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Introduction

For integers m>n>0, an (m, n)-pair (M, N) is a pair of an m-dimensicnal
closed smooth manifold M and an n-dimensional closed smooth submanifold
N of M. In this paper we will consider for such pairs cutting and pasting equiva-
lence (called briefly SK-equivalence) and controllable cutting and pasting equiva-
lence (called briefly SKK-equivalence).

Karras-Kreck-Neumann-Ossa [1] considered the SK-equivalence and
SKK-equivalence for closed smooth manifolds, and investigated the resulting
SK-group SK,, and SKK-group SKK,. As a natural extension of this notion
we will define such equivalences for pairs and obtain the SK-group SK,, , and
SKK-group SKK,, , of (m,n)-pairs. We will denote by [M, N|°¥ in SK,,,
and [M, N]°¥¥ in SKK,, , the class represented by an (m, n)-pair (M, N), re-
spectively.

Note. We caution the reader that Karras-Kreck-Neumann-Ossa [1]
uses the symbols SK° and SKKP? to denote our SK and SKK. Their use of
SK and SKK is for the oriented analogue. In the present paper we will only
consider the unoriented case. So we drop the symbol “O” from the notation.
Manifolds considered are all smooth (of class C*), and we also omit the term
“smooth”.

In section 1 we will consider the SK-equivalence, and obtain

Theorem 0.1. There is a split short exaci sequence

0 — SK,, - SK,., > SK, — 0

where the homomorphisms 1 and j are defined by i([M]**)=[M, ¢]°% and j([M,
NTEY=[N]%, respectively.

Corollary 0.2. The following (i), (ii) and (iii) are equivalent:

(i) [M, NP*=[M', N'I** in SK,,,

(i) [ME=[M'1’% in SK,, and [N]**=[N']°¢ in SK,,
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(i) X(M)=X(M') and X(N)=X(N'), where X( ) denotes the Euler

characteristic.

In section 2 we will consider the SKK-equivalence. In section 3 we
will consider relations of the SKK-group SKK, , and the unoriented cobor-
dism group RN, , of (m, n)-pairs. Denote by SKK,(BO(m—n)) the SKK-
group of singular #-dimensional closed manifolds in the classifying space BO
(m—mn) for (m—n)-dimensional vector bundles. We will then obtain

Theorem 0.3. There is a split short exact sequence

0 > SKK,, — SKK,, , 5> SKK,(BO(m—n)) — 0 .

Here i is defined by i([M]5**)=[M, $1¥%. j is defined by j([M, N]5¥%)=[N,
vy 5K, where vy: N — BO(m—n) is a classifying map for the normal bundle of
N in M.

Denote by N, the unoriented cobordism group of m-dimensional closed
manifolds. Denote by M:,(BO(m—n)) the unoriented cobordism group of
singular n#-dimensional closed manifolds in BO(m—mn). Classes in these co-
bordism groups are denoted by [ ]%.

Corollary 0.4. The following (i)~(iv) are equivalent:

(i) [M, NP*E=[M', N'1*** in SKK,, ,,

(i) [MP*E=[M']%X in SKK,, and [N, vy]***=[N', vy/]°** in SKK,
(BO(m—n)),

(i) [MPR=[M'TR in R,, [N, vy]2=[N', vy/]% in N, (BO(m—n)), X(M)
=X(M'") and X(N)=X(N"),

(iv) [M, NPR=[M', N'® in R,, ., X(M)=X(M') and X(N)=X(N").

(S™, S") denotes the standard pair of m-dimensional and n-dimensional
spheres. Let I, , be the subgroup of SKK,, , generated by [S", S"]°¥¥ and
[S™, ¢]°%%. We will then obtain

Theorem 0.5. There is a short exact sequence
0= Iy = SKKppy 2> Ry = 0
where i is the canonical inclusion, and j is defined by j([M, N]°*X)=[M, N]®.

1. Cutting and pasting of pairs

Let X be a space. A singular n-dimensional closed manifold in X is an
equivalence class (M, f), where M is an n-dimensional closed manifold, f: M
— X is a map, and (M, f) is equivalent to (M’, f') if there is a diffeomorphism
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a: M— M’ such that f=f"oa. Let Ji,(X) be the set of singular n-dimensional
closed manifolds in X. Let P and Q be n-dimensional compact manifolds,
@ and yr: 9P— 90 be diffeomorphisms. Glueing P and Q along the boundary
by @ and v, we then obtain #-dimensional closed manifolds P U ,Q and P U Q.
Give M,(X) the SK-equivalence relation ~ generated by relations of the form

(PUQ, /)~(P U0, f),

where f: PU,Q—X and f’: PUyQ—X are maps for which there are homotopies
fIP=f"|P and f |Q=f"|Q. Then the quotient set <H,(X)/~ becomes a semi-
group with disjoint union as its group operation. SK,(X) is the Grothen-
dieck group of the semigroup. If X is one point, we write SK, for SK,(X).

Let m>n>0 be integers. Let (P, Q) be a pair of an m-dimensional com-
pact manifold P and an n-dimensional compact submanifold Q of P (with 9Q
=QNoP). Let (P, Q') be another pair as above, and @ and r: 9P — 9P’
be diffeomorphisms inducing diffeomorphisms @[3Q and +|0Q: 80 — 9Q’,
respe. tively. We then obtain (m, #)-pairs

(P, Q)Uy(P', Q) = (PU4P', QUyieQ"), and
(B, QQUy(P', Q) = (PUP', QUyise Q") -

Letting <M, , be the set of diffeomorphism classes of (m, n)-pairs, we give M, ,
the SK-equivalence relation ~ generated by relations of the form

(P, Q)Uo(P’, Q)~(P, Q) U (P, Q) -

Then the quotient set #,, ./~ becomes a semigroup with respect to disjoint
union. SK,, , is the Grothendieck group of the semigroup.

Theorem 1.1. There is a split short exact sequence

0 — SK, - SK,., > SK, — 0

where the homomorphisms i and j are defined by i([M)=[M, $1°¥ and j([M, N]°¥)
=[N]5%, respectively.

Proof. It is clear that 7 is monic, j is epic and joi=0. Letting k: SK, ,
— SK,, be the homomorphism defined by k([M, N]*¥)=[M]%%, we easily see
that koi=identity. Thus & gives the splitting of the sequence. It only re-
mains to show that KerjCImz. This is proved as in Kosniowski [2; §2.6].
Every element of SK,, , is of the form [M,, N|J¢ —[M,, N,]°%. 1If [M,, N;]°%
—[M,, N,)’*=Kerj, then [N]*¥=[N,]*f in SK,. For i=1,2 let v(N;) be
the normal bundle of N; in M;, and vy,;: N;— BO(m—n) its classifying map.
The augmentation homomorphism &: SK,(BO(m—n)) — SK, is an isomor-
phism (see Karras-Kreck-Neumann-Ossa [1; Theorem 2.11] or Kosniowski



580 K. Komiva

[2; Theorem 3.5.1]). This implies that [N, vy |%*=[N,, vy,]°* in SK,(BO
(m—n)), and further that

[RP((N)®R), N,I** = [RP(v(N,)DR), N

in SK,,,. Here RP( ) denotes the associated real projective space bundle,
R is the trivial line bundle over N;, and the submanifold RP(R) of RP(v(N;)
@DR) is identified with N;. Let T; be a closed tubular neighborhood of N;
in M;. Then we easily see that

(M, N)) = (M;—T;, $)U(T;, Ny),

where fi‘,- denotes the interior of T;. Letting 7'/ be a closed tubular neighbor-
hood of N; in RP(v»(N;,)@R), we see that T; is diffeomorphic to T/. Let

K, = (RP((N)OR)—~T§)U(M,~T), and

Ki=M;—T)UM;—T),) .
It then follows that

[M;, NI¥+[K,, $1°F = [RP(v(N;)®R), NJ**+[K1, ¢]**
in SK,, ,. Since
[RP(»(N,)@R), N,J°¢ = [RP(»(N,)@R), N,]°%,
then
(M, N\ *—[My, NI = [Ki, 15K —[K,, o1 —[K7, 1 +[Ky SI°

This shows that [M;, N|J*¢—[M,, N,]** €Im . q.e.d.

From Theorem 1.1 and Karras-Kreck-Neumann-Ossa [1; Theorem 1.3a]
or Kosniowski [2; Theorem 2.5.1] we obtain

Corollary 1.2. The following (1), (ii) and (iii) are equivalent:
(i) [M, NI**=[M', N'°¢ in SK,, .,

(1) [MPE=[M'1% in SK,, and [N]S*=[N']°% in SK,,
(iil) X(M)=X(M') and X(N)=X(N").

2. Controllable cutting and pasting of pairs

We first define the SKK-group SKK,(X) of singular #-dimensional closed
manifolds in a space X. Let P, P, O and Q' be n-dimensional compact mani-
folds with 0P=0P" and 00=0Q’. Let @ and +r: 0P— 00 be diffeomorphisms.
Define A,y) as the closed manifold obtained from the disjoint union of 9P
%[0, 1] and 9Q x [0, 1] by identifying 0P x {0} with 80 x {0} by @ and 0P
x {1} with 00 X {1} by . Let fi: PU,Q— X, f,: P’UyQ'— X, f3: PUyQ
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— X and f;: P'U,Q’— X be maps such that

(1) there are homotopies H;: f,|P=f;|P, H,: f,|0=f;|0, H;: f;|P’
~£,|P" and H,: £,]0'=£,|0’, and

(2) if F: A,y — X is a map defined by H;|0P %[0, 1] and H,|9Q x [0, 1],
and if F': A y— X is a map defined by Hs|9P'x [0, 1] and H,|9Q’' X [0, 1],
then there is a homotopy F=F".

Then give H,(X) the SKK-equivalence relation ~ generated by the rela-
tions of the form

(*) (PUQ, f)+(P'Us Q' ) ~PUsQ, f5)+(P'Ue D', f)

where + denotes the disjoint union. Define SKK,(X) as the Grothendieck
group of the quotient semigroup <M,(X)/~. If X is one point, we write SKK,
for SKK,(X).

Denote by 0,(X) the unoriented cobordism group of singular zn-dimen-
sional closed manifolds in X.

Lemma 2.1. There is a homomorphism SKK,(X)— N, (X) sending a class
[M, f15%% to the class [M, f]%.

Proof. It suffices to prove that the relation (*) implies the equality

(%) [PUQ, APH[P U Q' LI = [PUQ, i+ [P UL O, fi*

in N,(X). From Karras-Kreck-Neumann-Ossa [1; Lemma 1.9] we see that

[PU«’Q: fl]% = [PU‘PQ, fs]m‘f‘[A(wP), F]ER , and
[P'UyO", [ = [P'Ue Q' i+ [Awm, F'T*

in N,(X). Since F=F", it follows that [A( ), F1*=[A4 v, F']®. This shows
the equality (*x) holds. q.e.d.

Now we define the SKK-group SKK,, , of (m, n)-pairs. Let (P;, O)),
i=1, 2, 3, 4, be pairs of m-dimensional compact manifolds P; and 7-dimen-
sional compact submanifolds Q; of P; such that (0P,, 8Q,)=(0P; 00Q;) and
(0P,, 00Q,)=(0P,, 8Q,). Let @ and +r: 0P,— 0P, be diffeomorphisms inducing
diffeomorphisms @[0Q,; and - |8Q,: 00,—8Q,, respectively. Give M, , the
SKK-equivalence relation ~ generated by the relations of the form

(sekx) (P, Q1) U o(Pay Qo) +(Ps, Os) Uu(Py, Qs)
~(Py, Q1) U(Pz, Q2)+(Ps, Q5) Ub(Py,Qs) -
Define SKK,, , as the Grothendieck group of the quotient semigroup H,, ,/~.

Let v,, v,, v3, and v, be classifying maps of the normal bundles of Q,U,Q,
in PyUyPy, QsUyQ,in PsUy Py, Q1UyQ, in PyUy Py, and Q3U 4 Q, in P3Ug Py,
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respectively. When the relation (##*) holds, we see that in M, (BO(m—n)),

(Q1Ue Qs v)+(Q5Uy Oy v2) ~(Q1Uy O, v3)+(QsU e Oy, 74) -
From this we obtain a well-defined homomorphism SKK,, ,~>SKK,(BO(m—mn))

sending a class [M, N]J¥*¥ to the class [N, vy]°*%, where vy: N— BO(m—n) is
a classifying map of the normal bundle of N in M. We then obtain

Theorem 2.2. There is a split short exact sequence

0 — SKK,, — SKK,, , 5> SKK,(BO(m—n)) - 0

where i and j are the homomorphisms defined by i([M]°5¥)=[M, $]°*% and j([M,
N‘]SKK):[]V" z}N]SKK.

Proof. It is easy to see that 7 is monic and joi=0.

Given (N, f)€ M, (BO(m—n)), we take the pair (RP(EDR), N)E HMup,u
where E is the pull-back by f of the universal (m—n)-dimensional vector bundle
over BO(m—mn). This correspondence defines a homomorphism k: SKK,
(BO(m—n))—SKK,, ,, and k satisfies jok=identity. This shows that j is
epic and the sequence splits.

It now remains to show that Ker jCImi. Suppose that [M,, N,]**%—[M,,
N,]**®*Kerj. Thisimplies that [N}, vy [**4=[N,, vy,]*** in SKK,(BO(m—n))
and [RP(v(N,)®R), N\’ *=[RP(v(N;)®R), N,]°** in SKK,,,. Let T;, Ti,
K; and K/ (i=1, 2) be as in the proof of Theorem 1.1. We then see that in
‘%m,m

(M, N)+(K;, $)+((Ki, ¢)+(KE, ¢))
~((RP(»(N;)®R), N,)+(K?, ¢))+((Ki, d)+(Ki, b)) -
This shows that in SKK,, ,,
[M;, N;J***4-[K;, $]°** = [RP(v(N;)®DR), N;]***+[K, ¢p]**¥.
From this we see that

[M,, N,J¥5%—[M,, N,]5*%
= [K{, ¢]5*¥—[K,, pI5*¥—[K}, ¢]°*X+[K,, P15 €Imi. q.e.d.

Corollary 2.3. [M, NJS**<[M’, N'I*% holds in SKK,,, if and only if
[M]S5% =[M']5)% in SKK,, and [N, vy]S**=[N", v/]* in SKK,(BO(m—n)).

Let X be a path connected space. Denote by I, the subgroup of SKK,(X)
generated by [S”, ¢]*%, where ¢ denotes a constant map (this map is unique
up to homotopy). As in Karras-Kreck-Neumann-Ossa [1; Theorem 4.2]
we obtain
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Theorem 2.4. Given a path connected space X, there is a short exact se-
quence

0— I, 5> SKK,(X) > R,(X) — 0

where 1 is the canonical inclusion, and j is defined by j([M, f15*%)=[M, f1* (see
Lemma 2.1).

From Theorem 2.2, Theorem 2.4 and Karras-Kreck-Neumann-Ossa
[1; Theorem 4.2] we obtain

Corollary 2.5. [M, NI’ =[M', N'*X holds in SKK,,, if and only if
[MP=[M"T" in R, [N, vy?=[N', vy/]® in N,(BO(m—n)), X(M)=X(M') and
X(N)=X(N").

3. Cobordism of pairs

Two (m, n)-pairs (M, N) and (M', N')E M,, , are cobordant, if there exists
a cobordism (K, L) between (M, N) and (M’', N'), i.e., K is an (m+1)-dimen-
sional compact manifold and L is an (n-+1)-dimensional compact submanifold
of K with (0K, dL)=(M, N)+(M', N'). The quotient set of .H, , by this
cobordism relation becomes a group with disjoint union as its group operation.
We denote this group by R, ,. Wall [3] showed that [M, N|®=[M', N']*
holds in R, , if and only if [M]®=[M']® in N, and [N, vyR=[N’, vy/]® in
N,(BO(m—n)). From this fact and Corollary 2.5 we obtain

Proposition 3.1. |M, N1**5=[M', N'1°*% holds in SKK,, , if and only if
[M, N2=[M', N in R,, ., X(M)=X(M'), and X(N)=X(N").

From this proposition we obtain a well-defined homomorphism j: SKK,, ,
— N, , sending a class [M, N to the class [M, N]%, and obtain

Corollary 3.2. If both m and n are odd, then the homomorphism j: SKK,, ,
—MN,, , 15 an isomorphism.

Denoting by I, , the subgroup of SKK,, , generated by [S”, S"]°¥¥ and
[S™, $]°%X, we obtain

Theorem 3.3. There is a short exact sequence

g J
0—1,,—-SKK,,—>N,,—0
where 1 1s the canonical inclusion.

Proof. It is easy to see that i is monic, j is epic and joi=0. To see that
KerjcImi let [M, N]***—[M', N'I"*eKerj. Then (M, N) and (M', N')
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are cobordant. Thus X(M)—X(M') and X(N)—X(N') are even. By Proposi-
tion 3.1 it follows that

[M’ N]SKK__ [M" N’]SKK
= %(X(N )—=X(N)[S", S”]SKK-F%(X(M)—X(M )= X(N)HX(N))[S™, pT5K .

This shows that [M, N]S**—[M’, N'***Im 1. qe.d.
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