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1. Introduction

In this paper we will give a complete list of the closed, orientable 3-
manifolds with Heegaard splittings of genus two and admitting non-trivial
torus decompositions. We use the following notations.

D(n) (A(n), Mo(n) resp.): the collection of the Seifert fibered manifolds
the orbit manifold of each of which is a disk (annulus, Mobius band
resp.) with n exceptional fibers.

Mg (M resp.): the collection of the exteriors of the two bridge knots (links
resp.).

Ly : the collection of the exteriors of the ome bridge knots in lens spaces
each of which admits a complete hyperbolic structure or admits a Seifert
fibration whose regular fiber is not a meridian loop.

For the definitions of the one bridge knots in lens spaces see section 5.
Then our main result is

Theorem. Let M be a closed, connected Haken manifold with a Heegaard

splitting of genus two. If M has a nontrivial torus decomposition then either

(i) M is obtained from M,& D(2) and M,< Ly by identifying their boundaries
where the regular fiber of M, is identified with the meridian loop of M,,

(il) M is obtained from M, € Mé(n) (n=0, 1 or 2) and M,= My by identify-
ing their boundaries where the regular fiber of M, is identified with the
meridian loop of M,,

(iii) M is obtained from M,E D(n) (n=2 or 3) and M,= My by identifying
their boundaries where the regular fiber of M, is identified with the
meridian loop of M,,

(iv) M is obtained from M,, M,ED(2) and M, M by identifying their
boundaries where the regular fiber of M; (i=1, 2) is identified with
the meridian loop of M, or

(v) M is obtained from M,=A(n) (n=0, 1 or 2) and M,= M, by ident-
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ifying their boundaries where the regular fiber of M, is identified with
the meridian loop of M,.
Conversely if a 3-manifold has a decomposition as in (i)~(v) then it has a
Heegaard splitting of genus two.

For the structures of the elements of Ly, My or M, see Lemma 4.2, 4.4,
5.2.

In [9] Thurston listed eight 3-dimensional geometries with compact stab-
ilizers and conjectured that every closed 3-manifold admits a geometric decom-
position. Thurston’s recent result [10] asserts that every closed, orientable
3-manifold with a Heegaard splitting of genus two has a geometric decomposi-
tion. Then our Theorem together with this result implies

Corollary. If M is a closed, orientable 3-manifold with a Heegaard split-
ting of genus two then either

(i) M admits one of the eight geometric structures stated in [9], or
(if) M is one of (i)~(v) in the above theorem.

We note that for each of the eight geometric structures there is a 3-mani-
fold which has a Heegaard splitting of genus two and admits the geometric
structure. See section 7.

2. Preliminaries

Throughout this paper we will work in the piecewise linear category.

For the definitions of #rreducible 3-manifolds, incompressible surfaces we
refer to [1]. For the definitions of Haken manifolds we refer to [4].

Let M be a closed, connected 3-manifold. (V,, V,; F) is called a Hee-
gaard splitting of M if each V; is a 3-dimensional handlebody, M=V, UV,
and V,NV,=0V,=08V,=F. Then F is called a Heegaard surface of M. 'The
first Betti number of V; is called the genus of the Heegaard splitting.

For the definitions of Seifert fibered manifolds, orbit manifold, an isotopy
of type A, hierarchy for a surface, an essential arc in a surface and other defini-
tions of standard terms in three dimensional topology we refer to [4]. The
3-manifold M is simple if every incompressible torus in M is boundary parallel.

By [4] every closed Haken manifold contains a unique, maximal, perfectly
embedded Seifert fibered manifold >) which is called a characteristic Seifert
pair for M. The components of the closure of M—33 are simple. The bound-
ary of > consists of tori in M. If some components of them are parallel in
M then we eliminate one of them from the system of tori. By proceeding
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this step we get a system of tori in M which are mutaually non-parallel. We
get simple manifolds and Seifert fibered manifolds by cutting M along these
tori. In this paper, we call this decomposition a torus decomposition of
M.

3. Essential annuli in genus two handlebody

Let F be a 2-sided surface properly embedded in a 3-manifold M. F is
essential if it is incompressible and not parallel to a surface in dM. Let M’
be a 3-manifold obtained by cutting M along F. Then there are copies of F
on M’ and we denote the component of the copies also by F.

In this section we will classify the system of essential annuli in the genus

two handlebody.

Lemma 3.1 If A is an incompressible annulus properly embedded in the
solid torus V, the genus one handlebody, then A is boundary parallel.

Proof. First, we claim that A cuts V into two solid tori. 94 cuts 9V
into two annuli 4,, 4,, Then AU A4, (i=1,2)is atorus in V. Since =(V)=Z,
AU A; is compressible in V. By the loop theorem [1] and the irreducibility of
V we see that AU A; bounds a solid torus V;. Let p; (i=1, 2) be a positive
integer such that Im (i4; 7,(A)—n(V;))=<a;">, where a; is a generator of 7,(V,).
Then =(V)=<a,, a,: alr=a3z>. Then p,=1 or p,=1 for =(V)=Z. If
p;=1 then A4 is parallel to 4,.

This completes the proof of Lemma 3.1.

Let D be a disk properly embedded in a handlebody V. D is a meridian
disk of V if D does not separate V. Let {D,, -+, D,} be a system of mutually
disjoint properly embedded disks in V. {D,, -+, D,} is a complete system of

meridian disks of V if UD, cuts V into a 3-cell.
i=1

Lemma 3.2 If A is an essential annulus in a genus iwo handlebody V then
either
(1) A cuts V into a solid torus V, and a genus two handlebody V, and there
is a complete system of meridian disks {D,, D,} of V, such thatD,N A=¢
and D,N A is an essential arc of A, or
(i) A cuts V into a genus two handlebody V' and there is a complete system
of meridian disks {D,, D,} of V' such that D, A is an essential arc of A.

See Fig. 1.
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Proof. Since A4 is incompressible in V, by using the complete system
of meridian disks of V" we can find a disk A in V such that ANA4=a is an
essential arc of A4, ANV =5 is an arc such that 9a=0b, aUb=0A. Then
we can perform a surgery on 4 along A to get a disk D properly embedded
in V. Since A4 is essential, D is essential, say D is a meridian disk of V or D
cuts V into two solid tori.

If D cuts V into two solid tori V', V" then there are copies A’, A” of A
on @V’. Then there is a meridian disk D, of V' such that D,N (A’ UA”)=¢.
Since A’ and A” are identified in V cut along 4, 4 cuts V into a solid torus V,
and a genus two handlebody V,, where A is a meridian disk of ¥V, such that
ANA is an essential arc of 4. Then we set D,=A.

If D is a meridian disk of V' then D cuts V into a solid torus V;. There
are copies A’, A” of A on 8V,. Since A’ and A” are identified in V cut along
A, A cuts V into a genus two handlebody V’. Then we set D,=A and we
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have the conclusion (ii).
This completes the proof of Lemma 3.2.

Let M be a 3-manifold and S be a 2-manifold contained in 9]/. Let
F be a surface properly embedded in M. Then F is essential in (M, S) if F
is incompressible, 9F C S and F is not parallel to a surface in S.

Lemma 3.3 Let V be a genus two handlebody and A,, A, be a system of
mutually disjoint annuli in OV such that there is a complete system of meridian
disks {Dy, D,} of V which satisfies D;NA;=¢ (i = j) and D; N A; is an essential
arc of A; (1=1, 2). If A is an essential annulus in (V, cl (8V—(4,U 4,))) then
A is parallel to A, or A,

Proof. Since 4 is incompressible in V, by using {D,, D,} we can find
adisk A in V' such that AN A=aisan essential arc of 4, AN ¢l (8V—(A4,U 4,))=b
is an arc such that 9a=0b, aUb=0A. Then we can perform a surgery on
A along A to get an essential disk D such that DN(4,UA4,)=¢. Since
DN (4,Ud,)=¢, D cuts V into two solid tori V', V,. We may suppose that
A;caV;. By assumption there is a meridian disk D} of V; such that D/ N A4;
is an essential arc of 4;. Then by the proof of Lemma 3.2 4 cuts V into a
genus two handlebody V'{ and a solid torus V5.  'We may suppose that 4,CoV’5.
Then Im (i : my(A4y) = 7(V,)=n(V,) and A,NA=¢. Hence A is parallel
to A,.

This completes the proof of Lemma 3.3.

For the two essential annuli in the genus two handlebody we have

Lemma 3.4 Let {4, A} be a system of mutually disjoint, non-parallel,

essential annuli in the genus two handlebody V. Then either

(i) A,UA, cuts V into a solid torus V, and a genus two handlebody V,.
Then A,UA,cdV,, A,UA,C0V, and there is a complete system of
meridian disks {D,, D,} of V, such that D;N A;=¢ (i=j) and D;N 4;
(=1, 2) is an essential arc of A,,

(il) A,U4, cuts V into two solid tori V,, V, and a genus two handlebody
Vs. Then A,CdV,, A,CoV,, A,UA,C0V; and there is a complete
system of meridian disks {D,, D,;} of V; such that D;NA;=¢ (i=j)
and D;N A4; (i=1, 2) is an essential arc of A; or

(i) A,UA, cuts V into a solid torus V, and a genus two handlebody V,.
Then A;coV, (i=1 or 2, say 1), A,NV,=¢, A, COV, and there is
a complete system of meridian disks {D,, D,} of V, such that D, N A4,
is an essential arc of A, and D,N A; (i=1, 2) is an essential arc of A;.

See Fig. 2.
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Proof. There is a disk A in V" such that AN4;=¢ (I=1 or 2, say 2),
ANA,=a is an essential arc of 4;, ANOV =25 is an arc in 9A such that aNb
=0a=20b, aUb=0A. We can perform a surgery on 4, along A to get an
essential disk D’ properly embedded in V. Then there is a disk A’ in V' such
that A'ND'=¢, A'NA,=a’ is an essential arc of 4,, A'NAV="b" is an
arc in A’ such that ' Nbd'=0a"'=0b’, a' Ub'=0A’. By performing a surgery
on A, along A’ we have an essential disk D’ in V, which is disjoint from D’.

We claim that {D’, D"} is not a complete system of meridian disks of V.
Assume that {D’, D"} is a complete system of meridian disks of V. Then
we can move 4, by a small isotopy into V' cut along D’ UD”. This contradicts
the fact that 4, is incompressible in V.

Then we have the following three cases.

Case 1. D’ and D’ are parallel and D’ (hence, D) does not separate V.
In this case, we have the conclusion (i).

Case 2. D’ and D" are parallel and D’ (hence, D) cuts V into two solid
tori. In this case, we have the conclusion (ii).

Case 3. D’ and D” are not parallel. We claim that D’ does not separate
V. Assume that D’ separate V into two solid tori V' and VV”/. Then we may
suppose that 4,C V’. By Lemma 3.1 4, is parallel to an annulus 4} in 9V".
Then AN D'=¢ for D' and D” are not parallel. But this contradicts the
fact that A, is essential.

Then since {D’, D"} is not a complete system of meridian disks, D" sepa-
rates V' into two solid tori and we have the conclusion (iii).

This completes the proof of Lemma 3.4.

Lemma 3.5 Let {4,, 4,, As} be a system of pairwise disjoint, non-parallel
essential annuli in the genus two handlebody V. Then A, U A, UA; cuts V into
two solid tori V, V, and a genus two handlebody V; which satisfies

1. A;,coV, (i=1, 2 or 3, say 3), 4,, A,C 0V, A, A5y A;C0V,.

2. there is a complete system of meridian disks {D,, D,} of V; such that

D,NA;=¢ (i=+j) and D;NA; (i=1, 2) is an essential arc of A; and

3. there is a meridian disk D, of V, such that D;N A; (1= 1, 2, 3) is an essen-

tial arc of A;.

See Fig. 3.
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Fig. 3

Proof. {4,, A,} satisfies one of the conclusions of Lemma 3.4. First,
we claim that {4,, 4,} does not satisfy (ii). Assume that {4,, 4,} satisfies
(ii). Then 4,UA, separates V into two solid tori ¥, V, and a genus two
handlebody V, It A;CV, or V, then by Lemma 3.1 4, is parallel to 4, or
A,, which is a contradiction. I A;CV; then by Lemma 3.3 4; is parallel
to A, or A,, which is a contradiction and the claim is established.

If {4,, A,} satisfies the conclusion (i) of Lemma 3.4 then 4, U4, cuts V
into a solid torus V; and a genus two handlebody V, where 4,, 4, CoV,, A4,
A,cdV, By Lemma 3.3 we see that 4; is not contained in V,. Then 4,CV,
and by Lemma 3.1 A4; is parallel to an annulus 4’ in 8V,. Since 4; is essen-
tial and is not parallel to 4; (=1, 2), 04,U 04, is contained in 4’. Then we
easily verify that {4,, 4, A} satisfies the conclusions of Lemma 3.5.

If {4,, A4,} satisfies the conclusion (iii) then 4,UA4, cuts V inte a solid
torus V/; and a genus two handlebody V,, where 4,, 4,C8V, and 4;N0V,=¢
(z=1 or 2, say 1). By Lemma 3.1 we see that A4; is contained in V..
Since 43N (4,UA4;)=¢, by Lemma 3.3 we see that A; is parallel to an
annulus 4’ in 8V,. Since A; is essential and is not parallel to 4; (=1, 2),
04, U 04, is contained in A’. 'Then by changing the suffix we easily verify that
{4,, 4,, A} satisfies the conclusions of Lemma 3.5.

This completes the proof of Lemma 3.5.
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4. Two bridge knot, link complements

A knot is a simple closed curve in the 3-sphere S3. A link is a union of
mutually disjoint simple closed curves in S* with more than one component.
For the definitions of the fwo bridge knots and lLinks we refer to [8]. A exterior
O(K) (Q(L) resp.) of a knot K (link L resp.) is the closure of the complement
of a regular neighborhood of K (L resp.). The meridian of K (L resp.) is a
simple loop in 9Q(K) (0Q(L) resp.) which bounds a meridian disk of the regular
neighborhood of K (L resp.). A knot (link resp.) is simple if the exterior is
a simple 3-manifold.

Lemma 4.1 Let V; (i=1, 2) be the genus two handlebody and A}, Aj
(caV;) be a system of pairwise disjoint, incompressible annuli such that there is a
complete system of meridian disks {Di, Di} of V; which satisfies (i) DiN Ai=¢
(k= 1) and (ii) DiN A} is an essential arc of A} (k=1, 2). If M is obtained
from V, and V, by identifying their boundaries by a homeomorphism h : cl
0V, —(A1U 43))—cl (0V,— (43U A3)) then M is homeomorphic to certain two
tridge knot complement or a two bridge link complement, where the component of
0A: corresponds to a meridian loop.

Proof. 'This can be proved by using the similar arguments of the section
4 of [5].

Lemma 4.2 If K is a non-trivial two bridge knot then Q(K) admits a com-
plete hyperbolic structure or is a Seifert fibered manifold with orbit manifold a
disk with two exceptional fibers.

Proof. Since K is a simple knot [8], by [9] and the torus theorem [4]
we see that Q(K) admits a complete hyperbolic structure or is a special Seifert
fibered manifold. If O(K) is a special Seifert fibered manifold then the orbit
manifold is a disk or a Mobius band for 8Q(K) has one component (see 155p.
of [4]). If the orbit manifold of Q(K) is a Mobius band then it has no excep-
tional fibers. Hence O(K) is the twisted I-bundle over the Klein bottle but
this is impossible for Q(K) does not contain the Klein bottle.

This completes the proof of Lemma 4.2.

Let {a, ---, a,} be a system of mutually disjoint, essential arcs in a punc-
tured torus 7. We say that a; is of ¢ype 1 if a; joins distinct components of
0T, a; is of type 2 if a; joins one component of 37T and a; separates T, a; is of
type 3 if a; joins one component of 8T and a; does not separate 7. We say
that a; is a d-arc if a; is of type 1 and there is a component S of 97 such that
a; is the only arc that joins S.

The next Lemma is perhaps known but no reference could be found.
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Lemma 4.3 Every two bridge link is a simple link.

Proof. Let L be a two bridge link. Since L is a union of two trivial
tangles with two arcs, Q(L) has a decomposition as in Lemma 4.1 (see section
4 of [5]). Then we use the notations in Lemma 4.1. Let T be an incompres-
sible torus in Q(L). We may suppose that the components of TNV are all
disks and that the number of the components of T'N ¥V, is minimum among
all tori which are isotopic to T and the components of the intersection of each
of which with V, are all disks. Since T is incompressible, T'N V= ¢.

Let T,=T NV, Then by using D, D} we have a hierarchy (7%, a,),,
(TS, a,) of T, and a sequence of isotopies of type A which realizes the
hierarchy as in [4]. Let T'® be the image of T after an isotopy of type A at
a, and T* (k>1) be the image of T'™® after an isotopy of type A at a,.

Then we will show that T'N V, consists of a disk.

Assume that TNV, consists of »(>2) disks D,, -+, D,. We claim that
D,, -+, D, are mutually parallel in V; and each D; cuts V, into two solid tori.
If some D; does not separate V', then D;N (A4l U A})%¢ for Im (i4: =, (41 U 43)
—my(Vy))=my(V,), which is a contradiction. By the minimality of 7 it follows
that each D, cuts V, into two solid tori. Hence D, -+, D, are mutually parallel
and the claim is established.

Then we show

(¥) ag **, @,-; are of type 3 and ¢; and q; joins pairwise distinct

components of T, if 27 .

By Lemma 3.3 each essential annulus in (Vy, ¢l (0V,—(4iUA43)) is
parallel to 4i or A;. By Lemma 3.3 of [5] we see that a, a, are of type 3
and we may suppose that a,, g, joins D, D, respectively. Note that in [5]
we considered the non-separating incompressible torus, but in Lemma 3.1,
3.2, 3.3 of [5] which are proved by using the argument of the inverse operation
of isotopy of type A in [2] the non-separating property is not essential.

Assume that (*) does not hold then there is such 7 (>3) that a, is not of
type 3 or a; is of type 3 and a; joins D, that some a;, (/[<<?) joins. Then we
may suppose that a; (j<<7) is of type 3 and joins D;,. Then T¢" PNV ,=4,U
«+ U4;;UD;U -+ UD,, where each A4, is an essential annulus in (V, ¢! (0V,
—(41U 41)).

Assume that a; is of type 1. If a; joins some 4, and D, (I>7%) or D, and
D, (k, I1=1) as an arc on T¢ PNV, then TNV, consists of 7—1 annuli and
n—i disks. Then by performing a sequence of isotopies of type A on T
we have such a torus T that 7NV, consists of n—1 disks, which contradicts
the minimality of T. If a; joins some A4, and A4, then 4, is parallel to 4, in
V, for D; separates V, into two solid tori. Then TNV, consists of i—2
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annuli, n—¢ disks and one disk with two holes B. Some component ! of 0B
bounds a disk on 8V. Since T is incompressible and Q(L) is irreducible, we
see that / bounds a disk on T and there is an ambient isotopy %, (0<¢<1)
of O(L) such that & (T®)NV, consists of 7—1 annuli and #—z disks. Then
we have a contradiction as above.

Assume that a; is of type 2. Then there is an arc a in 87T, such that aNa;
=0a=0q;, aUa; bounds a planar surface P in T,. We easily see that some
a; (CP)is a d-arc. Hence by Lemma 3.1 of [5] T is ambient isotopic to such
a torus 7" that T'NV, consists of n—1 disks, which is a contradiction.

Assume that g; is of type 3 and a; joins D, (j<#). Then there are two arcs
by, b, in 9T, such that a;Ub,Ua; Ub, is a simple loop in T, and a;Ub,Ua; Ub,
bounds a planar surface P in T,. Then see that some a, (CP) is a d-arc and
we have a contradiction as above.

Hence (*) is established.

Then T™MNV, (T™NV, resp.) consists of n essential annuli 4,, -, 4,
(41, -++, A} resp.). By Lemma 3.3 each A4; is parallel to either A or Aj.
We may suppose that 4, is outermost in (V,, c/(dV,— (A} U 43))) and is paral-
lel to Ai. Then some A} is parallel to 4} (k=1 or 2) and 04,=084}. This
contradicts the fact that n>2.

Hence T'NV, consists of a disk. Then T® N7V, consists of an annulus
A’ which is parallel to 4% (j=1 or 2). Hence T® is parallel to a component
of 00 (L).

This completes the proof of Lemma 4.3.

Lemma 4.4 If L is a two bridge link then Q(L) admits a complete hyper-
bolic structure or is a Seifert fibered manifold with orbit manifold an annulus with
at most one exceptional fiber.

Proof. By Lemma 4.3 together with [4] and [9] Q(L) is a hyperbolic
manifold or a special Seifert fibered manifold. If Q(L) is a special Seifert
fibered manifold then the orbit manifold of Q(L) is an annulus and it has at
most one exceptional fiber for 8Q(L) has two components.

5. One bridge knots in lens spaces

Let us give the definition of the one bridge knot in a lens space. For the
definition of lens spaces we refer to 20p. of [1]. In this paper we think that
S3, S%x S* are lens spaces. Let V be a solid torus and let a be an arc properly
embedded in V. We say that a is trivially embedded in ¥V if there is a disk
D in V such that DNoV=b an arc, cl(0D—b)=a. It is easily seen that if
a’ is another trivially embedded arc in V' then there is an ambient isotopy #,
(0<t<1) of V such that #(a)=a’. Let K be a knot in a lens space L,. We
say that K is a one bridge knot in L, if there is a Heegaard splitting (V,, V,;
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F) of L, of genus one such that V;NK (=1, 2) is an arc trivially embedded in
V;. We denote the exterior of K also by Q(K). Then we can naturally define
a meridian loop on Q(K).

Lemma 5.1 Let V; (i=1, 2) be a genus two handlebody and A; (CoV;)
be an incompressible annulus such that there is a complete system of meridian disks
{Di, Di} of V, which satisfies (i) DiNA,=¢ and (i) DiNA; is an essential
arc of A;. If M is obtained from V, and V, by identifying their boundaries by
a homeomorphism h: cl(0V,—A,)— cl(dV,—A,) then M is homeomorphic to certain
one bridge knot complement in lens space, where the component of 0A4; corresponds
to a meridian loop.

Proof. This is proved by using the similar arguments of the proof of
Lemma 4.1.

Lemma 5.2 Let K be a one bridge knot in a lens space L,. If Q(K) is
a Seifert fibered manifold with incompressible boundary, whose regular fiber is
not a meridian loop then either
(1) OK)ED(2) where the regular fiber in dQ(K) intersects their meridian
loop transversely in a single point,
(ii) O(K)=Mo(l) where the regular fiber in 0Q(K) intersects the meridian
loop transversely in a single point or
(i) QO(K) s homeomorphic to the twisted I-bundle over the Klein bottle.

Proof. We fix the fiber structure of Q(K). Since an incompressible
torus in Q(K) is separating, the orbit manifold of Q(K) is a disk or a Mobius
band.

Suppose that the orbit manifold of Q(K) is a disk. First we claim that
L, does not admit such a Seifert fibration that the orbit manifold is a 2-sphere
with # (>3) exceptional fibers. 7#>4 implies that L, contains an incompres-
sible torus, which is a contradiction. By Theorem 12.2 of [1] n=3 implies
that there is an epimorphism from #,(L,) to the group

G=<a,b; a?=b=(ab) =1> (p,q, r>1).

This is impossible for G is not a cyclic group [7] and the claim is established.

Assume that Q(K) contains m (=>3) exceptional fibers. Then since the
regular fiber of Q(K) is not a meridian loop, L, admits such a Seifert fibration
that the orbit manifold is a 2-sphere with m or m-+1 exceptional fibers, which
contradicts the above claim. Hence Q(K) contains two exceptional fibers.
Then if the regular fiber is not isotopic to a loop which intersects the meridian
loop transversely in a single point then L, admits such a Seifert fibration that
the orbit manifold is a 2-sphere with three exceptional fibers, which contradicts
the above claim.
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Then we have the conclusion (i).

Suppose that the orbit manifold of Q(K) is a Mobius band. Since L,
does not contain an incompressible torus Q(K) contains at most one excep-
tional fibers. If Q(K) contains one exceptional fiber then the regular fiber
intersects the meridian loop transversely in a single point and we have the con-
clusion (ii). If Q(K) contains no exceptional fibers then we have the conclu-
sion (iii).

This completes the proof of Lemma 5.2.

6. Proof of Theorem

Lemma 6.1 Let M be a simple manifold whose boundary components are
all tori. If M contains an essential annulus then M is a Seifert fibered manifold.

Proof. This is a consequence of the characteristic Seifert pair theorem [4].

We shall divide the proof of Theorem into several cases.

Case 1. M contains a non-separating incompressible torus. In this case
by Theorem 2 of [5] we have the conclusion (v) of the Theorem.

Hereafter, we will suppose that each incompressible torus in M is separat-
ing.

Case 2. M is decomposed into two components M,, M, by the torus
decomposition. Let T be the torus which cuts M into M,, M, and (V,, V,;
F) be a genus two Heegaard splitting of M. We may suppose that the com-
ponents of T'N V, are all disks and that the number of the components of TNV,
is minimum among all tori which are isotopic to T" and the components of the
intersection of each of which with V', are all disks. Let T,=TNV, Then
as in [4] we have a hierarchy (7Y, a,), -+, (T¥”, a,) of T, and a sequence
of isotopies of type A which realizes the hierarchy. Let T® be the image of
T after an isotopy of type A at q, and T**V (k>1) be the image of T® after
an isotopy of type A at a,.

Then we claim that TNV, consists of at most two components. Assume
that TNV, consists of n (>3) disks D,, -+, D,. Then by [5] a,, a, are of type
3 and, hence, T®NV,=4,UD,U --- UD,, T®NV,=A4,U4,UD;U --- UD,,
where A4; (i=1, 2) is an essential annulus in V;. If D,, D, are separating in
V, and A,, 4, are parallel in V', then there are two annuli 4’, 4” in 8V, such
that 4'N(A4,U4,)=A'NA,=0A'=04,, A"N(A,UA;)=04", A'NA" is a
component of 34;. We may suppose that A'C M, and A”CM,. See Fig. 4.
By the minimality of T, A’ (A" resp.) is an essential annulus in M, (M, resp.).
Hence by Lemma 6.1 and Theorem VI. 34 of [4] M, and M, admit such Seifert
fibrations that the component of 94, is a regular fiber. Hence M admits a
Serfert fibration, which is a contradiction. If D,, D, are separating in V,
and A, is not parallel to A, in V, then D,, ---, D, are parallel in ;. See Fig.
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Fig. 5

5. Since each a; is not a d-arc [5], a, is of type 3 and we may suppose that
TONV,=A4,UA4,UA;U -+ UD, where A; is an essential annulus in V.
Then A, is parallel to 4, or 4, (Lemma 3.3) and we have a contradiction as
above. If D, is separating and D, is non-separating in V/; then there exists
annuli 4’, A” as above and we have a contradiction. Since A4, is incompres-
sible, the case of D, being non-separating and D, being separating cannot occur.
If D,, D, are non-separating in V, then D,, ---, D, are mutually parallel in V.
Since each q; is not a d-arc, a, is of type 3 and we may suppose that T® NV,
=A,UA4A,UA4;U -+ UD,, where A; is an essential annulus in V;. Then
there exists annuli 4’, A” in 0V, such that 4'N(4,U4,UA;)=04", A" N4,
UA,UAd;)=0A4" and A'NA” is a component of d4’. Then we have a con-
tradiction as above and we establish the claim.
Now, we have two subcases.
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4,
A,

Fig. 6

Case 2.1. TNV, consists of a disk D,. Since T separates M, D, cuts
V, into two solid tori. Let 4,=V,NT®, A,=V,NT®. Then by Lemma
3.2 4; (i=1, 2) cuts V; into a solid torus V} and a genus two handlebody V7.
By attaching Vi and V; along cl(8Vi—A4,) we have M, (€D(2)) and by at-
taching V1 and V7 along cl(0Vi—A4;) we have M, (€Lg) (Lemma 5.1). Then
we have the conclusion (i) of the Theorem.
Case 2.2. TNV, consists of two disks D;, D,. In this case T® NV,
(T®NV, resp.) consists of two essential annuli 4,, 4, (4, A4 resp.).
We claim that if 4, is parallel to 4, then A4,, A4, satisfies the conclusion
(1) of Lemma 3.4. First, we show that A4, is non-separating in V,. If A4,
is separating in V; then there are annuli A’, 4” in 8V, such that 4'N (A4, U A4,)
=A4A'NA4,=04'=04,, A”N(4,UA4,)=0A4", A'NA" is a component of 04"
Hence we have a contradiction as in Case 2. Then by Lemma 3.2 4, cuts V,
into a genus two handlebody V’. Let A{, A{’ be the copies of 4, on V'. By
the proof of Lemma 3.4 we can show that there is a complete system of meridian
disks {D{, D3} of V'’ such that (DiUD;)NA{=DiNA! is an essential
arc of A{, (D{UD;)NA{’=D;NA{’ and each component of D;NA{’ is an
essential arc of Ai’. If needed by exchanging 4, and A4, we may suppose
that A4, is parallel to A{’ in V'. We will show that D} can be taken so that
DjN A{’ is an essential arc of A{’. If this is done then the claim is established.
Since A4, is parallel to A4, there is an annulus 4’ in 8V, such that A"’ N A4;
(z=1, 2) is a component of d4’’. We may suppose that A””CM,. Then
A’ is an essential annulus in M, and by Lemma 6.1 and [4] M, admits such
a Seifert fibration that 4"/ is a union of regular fibers. If the meridian disk
% as above cannot taken then there is an essential annulus A, in 7’ such that
A;NT®=A4,n 4,=04;=04,, AsNDi=¢, A; is not parallel to A4, and
A,U 4, bounds a solid torus 7" in V’'. See Fig. 6. Then M{=M,UT’



452 T'. KOBAYASHI

admits a Seifert fibration and M7 is not homotopic into M,;. This contra-
dicts the maximal property of the characteristic Seifert pair.

By the above claim and Lemma 3.4 we see that {4,, 4,} ({4{, 45} resp.)
satisfies one of the conclusions of Lemma 3.4.

Note that {4,, 4,} ({4, A3} resp.) does not satisfy the conclusion (iii)
of Lemma 3.4 for T® is separating in M.

We claim that either {4, 4,} or {A4{, A} does not satisfy the conclusion
(ii) of Lemma 3.4. Assume that both {4,, 4,} and {4{, A3} satisfy (ii) of
Lemma 3.4. Then 4,UA4, (47U A4} resp.) cuts V, (V, resp.) into two solid
tori and a genus two handlebody, but this contradicts the fact that 77® is con-
nected.

Then we have two subcases.

Case 2.2.1. Both {4,, 4,} and {A4{, A}} satisfy the conclusion (i) of
Lemma 3.4. In this case 4,U4, (41U A4} resp.) cuts V, (V, resp.) into a
solid torus V" (V{’ resp.) and a genus two handlebody V'’ (V'§? resp.)
where 4,UA4,coV®, A,Ud,coV® (AiUAscoV P, A{UAsCoV P resp.).
By attaching V' {" and V{? along cl(0V{’—(4,U4,)) we get M, (& Mo(n),
n=0, 1 or 2) and by attaching V" and V{? along cl(0V§’—(4,U4,)) we
get M, (€My) (Lemma 4.1). Then we have the conclusion (ii) of the
Theorem.

Case 2.2.2. {A4,, A,} satisfies the conclusion (i) and {A4{, Aj} satisfies
the conclusion (ii) of Lemma 3.4. In this case 4,U4, cuts V, into a solid
torus V{" and a genus two handlebody V§", AU A} cuts V, into two solid
tori V®, V{ and a genus two handlebody V{”. By attaching V(" and
VUV along c(dV{P—(4,U4,)) and c(@VP—A)Ucl(@VP—A4,) we get
M, (€D(n), n=2 or 3) and by attaching V{" and V§? along c/(aV{’—(A4,U 4,))
and cl(dV$P—(A4,U 4,)) we get M, (€ M) (Lemma 4.1).

Then we have the conclusion (iii) of the Theorem.

Case 3. M is decomposed into three components M;, M, and M; by
the torus decomposition. Let T, T, be the pair of tori which cuts M into
M,, M, and M; and let T=T,UT,. Then we may suppose that T,CoM,,
T,coM; and TcoM, Let (V,, V,; F) be a genus two Heegaard splitting
of M. Then we may suppose that the components of 7T°N V; are all disks and
that the number of the components of 7NV, is minimum among all the pair
of tori which are isotopic to 7" and the components of the intersection of each
of which with V¥, are all disks. Let T"=TNV,. Then we have a hierarchy
(T'9, ay), =+, (T"™, a,) of T’ and a sequence of isotopies of type A which
realizes the hierarchy.

We will show that we may suppose that 4, and a, are of type 3 and a, joins
distinct component of 7" that a, joins. By the argument of section 3 of [5]
both g, and @, are of type 3. Suppose that @, joins the same component of
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9T’ that g, joins. We may suppose that a,, a,CT,. Then T,NV, consists
of a disk D, for if T,NV; has more than one component then 4,Ua, cuts T,
NV, into a planar surface and hence some @; (CT,NV,) is a d-arc, which
contradicts the minimality of 7" (see Lemma 3.1 of [5]). Let 7 be the image
of T, after an 1sotopy of type A at a, Then TiNV,=A4, (TINV,=A4i
resp.) is an essential annulus in V', (¥, resp.). Since T is separating in M,
A} cuts V, into a solid torus V{® and a genus two handlebody V(¥ where
there is a complete system of meridian disks {D,, D,} of V{* such that D,
NA{=¢, D;NA{ is an essential arc of A47{. Since T,NV, is incompressible
in V,, (T,NV,)CV{¥. Then by using {D,, D,} we can define an isotopy of
type A at some essential arc b in T,NV,. Then by the minimality of T, b
is of type 3. Hence by taking & as a;, we may suppose that a, a, are of type
3 and q, joins distinct component of 37" that 4, joins.

Then by the argument of Case 2 we see that T'N V; consists of two disks.
Let T be the image of T after an isotopy of type A at a,, T? be the image of T*
after an isotopy of type A at ;. Then TNV, (T?NV, resp.) consists of two
essential annuli 4,, 4, (41, A} resp.) where 04,=08A4] and 04,=04;. By the
argument of Case 2.2 {4,, 4,} ({41, A%} resp.) satisfies one of the conclusions
of Lemma 3.4.

Since T, and T, are separating in M, each A4; (4} resp.) is esparating
in V, (V, resp.). Hence both {4,, 4,} and {A4{, A3} satisfy the conclusion
(ii) of Lemma 34. A,Ud, (A{U A} resp.) cuts V, (V, resp.) into two solid
tori VI, VP (V{, V§ resp.) and a genus two handlebody VP (V§? resp.)
where A;,coV{® (A'coV® resp.) (i=1, 2). By attaching V(" and V{?»
(V§? and V§ resp.) along cl(8V{"—A,) and cl(0V{®—AY}) (c(0V’—A4,) and
cl(dV P —Ajp) resp.) we get M, (€D(2)) (M,D(2) resp.). By attaching V§V
and V§? along cl(0V’—(4,U4,)) and cl(0VP —(A{U A4%)) we get M, (€M,)
(Lemma 4.1).

Then we have the conclusion (iv) of the Theorem.

Note that M does not have such a torus decomposition that M decom-
posed into more than three components. Assume that M has such a decom-
position. Let Ty, -+, T, (n>3) be a system of tori which gives the decomposi-
tion. We may suppose that each component of (75U -+ UT,) NV, is a disk.
Note that (T;U --- UT,)NV; has more than two components and we can derive
a contradiction by using the arguments of Case 2.

If M admits a decomposition as in (i)~(v) of Theorem then by tracing
the above arguments conversely we can show that M has a Heegaard splitting
of genus two.

This completes the proof of Theorem.
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7. Geometric structures of the 3-manifolds with Heegaard split-
tings of genus two

In this section we show that for each of eight geometric structures in [9]
there exists a 3-manifold M which has a Heegaard splitting of genus two and
admits the geometric structure.

Lemma 7.1 If M is a Seifert fibered manifold with orbit manifold a 2-
sphere with three exceptional fibers then M has a Heegaard splitting of genus two.

Proof. Let f be an exceptional fiber in M and Q be the closure of the com-
plement of a regular neighborhood of f. Then Q contains such an essential
annulus A4 that 4 cuts Q into two solid tori. Let a be an essential arc in 4
and V, be a regular neighborhood of NUa in M. Then V, is a genus two
handlebody. We easily see that c/(M—V,) is also a genus two handlebody.

This completes the proof of Lemma 7.1.

Let M be a Seifert fibered manifold as in Lemma 7.1. Then by Theorem
12.1 of [1] 7y(M) has the presentation

la, byc, t;[a, f] =[b, t] =[c, 8] = 1, a®=t*, b* =¥, ¢ = 1", abc = 1>

where p>1, ¢>1, r>1. Then for the geometric structure of M the following
theorem is given by Kojima [6].

Theorem. If M is a Seifert fibered manifold as above then M admits a
geometric structure according to the table:

T—_ 1/p+1g+1r ]
B >1 =1 <1
X e ] —
=0 (] l type 2 type 5
+0 type 1 { type 7 type 6

where the type of geometries appears in [9].

Then by Lemma 7.1 we see that for each of the geometries that appeared
in the above Theorem there is a 3-manifold with a Heegaard splitting of genus
two, which has the geometric structure.

The examples of the 3-manifolds with Heegaard splittings of genus two
in the hyperbolic geometry (type 3) are obtained by Dehn surgery on the
figure eight knot [11].

The closed 3-manifolds in the type 4 geometry are only either S?x.S* or
P3P3 each of which has a Heegaard splitting of genus two.

Any torus bundle over S with a hyperbolic monodromy has type 8 geo-

metric structure [9]. Then the torus bundle whose monodromy is (_01 ;z)
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(m=>3) has type 8 geometric structure and by [3] it has a Heegaard splitting
of genus two.

(1]
(2]
(3]
(4]
(31
(6]

(7]
(8]

(9]
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