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1. Introduction

The classification problem of isoparametric hypersurfaces in a sphere
with four or six principal curvatures is still open. A hypersurface in a sphere is
called isoparametric if each principal curvature is constant. When the number
g of the principal curvatures is six, every principal curvature has the same mul-
tiplicity m [9], which takes value 1 or 2 [1]. In either case, the known examples
belong to the family of homogeneous hypersurfaces. Recently, Dorfmeister and
Neher [4] proved that an isoparametric hypersurface with (g, m)=(6, 1) are ho-
mogeneous. Their argument is, however, purely algebraic, because they clas-
sify isoparametric functions rather than the hypersurfaces themselves. Unfor-
tunately, their proof does not work for (g,m)=(6,2). So it seems significant to
consider the problem from a different point of view, more geometrically.

Up to now, about homogeneous hypersurfaces with g=6, we know merely
a general fact that they are orbits of isotropy actions of certain symmetric spaces.
But as a special case of the recent result [7, Proposition 3], when 4: S7—S* is
the Hopf fibering, the inverse image N=h"}(N) of an isoparametric hypersurface
N in S* is isoparametric with g=2k where & is the number of principal curvatures
of N.  When k=3, N is known to be a tube of the Veronese surface [2] and cer-
tainly, N is homogeneous. Since the family of homogeneous hypersurfaces
in 87 with g=6 is unique [13], this gives a new geometric characterization to
it.

Now, it is interesting to know how the fibers S* of the Hopf fibering ap-
pear on N.  Moreover, since N is an orbit of the isotrpoy action of G,/SO(4)[13]
and since S7 is stratified by such orbits, it is interesting to know how this action
is related with the Hopf fibration. In §2, we clarify this point in terms of a sub-
group action of the linear isotropy group. In particular, concerning that N
is homeomorphic to N'X S°, we show that N is foliated by an isoparametric
hypersurface with (g, m)=(3, 1) which is diffeomorphic to N (Proposition 2.4).
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A similar correspondense exists between focal submanifolds N, (see the next
paragraph) of N and N, of N. For instance, N. is homeomorphic to a pro-
duct of the Veronese surface N, and S°. By the way, a fiber S on N, is called
an ‘“equatorsphere” [1,5.2], of which dimension turns out to be three. We
show furthermore (Proposition 2.5) that N, is foliated by the Veronese surface,
while N_ is foliated by the minimal isoparametric hypersurface with (g, m)=
(3,1). In contrast with that N, and N_ are congruent to the Veronese surface
in 8%, the following is remarkable:

Proposition 3.3. N, and N_ are not congruent in S”. In particular, we have
two minimal taut homogeneous embeddings of P2R X S into S” which are not con-
gruent.

The study of focal submanifolds of an isoparametric hypersurface M is
important since basic properties of the hypersurface condense into them. Here,
by a focal submanifold, we mean the submanifold consisting of the first focal
points of M in a fixed normal direction. Thus we have two focal submanifolds
M,. 83 is devoted to the study of M., of which shape operator plays an im-
portant role when we investigate. M. In particular, on N,, its null direction is
constant for any normal vectors, and this is the second geometric characteri-
zation of the homogeneous hypersurface with (g, m)=(6, 1) (Proposition 4.2).
We note that this property is interpreted as an integrability condition of some
unions of curvature distributions (Remark 4.2).

The whole argument in this article is independent of Dorfmeister-Neher’s
classification theorem.

The author wolud like to express her hearty thanks to Professors H. Ozeki
and M. Takeuchi for their valuable suggestions and encouragement.

2. Isotropy representation of G,/SO(4) and the Hopf fibering

Using the quaternion field A, let S7= {(u>EH2| ||#|>+]|2][*=1} and S*=
v
{(t)eRxHItz—}-llw]Iz:l}. Consider the Hopf fibering /: S7—>S*, h((”)):
w v

(“u”;_‘zilv”2>, which is associated with the action of Sp(l)={s€H]|||s||?*=1} on
u

S7 given by
u\ _ (us™! u 2
2.1y s(v)_(m_l), seSp(l), (v)eH.
Proposition 2.1 [7]. A homogeneous hypersurface in S’ with six princi-

pal curvatures is the inverse image of an isoparametric hypersuface in S* with three
principal curvatures under the Hopf fibering. This correspondence exists betweeen



IsoPARAMETRIC HYPERSURFACES 181

focal submanifolds of each hypersurface.

In order to understand the relation of group actions on S* and S7, we discuss
for a while on this proposition and give a direct proof.

Recall that a homogeneous hypersurface in a sphere is a principal orbit of
the linear isotropy action of some Riemmanian symmetric space of rank 2 [5].
A homogeneous hypersurface M* in S7 with six principal curvatures is an orbit of
the isotropy action of the symmetric space G,/SO(4), where G, is the automorph-
ism group of the Cayley algebra C. Let C be generated by {e, €, ***, &;} sa-
tisfying

=1
ed=—1, 1<i<7,
e"ej == —el-e‘ = &

where (7, , k) is a triple on some edge, middle segment or a circle of Fg. 1 put
in order shown by its arrows. The automorphism group G, of C is identified
with a subgroup of SO(7), where the metric on C is given by

(%, y) = Ray = i xtyi, for x= z:}) xe;, y= _Ejoy"e,- .
The Lie algebra g of G, is given as follows [11]: Let E;; be the standard basis

of 7X7 matrices with R-coefficients. Put G;,=E;,—E, i, j=1, -+, 7 and
put

Fitd

N

Fig. 1
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8: = G itst1Girzi46+05Girai45 1, ER, ,2: n; = 0},
for 1<i<7. Then g is given by
(2.2) « g=20;
and satisfies

23) 8,81=0, [g:g,]=g:

where (i, j, k) is as before. Note that [G;;, G;]=G, for any 1<4,4, k<7. Let
7 be the involutive automorphism of g given by 7(X)=—X. Then (g, 7) is an
effective orthogonal Lie algebra of compact type and g=%-+p where

P ={Xeg|r(X)= X} = gs+as+gs==80(4)
p={XEg|7(X) = —X} = g+ t8+0-
Note that (2.2) is an orthogonal decomposition with respect to the metric {, >
on g given by
KX, Y> = —-;—TrXY.

Take a maximal abelian subspace a=g,={£,G,,+£,G5+ &G | E;ER, D)1 E,=
0} of b, whose dimension called the rank of (g, 7) is 2. Let « be a linear form
on a and put
I, ={XeEt|(adH)(X) = —x(H)*X, forall Hea}
p.={XeEp|(adH)X)= —r(H)*X, forall Hea}.
For Hea, adH maps f, (resp. p,) isomorphically onto p, (resp.t,), if «(H)=+0

[13, or (2.4) below]. We can select a suitable ordering in the dual space of a
such that the set 3, of positive roots of (g, 7) with respect to a is given by

=1, = —Ep iy =88y =E, 0y = E & 5= —Eq k= E,—E&3}.

We define root vectors X;E¥,. and T;Ep,, as follows:

X1 G46 G25+2G11 ) X4 = G46+ G25 €4qs

= —Gp—Gyy, Xs = —Gp+-Gy—2G;; Egs
Xa Gy—G3—2Gy, Xg= Giz1+Gy €g,
T, = Gy+Gs—2G,;, T,= Gx—Gy €gq;
Tz Gu+Gy, T, = —Gut+Gy—2Gs €E€gs

= Gu+G5+2Gy, Tij= —Gx+Gy €q;.
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It follows immediately
(2.4) adHX, = «(H)T;, adHT;= —r(H)X;.

Note that any two of above vectors are mutually orthogonal and ||X||=||T}]|.

Now, the connected subgroup of G, generated by t is isomorphic to SO(4).

Let p: SO(4)—>GL(p) be the linear isotropy representation, i.e., p(k)X =AdkX

for ke SO(4) and X €p. It is well known that p(SO(4)) is a subgroup of SO(p)

=.S0(8) and that a principal orbit of this action in the unit sphere S” of p, is an

isoparametric hypersurface with six principal curvatures [13, or Remark 2.2].
Now, put

Z, = _%(XI—XJ = Gx—Gy S8
Z, = '—%(Xz‘f‘Xs) = Gy +Gys Egs
Zy= "‘%(Xa‘f'Xe) = G,—Gy €4q, .-

Then Z,, Z, and Z; span an ideal [ of 80(4). The orthogonal decomposition of
80(4)=IPI" defines another ideal [*- spanned by

Zi= L(X+3X) = 2GutGutGy gy
Zs = —;—(3X2_Xs) = —Gp—2Gy+G;s €8s
Zg = %(Xa—:iXe) = —Gy—2G5—Gp, €84

Certainly, [=<I"==8p(1)=<80(3). Now for any non-zero H=E,G,+§,G»+

£:Gs<aq, define W,=—[Z,, H €)b,i=1,2, 3, i.e.

W, = —£,Gs—E,G3—E:Gx €g;
(2.5) W, = —£,Gy+E,Gpu—E:Gis €gs

W; = —£,G+E,G5+E:Gy €4z,
and put V={H, W,, W,, Wg}. Similarly, for an orthogonal element H"=
(53_52)(;24—{—(51—63)G37+(§2-EI)G56 of H in a, put W_iL:—[Z.', H'L], =1,2,3,
which is orthogonal to W; in g;, ji=7, j,=5, j=2. In fact, Wi is given by
changing (&, &, &;) into (§;—&,, £,—&;, E,—&)) in (2.5). Let V'={H", Wy,
W3y, W3}. Then we have an orthogonal decomposition

py=rer-.

Denoting the unit vector parallel to a vector 4 by 4, define a linear map ¢: p—
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H? by
(1 (i =\ (] TR (k
o= (o), sm=(}), ema=(7), sm)=(%),
4____0 "J___O “.1__0 "_l._o
@)= (1), sm=(), s"nH=(0), #mn=(y),
which is an isometry. We identify H? with p by this mapping.
Let Sp(1) and Sp(1)" be the connected, simply connected subgroups of
SO(4) corresponding to [ and I, respectively.

Lemma 2.2. The action ¢-p(Sp(1))-¢p~' on H? coincides with the action
(2.1) of Sp(1) on H.

Proof. We can check that the adjoint action of [ on V is given by

H w W, W,
adZ, —W, H w, | —W,
(2.6)
adZ, | —W, | —W, H W,
adZ3 —_ W3 u/z - Wl H

A similar relation holds for the adjoint action of I on ¥V-. On the other hand,
let {1,4,7, k} be the standard basis of H. Consider the Lie algebra 8p(1) of
Sp(1) generated by s;, 5, 5, where

su=—ui, su=—w, su=—uk, ucH.

We see that the matrix representation of s;,s,,s, with respect to the basis
{1, 4,4, k} coincides with the matrix representation of adZ,, adZ,, adZ; on
V (V+, respectively) with respect to the basis {H, W,, W,, Wi} ({H*, Wi, W3,
W3}, respectively). Since we have a commutative diagram

p—gaﬂz

ale lsz

p-ﬁtﬂz

where Z€1=8p(1), s;u=—uZ, ucH, and since exp adl=Ad expl=p(Sp(1)),
while exp 8p(1)=Sp(1), we obtain the Lemma. Hl

In order to investigate the action p(Sp(1)’) on P, recall that the Lie algebra
8p(2) of Sp(2) standardly acting on H? is generated by



IsoPARAMETRIC HYPERSURFACES 185

=g
z=(;

F,

) =) =)
9 E=<> 5=
). ;
P9,

Lemma 2.3. The action of I on H? given by ¢p-adl-¢p! is expressed as

I
VS
. o
o,
N—
=
Il

b-adZ, -t = %{65@3@'+2(»:,—52)(sz—sa)E.-—zx/ﬁsz(ss—s,)F;},
2.8) ¢-adZ-¢t = %{—6::152Ef—2(sz—sa)(ss—sl)E,+2\/§sa(sl—ez)F,.},
b-ad Zy- ¢! = %{6525312%2(51—22)(&a—sl)Ek—zwzl(sz—za)m,

where R=§1-+£5+£5.

Proof. Using
S Gyu— Gig = %{—(&—&)H—&H*} J Go— Gy = %{(sa—a)mmwn
Gy—Geg = —é—{(sz—sg)ms,m , |Gu— Gy = —}5{~(sz—sa)m—z,wr},

Gu— Gy = %{(ss—sl)m+zzw;} Gyt Gy = %{(Es—fl)Wa—l-Est*}

GG = TAEG—EWWAHEW Y, |Cs— Gy = AG—EIWetHE WY,
we obtain, for instance,
adZH) — TA6EEW,~26E—EIW i},
ad Z(W,) = %{~6&53H+252(£3—51)H 1,
adZ(W) = < ACEE W26 E—EIW 3}

ad Z(W;) = %{—6s,ssm+zsz(sa—sl)wz*},
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ad Z(H*) = %{—6sz(sa—sl)wl+2(sl—sz)(sz—sa)wr},
ad Z(W1) = %{6&(53—51)11—2(&—52)(Ez—sa)H*},

ad Z(W3) = %{—6s,<sa—z,)m+2<a—sz)(sz—sa)W.%},

ad Z(W3) = é—{6@(&;—&)%—2(51—sz)(sz—ss)WaL}.

By similar calculations for ad Z; and ad Z;, we obtain (2.8), if we note that ||[H™||
=+/3||H|| and ||W7|=/3]|W||. B

Proof of Proposition 2.1. From exp adl*=Ad expl*=p(Sp(1)’), while
exp 8p(2)=Sp(2), we obtain p(Sp(1)’)=Sp(2). The following argument con-
necting the standard Sp(2)-action on S7 with an action &(Sp(2)) on S* is due
to M. Takeuchi. Identify R X H with R®, where

R = {XeM,H),'X = X, TrX = 0}
t w
={X= (w _t)lteR,weH}.
by

RXHB(t)H(t w)eR*".
w w —t

Define an inner product on R® by

(X, Y> = %-ERTr(XY) ,
with which the above correspondence becomes an isometry. Consider the
Veronese embedding
¢: PY(H) = S"/Sp(1)—>S*C R",
by «(x mod Sp(1))=2x*%F—1I,, that is, by

o lalP—llell*  2u0
Hcx = (7,) mod Sp(1) ( 20m —IIuH“rIIWHZ) ’

where u, v EH with ||u|*+||v|[?>=1. Let p: S™— P(H) be the projection. Then
the Hopf fibering

h: S7— S*
is given by h=¢-p. Next, for a €Sp(2) C SO(H?)=SO(8), define
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o: Sp(2) = SO(5) = SO(RY)
by
c(@)X = aX'ac€R’, XER: acSp?2).

To show that % is Sp(2)-equivariant with respect to o: Sp(2)—SO(5) is a stan-
dard exercise.

Now, denote by 1; the identity element of a group G. From SO(4)=
Sp(1) X z, Sp(1)’, we know that —lg,qy is identified with —15,q in SO(4).
Thus we obtain p(—1s,0)7)=p(—1syw)=—1lso@=—1 in Sp(2), where we use
Lemma 2.2. Since we have shown that Sp(1)’C.Sp(2) (here, we omit p), the
quotient group SO(4)/Sp(1)=2Sp(1)’/{£1} =SO(3) induces an action &: SO(3)
—>SO(5) by the restriction of o: Sp(2)—>SO(5) to Sp(1)’. Thus £ is SO(4)-
equivariant with respect to z: SO(4)—>SO(3) (natural projection). Here, we
can check that & is equivalent to the irreducible representation on traceless sym-
metric 3 X 3 real matrices (see Remark 2.1). Thus a regular SO(3)-orbit in S*
is a tube of Veronese surface P*CS*. The correspondence between singular
orbits is obvious.

ReEMARK 2.1. Since 4 is trivial on S*— {a point}, M* is homeomorphic to
Nx S3 where N=h(M") is an SO(3)-orbit. The homogeneous hypersurfaces
in S* are 3-spheres, products of two spheres, or tubes of the Veronese surface
[5]. The topology of M*, for instance, the sum of Z,-Betti numbers which is
equal to 12 [9], implies N must be the last one. Thus if we do not know & ex-
actly, we obtain the same result.

From now on, we write M"*=p(SO(4))H=N=h"Y(N), where N is as above.
REMARK 2.2. Since a unit normal vector H* at p(k)HE N, k€ SO(4) can

be given by Ad(k)H™, the shape operator Az~ of N (cf. §3) with respect to
B+ at H is given by

o e ge_ 1 d i} .
An+T; v1',-1q /c,.(H) p7 | =0 (Ad exp tX‘)H
= L [X,, H] = _7;{,.(17*) T;
x(H) x(H)
—&(H) p
Vi)

where we use (2.4) and ||H*||=+/3||H]||. Thus the principal curvatures of
p(SO4))(H) are given by
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xl — E1_§3 p— 1 y
V3E; Ay
29 Ay — _ V3 1
( ) EI_EZ XS
_ &= 1
P \/gfl N6

The unit principal vector corresponding to A, is 7;. The tangent space of the
fibre of & at H is spanned by W,, W,, W,, i.e., by

{Tl - 7\1T4; Tz + 7\2T5: Ts + )"3]_‘6} .

In the following, as a regular element H=H(§,, &,, £;), we choose (&, &, &;)
so that

(2.10) )\.1>"'>),5 ) i.e. EI>O>EZ>E3 .
The singular orbits correspond to
(2.11) H,=HE,=E&) or H.=H(E,=0).

In each case, say, when (&, &, &5)=(2, —1, —1) ((&,, &, &;)=(1, 0, —1), respec-
tively), the tangent space of the fiber S°® at H,(H_, respectively) is spanned by

(2.12) {T,— V3T, V3T, +Ts, Ts} ({Ty, T,+V3Ts, 3T+ T}, respectively).
Now, we prove

Proposition 2.4. A homogeneous hypersurface N in S7 with six principal
curvatures is foliated by an isoparametric hypersurface with (g, m)=(3,1). A
leaf has a unique intersection point with a fiber S* of h, if they intersect, by which
we can define a section v: N—N.

Proof. Observing the signature of the Killing form, we see that the Lie
algebra generated by X, X, and X; is isomorphic to 80(3). We denote by
SO(3)’ the Lie subgroup of SO(4) isomorphic to SO(3), whose tangent space at
150 is spanned by X,, X, and X;. It is easy to see that the subspace q=
span {H, H+, T,, Ty, T¢} of p is p(SO(3))-invariant. Here, 30(3)+q gives a
decomposition associated with the symmetric space SU(3)/SO(3)’, where the
Cartan subalgebra is also given by a. A regular orbit of the isotropy action of
SO(3)’ on q is nothing but a tube of the Veronese surface. In fact, put Nz=
p(SO(3)")H. 'The computation in Remark 2.2 provides the principal curvatures
of Nz:

V3t V3 N
2.13 __VBE G VEE ,
1) MT e s MR T Bk
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which shows, under (2.10), H is a regular element for the isotropy action of
SU(3)/SO@3)’, and N is an isoparametric hypersurface with (g, m)=(3,1). Then
by the homogeneity of N, there passes an isoparametric hypersurface with
(g; m)=(3, 1) isometric to N through each point of N.

Now, we show that {gNz, g=SO(4)} (we omit p) gives a foliation on N.
To see this, we must show that if gNzNg'Nz=*0, g, g’ €SO(4), then gNz=
&'N3, that is, the isotropy subgroup of H in SO(4) belongs to SO(3)’. In fact,
we have already seen that N=S°x N (Remark 2.1), and it is well known that
N=80(3)/Z,+Z,. Let L be the isotropy subgroup of H in SO(4). Then
N=80(4)/L=Sp(1) x SO(3)/L by the argument before Remark 2.1. Thus we
get L=Z,+Z, Since the isotropy subgroup of H in SO(3")’ is Z,+Z,, and it
is obvious that this is contained in L, L=Z,+ Z, implies L .SO(3)’.

Now, denote the fiber of 4 at H by Si. We may show that Nz N Sz= {H},
since N is homogeneous and Sp(1) is a normal subgroup in SO(4). It is easy to
see that ¥ Nq=RH and NzNSzC{+H}. As is well-known [9] for an iso-
parametric hypersurface M in S”, a normal geodesic ¥ at x&M intersects M at
2g points x;=x, ¥y, >+, Xy, Where

Z 0, i—=odd
A(x;, ¥ipp) =
?-!—0 , 1= even

for some 4, 0£0<21. Note that §=0 corresponds to the minimal isopara-
g

metric hypersurface. Thus Nz (g=3) contains —H if and only if N is a regu-
lar minimal orbit. But (2.13) implies that N is minimal if and only if & &,£,=
0, which dose not occur by (2.10). Il

RemaRk 2.3. Certainly, another proof of Proposition 2.4 will be given by
using [*=8p(3) mod I.

ReMARK 2.4. Each of six curvature circles provides other foliation on N.
Furthermore, N is foliated by three kinds of Clifford tori as is shown in Remark

4.2.

Proposition 2.5. Let N, be the focal submanifolds of N coresponding to
H,. Then

(1) N, is foliated by the Veronese surface, and we have a section v: N,—N,.

(2) N- is foliated by the minimal isoparametric hypersurface with (g, m)=
(3,1). Moreover, N, and N_ are not congruent in S’.

Proof. We know by (2.13) that p(SO(3)')H, is a singular orbit, i.e. the
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Veronese surface P2 and has a unique intersection with the fiber at H, since
—H,_&P%. In particular, we can define a section 7: N,—~P2CN,. On the
other hand, in view of (2.13), p(SO(3)")H- is the minimal isoparametric hy-
persurface with (g, m)=(3, 1). The last assertion will be shown in the proof of
Proposition 3.3. The fact that the isotropy subgroup of N, (N_, respectively)
is generated by X; (X,, respectively) suggests the non-congruence of N, and

N.nm

3. Isoparametric hypersurfaces and focal submanifolds

3.1. Preliminaries

Let M be an isometrically immersed orientable hypersurface in the unit
sphere S"*! and let £ be a unit normal vector field on M. With respect to the
riemannian connection V on S**!, the shape operator 4 of M is given by

AX = —Vyt, XeT,M, peM,

of which eigenvalues \;>:-+>2\, are called the principal curvatures. For A€
{\1, ***5 A}, define

Dy(p) ={XeET,M|AX = \X}.
and let m,(p)=dim D,(p). The following is fundamental [12]:

Fact 3.1. If m,(p) is constant on M, say m, then

(1) s a differentiable function on M.

(2) D, is a completely integrable differentiable distribution on M.

(3) If m=2, then ) is constant along each leaf of D,.

(4) If N is constant along a leaf L of D,, then L is locally an m-sphere of
Su+l'

From now on, we assume that m, is constant on M for all . Then by (2),
we can choose a local orthonormal frame (e, -+, ¢,) so that each e, is a unit prin-
cipal vector with respect to A,, 1 <a<n. We call such frame an adapted frame.
Now, we may express
(3.1) v,“eﬂ == A;f,ea.—l-?\,,b‘,ﬁg
where 1<a, 8<m, and o always denotes the summation over 1<o<n. Ob-
viously we have

Alg = —ALy.

The curvature tensor R,gys of M is given by

(32)  Rupvs = (1+2uNg)(3pv0us— B 4v0ps)
= N(Aﬁv)—ep(Aiy)-FAZyAic—AZyA?arAZpAf,erAS,Aiy.
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The covarient derivatives of the coefficients of the second fundamental tensor
hg=<Ae,, eg>=N,8,5 are given by

hap,r = ex(Ptap)— AJhop— Afphas
so that
3.3) hap,y = ex(Na)Bupt Afu(Na—2g) -
The equation of Coddazi is written as
(34) hap,y = hgya = hyap
from which we obtain
(3.5) es(Ns) = Aly(Ag—2g), for a=+g.
For distinct principal curvatures \,, Ag, Ay, We get from (3.3) and (3.4),
(3.6) Ads(Me—Ny) = Afa(Ma—Np) = ABy(My—2) -
This implies also
(3.7) ALpA5y+Af Mgy +AgyALs = 0.
Moreover from (3.3) and (3.4), we have
(3.8) AL =0, A=A}, if AN=NFryand azb.

Note that from (3.5) follows (3) of Lemma 3.1 immediately and that when A,
is constant on M, we have

(3.9) AL, =0 if AyEr,.

DerFINITION. When each principal curvature is constant on M, M is called

isoparametric.
For fundamental facts on isoparametric hypersurfaces, see [8,9].

3.2. Focal submanifolds

Let M be an embedded isoparametric hypersurface in S’. By [8], we
may assume that M is closed. Moreover, we assume (g, m)=(6, 1), and choose
e, **+, & as above. Note that we know from (3.8)

AZuﬁ =0 if #{a’ B, 'Y} <2 )

and from (3.6), Als, Ajy, A§, vanish at the same time if #{c, B8, v} =3. For
convenience, we put A=0»\;, L=0N\,, V==A3, p=NAy, 0 =As and 7=0»,, where, as is

well known, \,=cotf;, 1<i<6, |0,~|<—7£—, 0,-+1——6',.E%mod 7. In particular,
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cot (a—{—%): —tan « implies

(3.10) p= L, a1 L__1

Py 73 v
Note that each leaf Lf of D, is a circle of S”. Let M, be the focal submanifold
of M corresponding to r=cot8(6=0;), that is

M, = {cosOp+sinbE,| p€M}.
We define the projection map f: M—M, by
f(p) = cosfp-+sinbE, .

In the following, we use the indices 1<7,j, k<5, and the Einstein convention
in this region. Denote p=f(p). Then we have T';M,=span{¢,€T,M, 1<
1 <5}, since

fxe; =sinO(r—ny)e;, 1<i<6,

where the right hand side is considered as a vector in T3S by a parallel transla-
tion in R®. An orthonormal basis of the normal space of M, at p is given by

{n,, £}, where
Ny = —sin0p—|—cosefp ) gpzeﬁ(p) ’

under the identification by a parallel translation in R®. Let ¥V denote the con-
nection on M, acting on tangent fields of R® along M, induced from the eucli-
dean connection D. Then

= 1

v.X

= —D,.‘Y ) 1 .SS )
T b)Y =t

where X is a tangent field of R® along L in a neighborhood of p, and X is a
tangent field along f(L}) near $ defined by X(g)=X(q) for gL}, g=f(g). In
particular, we have

- 5 _ 1

Ve

s m{EIA"e"+8ii(7”sEp—P)}-

We denote by V,¢; (V:€;, resp.) the tangential (normal, resp.) component of
Veé; for 1<7,j<5in S’. Then we have

— 1 5
S S OV

(3.11) Vel sine(-{_xi) :‘;"'1 i€k
v;':é] - m{l\?;ee_}"sine(l_’_X'T)a’)ﬂp}’
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since 0E,—P, n,>=sin0(1+N7).
For later use, we give the matrix representation of the shape operators B,,
and B, of M,:

Lemma 3.1.  The shape operators B,, and By, of M, with respect to the nor-
mal vectors y, and §, at p are given respectively by symmetric matrices :

v3i 0 0 0 0
o L o o o
V3
B,={0 0 0 0 0
0 0 1
V3
0 0 0 0 —3
_ 1
%~ sin6
0 (A—7)7ALs (v—7)7'Als (Z—7)T'ALs (A —7)7'As
(I‘_‘T)—IA;G 0 (#_T)_lAge (,u:—T)-lAge ([L—T)_lAgs
(v—7)A%  (v—7)'Ads 0 (v—7) A (v—7)"A% |,
(p—7)Als  (p—7) Ak (p—7) Ak 0 (p—7)"'A%s
(6—7)A36 (0—7)'Aks) (o—7) Ak (c—7)" 'A% 0

where we use the basis e,€ T,M, 1<i<5 of T;M,.

Proof. Let #% be the vector field along f(L}) given by #(g)=n(g), where
gL}, g=f(¢q). Since

1 D'r . 1+7\.,‘T

B e;) = -——I~ = ———lJ,,
e = Vel = iy D

where, D™ denotes the component of D,y parallel with T;M,, noting thatl_l_—t:'r
TN

=cot(0,-—0)=cot(—(6—_6i)—75), i=1, .-, 5, we get B,,. Similarly follows

5
L =15\ A,

Bee) = —Vite— ———p Vo= ——
) = Ve = gy T Sml(ny—r) T

In particular, By, is symmetric by virtue of (3.6).

Next, we apply above argument to the focal submanifold M, correspond-
ing to A=cotf,. With respect to the tangent basis e, €, +:-, ¢; and the normal
basis 7;=—sin@, p-+cos,&, {'=e,(p) at p=cos b, p+-sinb,&,, we have
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(3.12)

v3i 0 0 0 0

1
0 — O 0 0
&)
By=|0 0 0 0 0
0o o o—L o
V3
0 0 0 0 —3
1
By =
& siné,

0 (p—=N)7AL (p—N)7AL (B—A)7'AL (p—N)7MAS
(v—n)"'Ah 0 —A)"AL (p—A)TAL (r—N)TAL
(p—M)AL (p—N)'AhL 0 (p—A)AL (p—A) AL
(a'—~7x)"A§1 (0‘——‘7\.)_11\21 (0‘—7\.)'—11\‘;1 0 (0’—7\,)_11\?1
(T—A)AL (r—A)AL (r—A)TASL (T—A) AR 0

By these data, we know immediately that M, and M, are minimal [10].

Corollary 3.2. [8]. For any unit normal vector n of M, or of M, at P,

+-1 0.
V3

This is shown immediately by choosing g€ L} so that n=y, (or gL} so
that n=y;).

the eigenvalues of B, are given by ++/3, -+

3.3. Geometric data of N

For later use, we calculate A); and components of B, for the homegeneous
hypersurface N. Recall that we choose &), &,, &; satisfying (2.10). Note that
|H||?=—4Tr H*=E+E3+E5=2(E+E3+£.&,) and so ||H||=V2VEI+EI+EE,
For tangent field T, in a neighborhood of H given by Ty(p(k)H)=p(k)Ts, ke
SO(4), we have at H, using (2.4),

_ 1
DTaTﬂ = lc,(H) dt l1=o (Ad exp £X,)T,

= Xas
,(H)[ Te]

__Hl x
e e

and so
A= — ML %, T, T,

" xu(H)
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which is constant in a neighborhood of H. By virtue of (2.3) and g; | g; for
i j, it is easy to see that A),=0, 1<a<B<y<6, except for A}, A}z, Als, Als,
A%s, ASs, A3y and Afs. Now, from [X;, T,]=—7T; and [X,, T;]=—7T; follow

A0, At MHI _ _HI i pe pe o=y lIHI_
12_ 45 12 \/E[cl(H) \/252 an 34 4 p—o \/§M4(H)

~\/\2/é”—ilg) (see (3.6)). Similarly, we get

1—¢3

2| H)|  _ 2||H]|

X, T5] = 2T,+3T, Aly = —

[X,, T3] s1t313 = 3 \/alcl(H) \/-Ez

X, T,] = —2T,—3T, = A%— LAl _ 1Al

[ 1 5] 3 6 15 \/EICI(H) \/222

[Xp, Ts] = T, = AH=0

[Xe W] = T = A}=-— ”H“ 15[

Next, since cot 0=7=— E\/gi:‘ by (2.9), we obtain

2

1 \3E _V2H||
sind V( )+ o &—&

Moreover, from (2.9), we have

. - e
V3E, —&  V3E(E—&)
VA \fa __ \3lHE

= = .
# B EE  (EE)(E—E)
Thus we get
1 Al _
sinf A—r~ V3
and
1 A 1

sind p—r 3
Finally we obtain

0 0 0 V3
1
o o o —L o
V3
(3.13) By,=|0 0 0 0 0
o —L o o o
V3

Vi 0 0 0 0

V2eH)  V2E—E)
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RemARK 3.1. In computation, it is convenient to consider the minimal
isoparametric hypersurface case, that is, the case when (&, &,, &)=(24+/3,
—1, —1—+/3) (see (2.9)). In this case, ||H||=+/3(v/3+1) and above con-
stants become

(3.14) vz YT A+
' 6 2____\7(\/3“), AS, — — L.
V2 V2
Thus for M,=N_, we obtain
0 —1 0 0
1 0 o0 2
V3
(3.15) Bg=[0 0 0 0 0
2 9 0 -1
V3
0 0 0 —1 0

Now, the last assertion of Proposition 2.5 is proved as follows. For any normal
vector 7 of N, let E%(a) be the eigenspace of B, with respect to the eigenvalue
a. Then from Lemma 3.1 and (3.13), we see that the spaces E%(0), E%(1/3)D

Ei(—V3), Ei(——= _)GBE (——\/—) are independent of #z. On the other hand, in

view of (3.12) and (3.15), the spaces EZ(\/3)DEL(—+/3) and E"(———)@

Ez (——) depend on 7, though the space EZ(0) dose not. Finally, we conclude

Proposition 3.3. N, and N_ are not congruent in S?. In particular, we
have two minimal taut homogeneous embeddings of P2RX S® into S’ which are
not congruent.

ReMARK 3.1.  As is well-known, the Veronese surface is rigid in S*. Thus
N, is congruent to N_ in S*. But this congruence is given by ¢ €O(5) with
det o=--1. This o is not lifted to an isometry of S”.

4. A characterization of the homogeneous hypersurfaces

As we have seen above, Af,=A%=A%=0,1<a<6 on N. The follow-
ing argument is independent of the homogeneity.

Lemma 4.1. On an embedded closed isoparametric hypersurface M with
(g, m)=(6, 1), the following (1), (2), (3) are mutually equivalent :
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(1) A%L=0, 1<a<b, on M.
(2) A%=0, 1<a<b6, on M.
(3) A%=0, 1<a<6, on M.

REMARK 4.1. Any local adapted frame {e,, €, ++-, s differs from another at
most in the directions of some efs. Thus Aj, differs at most in its signature by a
change of local frames. We mean by “Als=0on M” a global condition, that
is, for any local adapted frame in any neighborhood of M, Agg vanishes.

Proof. Letp& M and let & be the normal geodesic at p. As we have seen
in the proof of Proposition 2.4, v N M consists of twelve points Py, =+, P which
are vertices of certain dodecagon. Using the fact that M is taut, we have shown
in [6] that the tangent spaces of the leaves at each point of ¥ N M are decomposed
into parallel families as follows (“paralle]” means parallel with respect to the
connection of S7):

6 2 4 6
{Th Ti+1, T:’+2; T‘:"+3; T%+4, Ti+5}

1 5 3 3 5 1
{Ti+l; Ti+2, Ti+3, Tt’+4; Ti+5; T:‘+6}y

where i=2, 4, 6, and T*% denotes the tangent space of the n;-leaf at p; (see Fig.
2). Now, parametrize L}, by the angle @ between p; and peL}, with respect
to the center 3; of L}, in R?, so that we have

4 p(g) = L (plp)—B) = sinbei2le)
P P

P4
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Similar parametrization of Lj,=¢=g(p), where @ is the angle from p, in the
same direction as L}, gives

diq(¢) = E€sin 0535(q(¢)) ’
»

where € is 1 or —1. Using the normal geodesic at p(@), the above investiga-
tion implies that e,(p(p)) is parallel with e,(g(e)), hence we have

1 d
g a0

_sinfs 1 d
sind, sinf; dp “ld(®))

— 5005 g eale)) .
sind,

Ve p(e) =

Since ¢,(p(e))=Ee(a(2)), es(p(@))=Eex(a(®@)), e (@) =Eeiale)) and e p(p))=
&es(¢(p)) where €=4-1, we obtain, (continuing similar arguments also along

L;a’ ...)’
Al(pr)~Az2(p2) ~ASs(p5)~
Ad(p)~AL(p2) ~As(ps)~ -+
A3i(Pr)~As2(p2) ~Ase(ps)~ -
ASu(pr)~AL(p2) ~ASs(p3)~+++

where~means ‘“be equal to a non-zero constant multiple of”’. Since we have
these relations among any corresponding points, we obtain Lemma 4.1. Il

REMARK 4.2. By virtue of (3.6), D,+ D, is integrable if and only if Af,=
0, 1<a<6. Lemma 4.1 implies that D,+D,, Du+D,, D,+ D, are integrable at
the same time if one of them is integrable, which is the case for the homogene-
ous N. It is easy to see that each leaf is a Clifford torus.

Note that (3), or equivalently, Ag;=0 holds if and only if the null direc-
tion e; of B, is constant along L;. Concerning the fact stated before Proposi-
tion 3.3, we show:

Proposition 4.2. Let M be an embedded closed isoparametric hypersurface
in S7 with six principal curvatures. Then M is homogensous if and only if e; is
constant on L, for any ps M.

Proof. Since we may show the sufficiency, assume

4.1) A%=0, 1<a<6 on M.
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Then by Lemma 4.1, we have
A?4=A‘;5=A‘3'6_='0, ISaS6 on M.

Using Lemma 3.1, we may write

0 a 0 0 b

a 00 ¢ O
(4.2) B;,=|0 0 0 0 0].

0 ¢c 0 0 d

b 0 0 d O

Now, parametrizing L} by the angle @ between p and p(p)E L} with respect to
the center of Lj in R?, we see that n,=1,(,) is given by cos@y,—singl,. Since

the eigenvalues of B, =cos@B, —singB;, are +/3, j;\—/l—g, we get det(x]—
B,,¢)=x(x2~3)(x2—~—;7), and so

(1) sin"’q)(az—l—bz—l-cz—I-dz)—l—lg)—O cos’p = —130—

(2) cos sin’@(a*—d?) = 0

3) sin’cp{—2—|—sin2<p—f—cos’<p(—a2—|—%+3cz—d2)—|—sin2¢)(ad—bc)2} =0

for any @, 0<@<2z. Solving this system of equations where we choose the
direction of e, and e, so that a, ¢c<0, we have the following two cases:

(i) (@ b,¢,d) = (0, £V/3, —%, 0)
(ii) (@ b,¢,d)=(—1,0, —\_/2? 11).
In fact, we have from (1) and (2)

(4) PP d = 13_0

(5) a&=4d.
Putting q)=—§- and % in (3), we obtain

(6) (ad—be) = 1
) ZaZ—%z——&cz — 2.
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Then from (4)~(7), follow (i) and (ii). In case (i), we may assume (a, b, c, d)

=(0, v/3, —\/ig, 0), changing e; to —e; if necessary. Note that then, Bg, is
equal to the one in the homogeneous case. When (ii) is the case, take the
focal submanifold M, corresponding to A. From the second matrix in (3.12),
using Afs=A%;=A%,=0, B¢, must be of the form (4.2), but from A3s=0,
using (5), it must be

0 0 0 0 +/3
1
0 0 4+
V3
By =| 0 0 0 0
1
0 4=~ 0 0 0
V3
vi 0 0 0 0

Then (ii) is reduced to case (i) if we change the directions of the normal vector,
and of some principal vectors, if necessary. Now, we investigate the case (i),
i.e. the case when

Ay =A% =A3%=0, A%szAisEO,

1 A = 1 A% 1

sind A—r V3, sin@ p—r V3
Recall the Gauss equation (3.2):
€)] 14+ap = Ry = — AL AL — AL AL +ATIAL,

= —2AhA%

where we use (3.7), and
(9) 1+XV - le == —2(A¥3A;2+A§3A}35) ’
(10) l—f—PO‘ = R4554 — _2A35A§3 N
(11) 14 pp = Ry = —2(A3AL+ALALs)

Without loss of generality, we may assume that M is minimal, so Ajs=

_\/3(\\g+1), Al =%. Then (11) implies

4
23=0’

while (8) and (9) imply

(A = 2B (g = 231y
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Since we have a freedom to choose the direction of e,;, we choose it so that Aj;=

—v/2(v/3+1). When it becomes A?2=—%, change the directions

of ¢, and e, at the same time in order to preserve A%, and A};. Finally, A3, is
obtained uniquely from (10) and

0= Rms = AZ4A?¢—AT2A34+A31A§-4 = A24A?6'—A?2A§4+A21A§4 .

Thus all structure constants A} and the coefficients of the second fundamen-
tal tensor /,g coincide with those in the homogeneous case (see (3.14)), and we
conclude that M is locally homogeneous. Since any embedded isoparametric
hypersurface extends to a unique complete isoparametric hypersurface [8], we
obtain the proposition. Hl

Finally, in order to give a new proof of Dorfmeister-Neher’s theorem, we
may show that on any isoparametric hypersurface with (g, m)=(6, 1), the shape
operator of its focal submanifold has a constant null direction. This is by no
means easy.
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