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Introduction

Let RG denote the group ring of a group G over a commutative ring R
with identity. Extending the terminology of Roggenkamp [8] to infinite groups,
we say here that R is G-adapted if R is an integral domain of characteristic 0
in which no element g==1 of G has order invertible.

Recently, Rohl [10] has introduced a new notion of the torsion-length
for nilpotent groups and has shown that if G is nilpotent and ZG=ZH for
some group H, then H is nilpotent, too. He has also shown in [9] that every
circle group of a nilpotent ring is characterized by its integral group ring. Both
of these results are mainly based on the well known fact that central units of
finite order in any integral group ring ZG are trivial. As an application of
Theorem 1.7 (due to Sehgal) of this paper, we show that the triviality of central
units of finite order is still true in a more general context, namely if we replace
Z by a G-adapted ring R. Thus we bhave at once generalizations of Rohl’s
results. More precisely, Theorem 1.9 states that if R is an integral domain
of characteristic 0, then every circle group G of a nilpotent R-algebra is char-
acterized by RG. Also, Lemma 2.1 states that if G is nilpotent, and if RG=<
RH as R-algebras, where R is a G-adapted ring, then H is nilpotent, too.

The main purpose of this paper is to consider the question whether, under
the hypotheses of Lemma 2.1, the nilpotence class cI(G) of G coincides with
that of H. This is discussed in Section 4 and as a main theorem, we prove
that if ¢/(G/TG)<5, where TG is the torsion subgroup of G, then c/(G)=cl(H).
It is also proved that if G is metabelian and nilpotent, then cl(G)=cl(H). These
results heavily depend on the results of Sandling [11] on Lie dimension sub-
groups (Lemma 3.3). Section 1 includes some preliminary results on the
congruence subgroup U(1+I) of the unit group U(RG) with respect to an
ideal I of RG; that is, U(1+I)=U(RG)N(141). In Section 2, under the
assumptions of Lemma 2.1 we investigate the normal subgroup correspondence
and show that the isomorphism RG=RH yields an isomorphism between the
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lattice of periodic normal subgroups of G and that of H (Theorem 2.4).
In this paper, R always denotes a commutative ring with identity and,
unless otherwise stated, G denotes an arbitrary group.

The author would like to thank Professors Y. Tsushima and K. Tahara
for their helpful suggestions.

1. The torsion elements of normalized units

We start with an elementary observation. Let S be a ring with identity,
and let U(S) denote the unit group of S. If I is a (two-sided) ideal of S, then
UQ+I)=U(S)N(14-1) is the kernel of the natural homomorphism of U(S)
into U(S/I), and hence a normal subgroup of U(S).

Lemma 1.1. Let I be an ideal of S. If a rational prime p is a unit in S,

then the factor group U(1+I1)/U(1+ 6 I") is p-torsion-free.

Proof. It suffices to show that for each n>1, U(14+-I")/U(14-1"") is p-
torsion-free. From the identity ab—1=a—1+4+b—14(a—1) (b—1) for a,b<E S,
we see that the map

Ul+1I"2a— a— 1+ eI+

is a homomorphism whose kernel is U(1+1**'). Thus we have a monomor-
phism U(1+I")/U(1+I"*)—I"/I"** of abelian groups. Since p U(S), the
additive group I"/I"*! is p-torsion-free and therefore, so is U(1+1")[U(1+I1").
Hence the result follows.

Let RG be the group ring of G over R, and 4x(G) the augmentation ideal
of RG. For any normal subgroup N of G, we write 4(G, N) for the kernel
of the natural map RG—R(G|N).

Let P be a group property. Recall that G is said to be residually P if,
to each element x#1&G, there is a normal subgroup N, of G such that x&N,
and G/N, is P.

Lemma 1.2. Let R be an integral domain of characteristic 0, and let N
be a normal subgroup of G. If N is residually ‘torsion-free milpotent’, then
U(1+4x(G, N)) is torsion-free.

Proof. Let K be the quotient field of R. Then any rational prime is a
unit in KG and thus by Lemma 1.1, U(1+44,(G, N))/U(1+ n 4x(G, N)") is

n=1
torsion-free. Now, since N is residually ‘torsion-free nilpotent’, the augmen-

tation ideal 4x(N) is residually nilpotent, i.e., ﬁAK(N)”=O (see [7, p. 90]). By
n=1
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using [13, p. 35, Lemma 3.13], we have ﬁAK(G, N)"=(ﬁAK(N')”)KG=O, so
n=1 n=1
it follows that U(1-+4x(G, N)) and hence U(14-4x(G, N)) is torsion-free.

For any group X, we denote by T'X the set of torsion elements of X. The
next result is known for the case when N is a torsion central subgroup of G
(see e.g. [4, Lemma 4]).

Lemma 1.3. Let R be an integral domain of characteristic O in which
no rational prime is invertible. If N is a central subgroup of G, then
TU(1+4x(G, N))=TN.

Proof. We need only prove that TU(1+4x(G, N))STN, the reverse
inclusion being trivial. Let u=3)u(g) g€ TU(1+4x(G, N)), and let : RG—

R(G/TN) be the natural map. Then it is clear that @ is in TU(144x(G, N)).
However, since N=N|TN is torsion-free abelian, Lemma 1.2 shows that
TU(1+4x(G, N)): {1}. Thus,#=11i.e.u—1&4,(G, TN) and so we can choose
an element x& TN with u(x)=0. Then v=x""u is a unit of finite order such
that ©(1)==0, so it follows from [13, p. 45, Corollary 1.2] that v=1 and hence
u=x&TN. This completes the proof.

For any two subgroups 4 and B of G, we write (4, B) for the subgroup
generated by all commutators (@, b)=a"'b7'ab, ac A, bB. Also, we denote
by D, x(G)=G N (14+4x(G)") the n-th dimension subgroup of G over R. The
following lemma is well known for the case R=Z, the ring of rational integers
(see [13, p. 100]).

Lemma 1.4. Let N be a normal subgroup of G and assume that one of
the following two conditions holds:

(2) R is G-adapted and (N, G) is periodic,

(b) R is an integral domain of characteristic O in which no rational prime
is invertible.

Then, (N, G)=G N (1+4x(G, N) de(G)+4x(G) 4x(G, N)).

Proof. Assume first (a). That the left-hand side is contained in the
right-hand side follows from the identity

(%, 8) = 14+27"g7H{(x—1) (g—1)—(g—1) (»—1)}

for x&N and geG. The opposite inclusion can be seen as follows. Since
(N, G) is periodic, R is also G/(IN, G)-adapted and hence by considering G/
(N, G) it suffices to verify that if R is G-adapted and N is abelian, then GN
(14-4x(G)4x(G, N))={1}. This statement immediately follows from [7,
Theorem II. 2.1, Proposition V. 5.3] together with the fact that G N (14-4x(G)
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4x(G, N))=D,x(N). Under condition (b), R is G-adapted for any G, so it is

clear that the same conclusion is obtained.

ReMaRk. The above result does not hold with only the hypothesis that
R is G-adapted. In fact, if we take, especially, N=G, then the equality above
implies that G'=D, x(G) where G’ is the derived group of G, which is not
necessarily true if only R is G-adapted. For example, let R be a field of char-
acteristic 0, and let G be a torsion-free group such that 7(G/G")%={1}. (By
example on p. 79 in [5], such a G exists.) Then it is sure that R is G-adapted.
However, as in the proof of Lemma 1.1, U(14-4x(G))/U(1+4x(G)?) is torsion-
free and hence, so is G[D,x(G). Thus G'ED,x(G). This example also
disproves Proposition 4.24 on p. 97 in [13].

As a corollary of the last two lemmas we observe the following interesting
fact.

Corollary 1.5. Let R be as in Lemma 1.3. Let N be a normal subgroup
of G, and let I be an ideal of RG such that 4x(G, N)dg(G)+4x(G)dr(G, N)&
IS4G, N). Then U1+4-1)|U(14-4x(G, G N (1+4-1))) is torsion-free.

Proof. Under the natural map ~ : RG—R(G|/GN(1+I)) we see easily
that GN(14+1)={1}. Thus we may assume, by going mod GN(1-+I), that
GN(4+I)={1}. Then (N, G)={1}, by Lemma 1.4, so we conclude from
Lemma 1.3 that TU(1+1)=G N (1+1)= {1}, proving the corollary.

We now record a similar result to Lemma 1.3, which will be used in Sec-
tion 2. The center of a group X will be denoted by {(X).

Lemma 1.6. Let G be a nilpotent group and R a G-adapted ring. If
N is a normal subgroup of G with TNSE(G), then TU(1+4x(G, N))=TN.

Proof. Since N/TN is torsion-free nilpotent, U(1+44x(G, N))/U(1+44g
(G, TN)) is torsion-free, by Lemma 1.2. Moreover, we know from [2, Lemma
1.2] that TU(14-4g(G, TN))=TN. Hence the result follows.

We shall denote by V(RG) the group of normalized units of RG, that is,
V(RG)=U(14-4z(G)). Recall that a unit of RG is said to be trivial if it is
of the form 7g, re U(R), g€G.

Theorem 1.7 (Sehgal). Let G be a polycyclic-by-finite group and R a
G-adapted ring. If V(RQG) has an element u:? u(g) g of order p*, p a prime,

a>0, then G has an element g, of order p* with u(g,)=0.

ReEMARK. Theorem 1.7 can be proved in the same way as Theorem 2.1
on p. 177 in [13], so we shall omit the proof. In the proof, however, it should



IsomorpHIsSM OF GROUP RINGS 99

be noted that the prime p could not be invertible in R. In fact, if pe U(R),
then by taking an element v of V'(RG) of order p we have a nontrivial idem-

potent e=—-;— (14+v4-++4+2?7!) in RG. But this is a contradiction, since RG
has no nontrivial idempotents (see [13, p. 25, Theorem 2.20]).

Corollary 1.8. If R is a G-adapted ring, then any central unit of finite
order in RG is trivial.

Proof. Let u# be a central unit of finite order in RG. Then u can be
written as u=rv, r& U(R), v€T¢(V(RG)) and it remains to show that v=g
for some g&@G. To this end, we may suppose that v=2>1 v(g) g has order p®, p

4

a prime. Let H be the subgroup of G generated by supp(v)={g=G|v(g)=+0}.
Then since v is central in RG, supp(v) is a finite normal subset of G. Thus
H is a finitely generated FC-group and hence a finite extension of its center
E(H) (see e.g. [12, p. 442]). So it follows from [13, p. 37, Proposition 4.1] that
§(H) is finitely generated. Consequently, we deduce that {(H) is polycyclic
and hence that H is polycyclic-by-finite. Now, since v&V(RH), by Theorem
1.7 there is an element g&supp(v) with o(g)=p". Then w=g™'v is a unit of
finite order in RH such that @(1)==0 and thus by [13, p. 45, Corollary 1.4], we
have w=1 i.e. v=g, as required.

We close this section by extending a result of Rohl [9] which states that
every circle group of a nilpotent ring is characterized by its integral group ring.
Let R be an integral domain of characteristic 0, 4 a nilpotent R-algebra, and
G=(4, ©°) the circle group of 4; that is, 4 is considered as a group under the
operation aob=a+b+ab. Then the n-th dimension subgroup D, x(G) of
G over R is always contained in (4", o), so that D, z(G) vanishes for some 7.
Hence, we see from [3, Lemma 1.1] that R is G-adapted and, from Corollary
1.8, that any central unit of finite order in RG is trivial. Consequently, as
Rohl remarked in [9], the argument employed in the proof of [9, 2.4. Theorem]
is valid for any integral domain R of characteristic 0. Thus we have

Theorem 1.9. If R is an integral domain of characteristic 0 and A is a
nilpotent R-algebra, then the circle group G=(A, o) is characterized by RG.

2. Normal subgroup correspondence

Throughout this section, R will denote a'G-adapted ring.

Let us first recall the “torsion-length” of a nilpotent group, which is in-
troduced by Rohl [10]. Let {1} ={(G)S{(G)S - SE8(G)S +be the upper
central series of G and write T;(G)=TGNE(G) for :=0. If TG forms a
subgroup of G, then {Ty(G)}iz is an ascending series of normal subgroups of
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G with the property that Ty(G/TjG))=T;+;(G)/T{G) for all 7, j=0. This
formula can be seen by induction on i, keeping j fixed. In case G is nilpotent
(of class n), we have a finite series {1} =T(GQ)S Ty(G)S - S T,(G)=TG and
the torsion-length #(G) of G is defined to be the number of different terms
T«(G) (#{1}). Clearly, #(G)=0 if and only if G is torsion-free. Moreover,
since every nontrivial normal subgroup of a nilpotent group G has a nontrivial
intersection with the center {(G)=¢,(G), we observe from the above formula
that if #(G)>0, then #(G)=#G/T\(G))+1.

The induction argument on the torsion-length #(G) immediately gives us

the following result whose proof is identical to that of [10, Proposition on p.
138].

Lemma 2.1. Let G be a nilpotent group and suppose that RG=RH as
R-algebras for some group H. Then, H is nilpotent with t(G)=t(H), and R is
H-adapted.

Proof. Let §: RG—RH be the given R-algebra isomorphism, then we
may assume that 6 is augmented. If A& H is an element of prime order p,
then 7Y(k) is an element of V(RQG) of order p. Since the supporting subgroup
of @7'(h) is polycyclic, we see from Theorem 1.7 that G has an element of order
p and hence p is not a unit of R. Therefore R is H-adapted. Now, the proof
of the first part proceeds by induction on #(G). If #(G)=0, then G is torsion-
free and hence by [13, p. 166, Corollary 1.7], we have V(RG)=G. It there-
fore follows that 8(G)=H and the statement is trivial. Assume #(G)>0 so
that #(G)>t(G/T\(G)). Then since Corollary 1.8 says that T\(G)=T¢ (V(RG)),
we obtain §(Ty(G))=T\(H), so 0(dx(G, T\(G)))=4dx(H, T\(H)). Thus we
have R(G/T\(G))=R(H|T,(H)), and since R is G/Ty(G)-adapted we conclude
by induction that H/T\(H) is nilpotent with #(G/T\(G))=¢H/|T\(H)). Con-
sequently, H is nilpotent because Ty(H) is central in H, and we get t{(G)=t(H)
as desired.

The above result shows that in the case where G is periodic, the nilpotence
class of G is equal to that of H (see Remark on p. 138 in [10]). For the general
nilpotent case, however, we need to investigate a correspondence between
the set of normal subgroups of G and that of H.

Lemma 2.2. Let G and H be nilpotent groups, and assume that we have
an augmented epimorphism f: RH—RG of R-algebras such that HN(1+Ker f)
={1}. Then U(14-Ker f) is torsion-free.

Proof. We proceed by induction on #G). Let #(G)=0. Then, as in
the proof of Lemma 2.1, we have V(RG)=G and so the restriction of f to H
is an embedding into G. This implies that f is an isomorphism, and the re-
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sult is trivial. Assume that £(G)>0, and set W=T\(G), K=HN(1+f(4z
(G, W))), where f~'(X) means the inverse image in RH of a subset X of RG.
Then, 4x(H, K)Sf(4x(G, W)), and the natural epimorphism RH/4y(H, K)—
RH|f"(4x(G, W)) induces an augmented epimorphism 8: R(H/K)—R(G|/W)
with (H/K) N (1+Ker 0)={1}. As #(G/W)<t¢(G), the induction hypothesis en-
sures that U(1-+Ker 0) is torsion-free.

We claim that TKES§(H) and R is H-adapted. Since f(TK) is a periodic
subgroup of U(1-+4x(G, W)), Lemma 1.6 shows that f(TK)S W, so f((TK, H))
={1}. Hence (TK, H)={1}, i.e.,, TKSE{(H). That R is H-adapted follows
from Theorem 1.7, because H can be embedded in V(RG) via f.

To complete the proof of the lemma, let u TU(1+Ker f). Then since
u—1ef(4x(G, W)) we observe that # is contained in U(14Ker ) under the
natural map = : RH—R(H|K). On the other hand, U(1+Ker 6) is torsion-
free as above, so #=1, that is, uc U(1+4x(H, K)). Thus, by Lemma 1.6,
we have u=Fk for some R€TK. This implies that u=1 because u—1& Ker f,
and the proof is complete.

Lemma 2.3. Let G and H be nilpotent groups, let I be an ideal of RH
contained in Adp(H), and assume that RH|I=RG as R-algebras. Then U(14-I)/
U(1+4x(H, HN (141))) is torsion-free.

Proof. Recall that the (canonical) augmentation map &;: RH—R is given
by €4(2 alh)h)=>" a(h). Since IS 4x(H), &, induces naturally an R-algebra
h h

homomorphism &: RH/I-R, a+I—&y(a), so that RH/I may be viewed as
an augmented algebra with the augmentation map &,. Let 0: RH/I-RG
be the given isomorphism. Then setting for geG, AMg)=(5407") (g)gERG
and extending R-linearly we have an R-algebra automorphism A of RG satisfy-
ing EgA=Ey07'. Note that the isomorphism Af: RH/I—-RG is compatible
with augmentation maps; thus we may assume, without loss of generality,
that 4 is augmented.

Set K=HN(1+41). Then, by composing the natural epimorphism RH/
4x(H, K)—>RH|I with 6, we get an augmented epimorphism f: R(H/K)—
RG such that (H/K)N(14+Ker f)={1}. So it follows from Lemma 2.2 that
U(1+Ker f) is torsion-free. On the other hand, the natural map = : RH—
R(H|K) yields a group monomorphism

UQ+I)|U(1+4x(H, K)) = U(1+1)

and furthermore, I is clearly equal to Ker f. Therefore, U(1+1) is torsion-
free and the lemma is proved.

Let us now suppose that we have an augmented isomorphism §: RG—>RH
of R-algebras. Following [1], for any normal subgroup N of G we define
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the normal subgroup ¢N of H as ¢N=HN(14-0(4x(G, N))). Similarly, for
any normal subgroup K of H, define $*K=G N (1+607(4x(H, K))). It is well
known [13, pp. 94-95] that if R is an integral domain of characteristic 0 in
which no rational prime number has an inverse, then ¢ yields an isomorphism
between the lattice of finite normal subgroups of G' and that of H. However it
seems to be hard to know if ¢ is an isomorphism between the lattice of general
normal subgroups of G and that of H. At any rate, in the case when G is
nilpotent we shall collect some properties of ¢ below, which will be applied in
the subsequent argument. For convenience, we denote by L,y(G) the lattice
of periodic normal subgroups of G.

Theorem 2.4. If G is a nilpotent group, then the following hold:

(a) For NELpy(G), pNE Lpy(H) and 0(4x(G, N))=4x(H, ¢N).

(b) For NeLpy(G) and K Lpy(H), we have p*pN=N and pp*K=K.
Consequently, ¢ induces an isomorphism between Lpy(G) and Lpy(H).

(c) Let I be an ideal of RG and set N=GN(14+1), K=HN(1+46(I)).
If KeLpy(H), then pN=K.

(d) For NeLpy(G), ¢(N, G)=(¢N, H).

Proof. (a) As in the proof of [2, Lemma 2.3], we obtain 8(4x(G, TG))=
dp(H, TH) so that ¢TG=TH. Since ¢ is inclusion preserving it follows
¢NELpy(H). For the next part we have only to verify that 8(4x(G, N))S
4x(H, ¢N), the reverse inclusion being obvious from the definition of ¢. By
virtue of Lemma 2.1, H is also nilpotent and since RH/0(4x(G, N))=R(G|N)
as R-algebras, Lemma 2.3 shows that U(14-0(dx(G, N)))/U(14-4x(H, ¢N))
is torsion-free. On the other hand, §(N) is a periodic subgroup of U(1+
0(4x(G, N))), and so we get O(N)S U(1+44x(H, $N)), which implies that
0(4x(G, N))S 4x(H, ¢N).

(b) By (2), (G, N)=07(4x(H, $N)), so §*$N=GN(1+07(4x(Z,
¢N)))=N. Similarly, we have ¢pp*K=K. Thus it is clear that the restriction
of the mapping ¢ to Lpy(G) is an isomorphism between Lyy(G) and Lpy(H).

(c) As 4y(G, N)<1I and 4ix(H, K)<0(I), it follows that pNSK and
¢*KSN. Moreover, since K& Lpy(H), we have K=¢¢p*K by (b), so that
K< ¢N. Hence ¢N=K.

(d) From (a), (c) and Lemma 1.4, it follows that

d(N, G) = HN (140 {4x(G, N) 4x(G)+4x(G) 4x(G, N)})
= HN (1+4x(H, $N) Ap(H)+dR(H) 4x(H, ¢‘N))

3. Lie dimension subgroups

Define the Lie powers 4%(G) of the augmentation ideal 4x(G) as 4%(G)
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=4p(G) and, inductively, 4%*V(G)=[4Y(G), 4x(G)]RG for n=1, where
[4P(G), 4x(G)] is the R-submodule of RG generated by aB—Ba, ac4P(G),
BE4x(G). Then the n-th Lie dimension subgroup Dy, x(G) of G over R is
defined by D, x(G)=GN(144P(G)). The series {D(n z(G)} e is a de-
scending central series of G (see [7]). We denote by v,(G) the n-th term
of the lower central series of G starting with v,(G)=G. Note that v,(G)<
Dy 2(G)S D, ¢(G) for all =1, since 4P(G)S 4x(G)".

For the main theorem of the next section, we need the following three
lemmas on Lie dimension subgroups, the third of which was proved by Sand-
ling. The first one is analogous to a result of [2] on dimension subgroups.

From now on, we assume that the ring R is G-adapted.

Lemma 3.1. Suppose RG=RH as R-algebras. Then D, o(G)={1}
implies D,y o(H)={1}.

Proof. Let §: RG—RH be an augmented isomorphism, and let ¢ be as
in Theorem 2.4. If D, z(G)={l1}, then G is nilpotent and thus by [2, Lemma
2.3], G/ TG=H|TH. Therefore v, (H/TH)={1} ie. v,(H)STH and further-
more, we have D, (H)S TH because D, p(H)/v.(H) is periodic (see [7, pp.
44-45]). Since (4% (G))=4P(H), it follows from Theorem 2.4 (c) that
¢D ¢y (G)=D(,y z(H) and hence that D, o(H)={1}.

Lemma 3.2. If v,(G) is periodic, then D,y (G)=D, 2(G).

Proof. The case n=1 is trivial, so let =2. Then we know from [6,
Theorem 6.1] that

D(n),R(G):pE];.[(R)'YZ(G) N7, (G mod Dy, »(G))

where 7z(R) is the set of primes p which are invertible in R and 7,(G mod Dy,
(G)) stands for the p-torsion subgroup of G mod D, (G) (see also [7, p. 18]).
(Note that R is an integral domain of characteristic 0.) Since v,(G) is periodic,
so is D, z(G) and hence, R is G|/D, z(G)-adapted, since it is G-adapted.
Thus, 174G mod D, z(G))=D, 2(G) for all pEx(R) and since 7,(G)=
Dy, ,(G)2D, z(G), we conclude that D, z(G)=D,,z(G).

Lemma 3.3 (Sandling [11]). (1) For all n<6, we have D, 5(G)=",(G).
(2) If G is a metabelian group, then D,y ,(G)=7,(G) for all n=1.

4. Main theorem

We are now in a position to prove our main theorem. For a nilpotent
group G, cl(G) will denote its nilpotence class; that is, ¢I(G) is the smallest
integer ¢ such that v,,(G)={1}. The ring R is assumed to be G-adapted in
this section also.
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Theorem 4.1. Let G be a nilpotent group and suppose that RG=RH as
R-algebras. If c(G|TG)<S5, then cl(G)=cl(H).

Proof. We assume first that ¢/(G)<5 and write c=c/(G). Then 7.,(G)
={1} and ¢+1=6, so, combining Lemma 3.2 with Lemma 3.3 (1), we obtain
Dy x(G)={1}. Thus by Lemma 3.1, we have D, z(H)={1} so that
Yeur(H)={1}. If y(H)={1}, then the same argument shows that v (G)= {1},
which is a contradiction. Therefore, c/(G)=cl(H).

Returning to the general case, let ¢=cl(G/TG). Then v,.,(G) is periodic,
and so is v,,(H) because G/TG=H|TH. Let §: RG—RH be an augmented
isomorphism, let ¢ and ¢* be as in Theorem 2.4. Then (4x(G, v...(G)))
=dp(H, ¢7.11(G)) by Theorem 2.4 (a), which yields R(G/v.11(G))=R(H|$Y.+1
(@)). Since c(G[v.4(G))=c=5, the first argument shows that cI(H/¢pY, i,
(G))=c and hence that 7v,.,(H)S ¢7,4,(G). Furthermore, we do have v,.,(G)S
¢*V.i(H) by symmetry. Therefore we conclude by Theorem 2.4 (b) that
¢Y.+1(G)=7.+1(H). Consequently, the induction process together with Theo-
rem 2.4 (d) shows that ¢, (G)=7.4+i(H) for all i=1, and therefore we have
cl(G)=cl(H) as desired.

As in the proof of Lemma 1.4 we observe that if the second derived group
G” of G is periodic, then G”"=G N (14+4x(G) 4x(G, G')). The application of
this fact and Lemma 3.3 (2) gives us the following

Proposition 4.2. Let G be a metabelian and nilpotent group, and suppose
that RG=RH as R-algebras. Then H is metabelian and nilpotent, and cl(G)=
cl(H).

Proof. Since G/TG=H|TH, H” is periodic and so we have H”=HN
(1+4x(H) 4(H, H')). (Note that R is also H-adapted.) Moreover, since
4x(G, G)=4%(G) it follows that O(dx(G) 4x(G, G'))=dx(H) 4x(H, H') under
the augmented isomorphism §: RG—RH. Thus we deduce from Theorem 2.4
(c) that H”={1} and hence H is metabelian. Therefore, by applying Lemma
3.3 (2) instead of Lemma 3.3 (1), the same argument as in Theorem 4.1 shows
that v,.,(G)={1} if and only if v,,(H)={1}. This implies that c/(G)=cl(H)

and the proof is complete.
We close this paper by providing an improvement of Theorem 2.4 (a).

Proposition 4.3. If, under the hypotheses of Theorem 2.4, N is a normal
subgroup of G, then 0(4x(G, TN))=dx(H, T$pN).

Proof. By Theorem 2.4 (a), we have 0(dx(G, TN))=dy(H, ¢TN)S 4,
(H, ¢N), so that §(TN) is a periodic subgroup of U(1+44x(H, ¢$N)). On
the other hand, since ¢N/T$N is torsion-free nilpotent we see from Lemma
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1.2 that U(1+4x(H, ¢N))/U(1+4x(H, T¢N)) is torsion-free. Thus we
obtain G(TN)S U(14-4x(H, T¢$N)), so 6(4dx(G, TN))Sdx(H, T$N). As
07X (4x(H, TpN))S 4x(G, N), the same argument shows that 67'(d(H, T$N))
C 4x(G, TN), and hence the result follows.

ReEMARK. In the context of Theorem 2.4, it would be nice to know if
it is true that, given a torsion-free normal subgroup NN of G, there always exists
a normal subgroup K of H such that 8(4x(G, N))=4x(H, K); because in that
case, one can see, by going mod TN, that 0(4x(G, N))=4x(H, ¢$N) for any
normal subgroup N of G and hence that ¢ is an isomorphism between the
lattice of all normal subgroups of G and that of H.
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