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Introduction

The present work is a continuation to [16], in which the author has proved
the asymptotic completeness of wave operators for three-particle Stark Hamil-
tonians. In the proof there, the following two results about the spectral pro-
perties of two-particle subsystem Hamiltonians have played a central role: (1)
non-existence of bound states; (2) uniform resolvent estimate at high energies.
We here consider these two problems for three-particle systems and apply the
obtained results to prove the asymptotic completeness for four-particle Stark
Hamiltonians under the main assumption that any subsystem Hamiltonian does
not have zero reduced charge.

1. Non-existence of bound states

The first half of this work is devoted to proving the non-existence of bound
states for three-particle Stark Hamiltonians. We consider a system of three
particles moving in a uniform electric field E€R®. The total energy Hamil-
tonian for such a system has the form

V’-],(T’-—-f,,) .

3
—(A2m+-e,<E, rD)+ 3
j=1 1<i<h<3
Here m;, e; and r,ER? 1<j<3, are the mass, charge and position vector of
the j-th particle, while —e,; <&, 7>, {, > being the usual scalar product in the Eu-
clidean space, is the energy of interaction with the electric field and the real
function ¥, is the pair potential between the j-th and k-th particles. For
notational brevity, we assume that the three particles have the identical masses

m,=1 1<;<3.

J

For the three-particle system with identical masses, the configuration space X
in the center-of-mass frame is described as
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X = {r = (r, rp, r3) ER>: ﬁ‘{ri = 0}.
=

Let ExEX be the projection onto X of (¢,&, ,&, e;£)ER>®. Then the ener-
gy Hamiltonian H takes the following form in the center-of-mass frame:

H=— —%A—(Ex, >4V on IXX),

where V=V{r) is given as the sum of pair potentials

Viry= > Vulry—ri).

1<7<k<3

We assume that Ex =0 and write it as
Ex = Ew, E,= IEXI >0,

for @ =Sy, Sx being the unit sphere in X. For a generic point xE€ X, we also
write ¥=20w+2, with 2, €II,, II, being the hyperplane orthogonal to w. Ac-
cording to this notation, the Hamiltonian H is represented as

H= —%A—E.,z—}—V on IXX).

As stated above, one of our goals is to prove that H has no bound states.

Let us proceed to the precise formulation of the obtained result. We
begin by making the assumptions on the pair potentials V ;.

(A)s Vu(y), yER? is a real C'-smooth function and has the following
decay property as | y|—>oo:

IV +H1V,V ()] = O(ly|=*) for some p>1/2.

Under this assumption, the Hamiltonian H formally defined above is essentially
self-adjoint on the Schwartz space S(X). We denote by the same notation H
this self-adjoint realization in LA X). Then the first main theorem is formulat-
ed as follows.

Theorem 1.1 (Non-Existence of Bound State). Let the mnotations be
as above. Assume that (A), with p>1/2 is satisfied. Then H has no bound
states.

Since the work by Kato [6], many articles have been devoted to the study
on the non-existence of eigenvalues imbedded in continuous spectrum for two-
body Schrédinger operators in case of the absence of uniform electric fields.
For related references, see Eastham-Kalf [2] and Reed-Simon [12]. A similar
problem has been also studied for N-body Schrodinger operators. Froese-Her-
bst [3] have first proved the non-existence of positive eigenvalues for a large class



3-PARTICLE STARK HAMILTONIAN 31

of N-body Schrédinger operators. On the other hand, the non-existence pro-
blem has been also studied for Schrédinger operators in case of the presence of
uniform electric fields. For example, this has been proved by Titchmarch [17]
(one dimensional case) and by Avron-Herbst [1] (» dimensional case) for two-
particle Stark Hamiltonians. Recently Sigal [13] has dealt with the case of N-
particle systems. For one example, the result obtained there applies to the fol-
lowing three-particle Hamiltonian. Take the masses m;, 1<j <3, as my=m,=
1 and mz=co and the charges ¢; as e,=e,—=e;=¢>0. Then the energy Hamil-
tonian for such a system takes the form

A8, 1=, A Vit + Vi) + Vinlr)

in the center-of-mass frame. If the pair potential V), is repulsive

<8’ y> <8) VyVIZ(y)> SO ’

in the direction &€ R?®, then the operator above is shown to have no bound
states under mild assumptions on the smoothness of pair potentials. Roughly
speaking, our theorem above asserts that under somewhat restrictive smoothness
assumptions on pair potentials, three-paritcle Stark Hamiltonians have no bound
states, even if pair potentials are not necessarily repulsive along the direction of
electric fields in the above sense.

We conclude this section by making a brief review on the results obtained
in [16]. In the previous work [16], we have considered the class of pair potenti-
als satisfying the following assumptions.

(V) Vi), yER?, is a real C*-smooth function and has the decay pro-
perties as |y|—>o0: (V.0) V(3)=0(ly]7*), p>1/2; (V.1) 35V ji(y)=0(1), ||
=1; (V.2) 85V (3)=0(1), || =2.

Under these assumptions, we have proved that: (1) The set o,(H) of point
spectrum is discrete with possible accumulating points 4-oo. (2) For A&
o ,(H), the resolvents

R(n-tir; Hy = (H—AFix)™: L(X)—>L:(X), »>1/4,

are bounded uniformly in «, 0<<#<1, when considered as an operator from
the weighted L? space L}(X)=L*X;<{x)? dx), <xp=(1-+|x|?)¥?, into LZ,(X).
(3) The boundary values R(A4-i0; H) to the real axis exist in the topology
above, the convergence being locally uniform in A& R'\¢ ,(H).

We now combine these results with Theorem 1.1 to obtain the following

Theorem 1.2. Let the pair potential V ; be a real C*-smooth function. As-
sume, in addition to (A), with p>1/2, that V, satisfies (V.2). Fix a compact
interval I C R arbitrarily. Then one has



32 H. Tamura

sup 1I|<x>"’R(7\,:I:z'x;H)<x>"‘||SC,, v>1/4,

AEl, 0L

where || || denotes the operator norm when considered as an operator from L*(X)
into itself. Furthermore, the boundary values R(\—+10; H) to the real axis exist in
the topology above.

As stated above, the other aim of this work is to study the resolvent estimate
at high energies for three-particle Stark Hamiltonians. In section 3, the bound
above will be proved to remain ture for all AE R! under the assumption that
any two-paritlce subsystem Hamiltonian does not have zero reduced charge.
This result plays an important role in proving the asymptotic completeness for
four-particle Stark Hamiltonians.

2. Proof of Theorem 1.1

Throughout this section, the same notations as in the previous section are
kept and (A), with p>1/2 is always assumed to be satisfied. We also use the
constant p with the meaning ascribed there and assume, without loss of genera-
lity, that 1/2<p<1.

Let yr(x) €ELX(X) be the eigenstate associated with eigenvalue E ER?;

@2.1) Hy =Ey, eL¥X).

The proof of Theorem 1.1 is based on a modification of the positive commutator
method in [3]. We analyze the two commutators i[H, 4] and i[H, A,], where

(22) 4= ';T((x’ Vx> + <V.n x>) ’

2.3) 4,= %<w, V.

By use of these commutators, we prove that the eigenstate 4J» has the polyno-
mial and exponential decay properties at infinity and finally we conclude that
vanishes identically. In the work [3], only the commutator i[H, 4] with the ge-
nerator A of dilation unitary group has been used to prove the non-existence of
positive eigenvalues for N-body Schrédinger operators without uniform electric
fileds (see also [13]). The following proposition, which has been established in
[16] under assumptions (V.0) and (V.1) (Proposition 5.1), plays a central role in
proving these decay properties.

Proposition 2.1. Assume (A), with p>1/2. Let A, be defined by (2.3).
Fix NER' arbitrarily. Let f ECF(R") be a non-negative smooth function sup-
ported in a small neighborhood around n. Then, for any 8,0<8<K1, small
enough, one can take the support of f so small that for a compact operator K=K,
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acting on L}(X),
f(H)i[H, 4,] f(H)=(E,—3)f(H)+K
in the form sense.

The local commutator estimate as above is called the Mourre estimate ([10]),
which has made major progress in the spectral and scattering theory for many-
body Schrodinger operators during the last decade.

2.1. Polynomial decay property. We begin by proving the polyno-
mial decay property of the eigenstate y» &€ L%(X) in (2.1).

Proposition 2.2 For any k>0, {xD* €L} X).

Proof. The proposition is verified by contradiction and the proof is divid-

ed into several steps.
(1) Assume that there exists 2>>0 such that

(24) <tpE LY X).
For &, 0<&K1, small enough, we define the function F=F(|x|; ) by
F = k(log<a>—log(1+&<))
with £>0 as above and set
Ve = H1HEGD) M ELXX)
so that +Jr, is represented as r;=e"+yr. This function obeys the equation
(23) Hevre = Ere
where

Hp— eFHeF — —é—(V,—V,F)Z—Eoz—}-V.
The operator H can be also written as
Hp = H+By—— | V.F |’
with
BF = '%'(<V:¢F’ Vx> + <Vzv VSF>) .

Let A be defined by (2.2). We calculate V.F as V,F=xG, where
G =G(|x];€) = |»|'0F/0|x]| = kxpH(14-E<x)™'>0
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and it behaves like G=0(|x| %), |x|— oo, uniformly in & Hence we have
(2.6) By — iGA—!—%IxI 9G/a] .

(2) We now normalize yr, €EL* X) as
@e(%) = Yo/ Wrellz2c0 5 l@ellzzenr = 1.

By assumption (2.4), it follows that
2.7) @.—0 weakly in LX) as €é—0.
By (2.5) and (2.6), the function ¢, satisfies the equation

2.8) Ho, = Ep,—iGAp.+Jo, ,
where J=](|x|; &) is defined by

J = S (IVFI*= |5]0G/3]]) = O(Ix| %), |x|->co.

Hence we see that {x)~¥?p,, and {x>~'¢, are bounded in the Sobolev spaces
HY(X) and H%X) uniformly in &, respectively. This, together with (2.7), implies
that both the terms GAgp, and Jp, converge to zero strongly in LX) as &€—0.
Thus we have

(2.9) I(H—E)@ell:20—0, &-0.

(3) We now use Proposition 2.1 (Mourre estimate). For >0 small e-
nough, we take f EC7(R"), 0< f <1, to satisfy that f is supported in a small inter-
val (E—28, E+28) around E and that f=1 on [E—8§, E+8]. Then it follows
from Proposition 2.1 and (2.7) that

lim inf <f(H)i[H, 4] f(H)pe @120 24 lim inf || f(H)ellE2cx)

for some d>0. By assumption (A),, the commutator [H, 4,]: LA X)—L*X) is
bounded and also we obtain from (2.9) that

ld—f (H))@ell20—>0, €—=0.

Thus we have
(2.10) lim inf <i[H, 4i]pe, @err2on=d ll@ellZ2c) = d>0.

(4) Next we calculate the term <{i[H, A,]pe, @ 12x) by use of relation (2.8).
Let Xz(x) €C7(X) be a non-negative function such that X is supported in x| <
2R and Xz=1 on |x| <R. We approximate @, by @pf=Xzp,; pX—>@e, R—> oo,
strongly in LA X). Then we have
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<G[H, Ay o v = }zl_g} i(KAps, Hpidryx — <Hepf, Aipf Dra) -
We here make use of relation (2.8) to obtain that

<i[H) A1]¢v ¢0>L2(X) =
—2Re <Al¢v GA¢!>L2(X) - <1[Ah ]]¢’e) ¢2>L2(X) .

The second term on the right side converges to zero as £&—0.

(2.11)

Lemma 2.3.
[[KxDP-DEGY2 A, || 200 = O(1), €—0.

We accept this lemma as proved. The proof of the lemma is given after
completing the proof of the proposition. It follows immediately from Lemma
2.3 that

lim |[Ke>"*G Agal|12c0 = 0

and hence the first term on the right side of (2.11) also converges to zero as E—0.
Thus we have

Iin;n_’%up i[H, A\lpe @2 = 0.
This contradicts (2.10) and completes the proof. []

We now prove Lemma 2.3, which has played a basic role in proving Pro-
position 2.2.

Proof of Lemma 2.3. For §>0 small enough, we define the function 6y(x)

as
By = Ce-rCBayr

and the operator 4, as

Ay= Zil.«x/e,, Vo> 4+ <V, 2/05).

Throughout the proof, we denote by b, the multiplication operator by b&(x; d)
with bound |&y(x; 8)| <C<x>* uniformly in 8. According to this notation, the
operator A, defined above is related to 4 through the relation

Ay = 07'4+b,, .
To prove the lemma, we analyze the term
Iy, = <i[H, As)pe Pe12x) -
It should be noted that 4,p, €L*X) for §>0.
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We first calculate the commutator z[H, 4,] in the above term as
(2.12) i[H, As] = i[—A)2, As]+i[—Egz, As]+i[V, As] .
The second operator on the right side is equal to
(2.13) i[—Ez, As] = 05 Eez = 07 (—H—A[24-T).
The first operator is represented in the form
i[—A[2, As) = i[—A[2, 05 NA+07%[—A)2, A]4-b,—;V:+bp—3 .

Define the operator D, as
1
Do = T<x/<x>’ Vs> .

Then a simple calculation yields that i[—A/2, A]=—A and that

i[—A[2, 051] = 85 {(p—1) x> —(p-+1/2)8%8x>"%xD} Dy+-by-s
Hence the first operator takes the form
@2.14) i[—A/2, 45] = 07{((p—1)—(p+1/2)8<Bx>~*x>) D¥Do—A} + B

with B=b,_,V,+b,-3. By assumption (4),, 1/2<<p<<1l, the third operator
on the right side of (2.12) has the form

(2.15) i[V, As] = b, .

We now evaluate the term I, in question from below. We combine (2.13)
~(2.15) to obtain that

i[H, As] = B,+By+Bs+ 0" (—H+V)+b,-,V+b,
where
B, = (1—p)05¥4(—A—D¥D,)05'" ,
B, = (p+1/2)0526{8x)>~*x) (— A—DFD,) x> {8x>~18605 12,
By = (p+1/2)05'7 p3/*(—A) ps* 05
with pa(x)=1—82C8x>~%(x>*>0. The first three operators B; 1<j<3, on
the right side are non-negative and also it follows from relation (2.8) that

{Heo,, 05 91200 = O (1)

uniformly in § and & Thus the term I, is evaluated from below as
(2.16) Iw>—d

for some d>0 independent of & and &.
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Next we evaluate the term [ from above. We write it as
Iye = i{{4spe, Hpep 120 — CHepe, Asped1?co} -
Then it follows from (2.8) that
Iye = —2||652G" Ay |12+ O(1)
uniformly in 8 and & This, together with (2.16), proves the lemma. []

2.2. Exponential decay property. Next we prove the exponential decay
property of the eigenstate y»€LA(X) in (2.1).

Proposition 2.4. For any k>0, exp(k{x>)y € L} X).

Proof. This proposition is also verified by contradiction. The proof is
done by repeated use of the same arguments as in the proof of Propisition 2.2.
(1) Define k>0 as

ky = sup{k>0: exp(k\D)W ELH(X)}.

We deny the statement of the proposition and assume that ky<<co. Fix &, 0<<
k<<ky, close enough to ky, if k,>0. If k=0, then we take k as k=0. By the
assumption k,<<oo, we can choose ¥>0, 0<¥< 1, small enough to satisfy k-
v>k, and hence

(2.17) exp((k+7)<xp)yr & LHX) .
For A»>1 large enough, we set
Y = (1A KaD)* exp(keD)Wr ELA(X) .

with >0 as above. We should note that s, EL*X), even if k=0, which
follows from Proposition 2.2 at once.
We write +r, as yJr,=e"+r with

F = F(|x|; \) = k<> nlog(1+7a~Kx))
and normalize y, ELY(X) as

oy = n/lllzo,  ll@allzao = 1.

By (2.17), @, converges to zero weakly in LX) as A—>oo and also by the same
calculation as in the proof of Proposition 2.2, we see that @, obeys the equation

(2.18) He, = Ep,—iGAp,+Jo, ,
where G=G(|x|;A) and J=J(|x|; ) are defined by

G = |x|7'0F[8|x| = <> {k+yA(NAV<HD) T} >0,
J=(IV.F|*—|x|0G[a|x])/2.
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These functions behave like G=0(|x|~!) and J=O(1) as |x|— oo uniformly in
A>1. Hence it follows from equation (2.18) that <{x> @, and <{x>~'¢, are
bounded in the Sobolev spaces H(X) and H?*X) uniformly in A>1, respec-
tively. Furthermore, J satisfies the estimate

| J(1x]; N)—R22] S C(y+<x>7Y)
uniformly in A, so that we may write
(2.19) Ho, = (E-+¥|2)p,—iGAp,+ ]2,
where
Ji=J(lx];2) = J—F|2 = O(7)+0(Kx>7") .

(2) We accept the following lemma as porved, the proof of which is given
after completing the proof of this proposition.

Lemma 2.5. As A—>cc, one has :
(1) [Kx>-VEGY 4| 20y=0(1).
(i) |Ke>P-02Y @, 20=0(1).

It follws immediately from this lemma that
lim (|G A, |20 = 0.
Aroo
Hence we have by (2.19) that
lim sup [[(H—E—F[2)p)|l2c0 = O(7) -

We here again use Proposition 2.1. Then, by repeating the same arguments as
in the proof of Proposition 2.1, we obtain

(2.20) lim inf G[H, AJpy, @uut0=d>0

for some d independent of ¥>0 small enough.
(3) We calculate the term on the left side of (2.20) by making use of rela-
tion (2.18). Since <x)"¢, belongs to H*(X) for any N > 1, we have

<i[H , Ailoy, ¢)\>L2(X) = —2Re<{Ap,, GA¢A>L2(X) — <], Aoy ¢}\>L2(X) .

The second term on the right side converges to zero as A—> oo, because [ ], 4;]=
O(|x|™Y), |*#|—>oc0, uniformly in A>1. We shall show that the first term also
converges to zero as A—>o0. To see this, we write this term as

{Apr GAPD 12 = LKD" GVK D ap™ " Aapy, <3G AP 123

with v=(1—p)/2. By the assumption p>1/2, ¢*G"?g*=0(1) as |x|—>oo. Hence,
by Lemma 2.5, the first term is also convergent to zero as A—>oo. Thus we have
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lu}liup <Z[H, A1]¢)p ¢)‘>L2(X) =0 ’
which condradicts (2.20) and the proof is complete. []

Proof of Lemma 2.5. The idea of proof is almost the same as in the proof
of Lemma 2.3, so we give only a sketch for the proof. We again denote by &,
the multiplication operator by b,(x) with bound |b,(x)| <C{x)*

To prove the lemma, we consider the term

IA = <I[Ha AO]¢)J ¢)\>L2(X) ’

where the operator 4, is defined by
Ay = L (Gxf6, V2> + <V 3/6)

with O(x)=<x>'"?. The commutator i[H, A,] in the above term takes the form

i[H, Ag] = Q1+ Q0+ 0"(—H~+V)+b,-,V,+bo
where
0, = (1—p)0~Y%(—A—D§FD,)g~2 ,
O, = (p+1/2)07V2(—A)6~~.

The operators Q, and Q, are both non-negative. Hence it follows from (2.18)
that

(2.21) 5L,>d|107"V.@,||20—1/d
for some d>0 independent of A. On the other hand, we again use (2.18) to

obtain that
I <—|0-2G"*Ag,||}2x+4d

with another d>0. This, together with (2.21), proves the lemma. [

2.3. Completion of proof of Theorem 1.1. We complete the proof
of Theorem 1.1 by showing that the eigenstate y»&L*X) in (2.1) must vanish
identically.

Proof of Theorem 1.1. We begin by recalling the notations in section 1.
Let @ €Sy be the direction for which Ex=ZFw with E;=|Ex|>0. We write
x€X as ¥=20+2, with 2, €II,, II, being the hyperplane orthogonal to .

Assume that yr==0 and set yJr(x)=exp(k2)yr(x) for £>1 large enough. By
Proposition 2.4, Y, €L*X). We normalize +J; as

@i = Ya/llPnllizo s lleallizo = 1.
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As is easily seen, @, obeys the equation
(2.22) Hoy = (E+F|2)py—ikAd iy .

The commutator i[H, 4,] is calculated as i[H, A,]=E,+i[V, 4,]. Therefore it
follows from assumption (4), that

(2.23) GlH, Ajlew e = 1/d—dl|ldpil iz

for some d>1 independent of £3>1. On the other hand, we have by (2.22)
that

[H, Alow e = —2k|| A@ill22x) »

which, together with (2.23), concludes that 4r=0. Thus the proof is now com-
pleted. (J

3. Resolvent estimate at high energies

In this section we study the resolvent estimate at high energies for three-
particle Stark Hamiltonians under the assumption that any two-particle subsys-
tem Hamiltonian does not have zero reduced charge. Throughout the present
section, we again keep the same notations as in section 1.

We further introduce several new notations which are required to formulate
the obtained result. We use the letters &, 8 and & to denote pairs (j, k), 1<
Jj<k<3. For given pair a=(j, k), we define the two subspaces X* and X,
of X as follows:

X = {r = (r, 1, 1) EX: 7,47, = O},

Xy={r= (rla 1, 13) EX: r,= Tt
These two subspaces are mutually orthogonal with respect to the scalar product
¢, > and span X, X=X*PX,,, so that L*(X) is decomposed into
(3.1 LX(X) = LA(X*)QL (X,) .

Let *: X—X*® and =,: X—X, be the projections from X onto X® and X,
respectively. For a generic point x€X, we write x*=#z%x and x,==n,x. For
pair a=(j, k), the relative coordiates 7;—7, is represented in terms of only the
coordinates x* over X*. Hence we can write Vo (x®) for V(r;—7;). Let Ex+0
be again the projection onto X of E=(e,&, ¢,&, e;€) and denote by E*=7=*Ey and
E,=n,Ex the projections of Ex onto X? and X, respectively. We further define
the cluster Hamiltonian H, as

(3.2) H,— —_;—A—<Ex, ®>4+Vo (") on L{X).

According to (3.1), this operator is decomposed as
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H,= H*®Ii+1d®T, on LX(X*)QL¥X,),

where the operators H® and T, are given as
1

(3.3) He = —LA—CE% ¥4V, on I(X¥),
(3.4) T, = —%A—-(E,, x> on IXX,).

We here make the assumption that the two-particle subsystem Hamiltonian H®
defined above does not have zero reduced charge;

(C) E*=0 for all pairs a=(j, k).

We are now considering only a system consisting of three particles with identi-
cal masses. For such a system, the assumption above means that all the charges
e;, 1<j <3, are different from each other. Under this assumption, we can also
say that all the pair potentials V,(x*) decay along the direction w &Sy of uni-
form electric field Ey.

We are now in a position to formulate the main theorem in this section.

Theorem 3.1. Assume that all the pair potentials V 4(y), y E R®, are bound-
ed and have the decay property V(y)=O(|y|="), |y|—=>co, for some p>1/2
and that the non-zero reduced charge condition (C) is fulfilled. Then there exists
M>1 large enough such that

sup [[Ka">""R(Ntin; H)<x">~*||<Cyx
AZ2H, 0<K<1

for v>1/4. Furthermore, the boundary values R(A-+i0; H) to the real axis exist
for n, | N| =M, in the topology above.

Without loss of generality, it suffices to prove the theorem only for r=
p/2>1/4. The proof is done on the basis of the Faddeev equation method.
Throughout the discussion below, all the assumptions in the theorem are assum-
ed to be fulfilled. Define the operators R,s(¢; H) and R,4(¢; H,), Im £=0, by

Rap(L; H) = <a">~"R(E; H)<«")~"2
Ruﬂ(g; Ha) = <x¢>_p/2R(§; Ha) <xp>-p/z

and the multiplication operator M, by
M, = {x®DPRY H(x%) {x*DPP2

Then the following relation can be easily derived by repeated use of the resolvent
equation:

Rup(§; H) = Rap(8; Ha)— %RMY(E s Hy)MyRyg(8; H)
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where the summation is taken over all pairs ¥ with y#a. Hence Theorem
3.1 is obtained as an immediate consequence of the following

Lemma 3.2. Let the notations be as above. If a=, then
IRap(Nires H)l| =0, |A| =00,

uniformly in k, 0<k <1, and the limits R,s(A4-10; H,) exist for all A\ER' in the
uniform topology.

We further continue the reduction. Let H, be the unperturbed Stark
Hamiltonian defined by

H,— —%A——(EX, ® on L{X).

Then, by the resolvent equation again, we have
Rap(85 Ha) = Raup(85 Ho)+Rau(8; Ha)MuRug(§; Hy) -

Hence Lemma 3.2 follows from this relation at once, if we have only to prove the
following two lemmas.

Lemma 3.3. The operators R, (N+ix; H,): LA(X)—LAX) are bounded
uniformly in ANER! and r, 0<k<1, and the Limits R, (\+10; H,) exist for all
AER! in the uniform topology.

Lemma 3.4. If a=p, then the operators R g(N+tix; Hy): LA X)—>LYX)
are bounded uniformly in NER* and r, 0<k<1, and satisfy

(3.5) |Rap(NEikc; Ho)l|=0, [ N]|—=00,

uniformly in x. Furthermore, the limits R,g(A110; Hy) exist for all AER" in
the uniform topology.

The proof of both the lemmas above is based on the resolvent estimate at
high energies for two-particle subsystem Hamiltonians.

Lemma 3.5. Let T=—A[2—<&,y>+ U, &=+0, be a two-particle Stark
Hamiltonian acting on LA R3), where the real-valued potential U= U(y) is assumed
to satisfy |U(y)| <C(1+4|y|)=" for some p>1/2. Then, T has the following spec-
tral properties :

(i) T has no bound states.

(i) For v>1/4, the operators {y>~"R(\+ix; T)y>~": L R3)—>LR3) are
bounded uniformly in NER* and k, 0<x <1, and satisfy

IKY>™"R(nFiee; T) <y 720, |n|—=o00.

(iii) The boundary values R(A4-10; T') to the real axis exist in the topology
above.
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For two-particle Stark Hamiltonians, the non-existence of bound states and
the principle of limiting absorption have been already established by [1, 5, 18]
and the resolvent estimate at high energies has been also proved by [9, 16].

Proof of Lemma 3.3. Let H® and T, be defined by (3.3) and (3.4), respec-
tively. Assume that E,=0. Then, by use of the spectral representation for the
unperturbed two-particle Stark Hamiltonian T, the operator R, (A+ix; H,) in
question can be expressed as the direct integral

R, (\tix; H,) = Sf BR, (A —0+ix; H*)dO ,
where
R,o(L; H*) = {x*>~"2R(L; H*){x*>~*"

is considered as an operator from L% X?) into itself. If E,=0, then we can get
a similar direct integral representation by use of the Fourier transformation
with respect to the variables x,. Since E“=#0 by assumption (C), the lemma
follows immediately from Lemma 3.5. []

We prove Lemma 3.4 for the +case only. The proof is rather long and is
done through a series of lemmas. The following lemma is well known (see [12]
for example).

Lemma 3.6. Let Ty=—A[2 act on LA R3) and let f, gEL*(R3) with p>
2. Then

I f exp(—atT)gl| <ClIfllollgllze 12, tERY,
for C independent of f and g.

Lemma 3.7. Let T)=T,—<&,, >, E,%0, be the unperturbed two-particle
Stark Hamiltonian acting on LA(R}). Let f and g again belong to L*(R3) with
p>2. Then

IIf exp(—itTy)glI<CIIflloellgllo |21 =7, tER".

Proof. For notational brevity, we take £=(1, 0, 0) and write yE R® as y=
(Y Yy )ER'}X R?. Let D;=—1i0/0y,. Then the following relation is known to
hold between exp(—itT}) and exp(—itTy) (see [11] for example):

exp(—itT) = exp(—1*/6) exp(ity,) exp(—it2D,/2) exp(—itT) .
Therefore, by making a change of variables, we have
|| f exp(—itTy)gollie = S | (4212, 1) exp(—itTo) (g9) (¥) | dy .

This, together with Lemma 3.6 proves the lemma. []
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Lemma 3.8. Let H, be again the unperturbed three-particle Stark Hamil-
tonian acting on LX(X). If v>1, then there exists d>1 such that

|IKx=>=" exp(—itHy) P>~ <C(1+ 1)), teRY,
where a= B is not necessarily assumed.
Proof. We may write exp(itH,) as
exp(—itH,) = exp(—itH8)®@exp(—itTy) on LA XP)QLAX,),

where Hj=—A[2—<EP?, ¥*>. The coordinates x® are represented as x*=7n"zPx?
~+7*mwgxg. For three-particle systems with identical masses, we have that

(3.6) I = 7°7f| y8: XP— X is invertible.

Hence, <{x*>~¥ belongs to L?(X®) with some p, 2<p<3, as a function of x*.
Thus the lemma can be easily obtained by applying Lemma 3.7 to the operator
exp(—itHS§). O

We here make a brief comment on (3.6). This remains true also for three-
particle systems with finite masses but if one of three particle take an inifinite
mass, then it happens that I1**=0 for some pairs @ and 8. Even in such a
case, we can prove in a different way that

IRsp(Aikc; Ho)||—>0,  [N]|—o0,

uniformly in #, 0<«#<1, and that the boundary values R,5(A+4-70; Hy) to the
real axis exist in the strong topology but not necessarily in the uniform topology.
However, we do not go into details about this problem here.

Let 1={{=C:0<Im¢<1}. The lemma below follows from Lemma
3.8 at once.

Lemma 3.9. Assume again that v>1. Then there exists p>>0 such that
[[<x=>~*(R(E15 Ho)—R(Ez; Hy)) <> [|SC 8L, |?
for any £, 5; €31

By use of this lemma, we shall first show that:

3.7 R,s(¢; Hy) is bounded uniformly in { €31.
(3.8) | Rap(815 Ho)—Raup(82; Ho)l| <C|8,—E,|? for some p>0.
3.9) R,s(A+10; Hy), NER! exists in the uniform topology.

We follow the arguments due to Korotyaev [9] to prove the facts above. Let

P& H) = 5 (R(; H)—R(@E; Hy), (€S,



3-PARTICLE STARK HAMILTONIAN 45

This operator can be rewritten as

F¢; Hy) = 12 E Rt H)RE: Ho

and also it follows from Lemma 3.9 that

(3.10) [IKe>="(F(§y; Ho)—F(£2; Hy)) <« SC 88,2
for v>1. We assert that
(3.11) [IKe>="F(L'; Ho)<xP>~||<Cy

for any v>1/4. To see this, it suffices to show that
2 Im g|[<e*>~"R(E; Hy)II? = |[<e*>~"(R(E'; Ho)—R(T; Ho))<xD>7"II<C.

However, this can be verified by repeating the same arguments as used in the
proof of Lemma 3.3. Thus, by interpolaiton, it follows from (3.10) and (3.11)
that

I<x=>=*H(F(E1; Ho)—F (&5 Hy)) <> <C 18,5, |

with another p>0. This also shows that the boundary value F(\; Hy), AE R,
to the real axis exists in the topology above and that

(3.12) “<x“>—m(F(7\'1§ Hy)—F(\,; Ho))<xﬂ>—m” <CIn—gle-

We denote by E(\; H,), AE R, the spectral resolution associated with H,. By
the Stone formula, we have dE(\; Hy)=F(\; Hp)d\ and hence

RE&: Hy) = S %_g F(n; Hyd .

Thus, by (3.12), the Privalov lemma implies (3.7)~(3.9).

To complete the proof of Lemma 3.4, it remains to prove (3.5) only. We
now fix two real smooth functions f*€C5(X%) and fPeCy(X?), a%RB, with
compact support. To prove (3.5), it suffices by (3.7)~(3.9) to show that

(3.13) I f*R(NA+-ixc; Ho) fPll—>0, || —>o0,

for each #, 0<«<1. We do not necessarily have to prove the uniform conver-
gence. For notational brevity, we prove (3.13) only for x=1.

We first deal with the case E,=0. The case E,=0 is much easier to deal
with. Since a=@ by assumption, II=rr,|x,: X,—>XP® is invertible. Let
II,=I1"'%Pz*: X*—>X,. Then we can write

(3.14) & = II(x,+11,x%) .

Let X€C7(R") be a non-negative smooth cut-off function such that X(s)=1
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for |s] <1 and X(s)=0 for |s| >2. We define g,,,€ECF(R") by
&u(s) = X((s—n)/M)

and Ay EC=(X®) by

hy(x®) = X((KF®, x*>—\)[N)
with
(3.15) F* =1I¥E, = n*z*(I1"Y)*E, € X*,

where M and N are sufficiently large numbers to be determined later.
With these notations, we now decompose R(A+7; Hy) as follows:

R(A+i5 Hy) = TM(W)+TTE(N) T ()
where
™= (ld—g\u(T&))R(M+1; Hy) ,
" = &u(To)R(N+15 Hy) (Id—h3y) ,
T = guu(Ta)ROM15 Ho)R3y -

Lemma 3.10. For any €>0 small enough, one can take M so large that
f*TY\)fPll<€, ANER!.
Proof. Let Hi=—A/2—<E® x*)> act on LY X*) and write H, as
H,= H{®Id+1dQT, on LA X*)QL¥(X,) .
Then we obtain by use of the spectral representation for T, that
(Ud—gu THROi; H) = | @(1—guw(O)RO—0-+i; H3)do
Hence, by Lemma 3.5, we can take M so large that
If*"R(n—6+3; HY)IP = || f*(H3+(0—N)*+ 1) f7ll<€

uniformly in 6, |#—x| >M. This proves the lemma. []

Lemma 3.11. Let M, M>1, be as in Lemma 3.10. Then one can take N
so large that

[T fPll<€, AER!.
Proof. We write the operator under consideration as
TI(\) = gue( Ta) (Ta—N—i)R(N+15 H)R(AA-15 T) (Id—Hy)
and we regard f#(xf)=f*(I1(x,+1II;x*)), I1 and II, being as in (3.14), as a func-
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tion over X,. To prove the lemma, it suffices to show that we can take NV so
large that if x* Esupp(1—7#ly), then

(3.16) IR(Ai; TLfPll<€, AER',

as an operator acting on L X,). Let pEL*X,). Then, by a change of varia-
bles x,-II,x*—x,, we obtain that

IROA-25 Ta) P2y = [IROV—LF®, 2% +15 T) fualli2xa »

where f,=f*(Ilx,) ECT(X,), pa=@(xy,— [[1x*) ELY(X,), and F*EX* is defined
by (3.15). This relation, together with Lemma 3.5, enables us to choose N so
large that (3.16) holds. 'Thus the proof is complete. []

The lemma below, together with Lemmas 3.10 and 3.11, proves (3.13) and
hence completes the proof of Lemma 3.4 in the case E,=0.

Lemma 3.12. Let M and N be fixed as above. Then
IFT2¥N)fPl—=0,  [n[—>eo.

Proof. We again use the spectral representation for T,. We may assume
that the spectral parameter 6 ranges over (A—2M, A+2M). Hence, to prove
the lemma, it suffices to show that

(3.17) v R(n—2; H3)f*||=>0, [A|—>c0,

uniformly in p, |p|<2M, when considered as an operator from L*(X®) into
itself.

Let F*€ X" be defined by (3.15). It can be easily seen that E®=0 is re-
lated to F* through the relation E*=gF* for some o=0. In fact, if a=(1, 2)
for example, then both the vectors take the form (e€, —e&, 0), e%=0. We intro-
duce the auxiliary operator Ty—on, Ty=—A[2, to approximate Hi=T,—
CE®, x*> on the support of Ayy. Write

ByR(p—1; HY) = R(p~+on—1; To)(To—up—on—1i)h3yR(p—i; HS) .
Since f*&CF(X*), we may assume that A3y f*=0 for |A|>1 large enough.
Hence a simple commutator calculation yields that

ByR(p—i; Ho)f* = R(p+onh—1i; To) (A(A)+A(N)f*
where
Ay = o(KF?, x> —N)MyR(p—i; HY) ,
Ay = [To, Bin1R(p—1; HY) .

To evaluate the norm of these operators, we here prepare two lemmas. Both
the lemmas are easy to prove, so we omit the proof.
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Lemma 3.13. For any v>0, one has
IR(p+on—i; T)<s>7*|=0, [X]—=0c0,
uniformly in p, || <2M.
Lemma 3.14. For any kE R', one has :

Ie*>~*R(p—1; H3)<x* DM <C4
[I<x*p =12V R(p—i5 H5)<xDH| <C

with Cy independent of u, | u| <2M.

We can easily see that (3.17) follows immediately form the two lemmas
above and hence the proof is complete. [

Finally we consider the case E,=0. In this case also, (3.13) can be verified
in almost the same way as in the case E,=0, but the proof is much easier. In
fact, if E,=0, then the operator T, becomes invariant under translation. Hence
the proof can be done without using the cut-off function #%y. We omit the
detailed proof of (3.13) for the case E,=0.

4. Asymptotic completeness for four-particle systems

The remaining sections are devoted to proving the asymptotic complete-
ness for four-particle Stark Hamiltonians. We again consider a system of four
particles with identical masses m;=1, 1< j <4, moving in a uniform electric
field £€R3.  For such a four-particle system, the configuration space X in the
center-of-mass frame is described as

X = {r = (n, 75, 73, 7)) E R™*: S‘: r; =0}
i=
and also the energy Hamiltonian H takes the form

H= —%A—(Ex, S>+V  on I(X),

where Ex € X is again defined as the projection onto X of (e,&, &€, e, e,£)E
R¥*, ¢, 1< j<4, being the charge of the j-th particle, and V=V(r) is given
by the sum of pair potentials V

Vinn= 2> Vu(r;—r).

1<i<k<4

We also assume that Ex=0 and further make the following assumptions on the
pair potential V.

(B)s V(y), yER? is a real C*-smooth function and has the decay pro-
perty as | y|—>o0;



3-PARTICLE STARK HAMILTONIAN 49

| 1PV IV, V 431+ 1V,9,7 4l = O(1)  for some p>1/2.

Roughly speaking, the problem of asymptotic comleteness is to determine com-
pletely the asymptotic behavior as t—-4-oo of solution u(f)=exp(—itH)Jr to
the Schrodinger equation

4.1) i = Hu, u(0)= yERange (Id—Py),

where Pp: LA X)—L* X) is the eigenprojection associated with H and Range T
stands for the range of operator T.

We require several basic notations in many-particle scattering theory to
formulate the obtained result precisely. We use the letter a to denote a cluster
decomposition of the set {1, 2, 3,4} and denote by #(a) the number of clusters
in a. Throughout the entire discussion, we consider only a cluster decomposi-
tion @ with 2<#(a)<4. When j and k, j<k, are in the same cluster in a, we
denote by j a k this relation.

For given cluster decomposition a, we define the two subspaces X* and X,
of X as follows:

X = {rEX:jZOr,. = 0 for all clusters C in a},
X, = {r€X:r,=r, for pair (j, k) with ja k}.

These two subspaces can be easily seen to be mutually orthogonal with respect
to the scalar product <, > and to span the total space X; X=X’PX,, so that
L?*(X) is decomposed as

I(X) = [A(X*)QIXX,) .

Let z°: X—X* and #,: X —X, be the projections onto X* and X,, respec-
tively. For a generic point x€X, we write #’=zx€X’ and x,=#zxEX,.
Let E°=#"ExE X’ and E,=n,Ex<X,. We further define the cluster Hamil-
tonian H, as

(4.2) H, = ~—;—A—<Ex, D+ S Valr—n) on LX),

This operator is decomposed into

H,= H*®Id+1d®T, on [A(X°)QL¥X,),

where
(4.3) H = —%A—(E", >+ Va on LX),
(4.4) T,— —LA_<¢E, x> on I¥X,).

2
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If, in paritcular, #(a)=4, then H® is defined as the zero operator acting on
LA X*)=C (scalar field), so that H, becomes the unperturbed Stark Hamiltonian

H,— ———ZI—A—<EX, x> on LAX).
We assume, in addition to (B),, that any subsystem Hamiltonian H*, 2<
#(a) <3, defined above does not have zero reduced charge;

(D) E‘=0 for any cluster decomposition a with 2<#(a)<3.

We here make a brief comment on the assumption above. This assumption
means that all the pair potentials V', decay along the direction of uniform ele-
ctric field Ex. Charged classical particles are scattered along this direction and

hence the sloution u(¢) to the Schrodinger equation (4.1) is expected to behave
like

(4.5) u(t)~exp(—itHopps, o0,

for some Y*ELXX). If E°=0 for some cluster decomposition a, then it hap-
pens that H* has bound states. Hence the scattering channels associated with
such bound states may arise even in systems with uniform electric fields as in
systems without electric fields and also the solution u(#) takes multiple asymptotic
states. Thus the case in which E°=0 for some a is more difficult to deal with.
In proving the asymptotic completeness for four-particle systems, we make an
essential use of resolvent estimate at high energies for three-particle subsystem
Hamiltonian H*, #(a)=2, which has been obtained as Theorem 3.1 under the
non-zero reduced charge condition (C). This is the reason why (D) is assumed
here.

Finally we introduce the wave operators. We define Wi : LA X)—L*X) by

Wi = s— lim exp(itH) exp(—itH,) .
t>+o0

By definition, it can be easily seen that the solution u(f)=exp(—itH)~Jr to equa-
tion (4.1) with initial state y»&Range W7 asymptotically behaves as in (4.5).
The second main theorem stated below asserts that all the solutions to equation
(4.1) with initial state {» € LX) behave as above.

Theorem 4.1. (Asymptotic completeness). Let the notations be as above.
Assume that all the pair potentials V ; satisfy the assumption (B), with p>1/2 and
that the non-zero reduced charge condition (D) is fulfilled. Then :

(i) H has no bound states.

(if) W7 exist and are asymptotically complete ; Range Wiy=L*X).

ReMARK. The existence of wave operators is proved under only the assump-
tion that V4(y)=0(|y| "), | y|—oo, for some p>1/2.
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The asymptotic completeness for many-particle scattering systems with-
out electric fields was first proved by Sigal-Soffer [14] for a large class of short-
range pair potentials and then alternative proofs have been given by [4, 8, 15].
Much attention is now paid to the long-range scattering systems which include
the Coulomb system as an important example. On the other hand, in the case
of presence of electric fields, the asymptotic completeness has been proved by
[9,16] only for three-particle systems. In both the works, the non-zero reduced
charge condition is not necessarily assumed. The proof in [9] uses the stationary
method based on the Faddeev equation under the additional assumption that
two-particle subsystem Hamiltonian with zero reduced charge does not have
zero resonance energy. After this work, an alternative proof has been given by
[16] without assuming such a zero resonance condition, althogh somewhat re-
strictive smoothness assumptions ((V.1) and (V.2) in section 1) are imposed on
pair potentials V. The proof there, which is, in principle, similar to that in
[14], is based on the local commutator estimate and on the (non)-propagation
estimate showing that a relative motion of particles is asymptotically concen-
trated on classical trajectories. The asymptotic completeness for four-particle
systems (Theorem 4.1) can be also proved in almost the same way as in the pre-
vious work [16], once the non-existence of bound states (Theorem 1.1) and
the resolvent estimate at high energies (Theorem 3.1) have been established for
three-particle subsystem Hamiltonians.

5. Local commutator estimate and propagation estimate

As stated in the previous section, Theorem 4.1 is proved on the bais of local
commutator estimate and of propagation estimate and also the proof is done in
almost the same way as used by [16] in the case of three-particle systems, so we
here mention only a modification to be made in the case of four-paritlce systems.

We first omit the proof for the existence of wave operators Wg. This is
verified in the same way as in the case without electric fields (see [12, 16] for
example),

To prove the non-existence of bound states, we have to establish the
Mourre estimate (Proposition 2.1) for the four-particle Stark Hamiltonian H
under consideration. Let w €Sy, Sy being the unit sphere in X, be again the
direction of uniform electric field Ey for which Ey=FEyw with E,—|Eyx| >0 and
define the operator 4, as 4,=—iw, V..

Proposition 5.1. Assume that the same assumptions as in Theorem 4.1 are
fulfilled. Let \ER' be fixed arbitrarily and let fECF(R') be a non-negative
smooth function supported in a small neighborhood around . Then, for §>0
small enogugh, one can take the support of f so small that

SCEDTH, A f(H) > (Ey—8)f (H)+-K
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for some compact operator K=K acting on LA X).

This proposition enables us to repeat the same arguments as used in prov-
ing Theorem 1.1 and hence H is proved to have no bound states.

The following propagation properties of propagator exp(—itH), which are
also obtained as a consequence of Proposition 5.1, play a central role in proving
the asymptotic completeness.

Proposition 5.2. Suppose that the same assumptions as in Theorem 4.1
are fulfilled. Let AC R be a bounded open interval and let E(A)=E(A; H) be
the spectral resolution onto A of H. Then:

(1) The multiplication operator by {x>~", v>1/4, is H-smooth on A in Kato’s
sense ([7]);

S " IKw> exp(—itH) (AWl 2codt < Calll o

for C independent of yp € L*(X).

(ii) If q(x) is a bounded function vanishing in a conical neighborhood of w,
» €Sy being the direction of uniform electric field Ey, then the multiplication opera-
tor by qlx>~"* is H-smooth on A in the sense as above.

Once these propagation estimates are established, the asymptotic complete-
ness of wave operators Wi is porved by repeating the same arguments as in
[16].

In general, Stark Hamiltonians take all real values, especially any negative
value as possible energies. Let H,=H*®Id+1d R T"* be defined by (4.2). Then
the subsystem Hamiltonians H* and T, can take all real values as energies, even
if the energy of Hamiltonian H, is localized in a bounded interval. This is not
the case for Hamiltonians without uniform electric fields, because such opera-
tors are bounded from below. This is one of main differences between the
case with electric fields and without electric fields and also this difference makes
it difficult to prove the local commutator estimate in Proposition 5.1.

We shall explain the modification to be made in the case of four-particle sys-
tems. For pair a=(j, k) with 1< j<k<4, we write r*=7;—7,. We now fix a
non-negative smooth function g& C5(R®) with compact support and denote by
g% the multiplication operator by g(r*). The lemma below plays a crucial role
in proving Propositions 5.1 and 5.2 and also makes it possible to prove these
propositions by use of the same arguments as in [16].

Lemma 5.3. Suppose that the same assumptions as in Theorem 4.1 are
fulfilled. Let fECT(R") be as in Proposition 5.1. Then, for any >0 small
enough, one can take the support of f so small that

llg® f(Ha)ll <&
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for pair a=(j, k) withjak.

Proof. The multiplication g* can be regarded as an operator acting on
L*X®). Let H® and T, be defined by (4.3) and (4.4), respectively. Assume
that E,7=0. Then the spectral representation for T, yields

g f(Ho)yg® = s: @g*f(0-+H)g* do .

Even if E,=0, we can obtain a similar direct integral representation by use of
the Fourier transformation. Thus we consider only the case E,=0. To prove
the lemma, it suffices to show that we can take the support of f so small that

(5-1) llg=f(6+H")||<d

uniformly in §E€R!, when considered as an operator from L*X?) into itself.
We have only to prove this for the following three cases: (1) a={(j, &), (), (m)}
is a 3-cluster decomposition; (2) a is a 2-cluster decomposition of the form
a={(j, k), (I, m)}; (3) a is a 2-cluster decomposition of the form a={(j, &, 1),
(m)}.

(1) Since E°#0 by assumption (D), we can apply Lemma 3.5 with T'=
H? to obtain that

FOu; H') = g *(ROvi0; HY)—ROv—i0; H)g*: LX) X")
i
is bounded uniformly in AER!. Thus we have
g fO+H g = |~ f0-+uyrFOv HYdn,

which proves (5.1) in case (1).

(2) The proof uses Lemma 3.5 again. Let r*=7r,—7,. Then L¥X")=
LX(R3; dr*)QL¥R®; dr?) and hence H* is decomposed as H*=T*QId+1d Q T*.
By assumption (D), both the operators 7% and T® take a form similar to 7" in
Lemma 3.5 and also become unitarily equivalent to the free Stark Hamiltonian.
Thus we obtain the direct integral representation

e fO+HYe = |7 @ f(6-+utTorg" dn

by use of the spectral representation for T®. This, together with Lemma 3.5,
proves (5.1) in case (2).

(3) The proof uses Theorems 1.2 and 3.1 and Lemma 3.5. In particular,
Theorem 1.2 has been obtained as a consequence of Theorem 1.1 (non-eixstence
of bound states).

First we can choose the support of f so small that (5.1) holds for 8] >1
large enough, which follows immediately from Theorem 3.1. Thus we have only
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to consider the case in which @ ranges over a bounded interval [—M, M].

Let a={(j, %, 1), (m)}, j<k<I, be the 2-cluster decomposition under con-
sideration. For such an @, we can easily construct a non-negative smooth
partition of unity {j,, fo}, i-+7.=1, over X* with the following property (5):

LAV a(r =) |+ 13V ;=) |+ 1 oV u(rne—r) | = O(12®|7%),  a®|—=oo.

By construction, j,(x*)g(r®), r*=r;—r,, is of compact support as a function
over X°. Hence, by Theorem 3.1, we can take the support of f so small that

(5-2) 118" f(O+H")||<8

uniformly in 6, |8| <M.

Let b={(J, k), ({), (m)} be the 3-cluster decomposition obtained as a refine-
ment of a. We define the subspace X§ of X° by Xj==,X", so that L¥(X’) is
decomposed as

LA(X®) = LA(XY)QLYXS) .
We further write xj=,2* € X§ and define the operator Hj as
Hf} = H'QId+1d®T; on LAX*)QLAX3),

where

—%A—(E‘;, x>, Ei=mE'eXs.

T

I
o3
|
!
I

Then it follows by property (j) above that H*—Hj3;=0(|x°| "), |x°|—>cc, on
the support of j, and hence we have

(5-3) 172 f(6+H)—f(0+H5) <& Y| <C

for C independent of 0, |0| <M.
Let f, €C7(R") be a function such that f; has the same properties as f and
fi=1 on the support of f. We decompose f(0+H*®) into

FO+HI)f(0+H*)+(f(0-+H")—f(0+H)f(0+H") .

Then we can take the supports of f and f; so small that

llg*f(0+HII<S,
IKe">=* A0+ H")|| <8

uniformly in 8, |@| <M. The first estimate follows from Lemma 3.5 and the
second one from Theorem 1.2. These estimates and (5.3) imply that

Il 28" f(0+H")|<d
uniformly in @ as above. This, together with (5.2), proves (5.1) in case (3).
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Thus the proof of the lemma is now complete. []
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