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Abstract

We investigate crosscap numbers by essential tangle dexsiiiops. We show
that each of the crosscap numbers of the Kinoshita-Terakattand the Conway
knot is four.

1. Introduction

Let K be a knot inS®. The crosscap numbel (K) is defined as the minimal
first betti number among all non-orientable spanning sedafor K, that is, compact
connected non-orientable surfaces bounde&bin S°. (For the unknotO, y(0) =0.)
Now it is obvious that any knoK bounds a non-orientable surface and the inequality
y(K) < 29(K) + 1 holds [1], whereg(K) denotes the genus df. H. Murakami and
A. Yasuhara [10] showed that for the knaf the equality holds. The crosscap numbers
for several classes of knots have been computed by sevedtrarauany torus knot by
M. Teragaito [11], any 2-bridge knot by M. Hirasawa and M. Terag¢b], and any
pretzel knot by K. Ichihara and S. Mizushima [6]. In this papee show that each
of the crosscap numbers of the Kinoshita-Terasaka knot aadCbnway knot is four,
and we investigate a lower bound on crosscap numbers of kmithsessential tangle
decompositions and mutations.

A tangleis a pair B, T) of a 3-ball B and a properly embedded 1-manifold
in B. If T consists ofn arcs, we call B, T) an n-string tangle A tangle B, T) is
essentialif 9B — T is incompressible in B-T, that is, any non-trivial simple closed
curve onoB—aT does not bound a disk iB—T. A Conway sphere for Ks a sphere
S embedded irs® such thatSNK consists of four points. Amssential Conwagphere
is a Conway sphere such th&t— K is incompressible irs® — K.

It is well-known that a genus one hyperbolic knot does notiagssential Conway
spheres. Ir§2, we shall show the following lemma involving this fact.

Lemma 1.1. Let K be a knot with (K) =1 or y(K) < 2. If K admits an essen-
tial 2-string tangle decompositigrthen one of the tangles consists of two parallel arcs
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(A): g=n+1.
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Fig. 1. Mutative knots of distinct genera.

In §3, we prove that the ribbon number of the Kinoshita-Teradakat is three
as an application of Lemma 1.1. %, we generalize Lemma 1.1 for knots with two
disjoint essential Conway spheres as follows and deterritirecrosscap numbers of
the Kinoshita-Terasaka knot and the Conway knot.

Theorem 1.2. Let K be a knot with two disjoint and non-parallel essential
Conway spheres;Sand $. Let B, B, be the two disjoint3-balls bounded by $
S respectively Let C be the 5x | between $and S. Suppose none of B K
consists of two parallel strings and that at least one of tberfstrings of CN K is
not parallel to any of the other three in.CTheny(K) > 4 and gK) > 2.

By using a notion of a Conway sphere we define mutations foitskifgee Sec-
tion 5). The first example of mutative knots in the Rolfserdblé is the Kinoshita-
Terasaka knot and the Conway knot (See Fig. 8). D. Gabai shdhat the genus of
the Kinoshita-Terasaka knot is two and that of the Conwayt ksidhree [4]. We will
give further information about it later (see PropositioB)1.

Proposition 1.3. For any positive integer hthere is a knot K such that(&*) —
g(K) =n, where K is a mutant of K

The proof is done by showing that the exteriors of the Se#erfaces illustrated
in Fig. 1 form taut sutured manifolds [4].
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(A): K: g(K)=3, y(K)=4. B): K*: g(K") =2, y(K*)=5?

Fig. 2. Candidate of mutative knots of distinct crosscap Ipeirs.

REMARK 1.4. Forn=1, the knots in Fig. 1 are the Kinoshita-Terasaka knot and
the Conway knot.

In contrast to genera, the difference of the crosscap nwsnilemutative knots is
at most one. More precisely, we show the following:

Proposition 1.5. Let K be a knot in 3which admits an essentigstring tangle
decompositionand K* a mutant of K Suppose/(K) < y(K®). Then if y(K) is odd
y(KT) =y (K). If y(K) is even |y(KT) — y(K)| = 1.

At this writing, the authors do not have any concrete exarople pair of mutative
knots with distinct crosscap numbers. We illustrate a adatdi of such a pair in Fig. 2.

2. Proof of Lemma 1.1

Proof of Lemma 1.1. Supposg is a surface bounded bl with the first Betti
numberp;(F) =1, andSis the Conway sphere defining the essential tangle decomposi
tion. Suppose thaF and S are in general position and N S| is minimal among sur-
facesF bounded byK with g1(F) = 1. SinceS is essential,F N S consists of two
parallel arcs inF and the conclusion follows. Suppos$eis a surface bounded bk
with the first Betti numbeBi(F) =2, andS is the Conway sphere defining the essen-
tial tangle decomposition. Suppose tliatand S are in general position and N S| is
minimal among surface§ bounded byK with g1(F) =2. Then we may assume that



394 Y. MizUMA AND Y. TSUTSUMI

141

S1 52
52 -

(A): (8 (B)
Fig. 3. Genus one surfadé and the intersection witls.

F NS consists of two arcs and some circles. Sii®#s incompressible irs® — K, we
may assume that each componentFofi S is essential inF. Lets,, s, denote the arc
components ofFf N'S. If F is orientable, then there are two ways to draw essential
arcs onF as in Fig. 3. Sinces; is an essential arc oR, cl(F — N(sp)) is an annulus
A;. Then, ifs, essential inA;, thens; ands, are as in Fig. 3-(A). Ifs, is inessen-
tial in Ay, thens; ands, are as in Fig. 3-(B). Sinc& is a sphere defining a tangle
decomposition,s; U s, should separaté. Hence the case of Fig. 3-(A) never occur.
In the case of Fig. 3-(B)s; and s, cut off a rectangleR which gives a parallelism
between the two stringg andt, in the 3-ball of the tangle. IfF is non-orientable,
there are several cases as in Fig. 4. First supposesthiast separating inF. Then
cl(F — N(sp)) consists of two Mobius bandM; and M,. Supposes; is in Mz. If

s, is essential inM1, thens; ands, are as in Fig. 4-(A). Ifs, is inessential inMq,
thens; ands;, are as in Fig. 4-(E). Next suppose tlgtis non-separating i-. Sup-
pose clF — N(sp)) is an annulusA;. If s, is essential inA;, thens; ands, are as
in Fig. 4-(C). If s, is inessential inA;, thens; and s, are as in Fig. 4-(F). Suppose
cl(F — N(s1)) is a Mobius bandM;. If s, is essential inA;, thens, ands, are as
in Fig. 4-(B) or -(C). Ifs; is inessential inA;, thens; ands, are as in Fig. 4-(A) or
-(D). Each of the cases-(A), -(B), -(C) does not correspana tangle decomposition
for a similar reason. O

Lemma 1.1 can be proven by computing Euler characterisscgahe proof of
Theorem 1.2. The conditions on the number of strings and #tg bumber of span-
ning surfaces are essential. In Fig. 5 we illustrate a knogefus one, a knot of
crosscap number two which admit 3-string essential tangleowhpositions with no
parallel strings (Fig. 5-(A), -(B)) and a knot of genus twokmot of crosscap num-
ber three which admit 2-string essential tangle decomipasitwith no parallel strings
(Fig. 5-(C), -(D)).

More generally we have:
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Proposition 2.1. Suppose a knot K admits an n-string essential tangle deceimpo
tion without parallel strings Let F be a spanning surface for K wihy(F) > 2. Then
n < 3pi(F) - 3.

Proof. LetS be the sphere defining thestring essential tangle decomposition.
Then, we may assume thetand S are in general position anNS contains mutually
non-parallel essential arcs onF.

Claim 2.2. There are at mos8g;(F)—3 mutually disjoint mutually non-parallel
essential arcs on F i1(F) > 1.

Proof. Supposes;, s,..., S, aren mutually disjoint, non-parallel properly em-
bedded essential arcs I such that ifs,.1 is a properly embedded essential arcFn
with (UiL; S) Nsw1 =9, then s, is parallel to somes. Then each component of
cl(F — N(UiL;s)) is a hexagon sincé is connected ang,(F) > 1. Let G be a
graph inF such that a vertex, whose degree is three, corresponds tmpooent of
cl(F = N(UiL;s)) and an edge corresponds so Then there is a deformation re-
tractr: F — G and hencex(F) = x(G) = |V(G)| — |E(G)| = 2/[E(G)|/3 — |E(G)| =
—|E(G)|/3. Now we have—p;1(F)+1=—|E(G)|/3 andn = |E(G)| = 3B1(F) —3. [

Now we haven < 381(F) — 3 by Claim 2.2. O

REMARK 2.3. Special interest in the cage(F) = 2. If K is prime andgi(F) =
2, thenn =3 by Lemma 1.1 and Proposition 2.1.

3. Ribbon number of the Kinoshita-Terasaka knot

In [9], the first author proved that the ribbon number of thend&hita-Terasaka
knot is three by using Jones polynomial [9, Theorem 1.9].eHee give a short proof
of this theorem as an application of Lemma 1.1.

A ribbon diskis an immersed 2-disk oD? into S® with only transverse double
points such that the singular set consists of ribbon simijigds, that is, the preimage
of each ribbon singularity consists of a properly embeddedraD? and an embedded
arc in the interior ofD?. A knot is aribbon knotif it bounds a ribbon disk inS°.
(cf. [7], [8]). The ribbon numberof a ribbon knot is defined as the minimal number
of ribbon singularities needed for a ribbon disk bounded H®y tibbon knot. Here we
have some remarks of ribbon numbers.

REMARK 3.1. A ribbon knot whose ribbon number is zero is a trivial kaod
there does not exist a ribbon knot whose ribbon number is one.
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Fig. 6. Ribbon singularities for ribbon number two knots.

REMARK 3.2. The ribbon number of a ribbon knét is greater than or equal
to the genus oK ([2]). Twice the ribbon number of a ribbon kn#t is greater than
or equal to the crosscap number It

Proposition 3.3. Let K be a ribbon knot with ribbon number twdhen dK) =
lory(K)=<2

Proof. The ribbon singularities oKk should be as in Fig. 6-(A). By tubing the
ribbon disk, we obtain a spanning surfaEefor K with g;(F) = 2. This completes
the proof. ]

Theorem 3.4 ([9, Theorem 1.9]). The ribbon number of the Kinoshita-Terasaka
knot is three

Proof. Let K denote the Kinoshita-Terasaka knot. It is well-known tiatad-
mits a 2-string tangle decomposition with no parallel gsiras in Fig. 7. This tangle
decomposition is essential since for the double branchedrdaranched along, the
preimage of the Conway sphere is an incompressible torusLeéByma 1.1 we have
y(K) > 3. Then by Proposition 3.3 we have that the ribbon numbeKof greater
than or equal to three. The diagram of Fig. 7 gives a ribbok digh three ribbon
singularities. This completes the proof. ]
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Fig. 7. The Kinoshita-Terasaka knot.

4. Crosscap numbers of the Kinoshita-Terasaka knot and the @Gnhway knot

Proof of Theorem 1.2. By Lemma 1.1, we may assume jiikt) > 3 andg(K) >
2. SupposeK bounds a spanning surfad¢e with g;(F) = 3. We may assume that
and § U S, are in general position antF N (S U $)| is minimal among spanning
surfaces of crosscap number three #r Then we may assume th& N (S U S)
consists of four essential arcs and some essential circlels since § U $) — K is
incompressible inS* — K. ThenF NS consists of two arcs and parallel circles 8n

PutF,=FnNnB;, F,=FNB,, F3=FNC. Note thatF; N F3 (i =1, 2) consists
of two arcs and some circles. Then we have théEi) + x(F3) + x(F2) — 4 = x(F) =
—2. This implies thaty (F1) + x(F3) + x(F2) = 2 and one ofx(F1), x(F3), x(F2) is
positive. Suppose(F1) or x(F2), say x(F1), is positive. ThenF; has a component
F; with x(F{) = 1. Since each component &f N S is essential inF, we see that
[Fi NS =2 and F, is a rectangle between two strings Bi N K, a contradiction.
Now we may assume that(F1) <0, x(F2) <0, andx(Fs3) > 2. In this case,F; has
two componentd=; and F; such thatyx(F}) = 1 and x(Fj) = 1. Since each component
of FN(SUS) is essential inF, we see thatF;N(SUS)| > 2, IFfN(SUS)| > 2,
and hence each df; and F; is a rectangle and any component©in K is parallel
to some component df N K, a contradiction to the assumption. This completes the
proof. ]

Corollary 4.1. y(the Kinoshita-Terasaka knot y (the Conway kngt= 4.

Proof. Use Theorem 1.2 and the diagram in Fig. 8. ]
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(A): Kinoshita-Terasaka knot. (B): Conway knot.

Fig. 8.

5. Crosscap numbers of mutative knots

Let S be an essential Conway sphere for a kKot Put SN K = v U vy, Uvg U vg.
Let ¢ be an involution on a 3-ball bounded [&/such thatr(v;) Zv; fori=1,2,3,4
and t(vy Uvo UvzUuwg) = v Uy UovgUvg. We denote byK® the mutant ofK with
respect tor, that is, K* is obtained fromK by replacing a tangle cut off b via t.
Recall that any disjoint two arcs;, s, with as; U 9s, = v; U vp U v3 U vy and simple
closed curves irS— (s; Usp) are equivariant under. Now if F is a surface bounded
by K such thatF N S consists of two arcs and essential simple closed curves§,on
then F* denotes the surface bounded Ky obtained fromF. Note thatF® has the
same Euler characteristig as F.

Proof of Proposition 1.5. LeF be a non-orientable surface bounded Kysuch
that B1(F) = y(K), and S the Conway sphere for the essential 2-tangle decomposi-
tion. If F is compressible, then by compressikgwe obtain a spanning surfade
for K with B1(F') < B1(F) — 2. ThenF’ is orientable sinces;(F) = y(K). However
by adding a one-sided curve as in Fig. 9 we obtain a non-aidatsurfaceF” with
B1(F") = Bi(F) + 1 < B1(F), a contradiction. Hencé is incompressible. We may
assume that and S are in general position and th@f N S| is minimal among all
non-orientable surfaces fak with gi(F) = y(K). Then F N S consists of two es-
sential arcs onF and some circles essential on bdthand S since F and S — K
are incompressible i§®> — K. Let F’ denote the component d¥® with 9F' = K7,
where F* is the surface bounded bi*® obtained fromF by the mutation. IfF* is
disconnected, then each componentF3f— F’ consists of closed orientable surfaces.
Note thatx(F) = x(F*) = x(F’) + x(F* — F’) and henceB,(F) = 1(F’) modulo 2.

If B1(F) is odd, theny(F’) is odd andF’ is non-orientable. IfF* — F’ contains a
sphere, then some circle componentfofi S bounds a disk inF, a contradiction to
the essentiality oF N'S. If F* — F’ contains a torusl, then x(F%) = x(F* = T)
and we regardF® as F* — T. Now we may assume that for each componEjt of
F*—F, x(F) <=2. If F* = F #0, then g1(F’) < B1(F) — 2. By the assumption
that y(K) < y(K®), F’ is orientable and/(K) is even. Then we get a non-orientable
surface F” for K* such thatgi(F”) = B1(F’) + 1 by adding a one-sided loop as in
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Fig. 9.

Fig. 9 and we have/(K®) < Bi(F) +1 < Bi(F) — 1 = y(K) — 1, a contradiction to
y(K) < y(K7). Now we assume thaE"® is connected an@,(F) = B1(F%). If F7 is
non-orientable, we are done. " is orientable, we have(K®) < y(K)+1 by adding
a one-sided loop td-* as in Fig. 9. This completes the proof. ]
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