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Let R be an algebra over an algebraically closed field K with finite dimen-
sion. Under an assumption J*=0, we have studied a left serial algebra with
(*, 1): the radical of any hollow right R-module is always a direct sum of hollow
modules, in [3], where [ is the Jacobson radical of R. In this case ¢f/e]? is
square-free, i.e., a direct sum of simple modules, which are not isomorphic to
one another. We shall give, in this note, a complete characterization of a left
serial ring with (%, 1) under the assumption: ef/eJ? square-free. In the forth-
coming paper [5], we shall study a left serial ring with (%, 1) in general.

1. Definitions and preliminaries

In this note we only deal with a left and right artinian ring R with identity.
We assume that every R-module M is a unitary right (or left) R-module and
denote its Jacobson radical and socle by J(M) and Soc(M), respectively. |M |
means the length of a composition series of M. If M has a unique composition
series, we call M a uniserial module. 1f, for each primitive idempotent e, eR is
uniserial as a right R-module, we call R a right serial ring (Nakayama ring).

We obtained a characterization of a right serial ring in terms of submodules
in a direct sum of uniserial modules [1]. As a generalization of the above
result, we studied the following property:

(%, n) Every maximal submodule of a direct sum of n hollow modules is also
a direct sum of hollow modules [2].

In this note we shall study a ring with (*, 1), i.e., every factor module of
ef is a direct sum of hollow modules for each primitive idempotent e, where
J=J(R). Concerning (%, 1) we got

Lemma A ([4], Theorem 4). Let R be a right artinian ring. Then R
satisfies (%, 1) for any hollow right R-module if and only if the following two con-
ditions are fulfiled :

1) eJ=2@A;, where e is any primitive idempotent in R and the A; are
hollow. o
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2) Let C;DD; be two submodules of A; such that C;/D; is simpje. If
f: Ci/D;=~C,|D; for i=j, f or f~' is extendible to an element in Hompg(A4;/D;,
A;/D;) or Homg(4;/D;, A;|D;).

On the other hand T. Sumioka found the following remarkable result:

Lemma B ([6], Corollary 4.2). Let R be a left serial ring, then eJ* is a direct
sum of hollow modules as right R-modules for any i.

We shall study, in this paper, only left serial rings, and so we denote the
content of Lemma B by the following diagram:

eR
|
(1) 1|41 ,qu 1;1” e]

A, 141“1 zi[m o Ay ...,lqm A, eJ?

The diagram means that ](eR)—e]—ZGBA,, J(4)= EEBA," (k=1, 2, .-+, m).

(cf. [2], 82).
Further we continue to observe (1).
All A12
(2) T g
‘Ilqlllllq‘llz * I llf .](All) 1112114122 | 1212 ](AIZ)

and repeat this process. We sometime denote 4, ;,..;, by 4,, and define |at|=t.
Let aa=1,1,, -+, 7, and B8=jj,-*J,. We define a>2 1f t<t’ and 2,=j, +*+, 1,=j,,
which is nothing but 4,04, We note that =43 if and only if 4, N A4z=0.
Let x be an element in e/. Then x=x,+x,4--~+x,; x;€4,. If x, € J(4)),
Xy =2%y+ %+ ¥, ; %;EAy;. Repeating this process, we obtain finally
(3) x==z+2+-+=2, where z,€4,—J(4,,), and a;Za; if i%7j, ie.;
1
; A4,=>®4,,
Finally, let e and f be primitive idempotents. By T(eJ'f)) (resp. T(Jf))

we denote the set ef’f—eJ*+f (resp. J'’f—J*}f). For a hollow module 4, 4
means A/J(A4).

2. Main Theorem

We shall give a characterization of a left serial ring with (%, 1) as a right
R-module.

Theorem. Let R be a left serial ring such that eJ|e]? is square-free for each
primitive idempotent e. Then
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(%, 1)  holds for any hollow right R-module if and only if we have the follow-
ing condition: If A,[J(A,)~AgJ(As) for a=iyiy 5y, B=ffp " J, (1<k<s and
L), Ap|J(Ap) is uniterial, where B’ =j jp+*jo—ysr and A,, Ag and Ay are
hollow modules in (1). (See [5], for the general case.)

Corollary. Let R be a left serial algebra over an algebraically closed field of
finite dimension. Then (%, 1) holds for any hollow right R-module if and only if
the condition in Theorem is satisfied.

Proof. This is clear from Theorem and [3], Lemma 3.

We shall study some properties of a left serial ring. T. Sumioka has com-
municated us the following lemma.

Lemma 1 (T. Sumioka). Let R be left serial. Let x (resp. y) be in
T(eJ'f) (resp. T(f]’g)), where e, f and g are primitive idempotents. If J**ig=0,
xyeT(e]Hg).

Prcof. Assume that xyceJ**'g. Since R is left serial, Rx=J'f and
Ry=]’g. Hence J*/g= J'Ry=J'fy =RxyCReJ*i*igc Ji+i+'g. Therefore
J(J** g)=J* g, which is a contradiction to the assumption J**/g=0.

From now on for a left serial ring R 4,, Ag--+ are hollow modules in the
diagram (1) and 4, means a submodule of 4;, When we need to specify
|a()| =t, we denote A, by Aauq,n-

Lemma 2. Let R be a left serial ring and X, Y hollow right submodules in
R. Iff: X|X,~Y|Y, for some X,CX and Y,C Y, there exists d in R such that
dX=Y (or dY=X). If X,;=J(X) and Y,=](Y), d,, left-sided multiplication
of d, induces f. In general, if d, induces f, dX,CY,. In particular, if A=~
Agiy(le@)| <1B(f)]), we can find such d in A;.

Proof. Since X is hollow, we can find a generator ¥ of X with xe=x for
some primitive idempotent e. Put f(x+X,)=y+ Y, (y€Y). f being an iso-
morphism, y is a generator of ¥ and we may assume ye=y. Further we may
assume x& T(J’), ye T(J’) and i< j (if j>j, replace X by ¥). Then, since Re
is uniserial, there exists d in R such that de=y. If X,=J(X)=x], dX,=dx]=
yJ=Y,. Letx, be anelement in X, and x,—ar;r=R. Then do,=dxr=yr&Y
and dx,+ Y, =yr+ Y,=f(xr+X,)=Y,, provided that d; induces f. Hence dX,C
Y, (see the proof of [3], Theorem 3), If 4,y~Ap;, da=b, where A,,=aR,
Apy=>bR and deefe. Let d=3d;: d,cA;. Since b=da=3d,ac4;, b=d;a.

Lemma 3. Let R be a left serial ring. Assume A, p=~Ag,p for Auu,nC
A; and AB(,-',)CAI-. Then A,/(,-,p)%Ay(jm), provided Aw’(i,p)DAu(i,t) and Ap/(_,-.p)
D Ag,0-
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Proof. We show A, =~ Ay, From Lemma 2, there exists an
element d in eRe such that d4,; y=Ag;.». Let 7y be the projection of ¢J” to
Ay, pp- Then d| Ay = (2 wyod)| Ay, p» where d; means the left-sided

multiplication of d. If 7 »d;|Aui,p is an epimorphism, A, »=~Ap,p-.
Assume 7y j,(Ay,p) C J(Aw,p). Let Aysn=a,R and 4G, p=a,R. Then
ay=ayx; xET(J'?). (zwq,p(e]")D)4p(,0=dAus,0=da,R= Z(myda)R=
wg (. n(da,xR) C J(Ag ,p)xRCeJ**, a contradiction. Hence Ay, » =~ Ap i, p»
and so A, p~Ay(.» by Lemma 2 (note A, », Ag'(;,p are contained in ¢f*
but not in eJ?*1).

Lemma 4. Let R be a left serial ring. Assume that eJ]=3PA;, where
the A; are hollow. Then there are no non-zero elements d,, d, in eJe such that
dIEA,', dzeAl(i¢j) Pro‘vided Z'-NAT]'.

Proof. We may assume that d,€T(4,,) and d,€T(4,). Put t;=]a(7)|
and t,=|a(j)|. Then t,%1¢, by assumption and Lemma 3, since d;RAxeR for
7=1,2. We can choose a pair (d{, d}) such that #{4#% is minimal (¢{<<t%).
Then there exists d, in 4;~eJ*?* such that dyd{=d} from Lemma 2, and so
(d1, d,) gives the contradiction to the minimality.

Lemma 5. Let A; be as above. Assume that any pair of {4,, A;, As}t is
not isomorphic to one another. Then, for any primitive idempotent g, there are no
three elements {a;;} as follows: 1) ay; €T(A,J"), ay,< T (4, J72) and a;;,=
T(A,J7s) such that a;;,g=a;;; and j;<min(j,, j5) or 2) a;;,EA; and a;;,g=a,;; for
=1, 2, 3.

Proof. Since Ra;;;CRg and ea;;=a;j,, this is clear from Lemmas 2
and 4.

Now we study a right artinian ring with (%, 1). For the sake of simplicity,
we change the expression of a direct decomosition of eJ*.

The following lemma is the “only if” part of Theorem.

Lemma 6. Assume that R is a rzght artznum ring with (%, 1) as right R-
modules. Put e]=A,PDB,P--+ e] EGBA,,,GBZ @D B;,D ---, where the A,, B,,
Ay, By are hollow and A,D A;,, B DB,,,, . If Ay~ B, for 1<i<j, B;_;1/
J(B;y) is uniserial.

Proof. Put CI—Z G}Az,,—l—E D Ayt —}—E@A 4 and D= 2 DAyt
+ 2 @A,—1k+J(A-1)+2®Axk Then f: Cy/ Dl ~As1/](Au)~B;1/J(Bn) As-

sume that ftis extendible to a g’ in Homg(B,/J (B), A,/D)). Since B,J'D
B, J''DOBj, &'(BJ [J(Bi) 28" (Bull(Bn))=f""(Bjn/J(B;1))#0. On the other
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hand, g'(B,J’/J(B;))C(4,/D)J'=0 for A,J'CD,, which is a contradiction.

Hence f is extendible to a g in Homg(4,/D,, B,/J(B;,)) by Lemma A. Since

A,/D, is uniserial, Soc (4,/D,)=(4,+D,)/D,~A,/(J(4:) and g| Ay;/J(A:n)=f is

an isomorphism, g is a monomorphism. Consider a uniserial module B, =

é;((Aiau +D,)/Dy) D B;,[J(B;). Let J(B;-un)=B,®B;® - DBj;. Assume
j2=¥= .

J (IBjx)

Then Soc(B,/B;,)= kE;z@ Soc(B;;) B ézﬂa Soc(B;_i)®-+-. Since Soc(B; ;)=

B,,/J(B;), B;_, is not uniserial. Hence B,,=Bj;=---=B;=0. Considering
the same situation for g((4;-u-+D,)/D,), we obtain similarly B;_,=---=B;_;y
=0, where J(B;_5)=B;-u®D - ®B;_;;»-. Repeating this argument, we know
B;_;.1/J(Bj,) is uniserial.

In Lemma 6, if i=j, B,/J(B;;) is not uniserial in general (see Example 1
in [5]).

Lemma 7. Let R be left serial and A, p, Api.n hollow modules in (1).
Assume a(i, t)==0(i, t). Then there are no d in J such that dA,; n=dAsq,n=+0.

Proof. Let A, y=aR, Ap;,p=>bR and assume that there exists d such
that daR=dbR. Then there exists 7 in R such that dar=db, and so d(ar—b)=0.
On the other hand, ar—b=0 by assumption, and there exists a primitive
idempotent g such that db=dbg. Further d =T(J*) for some s and 0%=dbe
T(J***g) by Lemma 1. Hence d(ar—b)&T(J***g), a contradiction to Lemma 1.

The following is the “if” part of Theorem.

Lemma 8. Let R be a left serial ring with e] square-free. If R satisfies
the result in Lemma 6, then (%, 1) holds for any hollow module.

Proof. First we shall show from the assumption that

(4) there are no three distinct hollow modules 4, ,), A9 and Ayg,p
SuCh tha.t A“(i's)NAp(i.‘)sz(j't) and i=l=j, s<t.

Contrarily we assume that there exist such modules. Put 4,; y=aR, Ag; o=
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bR and Ay p=cR. Ay -s+n/J(Ayi;,p) is unisreial for some o’(j, t—s4-1)>
v(j, t) by assumption. We may assume that ag=a, bg=>b and cg=c for some
primitive idempotent g. Then there exists d’ in T(eJ* %) such that

(5) da=c
by Lemmas 1 and 2. Let 4;=a;R and d'a;=>]v; as in (3) (ah=a;, v;h=v;

for some primitive idempotent #). a being in 4;, a=a;r for some 7 in J. Then
c=d'a=d'a;r=3v;r. Hence from the observation after (2)
7

(6) c=uyr for some k (say 1) and ovur =0 fork'=1.

c=v,r implies that v;&4,, and 8(j)>pB(j,t). Further a=a;r implies r&
T(hJ*'g), and so v,€T(J*"**'h) by Lemma 1. Hence v,E4yj,-s+p (DOte
Ayi; 0 C Ay i-s+n). Now there exists d in T(eJ'~%e) A A; with v,=da;, and so

(7) da =da;r=v,r=c¢ and da;= v,

by (6). Let b=az' for some r’ in R. Then r'&€T(J*") and db=da;r'=
07" € Ay ;-0 N T(J)=Ayps sinCe Ay (;,e-s30/J(Ayij,p) is uniserial. Hence
dA . 9=dAg; »+0, which is a contradiction to Lemma 7. Thus we have
shown (4). Now let 4,5C,D>D, and 4,5C,DD, be submodules such that
f: Ci/D,~C,/D, and C,/D, is simple. Let c,-——-hE 2, be a generator of C; for

1=1, 2, where z;€T(4,,,) from (3) and z;,g==; for some primitive idempotent
8. We choose a generator ¢;€C; with min{min|e;|}. We may assume that
i=1,2 &k

Cl=§ 2y and |ay;=11--1| is minimal. Then ¢,=2,; (=x) from (4) and

Lemmas 3 and 5. 'We shall take the following D¥ similarly to D, in the proof

of Lemma 6: D¥=A4,PA,;D DA, DA ;P PAy..oD-++ (11 1=0ry;). We
shall show

(8) D,c]J(4,,)®dDF.

@11

Let y be an element in D, and y=X1y;; y;€4,, as in (3). Assume a,>a;=

11---1.  Then there exists 7 in Rg such that y,r=x. x—yr=>) —y;risalso a
i>2

generator of C; and contained in D¥. Since A,n AD¥=0, we obtain a contra-

diction from (4) and Lemma 5. Hence a,<a,,;, and so (8) is true. We choose

a representative w in C, of f(x) such that wg=w. Let w=3] w,(w,g=w,) as in
i=1

(3); w;=App. Since wg=w, and |ay,| is minimal, there exists d{ in 4, with
d{x=w,. Now we have the same situation as (5). Hence from the argument
after (5), similarly to (7) there exists d; in T(eJ*"*e) A4, such that dja, =
T(Aps,1-s+p) and dyx=mw,, where t=|B,(2)|, s=|ay| and B'(2, t—s+1)>5(2).
Let (1, ¢)=11---1 and «’(1, ¢) be two distinct indices with 1<g<Cs. Let
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pED¥ A Ayq,p and @, a generator of Ayy,,. Then x=a,r' for some ' in R.
day'=dx=w,%*0, and so dia, (£0)T(eJ'**9). If d,p=0, dipsT(eJ* )
by Lemma 1 and d,p and d,a, generate a same submodule between Ag(z ;—s41=
d A4, and Ag ), since Aps—s10/J(Ap,@) is uniserial, which is a contradiction to
Lemma 7. Therefore d,p=0 and so d;(D¥)=0. Similarly we can find ;€ 4,

such that dx=w, for each w; and d(D¥)=0. Put d*=31d,. Then d*x=
i=1

Ddix=> w;=w. Letube any element in D,, then from (8) u=u,+u,, where
u€J(4,,), ,€D¥. We denote u,=uxj; j€J. d*u=d*u+d*u,=d*u,=d*xj
=wjeC,JCD, Therefore d¥, left-sided multiplication of d*, is the desired
extension of f.

Proposition. Let R be a left serial ring with (x, 1). Let a(1, s)=11.--1,
B(2,1)=211---1 (s<t) and | Age,n|=k. If Aya,90=~Apa,n, then Ap_oin=~4,/D,
where (3'(2, t—s+4-1)=21---1 and after renumbering A, , for all p, D= A,,D
Al3®'"®A112®A113®'"@J(A'Y(I.H-k—l)); 'Y(l, S+k—1)=11"‘1- Hence AB’(Z.t—s+l)
is uniserial.

Proof. Since A, o=~ Ap(.p, there exists d in A, such that d4,4 9=A4pe,»
by Lemma 2, and so dJ(4,a.9)=J(4se.n). Let J(4ua.90)=A4A1n-1DA1.12B
and J(Ars_(z.t))=421-~-1@A21~--12@“‘- Since dJ(Aua,0)=J(4pe,n) and Ay, is
hollow, A,.,~A,. ., for scme k. Then A,.;,+=0 for k'+=1 by Theorem.
Repeating this argument, we know that Ay, ;) is uniserial and Agr/(y 14—y is the
socle of Ag,y and is isomorphic to A,/ 44-p. There exists d’ in J from (7)
such that d'4,=Ap 441 and d' A c1r-v=Ap*2,144-p- Therefore we obtain
the proposition from the last part of proof of Theorem.
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