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1. Introduction

Let G be a finite group and B be a p-block of G with an abelian defect
group D and with a root b in Cp(D). Let D,=Cy(T'(5)) and B,=5%Pv, where
T () is the inertial group of b in Ng(D). In [9, Theorem 1] we showed that the
number &(B) (resp. [(B)) of ordinary (resp. modular) irreducible characters in
B is equal to that of ordinary (resp. modular) irreducible characters in B,. In
this paper we continue our study to show further properties on the p-block B,.
Let K be the algebraic closure of the p-adic number field, o the ring of local
integres in K and F be the residue class field of 0. For a subgroup H of G,
we denote by Trf; the relative trace map from (FG)¥ to the center Z(FG) of the
group ring FG, where (FG)?!={xcFG |hx=xh for any heH}. For a p-sub-
group @ of G, we denote by s, the Brauer homomorphism from (FG)? to FCy(Q).
The following is the main result.

Theorem 2. Let E be the block idempotent of FG corresponding to B and
&, be the block idempotent of FCy(D,) corresponding to B,. Then the following
hold.

(1) The F-linear map f from Z(FCq(D,))é, to Z(FG)E defined by f(y)=
Tré yop () E is an isomorphism.

(it) The algebra homomorphism g from Z(FG)E to Z(FCy(D,))é, defined by
8(2)=sp,(2)&, is an isomorphism.

2. Lower defect groups

One of our results (Theorem 1) concerns the multiplicities of lower defect
groups. So we list some facts on lower defect groups that will be used in this
paper (see [1], [2], [3, chapter V], [5], [6] and [7]). Let B,, B,, -+, B,, -+ be
the p-blocks of G end E, be the block idempotent of FG corresponding to B..
For a conjugacy class C of G, we also write C to denote the class sum in FG.

With each B, it is possible to associate k(B,) conjugacy classes Cj, 1<j<
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k(B.) such that the following conditions are satisfied.

(i) Ewery conjugacy class of G is associated with exactly one p-block.

(i) {Cj E.} is an F-basis of Z(FG)E,.
Let B be an arbitrary p-block of G and let B=B,. For a p-subgroup @ we
set M(B, @)={C7?|C7 has @ as a defect group, 1< j<k(B,)} and M(B, Q) =
{C3|C7 is a p-regular class and C7 has @ as a defect group, 1< j<k(B,)}, and
we denote by m(B, Q) and m(B, Q)" the cardinal numbers of M (B, Q) and
M(B, Q)', respectively. When m(B, Q)=*0, @ is called a lower defect group of
B. Let Zo(FG) be the F-subspace of Z(FG) spanned by the class sums C such
that @ is a defect group of C and let Zy(FG)' be the F-subspace of Z(FG)
spanned by the class sums C such that C is a p-regular class and @ is a defect
group of C.
(1) m(B, Q) = dim Zo(FG)E and m(B, Q) = dim Zo(FG)'E if @ is normal in

G,

where E=FE.. Furthermore, {so(C;E)|C;€M(B,Q)} is an F-basis of Z,
(FNg(Q)) so(E) and {so(C E)| C;€e M (B, Q)'} is an F-basis of Zo(FN4(Q))' so(E).
From this we have

(2) m(B,Q)=Xm(B,Q)and m(B,Q)' = X m(B,Q),

where B ranges over the set BI(N(Q), B) of p-blocks of Ng(Q) associated with
B. On the other hand we have the following, which will be used to prove
Theorem 2.

Lemma 1. Let {@,, Q,, --+, Q,} be a complete set of representatives for the
G-conjugacy classes of lower defect groups of B. Then we have

Z(FG) E = 3 Tr§yap (Zo,(FNo(Qy)) s0,(E)) E-

Proof. Let {w;;| j=1, 2, ---, m(B, Q;)} be an F-basis of Zo,(FN(Q;)) sq,(E).

Since dim Z(FG)E= }i} m(B, Q;), to prove the lemma it suffices to show that
i=1
Trﬁg(oi)(w,-,-) E j=1,2, -, m(B,Q,),i=1, 2, --+, r are linearly independent. Sup-
pose that
3} 3% ay; Trfpep(wi) E =0,

where a;;€F and m;=m(B, ;). We assume that |Q,|>[Q,|>-->|Q,|.
Then we obtain by [1, (B3.1)]

r m; "y "y
301(2 g a;j Trz?rgm,-)(wi,-) E) = So,(]Z:}l a,j Tfﬁg(o,)(wu) E) = E a; wy; =0,

i=1

because Zo,(FN4(Q,))=Trg¢*’(FCs(®,)). Hence a,;=0 for any j. For (2<
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i<r), let a,;=0 for any k<i—1 andj. Then we have
50,35 @y Trfgcap(wi) E) = 35 @iy iy = 0.
So we have a;;=0 for any j. This completes the proof.

Let C; be the Cartan matrix of B. We have
(3) k(B)=Sm(B,Q),I(B)=Sm(B,Q) and |C;] = I[IQ">',

where @ ranges over a complete set of representatives for the G-conjugacy
classes of lower defect groups of B. In fact, the multiplicity of p” as an ele-
mentary divisor of Cy is given by % m(B, Q)’, where € ranges over a complete
set of representatives for the G-conjugacy classes of lower defect groups of B
of order p”.

We denote by [@, B] the pair of a p-subgroup @ and a p-block B of Ny(Q)
such that B belongs to BI(N4(Q), B). Let S be a complete set of representatives
for the G-conjugacy classes of such pairs [@, B]. From (2), (3) and Lemma 1,
the following (4), (5) and (6) hold.

4) mB,Q)= > m(b,P) and m(B,Q) = > m(b, P)’
[P, 5] LP,b]
where [P, b] ranges over all the elements of & such that P is G-conjugate to Q.
(5) Z(FG)E :[PX)}S]Trf,G(P)(ZP(FNG(P)) ep) E,
(6) k(B)=_3 m(b,P),[(B)=_ 3 m(b,P)’ and [Cs| = 3 [P|m®PY,
[P, 5] [P, p] [P, b]

where ey is the block idempotent of FNg(P) corresponding to b and [P, b] ranges

over S. It is also clear that the multiplicity of p™ as an elementary divisor of Cp

is given by 33 m(b, P)’, where [P, b] ranges over the elements of & such that
b

|P|=p".

3. Z(FG)E and Z(FC(D))é,

)

In this section we prove our main result. First we prepare a lemma.

Lemma 2 (see [2, Proposition (1.5)]). Let B be a p-block of G,b be a
p-block of a normal subgroup N of G and T be a subgroup of G which contains
the inertial group T(b). Then there exists a unique p-block B of T such that B
covers b and B is associated with B. Let E be the block idempotent of FG cor-
responding to B and E be the block idempotent of FT corresponding to B.

(i) The F-linear map f from Z(FT)E to Z(FG)E defined by f(y)=Tr$(y)

is an isomorphism.
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(i) The F-linear map § from Z(FG)E to Z(FT)E defined by §(2)=zE is
the inverse map of f.

Proof. The existence and the uniqueness of B follow from [3, chapter V,
Theorem 2.5]. Furthermore k(B)=Fk(B), therefore dim Z(FG)E=dim Z(FT)
E. Let {x,, x,, -*-, x;} be a set of representatives for the cosets of T in G. Since

T 27T(b), E* E*i=0 for any 7,j(i=%j) and E= z”: E*i(see [2, chapter V, §3)).
Hence we have Trf(y) E:(Zf} y* E*)E=Tr§(y) and Tr?(y)E:(é yi B E=y

forany ye Z(FT)E. This implies that f is well defined and f is an isomorphism,
and g is well defined and § is the inverse map of f.

In the remainder of this paper we assume that B is a p-block of G with an
abelian defect group D and & is a root of B in Cy¢(D). If  is a p-subgroup
of G and B is a p-block of N(Q) associated with B, then as is well known, a
defect group of B is G-conjugate to D. Hence there is a subgroup P of D such
that [@, B] and [P, b«P] are G-conjugate. Furthermore for subgroups P,, P,
of D, [P,, b"&%V] and [P,, b¥¢(*?] are G-conjugate if and only if P, and P, are
T (b)-conjugate. Here we choose a complete set P of representatives for the
T (b)-conjugacy classes of subgroups of D and we fix it. Then {[P, b¥¢P]| P
P} is a complete set of representatives for the G-conjugacy classes of the pairs
[Q, B] such that B is a p-block of N4(Q) associated with B.

Theorem 1. Under the above notations let D,==C,(T'(b)). For any P&,
we have
(7) mBYe®, P) = m(bCaP0N P P)

m(bNg(P), P)/ — m(bC,;(Dl)nNg(P), P)/ .

In particular, if P2 D, then m(b"e®, P)=0.

Proof. Let P=%. First we assume that PDD,. Then 6®P0¥«(P) covers
5P and the inertial group T'(6eP)) of bCP) in N4(P) is contained in(7'(5) N
Ng(P)) C(P), and hence T'(5¢P) S Cy(D,) N Ng(P). Therefore if &, is the block
idempotent of FNN(P) corresponding to b¥e” and §, is the block idempotent of
F(Cg(Dy) N Ng(P)) corresponding to bCs®Pd"We®) Tra(D) (y  py induces an iso-
morphism from Z(F(Cs(D,) N Ng(P))) 8, to Z(FNy(P))Ep and TrEeD) nnyr)
(w) 8p=w for we Z(F(Cy(D,) N N¢(P))) 8, by Lemma 2. Further we have

Tregod nnar (Zp(F(Co(Dy) N No(P)) 8) = Zp(FNG(P)) &p .

Hence from (1) we obtain (7) for P with P2 D,.
Since Cg(D,)2T(b), we have the following from (6).

R(bCePD) = 3T m(bCaPNNaP) P)
PeP
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1(60s®0) = 3 m(BCe®@D NP P
Pe$p

Note that if PP and PP D,, then m(b°eP0"VeP)| P)=( and m(baPr " NalP) P)’
=0. On the other hand, we have

k(B)= 3 m(d"¢®,P) and I(B) = 3} m(b¥«P, P)’ .
Peg PP

But since k(B)=Fk(b°¢P?) and I(B)=1(b??) by [9, Theorem 1], we conclude
from the aboves that if P2D,, then m(b¥'P, P)=0 and m(b¥eP, P)'=0.
This completes the proof of the theorem.

We set B,=b%®Y. From Theorem 1 and (6), we obtain the following.

Corollary. The elementary divisors of Cy are the same as those of Cy, (count-
ing multiplicities). In particular |Cy|=|C3,]|.

Proof of Theorem 2. Let {P,, P,, -+, P} be the set of elements P of P such
that P2 D, and m(h%P2"NeP) P)( and we denote by §,, & the block idem-
potents 8, €p, in the proof of Theorem 1. Let {w;,, w;,, ---, w;,, } be an F-basis
of Zp (F(Cs(Dy) N N(Py))) 8;, where m;=m (b0 "¥eF) P;). From the proof
of Lemma 1 and (5), Tr&e(38 anyerp(wij) &, =1, 2, -+, m;, i=1,2, -+, s form an
F-basis of Z(FCq(D,))&,. We sct 2;;=f(Tr%58qnyery(wi;) &) (1< j<m;, 1<i
<s). Since dim Z(FG)E=dim Z(FC4(D,)) é,, to prove (i) it suffices to show
that 2;;, j=1, 2, -+, m;,i=1, 2, .-+, s are linearly independent. We show this by
the same way as in the proof of Lemma 1.

First we calculate sp,(2;;). We can set

w,’j = Trg?(Dl)nNG(P‘)(u;j) y u,JEFCG(P,) .
By [1, (3B)], we have

SP,-(zij) = SPi(rngg(D,)(Trggfgig nNg(P;)(wij) ) E)
— 5o (T8, (11, @) 5p, (E) = Te¥o®(u 55,(2,) 7, (E)
= Tree{bd 0 nger (TrEeP? NP (uy; 5p.(8)))) 5p,(E)
= Tr’chES;% aNgpp(Wij $p,(8))) Sp,(E)
= Tr”c’géﬁ;'ﬁnzv@(p,.)(w;;) .
In particular sp,(2;;) EZ(FNg(P;)) €; and sp,(2;;) §;=w;; by Lemma 2. Further-

more if P; and P, are G-conjugate and k=i, then s5,,(2;;) 8;=0. In fact, let
P,=Pj for some xG. Since we have

sp,(Res) = (SP,,(zkj))x = (Trﬁgéﬁﬁnwewp(ww))‘

and since &;%+&%, sp,(24;) 8;=5p,(2s;) € 8;=0.



834 A. WATANABE

Suppose that |P,| > |P,| >-+>|P,|. We assume

é eF.

az:O a
i=1 j=1 N ’

ij

Then we have
s "y "y
5?,({21 21 a;; 2;;) 6, = 21 ajjw;=0.
=1 j= ji=

So a,;=0 for any j. For {(2<i<s), let a;,;=0 for any 2#<i/—1 and any j. Then
we obtain

" i
SPI(.EI a,'j zu) 8,‘ == Zla,'j wij = 0 .
i= i=

Therefore a;;=0.

(i) By the above argument, sp, (g (%)) 8:=sp,(sn,(315) &) 81 =sp, (=:7) 8=y
Furthermore, if P; and P, are G-conjugate and i==&, then sp,(g(24;)) 8;=5p,(2%;)
8;=0. From these facts, we can show Ker g={0} by the same way as in the
proof of (i). This completes the proof of the theorem.

4. Indecomposable modules belonging to B and to B,

Let R be o or F. In this section we show that there is a vertex-preserving
bijection between the set ot isomorphism classes of indecomposable RC4(D,)-
modules belonging to B, with vertex containing D, and a set of isomorphism clas-
ses of indecomposable RG-modules belonging to B. Let M be an indecompos-
able RG-module belonging to B with vertex . Since D is abelian, by [4,
Theorem 2] and [8, Corollary 1 and Theorem 3] there exists a unique (up to
T(b)-conjugacy) subgroup P of D such that P is G-conjugate to @ and that
the Green correspondent of M with respect to (G, P, Ng(P)) belongs to V%,

Proposition. Let P be a subgroup of D, H be a subgroup of G containing
Co(D,) and C4(P) and let B,=b¥, Then the following hold.

(i) Let N be an indecomposable RH-module belonging to B, with vertex P
such that the Green correspondent of N with respect to (H, P, Ny(P)) belongs to
b¥a'P,  Then there exists a unique (up to isomorphism) indecomposable component
M of N€ such that M has P as a vertex. Further M belongs to B and the Green
correspondent of M with respect to (G, P, Ng(P)) belongs to b¥e'P).  Set M=nJr(N).

(ii) ) defines a onme to one correspondence between the set of isomorphism
classes of indecomposable RH-modules belonging to B, with vertex P whose Green
correspondents with respect to (H, P, Ny(P)) belong to "a®) and the set of isomor-
phism classes of indecomposable RG-modules belonging to B with vertex P whose
Green correspondents with respect to (G, P, Ny(P)) belong to b¥e(P),

Proof. By the assumption that Cy(P)SH and Cg4(D,)SH, the inertial
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group T(b°¢®)) is contained in Ngz(P). Therefore “induction” gives a one to
one correspondence between the set of isomorphism classes of indecomposable
RNy (P)-modules belonging to b¥2 and the set of isomorphism classes of in-
decomposable RN (P)-modules belonging to 5Ve(®),

(1) Let IV, be the Green correspondent of N with respect to (H, P, Ny(P)).
Then NVe® is an indecomposable RN (P)-module belonging to 4#¥¢" and P
is a vertex of N{¢®). By [4, Theorem 2], there exists a unique indecomposable
component M of Nf{ such that M has P as a vertex. From [8, Corollary 1
and Theorem 3], M belongs to B and NY¢" is the Green correspondent of M.
On the other hand, N is a component of N{, and so N¢ is a component of N¥.
Since P is a vertex of IV, an indecomposable component of N¢ has P as a vertex.
Therefore M is a component of N¢. This establishes (i).

(i) Let M be an indecomposable RG-module belonging to B with vertex P.
We asume that the Green correspondent M, of M with respect to (G, P, Ng(P))
belongs to #¥a?). Then there is an indecomposable RNg(P)-module N, be-
longing to b¥2®) such that M,=N7¢". Let N be an indecomposable RH-
module with vertex P and with the Green correspondent /V;. Then N belongs
to B, and M is a component of N¢ from the argument of (i). Let N’ be an
indecomposable RH-module belonging to B, with vertex P and with the Green
correspondent N{ belonging to "z, If M is a comopnent of N'¢, then N{¥e(P)
is the Green correspondent of M. Hence N{ and NV, are isomorphic, and so
N’ and N are isomorphic. This completes the proof of the proposition.
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