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Introduction. This note is the second paper in a series of papers with
the same title, in which we aim at computing of the equivariant stable homo-
topy groups of spheres with linear involutions. In the present paper we give
the computation of z;,, for p+¢g=9, 10 and 11. At the end of this paper we
list the tables of z; , for 0< p+¢<13 and —1<¢<p, and A;,, for 0< p+¢<13.
The computations of 12 and 13 stems are similar situations to 4 and 5 stems
since 73,=0 and z;=Z/3, hence they are easily obtained by the forgetful exact
sequence.

We quote the part I of this series by [I]. All other references are listed at
the end of [I].

The author expresses his hearty gratitude to Professor S. Araki and Dr.
A. Kono for their valuable suggestions.

1. 9stem
The equivariant Toda bracket
<1206, 2, E¥ 203" D"

is well-defined. By parallel arguments to the case of [v?wi"**]; (see [I], (15.2)),
there exists an element

(1.1) [12000i"**,=<1204, 2, £f ;05" 1) C a3 —4n=19(§3.0)
such that

(1.1 W(8:[120001"*°]y) = 4 .

Put

(1.1 frn = 83[1200 w7 *"*%],E<1208, 2, $4>" CZin,—anso -

Then we have

Proposition 1.2. i) 7¥3[120001"**];=120001"** and [120cwi™*’]; is of
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order 2.
i) Bi(ften)=pwi*" and X*p,=12008,07*"*>.

By parallel arguments to the computations in [I] we easily obtain

Proposition 1.3. (z¥~27"1(S*%), p+4¢=9)
) a%I(SI0)=Z- D Z[32- (14 p)wle® Z[2- 05EH soi'ai,
ll) n':§2”+16 32n—16(SlO 0) Z. 810 lw.’;2n+1769Z/32 ﬁ‘flo gwgn-n
@Z/z VVEIO 4w3”+2_4"+1
1“) 7[16n+8 ,—16n— S(SIO 0)_Z Blo,lw}6n+9®z/l6 .’A} 510 3(0{”53
@Z/Z VV&IO 4602"“?52”,
iv) 7§80 ) =22 Buy(XH-8,) D Z[2- XDET: 50§ D Z|2- 96 E ) 208"
EBZ/Z 55510,2(02 _l,
V) ”%n-rz —8n—2(S10 0) y 310 1w1"+3®Z/2 VVE]O 4&)4&)4 I@Z/Z 770'510 zwgn 3
@Z/Z P"?O'Elo 20’2" 3@Z/2 5510 zwg'l 3@Z/2 P&Elo zw%" 3
D Z[2-Eh (12000351, D Z[2- pE J[120003 ],
vi) 2%t (S0 =22+ Bio(X5_s,) D Z[8+ X°6 ED: st D Z2+ E¥y 1 (ne ),
Vll) 71'88"+4 8n—4(S10 0) Z 810 1w?”+5@Z/8 ﬁfw 7[77 C08n+2]7’
Vlll) 7z,8n+5 8n—5(S10 0) Z/Z Blo(xﬂ e 4)@Z/2 ﬁo_glo ngn-}l
@Z/Z 65?:.:10 250%”1»
ix) 3 i 6(810 0) Z- 810 10} +7EBZ/2 770'510 25" 1@Z/2 5&10 205" !
D®Z/2- (l—l—p)naflo 203" I@Z/Z fxo 3[120010?" 1]3692/2 wa 3[1200'(08"—1]3,
X) ”§6n+7 16n—7(SIO 0) Z/z Blo(x70' 16n)®z/4 3&10 4&)2’”161"
@Z/Z 510 1(/“016" 2)
xi) ”32n+15 ——32n—-15(S10 0) Z/4 x%—&lo 8w§n+1_2n@z/4 3510 4&)2"”61"“
@Z/Z 510,1(#0):}2“6)
xii) 7z32"' —32n+1(S10,0) Z/s Xsaflo Swgnagn 1
BZ[4-(X°6EF swi"@s" ' —VEH 0t 8" NP Z/2-£F, 1(#&)§2"_10)
for any integer n.

Proposition 1.4. There holds the relation
(1+P)5510 208" = (1—}—p)7yo'flo 203"}

for any integer n.

Computation of z§~»~4"1(§}:°) for p-4-¢=09.

Proposition 1.5. i) 8,,0i*"=0, ii) &,,0i*""32=4XcE%, sm‘é””—“”“
iii) 510,10)?2"“6*27(50‘510 swgﬂlfv’g”, iV) 810,160%6” B_BIO(X 0-—1671)’ V) 610,1601

—:310(767j Bn)v Vl) 810,160';"”—:810()673—471)9 Vii) 510,10’?4"“'—“20)?3—‘(1—f‘P)w% and
Vlll) 810 1w64n+33 %g+1_(1+p)m%g+l-

Proof. We prove only the relation iii). The other relations can be proved
by similar arguments to [I], Proposition 10.7.
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Since 8, 01"+ 1*=2X¢E swi" '@s”, there exists aEns satisfying
8 C032n+16 — ZXSO'EID 8w§n+l_2n_|_§10 l(aw§2n+6) .

Therefore there exists BE 77, satisfying

8 w32n+16 — 2X40'Eu 8w§"+1—2"+«’311 z(aw26"+3)+£u l(Bw:;‘ZnJrS) X
Apply 8, ;, to both sides of this equality. Then

(na+2B)w" = 0

Hence a€Z2:7’p@ Z|2+€, which implies £¥ (awi’**®)=0. This completes
the proof. [J

Thus we obtain

Proposition 1.6. (zs'~>~*71(S}"°), p+¢=9)
i) 7[654n+1 —64n(Sll 0) Z/64 lel@z/z VVEI] 4w§nw8n-—l’
11) 77:6S4”+33 64n—32(S11 0) Z/64 Ell 10w2”+169Z/2 Vllf“ 4w2n+4&_)8”+3
lll) ”%2n+17 —-32n-16(S11 0) Z/32 ﬁgu 9(09 +1@Z/2 vvfu 4win+261n+1
iV) ”}Senw ,—16n— 8(S11 0) Z/16 ﬁzgll 8wg+1 ”@Z/Z VVEII 4(02”'”62"
V) S = ZI2 X0 el D 2120 a0t~ D B2 st
vi) ¥ 8"“2(3“ 0) Z2- vt solio) I@Z/Z & 208"
@Z/Z P’?O'En zwén 3 / 5&11 za)%” 3EBZ/Z sz_fu zwé” -3
DZ(2-£¥ 4[120008" 51, Z[2- pEH 5[120005],,
vii) #YrIY(SIL) = Z/8- X5 ER sl Z[2+ Efy 1 (w0,
Vlll) 7[8n+5 —8n— 4(S11 0) Z/s ﬁsll 7[77 m8n+2]7’
iX) n_%n-}ﬁ 8n—5(Sll 0) Z/Z ﬁ&gll 2602"'”@2/2 esfll Zw%n-u,
X) 77,'%“'7 —8n— 6(S11 0) Z/Z _‘70_&“ 20-)2” leaz/z (‘:\En 2(1)%"_
D22+ (1+ p)oth pof" ' D Z[2- Eh 3[120003 1D Z[2- pEH 5[120005" ],
Xl) 7[}96n+8 —16n— 7(S11 0) Z/4 35“ 4win+l Zn@Z/z Ell I(MwiGn—Z)’
Xll) ”32n+16 —-32n— 15(S11 0) Z/Z xso_gll 8w§n+1 2”@Z/4 3511 40)3'”251”.“
GBZ/ 511.1(#(1)12“6),
Xlll) 7[%4:14-32 —64”—31(83‘.1 0) Z/4 Xsmfu 3a)§"+2_4"+lEBZ/4 ”3&11 4&)2"“(»8"”
DZ[2-E5 1(noi*??),
XiV) 7[6411 —64”—1(811 0) Z/8 X O—Ell 3w§”6§" 1
/ (Xso'fll 88 @8 x—ﬂs«fu 460%"(0%” 1)692/2 fn 1(#6064”*10)
for any integer n.

b

Proposition 1 7 There hold the relations (14 p)E&H 205 ' =(1+p)nokl ,
w3"*t and pEY 10010 =Ef 10015t for any integer n.

Proposition 1.6 describes \j, for p-+¢=9. By [I], Proposition 4.8, the
groups 7;, for p-+q=9 are determined if (p,q)=+(5,4), (6,3), (7,2), (8,1), (9,0)
or (10, —1).
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Consider the following exact sequence

) X
-5t 1(S1 0) —iﬂ'g o — ”éso E)l”sa 0(S1 0)
Since z5% 1 (SY)=Z/2 pfowi*DZ[2+nEwi *DL|2- por’, 8,(FPowr®)=28,8\(%m0o)
-—0 81(778(01 ) Slﬂl(ﬂge) 0 and 81([14(01 ) alﬂl(}bg) 0 we have Im[SI _8 -1
(S4")—>754]=0. Hence 73 .~ Ker[B: z§,—>zs>°(S¥°)]. By [1], Theorem
15.26,iv), we have

w80 = Z+ YD Z|2+hic D Z[2-HE;

where Xy,=1%y,. Since X: 75— 7o is a monomorphism, we see that py,=y,.
By the fixed-point exact sequence [I], (1.12) and Proposition 1.2, i), we have
7i0,-1=2Z[2-05%,. 'This implies that 8,: z5,—75°°(S}°) is an epimorphism.
Hence

Y(¥o) En+Z[2-7'c D Z|2-7E .
Thus we obtain

Proposition 1.8. i) 75,=2Z-y,DZ|2-Hp0DZ[2-9E,,
i) Xyo="%y,; and py,=y,,
iil) Y(y))EntZ(2:n'cDZ[2-7¢.

It is now easy to compute the groups z;,, for (p,q)=(5,4), (6,3), (7,2) and
(8,1), and we obtain

Theorem 1.9. (7}, p+9=9)

1) n§_4=Z/2-ﬁ§4®Z/2-ﬁﬁ4a,

i) #s3=224-976PDZ|2-0°
i) 77,=2/2:-X3gp,

iv) 731=2Z[2- %o DZ|2- psno D Z|2+EDZ|2+ pieE D Z|2+ D Z[2+ pj,

V) #50=2Z+YsDZ|2 0D Z|2+HE,,

vi) ”iso,—lzz/z";f”o’s,

Vi)  7gn,—sns 9= Z[2- V5D, D Z|2 5p0,mo P Z[2+ prre,mo D Z[2+ %5, ED Z[2« pg, &
D22 fog, DZ|2+ pfig,DrSsns9 for nEl,
Vill)  7ni1,—anr s~ Z[2- X080t "D Z[2+ g HED Z|2+ g, EsD 5415 for nkl,

iX)  7fons2, 16047 2164616, D Z|2 05516, Dl 16047 for any integer n,

X) 73on—6,-32415~ Z[32+H8ows "D Z|2+ 00Dy, s P 320415 for any integer n,
xi) 7534n—22,—64n+3lzz/64‘Slom}O—Z”@Z/2°ﬁiﬁ64n—24@7t§-64n+31 for any integer n,
xii) 7 84n110,~6an—1~= Z[64- X80T D Z[2 « 0556401 D7 6401 for n=%0,

xiii) nfe,,+3 16046~ Z[4 V3516, D Z|2 + X161 st P 16016 for any integer n,
XiV) T3ams -32n+14~Z/2 X 0'0'32,,G9Z/4 V3Dgon- s@Z/Z XAaon- 4#@75_32“14 f0" any
integer n,
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XV)  7lin21,—64n+30~ 2[4+ X°6 G o4 16D Z|4+ VB4 D Z 2+ X001t D7 64n4.30 for

any integer n,

XVi) 71'634“11.—64”—2NZ/8'XS&OO'MHIGGBZ/""(Xson'oo's«inﬂs'“ 31764n+8)€BZ/2'X7°764n+12M
@Drlesn—z for any integer n,

Xvii) ”ssn+4.-—8n+5~Z/2'738n+4’7‘7@z/2’778n+48@z/2'(1 +P)nsanT D Z[2 g4
BDBZ|2 pfogysDnEsass for any integer n,

XVlll) ”gn+5,—8n+4zz/2°ﬁSnﬁ&®Z/2'ﬁ8néS®ﬂfsn+4 for n=|=0,

XiX) ”gn+6,—8n+3zz/8'ﬁésn+5@7t-s-8n+3 for n=+0,

XX) 7t35,,+7._3,,+2%Z/8-Xs&ssw{{”@Z/Z-Xr"]g,,+8u€97rf3,,+2 for n=|=0.

Proposition 1.10.  There hold the relations (1 p)#g, =1+ p)Sgnsmo and
PO it =3 wis*" for any integer n.

2. 10 stem
Routine computations yield the followings.

Proposition 2.1. (z¢~2~%"1(S}*9), p+¢=10)
l) ”§4n+1 —64n(S12 0) Z/lzs lez,
“) n(§4n+33 ,—64n— 32(812 0) Z/64 ﬁflz 100)2” 1’
lll) ”%2n+17 ,—32n— 16(812 0) Z/32 ,62512 9(03’”1,
iV) ”§6n+9 —16n—8(SlZ 0) Z/16 ﬁ3§1z 3&)’3’“63,
V) ”8n+2 —Sn—l(Slz 0) Z/Z‘VE BQB@Z/S EIZ I(Blwsn— )
Vl) ”%n+3 —8n—2(S12 0) Z/Z X3 AZE 8C08@Z/2 .;)’70_512 2(0;” 3®Z/2 ﬁé‘flz zwgn -3
GBZ/Z yg'flz 20)%"“,
vil) 2% I(SY)=Z[8- X6 EY, s D Z[2+ pEy 208" P D Z[2+ puEF 0i™?
EBZ/3 ?:.:12 1(B1€0t1m—7)
Vlll) n%ﬂ+5 —8n—4(812 0) Z/S y7§12 4604 C04,
iX) ”§n+6 —8n—5(Slz 0) Z/3 Elz l(ﬁlwllm 5)
X) n,ssn+7 —8n— G(Slz 0) Z/Z ‘7770‘512 2w§”_l@z/2 ﬁ&flz 2wgn—l’
Xl) ”§6n+8 —16n—7(S12 0) Z/2 ﬁ 12 4&)2"“_2”@Z/2 ,Ufflz zmgn 1
DZ|2- PIM‘Elz 203" I@ZB 512 1()8160}6" 3)

Xll) ”%2n+16 —~32n— 15(S12 0) Z/Z x4 12 8w§n+1_2n®z/2 ﬁ 12 4m:n+2_4n+l
@Z/Z ILEIZ 260%6“3@Z/2 PIIIEIZ 20)2 "+3@Z/3 EIZ 1(181&>?2”+5)
Xlll) n,64n+32 —64n—31(S12 0) Z/4 X40'512 8w8n+2_4n+1@Z/2 ﬁ 12 4win+4_8n+3

DZJ2- utt, 2“’ZZMIGBZ/Z - ppEls 203 D Z3 - E,, 1(/81w?4”+21)

xiv) w TN (SP0)=Z (8- XGE, swi' @ D Z[2+ (2X*6EY, sob'mh" !
— R, 4“’2”62""1)@Z/2 uEY, 203" D Z[2+ pukty 20057
BZ[3-E, 1(,816064"_“)

for any integer n.
Theorem 2.2. (z};,, p+q=10)

i) 71’3,4=Z/3'81(l81€0fs):
i) 78i=2ZJ24-9%,
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1if)
iv)
v)
vi)
vii)
viii)
iX)
x)
x1)
Xii)
xiii)
Xiv)

XV)
xvi)
xvii)
xviii)

Xix)
xx)

K. IRIYE

”59.2=Z/2"5sl‘@z/2':07‘78/"®z/3'81(:81601_7),

75,1= 2|25y oD Z|2ino D Z|2 - nise,

7i0.0=2Z1y,DZ|3-8,(Bw7°),

7Tiq1,-1=0»

7tgs,,,_g,,+10%Z/8-X46'83a)§_"@Z/2'ﬁsﬂp@Z/Z-pi}g,,u@Z/:;' 81(,8@{_8")
@7[53”4.10 for ﬂ:f: 1,

Tons1, a9~ Z|2+ X0 855 "D Z|2* Npeuo D Z|2 + 955, ED Z[2 + Hg,_5 Vs
Brlsnso for nkl,

”gn+2,—8n+8% Z/Z * ﬁSSwé‘”@ZB * Sl(ﬁlmrsn—l)@”58n+8 fOT n=+ 1,

7 ons3, 16047 L1656 16, P 16407 for any integer n,

7 3an—s,—32n4 15~ Z 32+ 7805 " P 2320415 for any integer n,
71‘634;:—21,-64“31%Z/64'ﬁsmwio_z”@ﬂ'femwl for any integer n,
Toins11,—6an1~ Z[128 X8 017 D 64n—1 for n=+0,
”isﬁn+4.—16n+s"=’z/2‘ﬁﬂsﬁlen@z/z'ﬁlenﬂﬂ@z/z'P516n+4ﬂ@z/3'81(31601_16”_3)
@nSi6ns6 for any integer m,

T3an—t 320414 L2+ X* GG 30sD Z[|2 - 193539, sD Z|2* 30 - st D Z| 2+ prspy—ypt
DZ[3-8,(Brwr )Pl s20414 for any integer n,
”g4ﬂ—20.—54ﬂ+30zz/4.X4&&64n—16®z/2'6g37564ﬂ—24@z/2'7%6471—20[1’

DZ|2+ posn-0itDZ[3+ 8, (Biwr " 2 )P 64nr30 for any integer n,
Tosns12,~6an—2~> Z|8+ X' G oyn 116D Z[2 + (2X*G G gsns16— 1PsP64n+8) D Z[2 * Hoan-128
@Z/Z’P%mﬂz,“!@z/:;'51(/31&)1—64"_“)@75564”—2 for any integer n,
7ins5,~8n+5 Z |2 Wiy s 0 D Z|2+ Yyign- 1B snrs for any integer n,
Tanse,—snsa~ Z[|38(B107¥ °) D7 s, 4 for any integer n,
Tins7,—sns 3> Z[8+ Y105, PrZsnss for n=0.

Proposition 2.3. 1) 49=0, 1ii) #9g,, E=NPgnran0.

3.

11 stem

To give generators of 75 ?~"1(S%°) for p+¢g=11 we prepare new elements
which are given by the equivariant Toda brackets.

Since r: 73, —>n3; is isomorphic by [I], Theorem 10.11, i), we see that
#?p=120, hence #*76=1206=0 by Theorem 2.2, ix). Thus the equivariant

Toda brackets

(3.1) <&, #"n, E 10",
(3.2) {H, 96, Ef101®™ D,
(3.3) B, s, Efy 10877,
and

(3:4) <A, e, Ef 12T

are well-defined. Then by [I], Proposition 6.8,
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75 3{S, 7y, Ef 101" D" = {Indwi* '},

7% olH, 6, EF 1017 D wi @y,
79, & 1<9, g, EIO 1w?2"+7> D7 ws"!
and

7710 ulh, iné, Y. 1w14n+23> Sl .
By [14], Lemma 9.1, we see that
‘P(83<0, 7 7, Es 101 " 3>T) == <0', 2> = C—I—an, )

V(8KH, 16, EF 10117 = {3, na, 2D = E4271,
Y(8,<H, Aind, E¥ 103" D) = (x, ylo, 2> = 4273

and
‘P’(811<ﬁ %70', 511 1w?4"+23>7) = <77’ ’720'; 2> = Z;—|—27l‘fl .

Thus there exist elements

(3.1 [Hooi"*,exy—>1"5(S3),
(3.2% [ wlo" 5], & rion+5.-160-8(§9.0) |
(3.3) [feli2r+ 4], e ni2r 14 —32n-16( §10.0)
and

(3.4.’) [7760(154n+31]1le75?94n+31'_64n—32(S};l'0)

such that 77’2",3[7}20'@1" 3]3—‘)770'(02" Y ‘P‘(Ss[ﬂ ol 3]3) ¢, ¥ 9[7730)16“5] —‘f)3mg+la>'",
‘,,,(8 [7]3wiﬁn+5]9) 63{, 7]9'10[7] Coii2n+14] 0= ﬁz 2n+1, (810[772(0?2"+14]10) 63§ 7)10'”
[0} =%wls*! and (8, [nwi** *'];) =638, respectively.

The equivariant Toda bracket

<300, 8, 3&¥ jwit'@s)"
is well-defined and
7¥s(300, 8, 3&¥ 0 '@s>" = {1200wi"*°} .
Thus there is an element
3.5) [12000i"*°];€ 300, 8, 3E¥ 0}t @iy  C ¥~ ~84(S3)

such that 7¥:{300, 8, 3£¥ ,0i* '@ >"=1200w}"**. Then [120cw"*’]s is of order 8
and Y(8;[1200w3"* *]5)=63¢.
Since »6=0 by Proposition 2.3, the equivariant Toda bracket
<ﬁ) a') Egk.lw16n+4>’r

is well-defined and
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nEeD, &, EF 101" DDws )
Thus there exists an element
(3.6) [P0l 5, &5, &, Ef 10l C i o -16m-9(§3:0)
such that 7§ s[v61*"*®l;=0w}* '@s.

Proposition 3.7. There hold the relations
ﬁ36' 2”+3_ﬁ28 w2n+3 ﬁ ao_(()%n-} _ﬁz(ﬁ')o?—4n776')25>2|<,1(§w n— 2) n n,4n—1 -—4n—9(S2 0)

Proof. By (3.1') we see that &F,((ol"?)=EF18,s[n’cwi" ;=20 MmEs
[Fowi"*];= 8, Z(ﬁva'wz“l) = ,32@7] wn6). Since By(8)—dwz ’eIm [Ef.: z5 3
(S = 7z5473(S%%)] and »*z§ =0, we have 603" *=1%°¢w;"*!. By Theorem
1.9, ii), we see that #é;=a- ﬁ2&+v3 for some a< Z[24. Since 4&,=12%¢4 by [I],
Proposition 15.24, we see that @ is of order 8. Thus #*;03" " *=%°¢w}"*’, which
completes the proof. []

By the same arguments as [I] using the elements (3.1)’, (3.2'), (3.3"), (3.4")
and Proposition 3.7, we obtain the following.

Proposition 3.8. (z¥~7~"1(S¥?), p4q=11)
i) AR (S1) = 21256 - Xats© 2/252- (32Xofs-+Efa(Cal™ ),
11) ”{928n+65 128n—64(S13 0) Z/(256 63) 513 126012 wlz
D Z[4-(63(17p—15)E¥ 12013 '@12),
111) G4n+33 64n—32(S13 0) Z/128 El3 11[?]w14n+31]
®Z/252 (165 3, 11[’70) 4’H-:“]u‘l“’:: 3 1(&064“”))
iV) 7[332n+ 17, —32n-—-16(S13 0) Z/64 §13 10[77 w32n+14 10
D Z[252- (8E% 1o[n°wi™ ] +E 1 (E0i™)),
V) ”§6n+9 16n—8(S13 0) Z/32 513 o[n w16"+5]
@Z/ZSZ (4513 9[77 w}G“S]g‘Ffls 1(560}6”—3))’
Vl) ”196"-&2 16n—-1(S13 0) Z/Z Vgls 9(09,
Vll) ”186n+10 —lGn—9(S13 0) Z/z E 9[V&)16n+6]9,
Vlll) n§n+3 —8n— 2(S13 0) Z/Z XZ 2&13 sws@zlz xg3§§;k3'4w262—1
@Z/SM 513 3[17 0‘0)?” 7]3»
ix) zitt-i—3(Q1s.0)— 7/8. x%& 5008 D Z[2- HpE 03",
X) ”8n+5 —8n— 4(S13 0) Z/8 13 5[1200’0)8"_3]5@Z/504 513 . 8n—7),
Xl) ”8n+6 —8n—5(Sl3 0) 0
Xll) ”8n+7 —8n—6(S13 0) Z/504 E 3[77 O_wln 3]3’
Xiii) ”{qzs'x —128n+1(S13 0) Z/16 .3 0'&13 swgnagn—l
DZJ2-(2X°cES, sos D L E&ER 101 @1 D Z2 - HuE 205,
XiV) ”528n+64 128n-—63(813 0) Z/s x30_513 sm8"+45§n+3
@Z/Z (2X30§13 8w8”+4_8”+3—85§13 4mi6"+8*16"+7)€9Z/2 ﬁ,U/EIS zw(254n+27
XV) ”%4“32 64n—-31(S13 0) Z/4 Xsm’fxa 3w§"+2—4”+1®2/2 55513 4w§n+4_8n+3
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®Z/2 ’9#513 26032“”

XVI) n,32n+16 32n—15(S13 0) Z/Z Xaafls 8m§n+1_2n@z/2 gsglii 4win-&Z_MHl
@Z/Z ﬁl’/gla 264)%6“3,

XVii) ”16n+8 16n—7(S13 0) Z/ 85513 4min+1__2n@z/2 ﬁl-lffls ngn 1

for any integer n.

Put
(3.9) 24n+2 = 8[n'c0l "y Em itz —ans9 s
(3.10) L4 = 8120001 "], € 78, —sns11
(3-11) §16n+4 = 89[’73(05—16”]9E‘/'l'lsen+4,~16n+7 )
(3.12) §32n o = Sy[rwi* W E s, —320415 »
(3.13) §e4n—2o = 8[nwd 54" EZ8in—20,—64n+31
and
(3.14) Z‘xzsn-sz = 81,017 "®17 E Mi28n—52,—128n+63 «

Then by definition we have

Proposition 3.15. i) V(i) =1, X§4,,+2— Hhpmd, i) Y (E4s) = 63,
iii) ‘I"(C on+s) = 038, X§15n+4—’) Gem 1Y) 11"(?32,1 4) 63¢, x§32n o= #0057,
V) \P‘(§64n zo) 63¢, XC64n— 0—68106010 * and Vl) 1!"(§128n 52) g.

Thus we obtain

Theorem 3.16. (z;,p+g=11)

i) 78s=2Z/504. CG,

i) 7#7,=0,

iii) 7§ ,=2Z/8- ESEBZ/S p§a€BZ/63 -8t8,w1 ' D Z|3- 8%,

iv)  75,0=Z|2+Hpeu, )

v) 7’180,1:Z/2'ngf’ﬁs@z/sm“gm;

Vi) 7tu =27 Yo,
vil) 7miy,-1=2Z[252-¢8,07",
viii) Tin,—sns 11~ Z|8+ gsn@Z/S'Pzén@z/63‘82:31&)}_8"@71—5-8“11 for n=1,

ix) 7zgs,,+1,_8,,+w~Z/8~X%‘stg’”@Z/Z-ﬁﬁg,,p@nfg“10 for n¥1,

x) 7t3,,+2 _ens o~ Z[504- 8y, D Z[2 - X228 505 "D Z|2 XD D Ssnss for k1,
Xi)  7ions3,—16n48~ Z[2+ So[vews "yl 16445 for any integer n,
Xii) ﬂlsennl 16n~Z/2 VagCOQ @ﬂ—lsn fOT n=F0
Xiii) 7f16n+4 16n+7~Z/32 §16n+4€BZ/252 (4§'6n+4+Cslw_w"—s)@”-s-lann f07 any
integer n,
Xiv) T3on—t,—32ns15~ 2|64 §32,,_463Z/252 (8§32n—4+C31w—32"+5)@ﬂ azms1s  Jor
any mteger n,
XV) 71'64n—20 64n+31~Z/128 geu—zo@z/zsz (16§64n—20+§81w;64"+21)@”564n+31
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for any integer n,
XVi) ”fzsn—52,~128n+63zz/(256'63)°Z‘128n—52@z/4.(63(17p—IS)EIZSn—SZ)
DS 128ns63 for any integer n,
XVil) 7 2gnr12,— 12801 Z[256+ X8 3074 D Z/252+ (32X S yw1s + £ 8107 ¥ )
@”flzsn—l for n=0,
XViil) 735ns5, 164 6" 2|2+ EsDron@® Z|2+ Whr6ns st DS 16046 for amy integer n,
XIX)  Z3on_3,—32n1 14 2|2 X363, PD Z 2+ EsBripy s D ZJ2 + H3 st DT 320514 for anmy
integer n,
XX)  7osn—19,—641430 B[4 X663, 16D L2 EsDsn-24D Z 2 + Do D7 Z64ns30 foOr
any integer n,
XXi) 7[1528n—51,-128n+62%Z/8 * Xs&&1zsn—4s@z/2‘ (sza’oo'lzsn—w-ésﬁlzsn—se)
P Z|2 W98y -5ot DS 128ns62 for any integer n,
XXii) 71'152871+ 13,—128n—2”‘~"z/16' XSOO-OO-IZSn+16®Z/2 * (2X35'5'128n+16i505’3128n+8)
DZ/|2 Nipggn 128 D7 12802 for amy integer n,
xxiii) n§n+6_8,,+5~Z/504-Z’g,,MEang“s for any integer n,
XXIV) Z8ns7,—8nsa =T gnsa fOr any integer n.

Proposition 3.17. i) Plinrz=—"Cumsa i) 9€s,.5=0 for any integer n.

Finally we list the tables of 7, for 0<p+¢<13 and —1<¢<p, and
Ao for 0<p+¢<13. In the following tables co+4p"+¢° indicates the direct
sum

ZOZpD- DZPpDZ|gD- - DZ[q .

r s

Table 1. 75, 0<p+q<13, —1<q<p

M —1 0 1 2 3 4 5 6

0 0 o0+ 00

1 0 oo

2 0 o0 2

3 12 o 2%

4 0 o 0 2

5 0 - 0 2

6 2 ) 0 2 24+8

7 12042 o +22 240 0 480+12+4

8 2 oo 424 28 0 24+4 2

9 2 oo 422 26 2 2442 22
10 0 w0 +3 2 2243 2% 3 22

1 252 - 504+2 2 82+63+3 0 504
12 0 o 2 0 8+3 0 0 22
13 3 o 243 0 8+32 0 3 22
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Table 2. 5, 0<p+q<13
p+q ~| 0 1 2 3 4 5 6 7 ®
0 oo 2 oo 2 oo 2 ) 2
1 0 22 2 4 0 22 2 4
2 0 2 22 8 0 2 22 8
3 2 12 2 24+8 2 12 22 16+12
4 2 0 0 8 2 0 2 16
5 2 0 0 8 2 0 2 16
6 22 2 0 8 4 0 22 16+2
; 2 24042 2 24044 28 0 6(16) 2 7(16)240+ 16 +2
+ 14(16) 22 15(16)32+120+2
6(16) 4 7(16) 16+2
8 25 24 4 8 24 23 14(32) 4+2 15(16) 32+2
30(32) 42
6(16) 4+2 7(16) 16+2
0 w1 gra g g g HOD 42 1502) 3242
+ 30(64) 4242 31(32) 64+2
62(64)8+4+2
6(16) 2343 7(16) 16
10 943 . i3 8 3 o2 14(32) 2¢+3 15(32) 32
+ S 30(64)4+25+3 31(64) 64
62(64)8+23+3 63(64) 128
6(16) 22 7(16) 32+252
14(32) 23 15(32) 64+252
11 2 504+22 8+2 8+63 0 504 30(64) 4+22 31(64)128+252
62(128)8+22  63(64)256+252
126(128)16+22
6(16) 2 7(16) 16
14(32) 22 15(32) 32
12 2 22 8 8 0 0 30(64) 4+2 31(64) 64
62(128)8+2 63(128)128
126(128)16+2 127(128)256
6(16) 2 7(16) 16+3
14(32) 22 15(32) 32+3
13 2 2243 8 843 0 3 30(64) 4+2 31(64) 64+3
62(128)8+2  63(128)128+3

126(128)16+2 127(128)256+3
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