < w .
(W2, 0 2R,

Proof. For 0 < 6 < 1 we set

E;= (f;w W(s)? ds)%.

By using an argument similar to that in the proof of Lemma 4.1, we have

E(% L SHZQ(IW’ O'ﬁw(O')dO')z

T 1+2a

2 foos1+2"(f OoO'ﬁw(O')cIO')sBu(s)als.
o K

+
1+ 2a

§=+00

s=0

Since supp w C [0, R], we have s'+2%( fY " FPuw(0) do)?|s—seo = 0. Thus we obtain

E: < 2 fws”z"(fwo‘gw(a)da)sﬂu(s)ds
o K

1 +2a
2 +00 | |
= Tan fé W(s)s* P u(s)ds < o 2a||s“+ﬂ+ ullr2r ) Es-
This implies
2 (04
(4.4) Es < 75 Is Pl pR,)-
Therefore, passing to the limit as 6 — +0 in (4.4), we conclude the proof. m|

4.2. Approximating functions. We shall show that a function in X”(R.) can be approx-
imated by smooth functions. Let R, denote the set of non-negative real numbers, namely,
R; = [0, +0). We define

CoR,) = {u: Ry — R; u = iilgfor some it € CP(R)).
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Then we have
Lemma 4.6. Let m € Z,. Then C7 (R,) is dense in X"(R.).

Proof. We divide the proof into three steps.

FirsT sTEP:  Suppose that u € X"(R,). Let us take p € C7’(R) with p(s) > 0, fR p(s)ds =1
and set

u(s) = Jeu(s) = f u(se”“p(o) do, se R,
R

for 0 < € < 1 (this operator J, is the same as that in Section 2 in [4]). We note the following:

Lemma 4.7. Let @ € R and take p € C7(R) with p(s) > 0, pr(s)ds = 1. In addition, let
w e L*(R,) and set

We(s) = f w(se “N)e“ p(o) do, seR,
R

for 0 < € < 1. Then we have W, € L*(R,) for 0 < € < 1 and it holds that
We—>w in L2(R+) as € — +0.

By using arguments similar to those in Section 2 in [4] and in Section 3 in [2] we can
prove Lemma 4.7. Thus we omit the proof. We continue the proof of Lemma 4.6. From
Lemma 4.7 it is easily checked that u, — u in X"(R;) as € — +0. Moreover, we have
u. € X"(R,) N C(Ry) for 0 < € < 1 (see Section 2 in [4], Section 3 in [2]). Therefore,
replacing u by u., we may suppose that u € X”'(R,) N C*(R.) without loss of generality.

Seconp sTep:  Suppose that u € X" (Ry) N C(R;). Let us take ¢ € C;’(R) with suppy C
(=1, 1) such that y(s) = 1 near s = 0 and set

ue(s) = y(es)u(s), s € Ry

for 0 < € < 1. Then it is easily checked that u, — u in X"(R,) as € — +0. Moreover, we
have u. € X"(R;) N C*(R,) with supp u. C [0, %] for 0 < € < 1. Therefore, replacing u by
u., we may suppose that u € X"(R,) N C*(R,) with suppu C [0, R] for some R > 0 without
loss of generality.

THRD sTEP: Suppose that u € X™(R,) N C*(R;) with suppu C [0, R] for some R > 0. Let
us take y € C°(R) with supp y € (=1, 1) such that y(s) = 1 near s = 0 and set y(s) = (%)
for 0 < € < 1. Moreover, we set

f m(s—a')m_l()(g(a')— D(@"u)(o)do,  seR,

ue(s) = 1Dl

for 0 < € < 1. Since (y. — DdYu € C5(R;), we have u, € C(‘;°(R_+) for 0 < € < 1. In what
follows, we shall show that u, — u in X"(R,) as € — +0.
Repeating integration by parts we have

1
(m—1)!

and hence u, is written as u. = u + v., where

u(s) = —

f °°(s - O')m_l(af:’u)((r) do,
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1 +00
v4s>=-—————\f‘ (s = )" (@)@ u)(o) do.
(m—=1!J;
Thus, in order to prove that u, — u in X"(R,) as € — +0, it suffices to show that
4.5) ve >0 in X"(R;) as € — +0.

We consider two cases depending on whether m is even or odd. Since the proofs are the same
in the two cases, we only give the proof of (4.5) in the case where m is odd (m = 2k + 1) and
omit it in the case where m is even. In what follows, we shall show that

k k
i i+ L ak+1+)
loellxznr,) = Z ”(%UEHU(RQ + Z lls/*2 0 jUE||L2(R+) —0 as €— +0.
J=0 J=0

Let us set we = ye sk+%8§k+1u. Since sk+%6§k+lu € L*(R,), it is easily checked that w, — 0
in L*(R,) as € — +0. We note that v, is written as

I R T
(4.6) ve(s) = 301 f (s — ) *o* 1w (o) do-

Thus, for j =0, 1,...,k, taking the j-th order derivative of (4.6), we have

. 1 +oo . |
v (s) = —f s— o)y e 2w (o) do
) = e | G- ()
Therefore, using Lemma 4.5 and noting supp w, C [0, R] we obtain
. L
1070l 2R,y SIS 2 well 2w, S lwell 2w,y = 0 as € — +0.

Similarly, for j =0, 1,...,k, taking the (k + 1 + j)-th order derivative of (4.6), we have

S0 (s)
j-f-l +00 '
=1 —sj 1‘1)' (s =)o Budodo,  j= 00,k L,
° s
_wE(s)9 j: k.

Thus Lemma 4.5 yields
i+d ak+1+)
lls/"2 a5 JUE||L2(R+) Sllwellpzr,y) = 0 as € — +0.

Therefore, in the case where m is odd, we proved (4.5). Similarly, in the case where m is
even, we can also prove (4.5). ]

5. Proofs of propositions

In this section, we shall give the proofs of propositions used in Section 3. The proofs of
Propositions 3.1 and 3.2 are essentially the same. However, the proof of Proposition 3.1 is a
little easier than that of Proposition 3.2, since I and € are bounded sets. Therefore, we only
give the proof of Proposition 3.1 and omit the proof of Proposition 3.2. In what follows,
admitting that Proposition 5.1 below holds, we shall prove Propositions 3.1, 3.5, and 3.6.
The proof of Proposition 5.1 is given in Section 6.
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Proposition 5.1. Let m € Z,. Then for u € L>(R,) the following three conditions (A),
(B), and (C) are equivalent;
(A) u € X"(Ry),
(B) s:du e L*Ry) fori=0,1,...,mand j=ii+1,...,["%%],
(©) Ajue L*(R,) for j=0,1,...,m,
where [a] denotes the largest integer not greater than a. Moreover, for u € X™(Ry) it holds
that

3

m

X

1 m
lIs*Aulle,y = Y AUl
j=i Jj=0

m [
o,y = |
i=0

Before the proofs of Propositions 3.1, 3.5, and 3.6 we consider higher order derivatives
of uf. Letu € C*R;) and p, g € Z,. Then, by direct calculation we have

[51 [3]

6.1 Aot =

plq! 2X\P=2i 2YNG-2j | p o a_i i opegeiej #
P (S () s,
i=0 j=0 (p—Zl)!l!(q_zJ)!J!( ”) ( r) Y

where r = \/x% + 2.

Lemma 5.2. Let m € Z,. Then for u € X™(R,) and for p,q € Z, with p + g < m, (5.1)
also holds.

Remark. For a general function u € C*(R,), (5.1) does not necessarily hold. Indeed,
suppose that (5.1) holds for u(s) = logs and we shall derive a contradiction as follows.
From (5.1) we have

1
2! 2x\2-2i  ;2y~\2-2i S
g _ - _y 1—iq2—i N8
(5.2) Au _;7(2_2i)!1_!{(r) +(r) W' )
= 4(s0%u)* + 4(0,u)" = 4(Au),
where A is the Laplacian in R2. As is well-known, since uﬂ(x, y) = log(x2 + yz), we have

Aut = 476, where ¢ is the Dirac delta function. However, by direct calculation, we have
(Azu)ﬁ = 0. This is a contradiction. Therefore Lemma 5.2 is not obvious.

Proof of Lemma 5.2. Letu € X"(R,) and w denote the right-hand side of (5.1). We shall
show that 6§53uﬁ = w. From Lemma 4.6 we can choose {u,} C C8°(R_+) such that u,, — u
in X"(R,) as n — oco. Similarly, let w,, denote the right-hand side of (5.1) replaced u by u,,.
Since u, € C8°(R_+), it follows from (5.1) that (9)’?6;’1451 = w,. Thus for arbitrary ¢ € C’(R?)
it holds that

(5.3) (=1, RO 2wy = (W P2
We now note the following:

Lemma 5.3. Let m € Z,. Then for u € X" (R,) and for p,q € L, with p + q < m it holds
that
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4 q
[51 [3]

Pyd i iaptg—i—j
lls2 2798 ]u||L2(R+)$”u”X”'(R+)-

i=0 j=0

We omit the proof of Lemma 5.3 because it is easily derived from Proposition 5.1. We
continue the proof of Lemma 5.2. Since

”ufl - uﬁ”LZ(R2) = ‘/;”Mn - M||L2(R+) <Slluy, — u”X'”(R+)>

we have %, — uf in L2(R?) as n — co. Similarly, from Lemma 5.3 we obtain

[51 (4] .

Pyl i iaprg—i—j
fin = wllaey s S S IGE Tty — Pl

i=0 j=0

[51 14] "
VI

=~ s> 2700 (uy, — Wll2r,) S My — ullxnr,),
i=0 j=0

and hence w, — w in L>(R?) as n — co. Thus, passing to the limit as n — oo in (5.3), we
obtain
(=17, 67050) ey = (0, @) 2re),

which shows that 37d{u? = w. m]

We now give the proofs of Propositions 3.5, 3.6, and 3.1.

Proof of Proposition 3.5. From Lemma 5.2 and (5.2) we obtain the first part of (3.2).
Similarly, using Lemma 5.2 we can also prove the second part. m|

Proof of Proposition 3.6. We shall show the first part of (3.3). Since w is radially
symmetric, there exists a function W such that w(x, y) = W(r), where r = 4/x2 + y2. In polar
coordinates, it holds that Af = 82f + L9, f + 502 f. Thus we have Aw = W”'(r) + ~W'(r),
and hence (Aw)’ = W”(s%) +573 W’(s%). On the other hand, by direct calculation we have
A’ = Ay(W(s?)) = sW”(s7) + 1572 W’(s?). This proves the first part of (3.3). Similarly,
we can also prove the second part. m|

Proof of Proposition 3.1. First we shall show that
(5.4) |y < lullxnr,)  for u € X™(RY).
If p,q € Z, satisfy p + g < m, then from Lemmas 5.2 and 5.3 we have

(51 (4]
Pyd_i_inptg—i—j
16701l 2 w2y < s> 27 ull 2w, < lellenr, -
i=0 j=0

This shows (5.4). Next we shall show that

[NTE

(5.5) W llxnr,y < llwllgngey  for  w e H™ (R?).

ra

‘We note that ||Ajwb||Lz(R+) <Slwllgire) for j=0,1,...,m. Indeed, in the case where j is even
(j = 2k), Proposition 3.6 yields
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1
——[IA w22y < llwllerey-
TN

Similarly, in the case where jis odd (j = 2k + 1), we have

1
1A’ ll 2R,y = Eu(Akw)anz(m) =

b k
|A2ss 1w ||L2(R+) ———|IV(A w)||L2(R2) < ”w”HZ"”(R’)

22k+1 \/_

Therefore Proposition 5.1 yields

m m
b b
ol = > AW ey S ) Il S ol
=0 j=0

Since the map b is the inverse map of #, we complete the proof. |

6. Equivalent expressions

6.1. Key inequalities. Proposition 5.1 follows directly from Propositions 6.1, 6.2, and
6.3 below, which shall be proved in this section.

Proposition 6.1. Let m € Z, and u € X™(R,). Then it holds that

m+i
2

m
Z |525§M||L2(R+) < lullxmr,)-
=0 ]:

Proposition 6.2. Let m € Z, and u € L*(R,) and suppose that s%(?f:u e L’(R,) for
i=0,1,...,mand j=1i,i+ 1,...,['"7”]. Then it holds that

m+i
m 2

ZIIA llaw) < ) | |s26£u||Lz<R+>.

i=0 j=

Proposition 6.3. Let m € Z, and u € LZ(R+) and suppose that Aju € L*(R,) for j =
0,1,...,m. Then it holds that

lllxnr,y < D IA il 2gr, -
=0
6.2. Proof of Proposition 6.1. Proposition 6.1 follows from Lemmas 6.4 and 6.5 below.

Lemma 6.4. Let k € Z. and u € X*(R,). Then forl=0,1,...,k it holds that

21

©6.1) D ls2 0 e, S Nl
i=0
Lemma 6.5. Let k € Z, and u € X**'(R,). Then for 1 = 0,1,...,k it holds that
241
D s |z, Nl e, -
i=0

Admitting for the moment that Lemmas 6.4 and 6.5 hold, we shall give the proof of
Proposition 6.1.
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Proof of Proposition 6.1. By rearranging the terms of the sum we note that

k21
m (2] Z Z 28 M ull 2wy, m =2k, k€ Zs,
inj _ =0 i=0
Z Z ||szasu||L2(R+) - k 21+1 .
=0 =i Z Z Is? 0 " ullpgy, m=2k+1,keZ,.
1=0 =0
Thus, from Lemmas 6.4 and 6.5 we conclude the proof of Proposition 6.1. O

Since the proofs of Lemmas 6.4 and 6.5 are the same, we only give the proof of Lemma
6.4 and omit the proof of Lemma 6.5.

Proof of Lemma 6.4. From Lemma 4.6 we may suppose that u € C8°(R_+) without
loss of generality. In this proof, for simplicity, we denote L*(R,) and X"(R,) by L? and
X™, respectively. We will use the same letter C to denote an inessential positive constant,
which may vary from line to line. We prove the inequality (6.1) by induction on /. From the
definition (2.2) the inequality (6.1) obviously holds for the case / = 0. Inductively assume
that the inequality (6.1) holds for the case /. We consider the case [ + 1. Let us set

xi= s20E L, i=0,1,..,20+ 2.

From the definition (2.2) we note that

l+16k+l+1
S

k—I1—1
xo = 10 ull 2 < Nlullyar, X2 = || ull 2 < [lull .

Therefore, in order to prove the inequality (6.1) for the case [ + 1, it suffices to show that

20+1
i2
yi= ) axt<lul}  where  a=2"

i=1
Fori=1,2,...,2] + 1, using integration by parts we have
2 = (I, sk
= — (@, 9 (50K )
= i (2, G ) — (G, g ),
<ills™ O ullpalls = 0 ullpe + lls A ul s T Ol

k—1-1+i
9;

. =)
=ixi_1lls? ull2 + X1 Xip1

i—

2
a1 2a; i Ul 1+i aj—| ai
< ——xh s T, + =+ X
a1 a

8a; "~ 2a; 771 2a;, !
Sai- a; 20 o i

= X i + lls= 8l
8a; 2a; a1

On the other hand, the inductive hypothesis implies

21
i-1 . i .
17 O e < D Ms? O e < Nl
i=0

and hence
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Sa; a;
2 i-1 2 i 2 2
xXi < ——xi + ——x7; + Cllull5n.
[ i—1 i+1 X2k
Sai 2ai_1
Moreover, since Zai2 < a;_1a;+1, we have
2 2 2 2
(6.2) 8a;x; < 5a;-1x;_y + 2a;1 X7, + Cllull .

Taking the sum of the inequalities (6.2) overi = 1,2,...,2[ + 1, we obtain

21+1 21+1

2 2 2 2
8y = > 8at < ) (Sar1xl, +2ai1x7,y + Cllully)
i=1 i=1

2 2 2
< Sy + Saoxo + 2y + 2a21+2x21+2 + C”M”sz,
and hence
2 2 2 2
y=< Saoxo + 2a2l+2x21+2 + C”u”sz < “u”XZk’

which concludes the proof. m|

6.3. Proof of Proposition 6.2. For simplicity, we introduce the following notation: For
m € Z, we define || - [[x»r.) as

[z

m
e,y = " > s dlullize,)-

i=0 j=i

Then it is easily checked that [lulllx«g,) < llullx»,). Therefore, in order to prove Proposi-
tion 6.2, it suffices to show the following lemma.

Lemma 6.6. Let k € Z, and u € L*(R,) and suppose that ||ul| xkR,) < +oo. Then it holds
that

(6.3) IAkull2R,) < llulllxr,)-
Proof. We prove the inequality (6.3) by induction on k. Clearly we have
1
||A0””L2(R+) = ||”||L2(R+) = |||”|||X0(R+), ||A1M||L2(R+) = ||5263M”L2(R+) < |||u|||X1(R+)-

Thus the inequality (6.3) for the case k = 0, 1 is trivial. Inductively assume that the inequality
(6.3) holds for the case k. We consider the case k + 2. Let u € L*(R,) and suppose that
llelllxt+2r,) < +oo. Set w = Apu. Then we have

+4

[k

Loaj+l
I,y = 105590l = D, ) ls?0L (s0,0)l 2,

k 4]
i=0 j=i

o)

k
L oaj+l B2 42
< > D U2l +1Is ™ 01 P ull )

k+2 L

k+§+2]
.
< D0 st dlulla,) = ullxear,) < +oo,

i=0 j=i

and hence the inductive hypothesis implies [|Aiw||;2r,) < [lwllx«r,)- Thus we obtain
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lAr2ull2r,) = IArwllzr,) S lwllxr,) < llullx2r, ),

which shows the inequality (6.3) for the case k + 2. |

6.4. Proof of Proposition 6.3. For the proof of Proposition 6.3, we need Lemmas 6.7
and 6.8 below.

Lemma 6.7. Let k € Z, and u € L>(R,) and suppose that Ayu € L*(R,). In addition, set
w = Aou and suppose that w € X**(R,). Then for j =0,1,. ..,k it holds that

6.4) A u(s) =

1 S
Jjcai
s [) o/ (Oww) (o) do.

Lemma 6.8. Let k € Z, and u € L*(R,) and suppose that Ayu € L*(R,). In addition, set
w = Aou and suppose that w € X**'(R,,). Then for j = 0,1,...,k+ 1, (6.4) also holds.

Proof of Lemma 6.7. We prove (6.4) by induction on j. Corollary 4.2 shows that (6.4)
holds for the case j = 0. Inductively assume that (6.4) holds for the case j. We consider the
case j + 1. Recalling the inductive hypothesis and using integration by parts we have

j+1

fs o-j(af:w)(O') do-) = lBf:w(s) - fs o-j(afw)(O')dO'
0 s st Jo

szu(s) = (?s( !

Sj+1
1 1 . . o=s s .
= ?c%w(s) - W(af“(agw)(a) |U:0 - fo o @ w) (o) dor).

On the other hand, since w € X*(R,)(C H“R,)), we have &w € H'(R,). Thus dw is
continuous on R,. This yields (Tj”((?ﬁw)(a)lgjg = s/*19lw(s). Therefore (6.4) also holds
for the case j + 1. |

Proof of Lemma 6.8. In the same way as the proof of Lemma 6.7 we can prove (6.4) for
the case j =0, 1,...,k. It remains to show the case j = k + 1. The same argument as in the
proof of Lemma 6.7 implies

81§+2u(s) — ia/;w(s) _ %(OJﬁ](a];w)(o_) |0'js 3 fs O_k+1(al;+lw)(o_) dO’)
S A o=0 0

Since w € X**!(R,), we have w € H***!(a, b) for arbitrary a, b € R, with a < b. Thus &w
is continuous in R,. This yields c**1(8kw)(0)|y=y = s* 10 w(s).
Next we shall show that ! (8*w)(c)|,=0 = 0. From Lemma 4.3 we have

Lok 13 k k+1
sup [s2d,w(s)| < 105(sOw)llr20.1) < NN0swllz20.1) + l|sds* wllz20.1)
5€(0,1)

k L ak+1
<ldswllrz.ny + 15205 wllz20.1) < llwllxee g,y

and hence o-k“(a’;w)((f)la:o = 0. Thus (6.4) holds also for the case k + 1. O

We now give the proof of Proposition 6.3.

Proof of Proposition 6.3. We will give the proof of Proposition 6.3 only in the case where
m is odd (m = 2k + 1). More precisely, we will prove that if u € L*(R;) and Aju € L*(R;)
for j =0,1,...,2k + 1, then it holds that
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2k+1

(6.5) i,y 1A jull2qe, -
=0

We prove (6.5) by induction on k. Clearly we have

1
el xR,y = llullz2r,) + ”Szasu”LZ(RQ = [lAoull 2,y + AUl 2(R,)-

Thus (6.5) for the case k = 0 is trivial. Inductively assume that (6.5) holds for the case k. We
consider the case k+1. Let u € L*>(R,) and suppose that Aju e L*(Ry)forj=0,1,...,2k+3.
We shall prove that

(6.6) llellx2esr,y S Neellxoeni v,y + llwllxee g, ),

where w = Au. Indeed, the inequality (6.6) and the inductive hypothesis imply

2%k+1 2%k+1
il e,y < Ml + ol gy < ) 1Al + 1A wllew,)
j=0 j=0
2%k+1 2%+1 2k+3
= > MAulleg, + . Mpaullew, s 1A ullew,).
j=0 Jj=0 Jj=0
Therefore (6.5) also holds for the case k + 1.
In what follows, we shall show the inequality (6.6), namely,

k+1 k+1

j i+ 1 Ak+2+)
D 0%l + D520 ullpr,) < Ml ) + Il e, -
J=0 Jj=0

By the definition (2.2) the inequality ||6fu||Lz(R+) < |lullxx+1 (R, for the case j = 0,1,...,kis
trivial. Next we shall show that [|0%*'ul|;2r,) < llwllx21 (R, ). From Lemma 6.8 we have

O u(s) =

1 kg
g f o (dw)(o)do.
0
Thus, from Lemma 4.4 we obtain
k+1 k
05 ull o w,) S NOwllow,) S lwllx g, )-
Finally we shall show that
i+1 ak+2+)
(6.7) Ils"* 205 ullpr,) < llwllynr,)

for j=0,1,...,k+ 1. We prove the inequality (6.7) by induction on j. We first consider the
case j = 0. Lemma 6.8 yields

S 2

1 1 $ 11
5205 2u(s) = 3 f 2 (520 w) (o) do.
0
Furthermore, Lemma 4.4 implies
1 ak+2 1 ak+1
5205 ull 2k, S 115207 w2, S llwllxee v,)-

Thus the inequality (6.7) holds for the case j = 0. Inductively assume that the inequality
(6.7) holds for the case j. We consider the case j+ 1. We note that



TuEe EqQuaTioN OF A HANGING STRING 565

O w = 85 Agu = P (s0,u) = 50w+ (k+ 2+ P
This yields
STy = § 1y — (k4 2+ st a Ty,
and hence

i+1+1 ak+2+j+1 i+1 ak+1+j j+1 ak+2+)
s/ 2 a5 ! u||L2(R+)$||Sj+2as ]wIILZ(R+)+||s]+Zas ]M||L2(R+)-

On the other hand, from the definition (2.2) we have ||s"*3d\" ull2g,) < Wiy g,)-
Moreover, the inductive hypothesis implies ||sj+%6]§+2+f ull2r,y S llwllx2e(r,). Thus the in-
equality (6.7) holds also for the case j + 1. Therefore the inequality (6.6) is proved. |
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