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Abstract
Let p be a prime number. We define the notion Bffiniteness of homo-
morphisms ofF ,-algebras, and discuss some basic properties. In partiouaprove
a sort of descent theorem da-finiteness of homomorphisms @f,-algebras. As a
corollary, we prove the following. Leg: B — C be a homomorphism of Noetherian
Fp-algebras. Ifg is faithfully flat reduced andC is F-finite, thenB is F-finite. This
is a generalization of Seydi’s result on excellent locagsirof characteristiq.

1. Introduction

Throughout this paperp denotes a prime number, afity denotes the finite field
with p elements.

The notions of Nagata (pseudo-geometric, universallydegs) and (quasi-)excellent
rings give good frameworks to avoid pathologies which appethe theory of Noetherian
rings, see [20], [10], and [18].

In commutative algebra of characteristi¢c F-finiteness of rings is commonly used
for a general assumption which guarantees the “tamenessheotheory, as well as
Nagata and (quasi-)excellent properties. A commutating R of characteristicp is
said to beF-finite if the Frobenius magr: R — R (Fgr(r) = rP) is finite (that is,
R as the target ofg is a finite module ovelR as the source ofg). As the defin-
ition suggestsF-finiteness is important in studying ring theoretic projgertdefined via
Frobenius maps, such as stroRgregularity [14]. AlthoughF-finiteness for a Noether-
ian Fy-algebra is stronger than excellence [16]:finiteness is not so restrictive for
practical use. A perfect field i$-finite. An algebra essentially of finite type over
an F-finite ring is F-finite. An ideal-adic completion of a NoetheridfHfinite ring is
again F-finite. See Examples 3 and 9. It is known that Rffinite Noetherian ring is
a homomorphic image of aR-finite regular ring of finite Krull dimension, and hence
it has a dualizing complex [9, Remark 13.6].

In this paper, replacing the absolute Frobenius map by tlaive one, we define
the F-finiteness of homomorphism between rings of characterigti We say that an
Fp-algebra mapA — B is F-finite (or B is F-finite over A) if the relative Frobenius
map (Radu—André homomorphisrd), (A, B): BY @ x» A — B is finite (Definition 1,
see Section 2 for the notation). Thus a riBgof characteristicp is F-finite if and
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only if it is F-finite over F,. Replacing absolute Frobenius by relative Frobenius, we
get definitions and results on homomorphisms instead ofrifidpis is a common idea
in [23], [2], [3], [4]. [5]. [7], [12], [6], and [13].

In Section 2, we discuss basic propertiesFofiiniteness of homomorphisms and
rings. Some of well-known properties &f-finiteness of rings are naturally generalized
to those forF-finiteness of homomorphismg: -finiteness of homomorphisms has con-
nections with that for rings. For example, & — B is F-finite and A is F-finite, then
B is F-finite (Lemma 2).

In Section 3, we prove the main theorem (Theorem 21). This sora of de-
scent of F-finiteness. As a corollary, we prove that for a faithfullytffeduced homo-
morphism of Noetherian ringg: B — C, if C is F-finite, thenB is F-finite. Consid-
ering the case thaf is a completion of a Noetherian local ring, we recover Seydi’
result on excellent local rings of characterispc[26].

2. F-finiteness of homomorphisms

Let k be a perfect field of characteristig, andr € Z. For ak-spaceV, the addi-
tive group V with the newk-space structurer - v = «P v is denoted byV(®). An
elementv of V, viewed as an element &f ") is (sometimes) denoted hy"). If A is
a k-algebra, thenA) is a k-algebra with the produca® - b") = (ab)"). We denote
the Frobenius magA — A (a+— aP) by F or Fa. Note thatFeé: Al+® — Al js a
k-algebra map. Throughout the article, we reg&®l as anA*9-algebra throughF¢
(A is viewed asA©). For an A-module M, the actiona® -m®) = (am)®) makesM®
an Al)-module. If | is an ideal of A, then 1) is an ideal of A"). If e > 0, then
I©@A = 11P1 wherel[P7 is the ideal ofA generated bya® | a € I}. In commutative
algebra,A") is also denoted by" A. We employ the notation more consistent with that
in representation theory—theth Frobenius twist ofV is denoted byV®, see [15].
We use this notation fok = Fp,.

Let A— B be anFy-algebra map, and > 0. Then the relative Frobenius map (or
Radu—André homomorphisme(A, B): B® @ p0 A — B is defined byde(A, B)(b® ®
a) = bPa.

DEFINITION 1. An Fp-algebra mapA — B is said to beF-finite if ®1(A,
B): BY @,n A — B is finite. That is,B is a finitely generated® ® ,o A-module
through ®1(A, B). We also say thaB is F-finite over A.

Lemma 2. Let f: A>B,g:B—>C,and h: A—> A be Fy-algebra mapsand
B = A@A B.
(1) The following are equivalent.

(@) f is F-finite. That is ®1(A, B) is finite.

(b) For any e> 0, ®¢(A, B) is finite.

(c) For some e> 0, ®¢(A, B) is finite.
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(2) If f and g are F-finite then so is gf.

(3) If gf is F-finite then so is g.

(4) The ring A is F-finite(that is the Frobenius map £ A® — A is finite if and
only if the unique homomorphisify, — A is F-finite.

(5) If f: A— B is F-finite then the base changé: A — B is F-finite.

(6) If B is F-finitg then f is F-finite.

(7) If A and f are F-finite then B is F-finite.

Proof. (1) This is immediate, using [12, Lemma 42], (2) and (3) follow from
[12, Lemma 4.1,1]. (4) follows from [12, Lemma 4.15]. (5) follows from [12,
Lemma 4.1,4]. (6) follows from (3) and (4). (7) follows from (2) and (4). O

EXAMPLE 3. Lete>1, andf: A— B be anF-algebra map.
(1) If B = A[x] is a polynomial ring, then it ig=-finite over A.
(2) If B = As is a localization ofA by a multiplicatively closed subset of A, then
®¢(A, B) is an isomorphism. In particulaB is F-finite over A.
(3) If B= A/l with | an ideal of A, then

BO @0 Az (AQ/10) @0 Ax A/IOA= A/ITPT,

Under this identification®e(A, B) is identified with the projectiomA/I[PT — A/I. In
particular, B is F-finite over A.
(4) If B is essentially of finite type oveA, then B is F-finite over A.

Proof. (1) The image ofb;(A, B) is A[xP], and henceB is generated by 1x,
..., xPL over it. (2) Note thatB® is identified with (A®)ge, where S® = {s® | s e
S}. SoB® ® e A is identified with A®)ge @ a0 A = Age, and ®c(A, B) is identified
with the isomorphismAge =~ As. (3) is obvious. (4) This is a consequence of (1), (2),
(3), and Lemma 2 (2). 0

f
Lemma 4. Let A= B> C be a sequence @p-algebra maps. Then for g 0,
the diagram

BO @0 A 228

lg(@@l J/g
C(e) ®A(e) A w C

is commutative.

Proof. This is straightforward. ]
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f

Lemma 5. Let A= B->C bea sequence df,-algebra mapsand assume that
C is F-finite over A. If g is finite and injectivand B® ® x» A is Noetherian for some
e> 0, then B is F-finite over A.

Proof. By assumptionC® ® x¢ A is finite over B® @ p¢ A, andC is finite over
C@ ®p0 A. SoC is finite over B® @0 A. As B is a B® ® ¢ A-submodule ofC
and B® ® 0 A is Noetherian,B is finite over B® ® 0 A. O

Lemma 6. Let A— B be a ring homomorphispand | a finitely generated nil-
potent ideal of B. If Bl is A-finite, then B is A-finite.

Proof. Asli/Ii+1is B/I-finite for eachi, it is also A-finite. SoB/1" is A-finite
for eachr. Takingr large, B is A-finite. ]

Lemma 7. Let f: A— B be anFy-algebra map and | a finitely generated nil-
potent ideal of B. If Bl is F-finite over A then B is F-finite over A.

Proof. AsB/I is F-finite over A, B/l is (BO/1®) ® x0 A-finite. So B/l is
also BY ® a0 A-finite. By Lemma 6,B is BY ® 50 A-finite. O

For the absolutd--finiteness, we have a better result.

Lemma 8. Let B be anF,-algebrg and | a finitely generated ideal of B. If B
is I-adically complete and B is F-finite, then B is F-finite.

Proof. B/l is BY/1M-finite. SoB/1MB is B®-finite by Lemma 6. A9 I =
0, we have(),(1®)' B = 0. Moreover,B® is | W-adically complete. Henc® is BY-
finite by [19, Theorem 8.4]. ]

EXAMPLE 9. Let A be anFy-algebra.
(1) If Ais F-finite, then the formal power series ringf[x]] is so.
(2) Let J be an ideal ofA. If A is Noetherian andA/J is F-finite, then theJ-adic
completion A* of A is F-finite.
(3) If (A, m) is complete local and\/m is F-finite, then A is F-finite.

Proof. For each of (1)—(3), we use Lemma 8. (1) Bet A[[x]] and | = Bx.
ThenB/I =~ Ais F-finite. (2) SetB = A* and|l = JB. ThenB/l =~ A/J is F-finite.
(3) is immediate. ]

REMARK 10. LetA be a Noetherian ring ant its ideal. If A is | -adically com-
plete andA/I is Nagata, therA is Nagata [17]. IfA is semi-local,l -adically complete,
and A/l is quasi-excellent, thei is quasi-excellent [25]. See also [21].
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Lemma 11. Let A be anFy-algebra and B and C be A-algebras. If B and C
are F-finite over Athen
(1) B®aC is F-finite over A.
(2) B x C is F-finite over A.

Proof. (1) B is F-finite over A, and B®, C is F-finite over B by Lemma 2 (5).
By Lemma 2 (2),B ®4a C is F-finite over A. (2) Both B and C are finite over B x
C)® ®a0 A, and so isB x C. O

Lemma 12. Let A— B be anFp-algebra mapand assume that B and®B® e
A are Noetherian for some & 0. Then B is F-finite over A if and only if B is
F-finite over A for every minimal prime P of B.

Proof. The ‘only if’ part is obvious by Example 3 (3). We protle converse.

Let Min B be the set of minimal primes d8. Then[[,.yin g B/P is F-finite over A
by Lemma 11. AsBred — [[pemin g B/ P is finite injective, andBfgi,@A@ A is Noether-
ian, Breg is F-finite over A by Lemma 5. AsB is Noetherian,B is F-finite over A

by Lemma 7. ]

REMARK 13. Fogarty asserted that d@-algebra mapA — B with B Noether-
ian is F-finite if and only if the module of Kahler differential®g,4 is a finite B-
module [8, Proposition 1]. The ‘only if’ part is true and eashe proof of ‘if’ part
therein has a gap. AlthougR; in step (iii) is assumed to be Noetherian, it is not
proved thatR’ in step (iv) is Noetherian. The author does not know if thieclion is
true or not.

If, moreover, bothA and B are Noetherian, the assertion is true. This is an im-
mediate consequence of [1, Proposition 57].

3. Descent ofF-finiteness

In this section, we prove a sort of descent theorem Fofiniteness of homo-
morphisms.

Let R be a commutative ring, anfl: M — N an R-linear map betweeR-modules.
We say thatf is pure, if vy ® f: W®gr M — W ®g N is injective for anyR-module
W. When we need to clarify the base rifg) we also say thaf is R-pure. A homo-
morphism of ringsA — B is said to be pure (without mentioning the base ring), if it is
A-pure (i.e., pure as aA-linear map).

Lemma 14. Let R be a commutative ring: M — N and h F — G be R-linear
maps. Ifp is R-pure andly ®h: N® F — N®G is surjectivethenly ®h: MQF —
M ® G is surjective.
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Proof. LetC := Cokerh. Then by assumptionN ® C = 0. By the injectivity of
9p®1lc: M®C — N ®C, we have thatM ® C = 0. L]

Corollary 15. Let A— B be a pure ring homomorphisnand h: F — G an
A-linear map. Iflg @ h: B®a F — B ®a G is surjective then h is surjective.

Lemma 16. Let A— B be a pure ring homomorphisnand G an A-module. If
B®aG is a finitely generated B-modulthen G is finitely generated as an A-module.

Proof. Let6,,...,6; be generators oB®aG. Then we can writé; = Ziszlbij ®
gij for somes > 0, bj; € B, andg;; € G. Let F be the A-free module with the basis
{fj|1<i<s 1=<j=r},andh: F — G be the A-linear map given byf;; — g;.
Then by construction, gl® h is surjective. By Corollary 15h is surjective, and hence
G is finitely generated. ]

DEFINITION 17 (cf. [13, (2.7)]). Lete > O be an integer. ArfFp-algebra map
A — B is said to bee-Dumitrescu if ®¢(A, B) is A-pure.

Lemma 18. Let e € > 0. If A — B is both e-Dumitrescu and-®umitrescy
then it is (e 4+ €)-Dumitrescu. In particularan e-Dumitrescu map is er-Dumitrescu
map for r > 0.

Proof. This follows from [12, Lemma 4.1J)]. ]

So a 1-Dumitrescu map is Dumitrescu (that ésDumitrescu for alle > 0), see
[13, Lemma 2.9].

Lemma 19. Let e> 0.
(1) [13, Lemma 2.8],
(2) [13, Lemma 2.12]and
(3) [13, Corollary 2.13]
hold true when we replace all th®umitrescu therein by*e-Dumitrescl

The proof is straightforward, and is left to the reader.

REMARK 20. The precise statement of Lemma 19 for (2) is as follows.

Let f: A— B be a ring homomorphism between rings of characteriptiand
e > 0 an integer. Assume tha is Noetherian, and the image of the associated map
af: SpecB — SpecA contains Maxf), the set of maximal ideals of. If f is e
Dumitrescu, thenf is pure.
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Theorem 21. Let f: A— B and g B — C be Fy-algebra mapsand e> 0.
Assume that g is e-Dumitrescand the image of the associated m?gp: SpecC —
SpecB contains the set of maximal idealdax B of B. If gf is F-finite and B and
C® ®0 A are Noetherianthen f is F-finite.

Proof. Note that®¢(A, C): C® 0 A — C is a finite map. Note also that
C®®Rge B is aC® ® s A-submodule ofC through®(B,C), sinced¢(B,C) is B-pure
and hence is injective. AE® ® a0 A is NoetherianC® ®ge B, which is a submodule
of the finite moduleC, is a finite C® ® ¢ A-module. Sinceg®: B® — C® is pure
by Lemma 19 (2) (see Remark 2B® ®x0 A - C® @0 A is also pure. Since

C® Qge B = (C® @p0 A) Rpeg,qA B
is a finite C® ® p0 A-module, B is a finite B® ® yo A-module by Lemma 16. []

A homomorphismf: A — B between Noetherian rings is said to be reduced if
is flat with geometrically reduced fibers.

Corollary 22. Let g0 B — C be a faithfully flat reduced homomorphism between
NoetherianFp-algebras. If C is F-finitethen B is F-finite.

Proof. By [5, Theorem 3]g is Dumitrescu. Agg is faithfully flat, 2g: SpedcC —
SpecB is surjective. LettingA =T, and f: A — B be the uniqgue map, the assump-
tions of Theorem 21 are satisfied, and herfcés F-finite. That is,B is F-finite. [

Corollary 23 (Seydi [26]) Let (B, m) be a Nagata local ring with the F-finite
residue field k= B/m. Then B is F-finite. In particularB is excellentand is a
homomorphic image of an F-finite regular local ring. So B hadualizing complex.

Proof. Letg: B — C = B be the completion oB. ThenC is a complete local
ring with the residue fielk. By Example 9 (3),C is F-finite. As g is reduced by
[10, (7.6.4), (7.7.2)],B is F-finite by Corollary 22.

Now B is excellent by [16, Theorem 2.5] and is a homomorphic imafjero
F-finite regular local ring by [9, Remark 13.6]. The last atiser follows from the
fact that a homomorphic image of a Gorenstein ring has a zinglicomplex if it is
of finite Krull dimension. For dualizing complexes, see [11] ]

Even if A— B is a faithfully flat reduced homomorphism aBdis excellent,A need
not be quasi-excellent. There is a Nagata local waghich is not quasi-excellent [24],
[22], and its completiorA — A=Bisan example. On the other hand Af— B is a
faithfully flat regular homomorphism anBl is quasi-excellent, thei is quasi-excellent
[19, Theorem 32.2].
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