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Let V be a vector space over a finite field & of characteristic =2, and (x,
y) a non-degenerate symmetric bilinear form on V. For an element @ in ¥V
with (a, a)=+0, we denote by o, the reflection in the hyperplane orthogonal to
a. A subspace generated by q, b, -+-, ¢ is denoted by <a, b, +**,c>. Especially
<ay is denoted by a. Let A={a|(a, a)=1}. We can define a symmetric
structure on A by @°b=¢, where ¢=a". The main object of this note is to
show that if dim V>4 or if dim V=4 and k= F; (the field of three elements),
then A is a primitive symmetric set. For the primitive symmetric set, see
[3]. Group-theoretically this implies that the centralizer of the involution o,
in the orthogonal group is a maximal subgroup.

Let G(V) be the orthogonal group, and Q its commutator subgroup. Let
H(A) be the group generated by o,0, where (a, a)=(b, b)=1. Note that
the restriction of H(A) onto A is called the group of displacements and is de-
noted by H(A) in the previous papers. We denote the latter by H(A4).

Lemma 1. Suppose that dim V>4. Let a and b be elements in V such
that (a, a)=(b, b)=0 and that <a, b> is a non-singular subspace of dim 2. If x
is an element in V such that (x, x)=(a, a) and dim <a, x>=2, then there exist T,
and 7, in G(V) and ¢ in V such that a'=a, x"'=¢, a">=b and x"=c.

Proof. First, we note that if y and 2 are elements in ¥ such that (y, y)=
(%, )#0 and that dim <y, 2>=2, then <y, 2> is non-singular if and only if
(7, 8)F+(y, y). For, let z=qy+t with @ in k and ¢ in V such that (y, £)=0
and t=0. Then <y, 2> is singular if and only if (¢, £)=0, if and only if a=
41, if and only if (y, 2)=4(y,y). Now, put ¢c=/(a+b)+u with B in k and
% in V such that us<a, b)>*. We let B=(a, %) ((a, a)+(a, b))"'. This is
possible since (@, @) —(a, b) as noted first. Then (a, ¢)=(b, c)=(a, x). Next,
select « suitably in <a, b>* so that (¢, c)=(a,a). This is possible since <a, b>*
is universal, i.e., k= {(u, u) |luc<a, b>*}. Note dim V' >4 and hence dim <a, b>*
>2. Thus, we have <a, x>=<{a, ¢)==<b, ¢, the first elements corresponding
to the first, and the second to the second by the isomorphisms. Then by Witt’s
theorem, we have the consequence stated in Lemma 1.
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Lemma 2. In Lemma 1, 7, and 7, can be taken in Q, if <a, x> is non-
singular.

Proof. Any isometry on <a, x>* is extended to an isometry on V by lett-
ing it operate trivially on <a, x>. So, by multiplying 7; by an isometry on
{a, x> if necessary, we may assume that 7; is contained in O*(V), the group of
rotations. Next we recall that O*(V)/Q = k*|k*?, where the isomorphism is
induced by the spinorial norm 6. (See [1].) So, if necessary, choose p; suitably
on <a, x>* such that 6(p;r;)=1, which implies that p,7,€Q. Take p;; for
7;, and the proof is completed.

Lemma 3. Suppose that dim V>4. Let a and b be elements in V such
that (a, a)=(b, b)#0 and that <a, b) is non-singular of dim 2. If 7 is an element
in G(V) such that dim {a, a"»>=2., then there exist T, and 7, in G(V) such that

atiltnitait it = p
Proof. Let x=a" in Lemma 1. The above identity follows easily.

Lemma 4. Suppose that either dim V >4 or dim V=4 and k+F,. Let
a and b be elements in V such that (a, a)=(b, b)=0 and that {a, b> is singular of
dim 2. Then there exists ¢ such that (c, c)=(a, a) and that <a, c¢> and <b, ¢> are
both non-singular.

Proof. Since <a, b> is singular, b=+a-+¢ with (a, £)=0 and (¢, £)=0
as noted in the proof of Lemma 1. Without losing generality, we may assume
that b=a+¢. Then there exists ¢’ in {a>* such that (¢', ')=0 and (¢, t')=
3(a, a). (See [1], p. 119.) When dim V' >4, we have dim <{a, ¢, #'>- > 2 and
hence there exists ¢ in <{a, 1, t'>* such that (¢, ¢)=(a, a). ¢ satisfies the con-
ditions in Lemma 4. Suppose that dim V=4 and that k+F,;. Put c=aa-+
Bt+vt’. Then, (¢, ¢)=(a, a) if and only if a*(a, a)+28v(t, t')=(a, a), i.e.,
a*+By=1. Suppose that this is satisfied. Then, (a, a)=(c, ¢)=(b, b), and
so, <a, ¢y is non-singular if and only if 441 as we noted before. Also,
b, ¢ is non-singular if and only if a+3v#+41. For, <{b, ¢) is non-singular
if and only if (b, ¢)==4-(c, ¢) which implies (a+17) (a, a)F4(a, a). If the
characteristic of k43, let a=%, 8=+ and y=3. If the characteristic=3 and
k=+F,, let € be an element in k such that &=—1, and let a=1+¢§, B=—2—¢
and y=&. Then a?+By=1, a*-+1 and a+4v=+41, the proof being com-
pleted.

Theorem 1. Suppose that either dim V >4 or dim V=4 and k+F,. Let
a and b be elements in V such that (a, a)=(b, b)+=0 and that dim <{a, b>=2.
Let & be any non-zero element in k. Then there exist a(i=1,---,4) such that
(a;, a;)=3 and that a%,9:949.,=b. Especially, A is transitive symmetric set.
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Proof. First suppose that <a, > is non-singular. Let d=a-+tu, where
#=+0 is chosen in <{a)>' so that (d, d)=3. Clearly dim <a, a"*>=2, and hence
by Lemma 3 there exist 7; and 7, in G(V) such that ari'ostit3'0at2=b, i.e., a%,04;
=b, where a,=d™ and a,=d™. Let a,—a,=a,, and Theorem 1 holds in this
case. If {a, b) is singular, we use Lemma 4. Let ¢ be an element given in
Lemma 4. Apply the above argument on <aq, ¢> and <{¢, b>. We can find a;
(¢=1,+--,4) such that a%%::=c and c%s%,=b. The proof 1s completed.

Lemma 5. Suppose that dim V >3. Let B be a block in A, i.e., a set of
imprimitivity with respect to {o,|acA)>. Suppose that B contains more than
one element. Then B contains a, and a, such that (a,, a\)=(a;, a;)=1 and that
{ay, ay) is non-singular of dim 2.

Proof. Let @ and b two different elements in B with (a, a)=(&, b)=1.
If <a, b> is non-singular, we have nothing to prove. So, assume that {a, b)
is singular. We may assume that b=a-t with (a, £)=0 and (¢, £)=0 as before.
Let ¢’ be an element in <a)>* such that (¢',2')=0 and (¢, ¢')=4. Let c=t+t¢".
Then (¢, ¢)=1, a’=a and b°*=b—2(b, c}c=a—1t’. Therefore by the definition
of a block, a—t'eB. Let a,=b and a,=a—t'. a, and @,€B, and <a,, @, is
non-singular since (a,, a,)=1—4%%+1.

Corollary. Suppose that cither dim V >4 or dim V=4 and k=+F,. Then
QCH(A).

Proof. We must show o,0,0,0,€ H(A4), where o,40,. By Theorem 1,
there exists an element 7 in H(A4) such that y’*=y". Let p=7o3*. Since y*=y,
we have p~'o,p=0,, or 6,p=pg,. Theno,o,0.0,=(p7'7)a,(p7'7)'e,=p \(70,
77 '¢,)p. Since H(A) is normal in G(V'), we have QC H(A4).

Theorem 2. Suppose that either dim V >4 or dim V=4 and k+F,. Then
A is a primitive symmetric set.

Proof. Let B be a block containing more than one element. By Lemma
5, we may assume that B contains @ and b such that (a, a)=(b, b)=1 and that
{a, b> is non-singular of dim 2. Let ¢ be any element such that (¢, ¢)=1
and that <{a,c¢> is non-singular of dim 2. By Lemma 2 and Corollary, there
exist 7, and 7, in H(A4) and an element d in V such that a"'=a, b"1=d, a">=c¢
and b"2=d. From the first two, we conclude that d&B, and from the last two,
ceB. Next, let e by any element such that (e, €)=1 and that {a, ) is sin-
gular. By Lemma 4, there exists an element f such that (f, f)=1 and that {a,
f> and {f,e> are both non-singular. Then applying the previous discussion,
we have f€B and then éeB. Thus A=B, and 4 is primitive.

ExampLe 1. Let dim V=4 and k=F,. Let (x, x)=xi+x3+x5+x].
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Then A consists of 60 elements. We can show that 4 is isomorphic with the
alternating group As considered as a symmetric set. In fact, 4 has genera-
tors: @, a, @, and a,, where a,=(1, 0, 0, 0), a,=(1, 2, 1, 0), a;=(0, 1, 0, 0) and
a,=(0, 2,1, 1). If we denote o;=a,, then (c,0)°=(0203)*=(0304)*=id, and
otherwise (o,0,)’=id. We illustrate these in a diagram:

5 3 3
a, a, a,.

a

We have an isomorphism ¢ of 4 onto A given by ¢(a,)=id, p(a,)=(12345),
o(a;)=(12) (34) and o(a,)=(12) (35). The group H(A4;) is isomorphic with
Asx As. (See [5].) Thus H(A)=~A;x As. This result is also given from
Theorem 5.22 of [1], p. 203.

ExampLE 2. Let dim V=4 and k=F;. Let (x, x):fo—i—x%—l-x%j—xi. In
this case, 4 consists of 65 elements. A has generators: b,, b,, b, and b,, where

b,=(0, 1,0, 0), b,=(0, 2, 1, 1), b,=(0, 0, 1, 0) and &,=(2, 0, 2, 3). The diagram is

5> 5, 52> 5,
This primitive set of order 65 is not found in [2], [4]. Note that in [2], [4], a
primitive set is called simple. For this 4, H(A) is isomorphic with PSLy(Fy)
from Theorem 5.21 of [1], p. 202.

ExampLE 3. Let dim V=4 and k=F, Let (x, x)=xi+xj+x3+xi A
consists of 12 elements and is isomorphic with 4,. It is not primitive.

ExampLe 4. Let dim V=3 and k=F,. Let (x, x)=xi+x3+x3. A
consists of 15 elements. We can show that 4 is isomorphic with the sym-
metric subset of As consisting of (i j) (k [), where i, j, k and [ are all distict. 4
is not primitive. {(1, 0, 0), (0, 1, 0), (0, 0, 1)} is a non-trivial block.
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