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1. Introduction. We consider here the problem of whether a smooth
manifold M (compact, without boundary) embeds in Euclidean space of a given
dimension. Our results are of two kinds: first we give sufficient conditions for
an orientable z-manifold to embed in R**"% and we then give necessary and
sufficient conditions for RP" (=n—dimensional real projective space)to embed
in R**~%,  We obtain these results using the embedding theory of A. Haefliger

[6].

Recall that by Whitney [37], every n-manifold embeds in R**. Combining
results of Haefliger [6], Haefliger-Hirsch [9] and Massey-Peterson [16] one
knows that every orientable n-manifold embeds in R**~* (n>4), and if # is not
a power of two, every m-manifold embeds in R*'. Finally, if n is a power
of two (n>4), by [9] and [26] one has: a non-orientable #-manifold embeds in
R*™7' if and only if w,_,=0. Here w,,i >0, denotes the (mod 2) normal Stiefel-
Whitney class of a manifold M.

We give two sets of sufficient conditions for embedding an z#-manifold in
R*72; in order to use the theory of Haefliger, we assume n>7.

Theorem 1.1. Let M be an orientable n-manifold, with w,_,.;=0, for i>0.
If either w,=+0, or w,+0 and H (M ; Z) has no 2-torsion, then M embeds in R**.

Here w; denotes the i** mod 2 (tangent) Stiefel-Whitney class of M. A
necessary condition for M” to embed in R**~*is that w,_,=0. Note, however,
that if n—1 is a power of two, then RP" does not embed in R**"?, even though
W,_,=0. (In this case W,_,=+0 and H,(RP*; Z)=272,).

By Massey-Peterson [16] one has that @,_,.;=0, >0, for M*, provided
one of the following conditions is satisfied: #=3 mod 4; n=0, 2 mod 4 and
a(n)>3; n=1 mod 4 and a(n)>4. Here a(n) denotes the number of one’s in
the dyadic expansion of the integer n.

Recall that an orientable manifold is called a spin manifold if w,=0. As
a complement to Theorem (1.1) we have:

Theorem 1.2. Let M be an n-dimensional spin manifold with w,_s,;=0,
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i1>0. Then M" embeds in R**"*, provided that H,(M; Z) has no 2-torsion when
n=0 mod 4.

Again by [16] and [26] we have: let M” be a spin manifold with n=1
mod 8, 4<j<7; then, w,_;=0. Thus by (1.2) we obtain: if M" is a spin
manifold with n=5, 6, 7 mod 8, M embeds in R**~2,

We consider now the problem of embedding RP”. Quite good results
have been obtained by geometric methods. In particular, the work of Mahowald-
Milgram [15], Steer [31], and Rees [25] gives a good picture for large values of
a(n). However, we now show that for small values of a(n) the known results
are not best possible.

Theorem 1.3. Let s be a positive integer, not a power of two. Set
n=238s+1t, 0<t<7. Then RP" embeds in R*""°, provided ct(n) >4 when t=1 or 2.

To my knowledge this is a new result in the following cases (all congruences
are mod 8).

n=0, 2<a(n)<8,
n=1, 4<a(n)<6,
n=2, 4<a(n)<7,
n=3,5, 4<a(n)<5,
n=4, 3<a(n)<7.

Combining results of [31] and [25] one has (cf., [12, 5.3]): If n=7 mod 8,
RP”* embeds in R *™73; thus, if =6 mod 8, RP" embeds in R** *"~2
Consequently by (1.3) we have:

Corollary 1.4. Let n be an integer such that n>15 and n=2, 4 mod 8.
Then RP™ embeds in R*~° if, and only if,
a(n)>2, and n=0
a(n) >4, and n=1,3,5,6,7.
Of course, by (1.3), if n=2 and a(n)>4 or n=4 and «a(n)>3, then RP"
does embed in R**7°, Note [29], [1], [21], [4], that when =2 and a(n)=3 or

n=4 and a(n)=2, RP" immerses in R**~° but not in R**~". 'Thus the following
conjecture seems reasonable.

Conjecture 1.5. If n=2mod 8 and a(n)=3, or if n=4 mod 8 and a(n)=2,
then RP" does not embed in R*~°.

The method of proof developed in this paper also gives one new result for
complex projective n-space, CP”".
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Theorem 1.6. Let n be a positive integer with n=3 mod 4 and a(n)>4.
Then CP" embeds in R*"~°.

For a(n)>5 this follows by work of Steer [31].

The specific result of Haefliger that we use is the following. For a topo-
logical space X let X* denote the product XX X and let A denote the diagonal
in X2 The group of order 2, Z,, acts freely on X’—A by interchanging
factors; we set X*=(X*—A)/Z,. The projection p: X*—A—X* is a 2-fold
covering map; denote by & the associated line bundle and by S,(&) the (¢—1)
sphere bundle associated to the g-plane bundle ¢&. Haefliger proves (see [5]
and [6, §1.7]):

Theorem 1.7 (Haefliger). Let M be a smooth n-manifold and let q be a
positive integer such that 2q>3(n-+1). Then M embeds in R? if, and only if, the
bundle S (&) has a section.

REMARK. A similar theorem has been proved by Weber [36] for PL-
manifolds (and semi-linear embeddings) and by J.A. Lees [41] for topological
manifolds with locally flat embeddings (assuming 2¢>3(n-+1)). Thus Theorems
(1.1) and (1.2) can be stated for these categories of manifolds. In connection
with Theorems (1.3) and (1.6), note the work of Rigdon [27].

Our method of proof is to use various techniques of obstruction theory to
show that the bundle S,(&) has a section. Briefly, the following techniques
will occur: (i) indeterminancy, (ii) relations, (iii) naturality, (iv) generating class,
(v) Whitney product formulae.

The remainder of the paper is organized as follows: in section 2 we develop
some facts about the space M*. Section 3 is a brief survey of obstruction theory,
while in section 4 we give the proofs of Theorems (1.1) and (1.2). In section
5 we prove Theorem (1.3) and in section 6, Theorem (1.6). Finally, sections 7
and 8 contain proofs omitted in previous sections.

2. Properties of M*

In order to use Theorem 1.7, we need to know the cohomology of M*,
especially mod 2. For the rest of the paper all cohomology will be with mod
2 coeflicients unless otherwise indicated.

To compute H*(M*) (mod 2 coefficients!) we use another result of Hae-
fliger [7], as reworded by Rigdon [26]. We set (cf., [19]).

TM = 8= z,(M?,

where S= is the unit sphere in R”, and where Z, acts by the diagonal action.
Also, let P~ denote the infinite dimensional real projective space, and for a
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manifold M let P(M) denote the projective line bunlde associated to the tangent
bundle.

Theorem 2.1 (Haefliger). Given an n-manifold M, there is a commutative
diagram of mod 2 cohomology, as shown below, in which each row is an exact
sequence (1=>0):

0 — Hi"(M) 25 Hi(Mx M) -2 H(MxM—5) -0

r* q* TP*
0 — Hi"(P>x M) —2> H{(TM)) -2 HiM*) —> 0

0 — H"(P=x M) -2 Hi(P=x M) 2% Hi{(P(M)) — 0

All the morphisms in the diagram, except the @’s, are induced by mappings
between spaces. ¢, and @, can be thought of as Gysin maps. Specifically,
given x& H*""*(M), then

(2.2) @, (x) = U-(1Qx), where UeH"(M?)

is the mod 2 “Thom class” of M, as given, e.g., by Milnor [20]. ¢, is computed
as follows. Let uH'(P~) denote the generater. Then, for xe H*(M), and

j=0,
(2.3) P (W Rx) = 2N T Quw,_(M)-x .

The key space in 2.1 is I'M; Steenrod [30] has computed the cohomology of
this as follows.

Let ¢ be the involution of M X M which transposes the factors, and set
o=1+t*: H¥(M?*)—H*(M?). Let K* and I* denote, respectively, the kernel and
image of o. Thus K* and I* are graded groups with I*C K*; set K¥*=K]|I.

Using the obvious projection I'M—P*, we regard H*(I'"M) as an H(P*)-
module.

Theorem 2.4 (Steenrod). There is an isomorphism of H*(P*)-modules,
H¥(TM)~(H*(P*)QK*)®I*,
where H*(P>) acts trivially on I*.

Note that K* is zero in odd dimensions. For each #>0 we have an
isomorphism
H"(M)~K®,  x—(x)*

where (x)? denotes the coset of I containing x®@x.
We now describe the morphisms ¢* and k* in (2.1).
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Proposition 2.5.

(1) g*|(K*®I*) = identity.

(ii) g*@"@(x)) =0, if m>0

(iii) k*(I*)=0,

(iv) KW @) = TS i@Sqi(x), if degx—ag.
For the proof, see Haefliger [7] and Steenrod [30].

Note that by 2.5 (iv), k*|(H*(P~)QK*) is injective. Thus, for
yeH*TM),

(2.5) v) y=0 ifandonlyif ¢*(y)=0 and k*(y)=0.

Returning to diagram (2.1), the map »: M—P> X M is simply the inclusion;
the morphism p, is computed as follows. As before, let & denote the canonical
line bundle over M*; set n=j*¢&, v=w s H'(P(M)). Recall (e.g. [11]) that
H*(P(M)) is a free H*(M)-module on 1, v---v™"?, with the relation

26) o= 0" (M).
Given x& H*(M), we have

2.7) (" QRx) = v™-x, m>=0.

Our goal is to find ways of showing that the obstructions vanish for a section
of the bundle S, (&) over M*. For this we need ways of showing that a class
in H*(M*) is zero. 'The following result is useful for this.

Define B* to be the subspace of H*(T'M) generated by all classes of the
form

(2.8) w®(x)’, with j4degx<dim M.
We set A=p,k*=j*p, in (2.1), and write A¥*=\(B¥*)C H*(P(M)). Note that
B*NI*=0.
Proposition 2.9.
(a) Kernel j*=p(I*),
(b) p|I* is injective,
(¢) Imagej*=NB*) (=A%),
(d) p maps B¥*@DI* isomorphically onto H*(M*).

The proof is given in §7.
Set w=w,ec H'(M*). Since p(z)=w and j*w=v, we have (by 2.4),
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Corollary 2.10. w-(kernel j*)=0.

3. Obstruction theory for sphere bundles

We discuss here the general problem of finding a section to a sphere bundle.
At the end of the section we consider the special case posed by Theorem 1.7—
the sphere bundle is one associated to a multiple of a line bundle.

Let X be a complex and » an oriented ¢g-plane bundle over X, ¢=>8. We
assume that dim X<g+5. Then the (mod 2) obstructions to a section in the
associated sphere bundle are the following (see [14], [34]), using the fact that
the 4 and 5-stems are zero [35].

X(w)eH(X; Z),
(ar, as)(0)EHTH(X)DHTY(X),
(B Ba)(w)EH™(X)DH™(X),
7y(0) e H*(X).
In our applications, » comes from a double cover and so the mod 3 obstruction
in dim ¢+ 3 is zero ([3], [28]). Also, for such a bundle, w,;,,(0)=0, >0.

These obstructions have the following indeterminacies: for j>1, define
0,;: H¥(X)—>H*(X) by
x—>5q7(x)+w ;(w)-x.
Then, assuming that w,(0)=w,(w)=0,
(3.1) Indet (a,, o) = (0,, 6,)H"Y(X; Z).
Indet (8, 8;) = (02, 8q*Sq")H(X)+-Sq'H***(X),
Indet (v;) = 0,H?"(X)+Sq'H**(X).
In the case of the B’s and 1, this is just the indeterminancy obtained by
passing from one stage of the Postnikov resolution to the next—not the “full”

indeterminancy in the sense of [18]. At one point we will need the full
indeterminancy for (8,, B;). Specifically, one can show (see [17], [18]):

Indet (8,, B;)() = ¥, H(X; Z),

where ¥, is a “twisted” secondary cohomology operation [17], [32] defined on
Kernel 8,NKernel , N H"'(X; Z), taking values in H?"*(X)PH***(X), and
with Indet ¥,=(0,, Sq*Sq')H*(X)+Sq'H?**(X). Note the simple, but
important, fact:

if Kernel 8, N Kernel 6, N\H?"Y(X; Z) = 0,
then

Indet (8,, B;) = Indet ¥, = (0,, Sq*Sq')H*(X)+Sq'H*"*(X).
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A second useful fact about these obstructions is that they satisfy certain
universal relations, see [14], [33], [34, 4.2]. Namely

O,0,(w) =0
3.2) Sq*Sq'a,(«)+Sq'a(w) = 0
02182(50)“" Sqlﬁa(w) = 0)

assuming, as above, that w,(0)=w,(w)=0. Moreover, if w;(0)=0 for 1<i<7,
we then have

(33)  Sqlay(w)+Sqa(w) = 0.

Suppose now that Y is a second complex and f: Y—>X a map. One then
has naturality relations for the obstructions: e.g.,

34 (i) If X(w)=0, then (a,, a,) f*w is defined and
FH(o, as)(0)C (o, as)f*o.
(1) IfX(w) =0 and (a;, a;)(0)=0, then
(B Bs)(f*w) s defined and  f*(B,, B)oC(Ba Ba)f*w.

We consider now the special case w=¢¢, & a line bundle over X. We take
q even, say g=2s, so that o is orientable. Let v=w,6cH"(X). Also, denote

X2
by &, the Bockstein coboundary associated with the exact sequence Z——Z—Z,.
Since X(2&)=3,v, one has

(3.5)  X(g¢) = 8,(v*).

To compute «,(¢¢) (assuming X(g¢)=0), we use the theory of “twisted”
cohomology operations, as developed in [17] and [32]. Write 6, for 0,(g¢). One
then has a secondary operation @,,, of degree 3, asociated with the following
relation (see p. 206 in [32]):

(3.6) @;: 0,00,=0, on integral classes.
Our result is:

Proposition 3.7. Let & be a line bundle over X, with v=w.&. Suppose that
X(¢8)=0, for some q=2s,s>2. If ,H" '(X; Z)=0,H? '(X), then o,(q8)=
D,(8,(v77%). sv°).

This is proved at the end of the section, using the ‘‘generating class”
theorem of [32]. '

One final technique we will need is the Whitney product formula for higher
order obstructions: see [22] and [34, 4.3]. We keep the notation of 3.7.
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Proposition 3.8.

(1) Suppose that X(q¢) = 0. Then
a(g+2)6=ay(gE)- 0%,
ai(q+2)=ay(g€)- v*+ai(g€)-o"

(ii) Suppose that X(g¢)=0 and that (a,, a,;)(g€)=0.
Then,
Bi(g+2)e=8,(g8)-v% j=2,3.

Proof of 3.7. Let » denote the canonical oriented 2-plane bundle over
CP=, The sphere bundle associated to 7 is

2s-1 J s-1_ " 00
81— CP*' —> CP~,

where 7z is homotopic to the inclusion. Let x=X(n)eH*(CP~; Z) denote the
Euler class of . Thus, X(sy)=x’€ H*(CP>; Z). Consider now the first stage
in a Postnikov resolution of 7.

E
27y
CPs—l — CP~ —xT) K(Z, 28)

T

Let e € H**'(E) denote the second obstruction. Then « arises because of the
relation

0,(x°) = 0.
(Note §§3-5 of [32]). But
x° mod 2 = 0,(x° 7).

Thus, in the language of §5 of [32], x°~*is a “‘generating class” for r; and hence,
by Theorem 5.9 of [32].,

(*) aED(p*x°"?, sx mod 2).

To prove 4.4, let f: X—CP= be a map such that f*(x)=38,v. Then, ¢gé=f*(sn)
—since ¢=2s. By hypothesis, X(¢¢)=0 and so f lifts to a map g: X—E.
Moreover, g¥a=a,(gt). But by (¥), g¥a e Dy((8,2)° %, sv®). By the hypotheses
of 4.4, a, and P, have the same indeterminacy, and so the theorem is proved.

REMARK. A similar result has been obtained independently by Rigdon [26].
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4. Embedding n-manifolds in R**~*

If M is an m-manifold, then M* has the homotopy type of a (2n—1)-
complex, and so to see whether (2z—2)& has a section (i.e., by 1.7, whether
M embeds in R*™*) we need only consider X(2n—2)¢& and «,(2n—2)¢. To
compute X we use the following important result of Haefliger [7].

Theorem 4.1 (Haefliger). If M is an n-manifold, then v™*=0 if, and only
l:f, wk+i:0, i> 0.

The following result implies Theorem (1.1).

Proposition 4.2. Let M be an orientable n-manifold. If S*H" *(M; Z)=
H*(M), then 0,H* > (M*; Z)=H"""(M¥*).

We give the proof at the end of the section.

Proof of Theorem 1.1. Since w,_,,,=0, for >0, it follows from (4.1) and
(3.5) that X(¢&)=0, where ¢g=2n—2. We will show that «,(¢¢)=0 by showing
that Sq’H" (M ; Z)=H"(M). For then by (4.2), H** '(M*)=Indet a,(¢¢) and
hence a,(¢€)=0.

Let p=H"(M) denote the generator. Suppose first that w,+0. Then
there is a class ye H" *(M) such that y-w,=p. But by Wu [38], p=y-w,=
5q*Sq'y, and so p&Sq°’H""%(M; Z). On the other hand, suppose that H,(M; Z)
has no 2-torsion. 'Then by Poincare duality, H* (M ; Z) has no 2-torsion and
so H**(M)=H""*M; Z) mod 2. Assume that w,+0, and let & H* *(M) be
a class such that y=z2-w,=8q’2. But 2=2% mod 2. for some 2 H"* ¥(M; Z),
and so again p&Sq*H" *(M; Z), which completes the proof of the Theorem.

We turn now to the proof of Theorem (1.2). Since M is a spin manifold,
Sq*H” *(M)=0, and so we cannot use Proposition (4.2); instead we have the
following:

Proposition 4.3. Let M be an n-dimensional spin manifold. If n=0 mod 4
or if H(M; Z) has no 2-torsion, then 8,H** *(M*; Z)=0,H**~*(M*).

Here 0,=0,(2n—2)¢. We give the proof at the end of the section.

Proof of Theorem 1.2. Since w,_;.;=0 (:>0), X(2n—2)£&=0, using (3.5)
and (4.1), and so «a,(2n—2)¢ is defined. By (4.3) and (3.7), a,(¢8)=
Dy(3,(v77%),5v%), where ¢g=2n—2, s=n—1. Since w,_,,;=0 (>>0), then by 4.1
9™ °=0?7°=0, and so «,(¢¢)=0, which gives an embedding of M" in R**~?, by
Theorem (1.7).

Proof of Proposition 4.2. Note that by (2.8), B*~'=0, and hence by (2.9),
HZ”—I(M*)=pIZn—1'
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Let £ denote the line bundle over M with w1£=u, and let 92=02(q£).
Then,

pb, = 0,p, 8,(I*) = Sq*(I*).

To prove (4.2), let yeH* *(M*) and let =I* ' with p(2)=y. Then,
g*z2=0(pR®b), for some beH"'(M). By hypothesis, there is a class
de H**(M; Z) with Sq*4=pu. Also, since M is orientable, b=b6mod 2 for some
I;EH""(M; Z). By analyzing H¥(T'M; Z) (e.g. [2]), one sees that there is a
class t€H*(T'M; Z) such that q*(£)=d®3+3®&eH2”'3(M2; Z), and
£ mod 2&1?"73. Thus,

¢*(Sq°4) — SqE@b+5@4) — o(1Db) = ¢*(3).
Since 2z, Sq’£<I* this means that 2=Sq°# and so
y = p(z) = pSq’# = pb,2 = 6,p(#),
as desired.

Proof of Proposition 4.3. Let §,=60,(2n—2)¢, 0, = 02(271——2)2?, as above.
Let x€ H* %(M*). Then (see (2.9)), one may choose b H**"*(I"M) so that
p(b)=x and

E*(b) = u" ' @h-+u"*QSq'h,
for some ke H*"*(M). Since M is spin, Sq*=0 and ¢*0,(b)=0. Moreover,
R*0,(6) = B,k*(b) — (g )u"+l®h+(”‘2‘2)u"®sqlh.
Note that
W Qh = p,(u@h) = F*p(u@h),
and g*u®h)=0. Set
8=b00)—o((3 )wen)
Then,
(*)  p(8) = 0.x), 4%(8) = 0, k*(8) = ("% )w @Sk

Case I, n%0 mod 4. If n=2, 3 mod 4, then (”52)=0 mod 2 and so 8=0,

which means that 6,(x)=0. If =1 mod 4, then ¥"®Sq*h=0,Sq*(«""*®H), and
k*Sq (1Q(h)")=Sq'(u" *Qh). Set

:8’ = ﬂ—é252(1®(h)2)-
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Then, ¢*3'=q¢*B=0, k*3’'=0, so 8’=0. Thus,
0,(x) = p(B) = 68,p(1R(h)*)=0,H* (M*; Z);

this completes the proof in this case.

Case II, H,(M; Z) has no 2-torsion. By Poincare duality, H*"'(M; Z) has
no 2-torsion and so Sq'H* *(M)=0. Thus, in equation (*), Sq’4=0 and so
B=0. This means that §,(x)=0, which completes the proof.

One can deduce other embedding results from (4.2), such as:

Theorem 4.4. Let M be an n-dimensional, non-orientable manifold, such
that W,_,,;=0, i>0. If Sg*H"**(M)=H""*(M) and if w,=w,’, then M embeds
in R™2,

Note that this gives as a special case the result of Handel [10]: if n=4k+2,
k>2 then RP” embeds in R*2,%

5. Embedding real projective space

Before proving Theorem (1.3) we develop some preliminary material. For
convenience we write P* for RP", n>1. In order to use Theorem (1.7), we
need some rather detailed information about H*(P™). We obtain this mainly
by studying A* and I*—see (2.4) and (2.8).

We begin with some notation. In H*(P~ X P"), we set

(5.1) [d, e] = 250 u* *RSq’x",
where d, e are positive integers and x generates H'(P*). By an abuse of nota-
tion, we use the same symbol to denote the image of [d, €] by p,: thus, in
H¥(P(PY),
[d, €] = 20 ¥ 7%+ Sqix”.
Note that by (2.5) (iv),
(5.2) R*(u? Q(x°)?) = [d+e, e].
Also, from (2.8), (2.9) we have
(5.3) In H*(P(P™), A* is spanned by the classes [d, e], where e<d<n.
In §8 we prove:
Proposition 5.4. In H*(P~ X P") and H*(P(P")),
Sq'[d, €] = d[d+1, e],
Sq'ld, e] = ( g)[d+2, el +e[d-+1, e+1].

*) Remark (added in proof). These results overlap some with recent work of D. Bausam (Trans.
A.M.S. 213 (1975), 263-303).
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Similarly, in I* C H¥*(T'M), we write o(d, €) for o(x*®x°). By the Cartan
formula we have:

Proposition 5.5. Sq'o(d, e)=do(d+1, e)+ea(d, e+ 1),
Sqio(d, &) — ( g)a(d+2, o)+ deo(d-+1, e+l)—|—( ¢ )a(d, e+2).

Combining (5.4) and (5.5) we prove in §8:
Proposition 5.6.
Sq2H4k—l(Pn*) — SqZSqIHtik—Z(P"*).

At one point we will need to know something about the integral cohomology
of P(P"). The following result (proved in §8) suffices.

Proposition 5.7. If n is even and k=1 mod 4, then
HHP™; Z) = §,HEY(P™).

We now can give the proof of Theorem 1.3. We do this by a series of
lemmas that fit together to prove all parts of the Theorem.

Lemma 5.8. Let g be a power of two, g=>8. Then,
a,(g+4)e=0 in H*(M*), M = P,

Proof. Since ¢ is a power of two, w;(P? *)=0, >0, and so by 4.1, v7=0
in HYM*), M=P?'. Thus by (3.5) X(¢-+4)&=0, and so a,(g+4)¢ is defined.
But by (3.7) and (5.6),

a,(q+4) E=Dy(8,071, 0)=0,

since ¥?"'=0. This completes the proof.
Now let s be an integer that is not a power of two, as in (1.3), and set
k=s—1, so that

8s+¢ = 8k+8+412 0<i<7.

Let g be the largest power of two such that ¢/2<8s. Then, ¢+4<16k+-4, and
so using the embedding P*#***C P?7', together with (3.8), we have:

Corollary 5.9.
a(16k-+4)E=0 in H'*(M*), M = P>,
Recall the map j: P(M)—>M*, given in diagram (2.1).

Lemma 5.10. Taking M=P®***, we have: There is a class a, such that
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(0, @) (o, ot)(16k+8) & and j*a,=r[8k+10, 8k+1], in H'*(P(M)), rE Z,.

Proof. By(5.9), a,(16k+8) ¢=0; let a,= H'****(M*) be such that (0, a;)=
(aty, a5)(16k+8)e. To prove (5.10) we show that a, can be chosen so that
Jj*a,=r[8k+-10, 8k+1], reZ,.

Note that w;(16k+8) =0, 1<i<7, and so by (3.2), and (3.3),

Sq'e;, =0, Sq'a;,=0.

Using (5.3) and (5.4), we have (since Sq' j*a,=0), j*a,=>t-¢ ¢:[8k 46121,
8k+-5—2i], where c;€Z,. Now Sq‘(j*a,)=0, and so the proof of (5.10) is
complete when we show:

A) Sq‘[8k+10, 8k+1] =10
B) Sq* isinjective on the subspace spanned by [8k+ 14, 8k—3],
[8k+12, 8k—1], [8k-+8, 8k+3], [8k+6, 8k-+5].

We will use one more piece of notation: we set (z, j)=v*+x’ in H**/(P(P")).
Thus,

[8k+10, 8k+1] = (8k+10, 8k+1)+(8%k+9, 8k+2)+
k(8k+2, 8k+9)+k(8k+-1, 8k+10),
and so Sq‘[8k+10, 8k+1]=0, as claimed.

To prove (B), note that

Sq‘[8k+14, 8k—3] = [8k-+14, 8k+ 1]+ ---
Sq‘[8k+12, 8k—1] = [8k+12, 8k+3]+ -+
Sq‘[8k+8, 8k+3] = [8k+11, 8k+4]+---
Sq‘[8k+6, 8k+5] = [8k+10, 8k+5]+ -+,
where in each case the terms omitted have a left-hand coordinate smaller than

that of the term shown. Thus Sq* is injective as claimed, which completes the
proof of (5.10).

ReMARK. In doing calculations such as above, we continually use the fact
that, by (2.6),

G11) (@, 0)=2';_1("Jg1)(n-i, i), in P(P").
Also, note that (i,0)- [d, e]=[d-1, ].

Lemma (5.10) will suffice to calculate the obstructions (a,, ats) in all the
cases of Theorem (1.3).
We now jump ahead to compute the obstruction «,.
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Lemma 5.12. For n>15, if v,(2n—6)¢ is defined on P™, then
7(2n—6)£=0.

This follows at once from (3.1), using the following fact, which we prove in
§8.

(5.13)  H™-Y(P™) = 0,H™-(P™)+Sq'H™-P™), where 0, = 0,(2n—6)¢.

We now come to the proof of Theorem (1.3): we divide the proof into
three cases. As before, set n=_8s+¢=8k-}8-¢, 0<¢<7, s not a power of two.

Case I. #n=3,4, 5 mod 8.
Let g=38k--15, we do all our calculation on P,
(5.14) On P?%, (a,, a,)(16k+16)£=0.

By (5.10) and the Whitney formula, (3.8), there is a class a,& H'***'(P?")
such that (0, a,)E(a,, a,)(16k+14)¢ and j*(0, a;)=(0, r[8k+16,8k+1]). But
by (5.11),

[8k+16, 8k+1] = (8k+ 16, 8k-+1)--(8k+15, 8k+2)+
k(8k+8, 8k+9)+k(8k+7, 8k-+10)=0,

and so j*a,=0. Thus, by (3.8) and (2.10), (a,, a;)(16k+16)£=0, as desired.
We now show

(5.15) (B, Bs)(16k416)¢=0, on P%, g= 8k+15.
Note first that
(C) On P(P?), g=8k+15,
AR —= Sql Ak Sq*Sqt AT,

This is a simple calculation using (5.4) and (5.3)-e.g., [8k+14, 8k+5]=
Sq'[8%+ 13, 8k+5], [8k+13, 8k+6]=Sq*Sq'[8k+11, 8k+5]. Thus, by (3.1),
J*Bs(16k+16)£=0, on P(P?). Choose classes (b,, b5) E(B,, B:)(16k-+16)¢ such
that j*b,=0. Since g,(16k+16)&=Sq? we have by (3.2), j*Sq*,=0. By (5.3),
J¥b,=>" w0 ¢i[8k+9+1, 8k+9—1], c;£Z,. Using (5.4), one finds that Kernel
Sq® on A'¥** is generated by [8k+12, 8k4+4-6]. Since,

Sq*[8k-+10, 8k+6] = [8k+12, 8k-6],
S5q°Sq'[8k+10, 8k+6]=0,
this means that one can alter b, to a class b, (without changing 4,), so that

(8., bs)E(Bs, Bs)(16k+16)¢ and j*b,'=j*b,—=0. Hence, by (2.9) there are
classes (c,, c;)I* with p(c,)=b,’, p(c;)=b,. Using (5.5) one easily shows:
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(5.16) On FPq, Jrert1e SqIIIGHla-{-quSqIIW’HG.

This shows that p(c,)€Indet B,, and so we may choose ¢, to be zero-i.e.,
p(cz 0)E (8., Bs)(16k+16)¢. By (3.2), p(Sq’,)=0, and so by (2.9), Sq’c,=0.
Using (5.5) one finds that on ******, Kernel Sq®is generated by o(8k+ 14, 8k-+4)
and o(8k+12, 8k+6)+o(8k+10, 8k+8). Since Sq’s(8k+14, 8k+2)=
o(8k+14, 8k+4) and Sq’s(8k+10, 8k+6)=o(8k+12, 8k-+6)4-o(8k-+10,
8k-+8), we see that (b,, b)=Indet (B,, B;), and so (B,, B;)(16k+16)E=0, as
claimed.

Combining (5.14), (5.15) and (5.12), we see (cf. §2) that on (P%*')* the
sphere bundle associated to (16k+16)& has a section and hence, by (1.7), P**"
embeds in R'*', Similarly, using (3.8), we see that P***'* embeds in R*%*+*
and P®*® jn R'**+%  thus proving Theorem (1.3) in Case I.

Case II. 7=0 mod 8.
We first prove:
(5.17)  (ay, as)(16k+8)E=0, on P%*+*,

By (5.10) there is a class a, such that (0, a,)E(a,, a;)(16k+8)& (on P****)
and j*a,=r[8k+10, 8k+1], r€Z,. But by (5.11),

[8%+10, 8k+1] = (8k+10, 8k+1)+(8k+9, 8k+2) = 0,

which shows that j*a,=0.

We now use the fact [15], [25] that P***” embeds in R'**®; thus, if i: P**+"—
P*¥** is induced by the inclusion P®**’C P**% we have (by (1.7)), t*(a,, o)
(16k+8)£=0 and hence, by (3.1), there is a class y & H'*¥*"(P**™; Z) such that

(0, #*a5) &(Sq% Sq)(»).

Let 2 be a (mod 2) class in B*¥*@I* such that p(2)=y mod 2, and let
2= b-te, beB*, ecI*,

We have
b = s(u* Q"))+ t(u’ Q(x*#*7)") + q(uQ(x***7)?),

and so k*(b)=>1%.,7,(8k+7—1, 8k+i), r,=Z,. Consequently,

k*(Sq'd) = 5,(8k+10, 8k+1)+5,(8k+9, 8k+2)+
54(8k+8, 8k+-3), s;eZ,
= k¥*p(s,(° QX ) +-5,(* Q¥+ %)+ 5s,(u @ x°F**)).
Thus, by (2.5) (ii) and (iv),
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Sq‘b = 0, mod Image o.

Since I*=kernel k*, we have Sq‘I*cI*. A simple calculation shows that
Sq'I'*¥*'=0, in H*(T'P***"). Consequently, Sq*s=0, mod image, @ and so

t*a, = Sq'y = p(Sq‘z) = 0.

Recall that back on P**+*, j*q,—0. Hence there is a class d=I'***" (on T'P****),
with p(d)=a,; since i*d also is in I*, and since p(i*d)=i*a,=0, it follows that
1*d=0. Thus, d=ro(8k+8, 8k+3), r=Z,. But by (3.2), since o, =0,

p(Sq'd) = Sq'a, = 0,

and hence, Sq'd=0. Since Sq'o(8%-+8, 8k+3)=0(8k-8, 8k-+4)=0, this shows
that r=0, and so @,=0, completing the proof of (5.17).
By (5.17), (8., Bs)(16k+8)& is defined, on P%*+**, We now show:

(3.18)  j¥(B., B;)(16k+8)E=0.

This follows easily from (3.1), (3.2) and (5.3). We leave the details to the
reader.

Finally, by (2.10) and (3.8), (5.18) implies that (3,, B8)(16k+10)£=0, and
so, by (5.12) and (1.7), P**® embeds in R'**' as desired. This completes
the proof for Case II.

Case III. #=1, 2 mod 8, a(n)>4.
We do all the argument on P**'°; set m=8k+10. The firstr result is:
(5.19) (ay, as)(16k+10)E=0, on P™.

As before, by (5.10), there is a class a, such that (0, a;)=(a,, a,)(16k-+8)&
(on P™) and j*a,=r[8k+ 10, 8k+1] in H ***+**(P(P™)), r&Z,. Thus by (3.8),
7*(atsy as)(16k+10)E=(0, 7[8k+12, 8k+1]). Let I: P™*—P™ [. P(P™")—
P(P™) denote the maps induced by the inclusion P”-*C P”. We now use the
fact that P*#*° immerses in R'**** see [23]. (It is at this point that we require
a(n)>4.) Thus the bundle /*i*(16k-+-10)¢ has a (nowhere zero) section on
P(P™-"), by Haefliger-Hirsch [8]. Consequently, by (3.1),

* (0, r[8k+12, 8k+1])=(0,, Sq*)H'*¥+3(P(P**°); Z).

Using (5.11) one sees that [8k+-12, 8k+1]=[8%k+8, 8k+-5] on P(P***°). More-
over, by (5.4), 6, is an injection on Kernel Sq' N H'*¥*°(P(P®**?)), 0,=0,(16k-+
10)¢. Since [8k412, 8k+-1]=0, it follows from (*) that 7=0. Thus, j*a,=0
and so j*(a;, a;)(16k+8)E=0; consequently, by (3.8) and (2.10), (a,, a5)(16k+
10)€=0, on P™, which proves (5.19).
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The obstruction (B,, B;)(16k+10)£ is consequently defined, and we now

show:
(5.20)  j*(B., Bs)(16k+10)E=0, 'on P™, m=38k+10.
The first step is to show:
A) We may choose classes (b,, b)) =(B3,, B5)(16k+10)E so that
7¥(b., b;) = (r[8k+6, 8k+-6], 0), r=Z,.
Note that

j*b, = r[8k+6, 8k+6]+s[8k+7, 8k+5]+
#[8k+8, 8k+4]+q[8k+9, 8k+3],
j*by = c[8k-+7, 8k+6]+d[8k+8, 8k+5]+e[8k+9, 8k+4],

where the coefficients all lie in Z,. Since

Sq'[8k-+7, 8k+5] = [8k+8, 8k-+5],
Sq*Sq'[8k--7, 8k+-3] = [8k+9, 8k+4], and
Sq*Sq'[8k+5, 8k+5] = [8k+8, 8k-+5]+[8k+7, 8k-+6],

we see that b, can be chosen so that j*b,=0. Thus, by (3.2), j*(6.6,)=0,
where 6,=0,(16k+10)¢. Using (5.4) and (5.11) one finds that this implies:
s=0, t=q. But 0,[8k+8, 8k+2]=[8k+9, 8k+3]+[8k+8, 8k+4]+[8k+6,
8k+6]. Hence, b, can be altered (without changing b,) so that j*b,=r[8k+-6,
8k-+-6], as claimed.

To complete the proof of (5.20), we use the map i: P”-*—P™. In Case
IT we proved that 7*(3,, 3;)(16k+10)£=0 on P™-*, and so *(b,, b,) & ¥ H'***°
(P™-*; Z), (see discussion following (3.1)), where w=(16k+10)£. Now by
(5.7), a class in H'**(P™-*; Z)is determined by its mod 2 reduction. Suppose
then that y is in domain ¥,, and let =y mod 2. Then (see §3), Sq'y=0,
0,5=0, Sq*y=0. But a calculation shows that

H*#(P™-*)N Kernel Sq*' N Ker 6,N Ker Sq* = 0,
and so § mod 2=0. Thus, y=0, and so by §3,
1*(b,, b;)eindet ¥,=(0,, Sq'Sq')H #+(P™-*)4Sq'H*+'*(P™-™).

Also, by what we have already proved, j*i*(b,, b;)=(r[8k+6, 8k+6], 0), in
P(P™-%). Thus, there is a class yeH"*°(P"-*) with 6,(j*y)=r[8k+-6,
8k+46]. A simple calculation using (5.4) shows that this is possible only if
7*y=0and r=0. Hence, back on P™, j*(3,, 3;)(16k+10)£=0, as claimed.
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Therefore, by (3.8) and (5.11), (8,, B,)(16k+12)E=0 on P™, and hence
on P”-**, 'Thus by (5.12) and (1.7), P” embeds in R**-%, for n=8k+9 and
8k+10, completing the proof of Theorem (1.3).

6. Embedding complex projective space

Our goal is to show that if n=4s+3, s not a power of two, then CP” embeds
in R**-%,  We do this by showing that the sphere bundle over CP™, associated
to (4n—6)&, has a section. Since the methods here are very similar to those
used in §5, we only sketch the proof.

We use the following notation: y = H*(CP”) denotes the generator, and in
H*(P(CP™)) we set

[d, %] = 20 7% -8q%(5").
As before, A*C H*(P(CP™)) denotes j*H*(CP™), and as in (5.3) we have:
(6.1) The classes [d,2:] generate A¥*, where 2i<d<2n—1.

Finally, we set s=k--1, so that n=4k+7. The first step in the proof of (1.5)

is to show:

(6.2) the obstruction (o, a;)(16k+12)¢ is defined and there are classes
(a,, a;)E(ay, a;)(16k+12)E such that

j*a, = r[8k-+13, 8k]+s[8k+9, 8k+4]
j*a, = s[8k+11, 8k+-4], r, s Z.

This is proved using (3.1) and (3.2). Now w,(16k+12)£40, while
w,(16k+12)E=0, for 1<i<7,7=4. Thus, one hasa relation analogous to (3.3):

Sq°a,+0.a, = 0.

Using this on (6.2) one finds that s=0 (in (6.2)). But by a formula analogus
to (5.11), [8k4-15, 8k]=0, and hence j*(a,, at;)(16k+14)€=0, using (3.8).
Therefore, by (2.10) and (3.8), (a,, a)(16k+16)£=0.

The next step is to show:

(6.3) (B2 Bs)(16k4-22)E=0.

Starting with classes (b,, b,)(8,, B:)(16k+18)E, one finds that by using
the indeterminancy of B,(i.e., 8,), b, can be chosen so that j*b,—=r[8k+12, 8k 8].
And by (3.2), one has j*b,=s[8k+13, 8k+8]. But

[8k+ 14, 8k+8] = [8k+15, 8k+8] = 0,
and so j¥(B,, B;)(16k+20)£=0. Consequently, by (2.10) and (3.8), (8., B:)
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(16k+22)£=0, as desired.

By an indeterminancy argument (use 6,) one shows that j*v,(16k+-22)£=0.
But I'****=0, and so by 2.9, v,(16k+22)£=0, which means by (1.7) that
CP” embeds in R*-°,

7. The cohomology of M*

This section contains the proofs that were omitted in sections 2 and 4.
We begin with the proof of Proposition (2.9.)

(a) Kernel j* = p(I*).

This follows at once from the exactness of (2.1), given that kernel A*=1I*

(see (2.5)).
(b) plI* is injective.

Set D*=H*(P~)®@K*, see (2.4). Note that D* N I*=0 and that p(#' Qx) €
D*,if :>0 and xe H*(M). Suppose that e I* with p(e)=0. Then, by (2.1)
and the above remarks, e=¢(1®y), for some ye H*(M). By (2.5) and (2.1),
since e I'*,

0= k*e) = F*o(1Ry) = 2(1Y).
But ¢, is injective, and so y=0, which proves e=0, as claimed.
(c) Imagej* = NB*) = A*.

Note that by (2.3), Image @,=u"QH*(M)Pu""'QH*(M)P---, where
n=dim M. Thus, if we set C=273 w'QH*(M), we have that p, maps C iso-
morphically onto H*(P(M)). Set C=CN p,~(Image j*). Note that k*(B*)C C
and hence k*(B*)C C, we show:

(*)  mBY=C

which proves (c). Moreover, by (¥), A maps B* isomorphically onto Image j*
and hence p|B* is an inverse to j*, which proves (d), in (2.9).

To prove (*) all we need show is that k* maps B* onto C. This is a con-
sequence of the following:

Proposition 7.1. Given yeH*(T'M), there is a class beB* such that
Mb)y=Ny)-

Before proving this we develop some preliminary material. Given a class y
in H*(T'M) we associate with it a unique class in H*(P~)®XK, called the leading
term of y. Suppose that degree y=d, and set s=[d/2]. Then we can write
y=2 " %Q@(x;)*+1, where [&I and where degree x;=1, 0<i<s. Let j be
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the integer such that x;40and x;=0fori<i. We define leading term y—u? “H®
(x,)*. If y=I, we set leading term y=0.
We will need the following key fact.

(7.2) Let x HY(M), x=0, and let j be a non-negative integer. Then, leading
term p(w’ Qx)=u""1"7Q(x)>

Proof. Write d=n-+q-j, and set s=[d[2]. There are classes /el and
y;& K% such that

(U Rx) = DB u %R y;+1.
Also, by 2.3,
P (U Rx) = DN u T QuwMx = Do ut i Quw; M - x.

Thus the term in ¢,(#/ ®@x) with highest power of u is #?~?Qx. But ¢p,=k*¢,
and so y;=0 for 7<q and

k*u?~""Qy,) = u?~?Qx+terms with lower degree in u.

Using 2.5 (iv), and recalling that Sq’(x)=x, we have y,—(x)? (mod I), which
implies that

leading term ¢(u’ @x) = u? Q) (x)*
— n—q+j®(x)2’

as claimed. This completes the proof of (7.2).

Proof of 7.1. Let yeH*(T'M). Since A([)=0, we may suppose that
yeH*(P")QK. Let leading term y=u*®(x)?, where k>0 and degree x=gq,
say. If k4+g<m, then yeB* and there is nothing to prove, so suppose that
k+q>n. Lety,=¢u*""-"Qx). Then, by (2.1)

M) = My—1)-
But by (7.2), y and y, have the same leading term, and so
leading term (y—y,) = u:1Q(x)?,
where k2, <k—2 and k,+2 deg x*’=deg y. Thus,
k,~+deg x° <k+deg .
Continuing in this way we obtain classes y,, ¥,, ***, ¥,, say, such that
A) =My—(t-+y,) and y—(y+-ty,) EBY,
thus completing the proof of (7.1) and hence of (2.9).
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8. The cohomology of P™

This section contains the proofs that were omitted in §5. We begin with
the following useful fact.

Lemma 8.1. Let deHYTP"), ¢>0, and let k*(d)=>17-0 a;(u?*Qx%),
where a;=Z,. If a;=0 for 2i<q, then k*(d)=0.

This is an immediate consequence of (5.2). Using this we have:

Proof of 5.4. We do the proof in H*(P~ X P*), giving the details only for
Sq®. Suppose then that d and e are positive integers with d>e. Note that

Sq*’[d+4, ] = Sq°*(u*-[d, e]) = u*-Sq?[d, e],
and so to prove (5.4) we may assume e<<d<{e-}3, since (‘2i>-=‘<d_54> mod 2.
Now for j >0, [e+j, ] =Image k*, by (5.2). Also, if d<e-+3, we find that

Sq[d, e]+< a )[d+2, e te[dt1, e4-1] = 3 a(w@ad),

where the sum is over all, i+j=d+e-+2 and where a,=0 for >i. Thus by (8.1),
Sq'd, e+ (§ )[d+2, e]+e[d+1, e-+1]=0 as claimed.
The proof for Sq' is similar, using the fact that

Sq'[d+2, e] = Sq'(u*-[d, e]) = u*-Sq'[d, e].
Hence, we need only take d=e, e+1.

ReMARK. A proof for Sq' is given in [40], and [2, section 7]; note also
[13].

Proof of 5.6. Since H¥*(P™)=pH*(T'P"), and since H*(T'P")is determined
by &* and ¢*, (5.6) will follow when we show:

(8.2) (i) Sqk*H*-(T'P") = Sq’Sq'k*H*~*(T'P")
(ii) Sq?g*I“*-* = Sq’Sq'g*I**-2.

Now (i) follows at once from (5.4), while (ii) may be proved by an inductive
argument using (5.5). We omit the details.

To prove (5.6), let yeH**'(TP"). By (8.2) (i), we may choose
deH*-*TP") so that k*(Sq*Sq'd)=k*(Sq’y). Set §=y—Sq'd. By (8.2)(ii),
there is a class e=I* such that ¢*(Sq*Sq'e)=¢*Sq’*). Since Sq*Sq'I*cI* and
k*I*=0, we see that k*Sq®Sq'(d+e)=k*Sq’y, ¢¥*Sq°Sq'(d+e)=¢*Sq’y, and
hence Sq*y=5q*Sq'(d-}+¢), completing the proof of (5.6).
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We will need the following well-known fact in the proof of (5.7).

Lemma 8.3. Let X be a space and k a positive integer such that H¥(X; Z)
is finitely generated and has no odd torsion. Then, H¥X; Z)=8,H* \(X; Z,) if,
and only if,

Kernel Sq' = Image Sq* on HXX; Z,).

Proof of 5.7. Note that Sq*/*C I*, and since & is odd, Sq*'B*C B¥*', Thus
by (8.3), (5.7) is proved when we show:

Sq'B*-' = ker Sq'NB*, Sq'I*-' = Ker Sq' N I*.

Since A :B*= A* (see 2.9), we do the argument for B* in A*. Define V'C A*
to be the subspace spanned by generators [d, e], with e<d<n—2. Since = is
even (in 5.7), Sq'VCV, by (5.4). Let k (in 5.7) be written, k=4s+1. We
assume k>, since this is the only case of interest to us. Then,

A¢ = {[n—1, k—n+1]} BV. But

Sq'[n—1, k—n+1] = [n, k—n+1] =

[n—1, k—n+2]4v, where oveEV.
(We use here 5.11 and the fact that k—n--1is even.) Thus Sq'[n—1,k—n+1]&
V and so Ker Sq'N A*=KerSq'N V. An easy calculation shows that Ker Sq'N
VcSq'A*-*. Finally, since

k*3q'(10(*")) = ¢*Sq'(1®(x")) = 0,
where r=(k—1)/2, we see that Sq'B*~'C B* and hence Ker Sq' N B*=Sq'B*-,
as claimed. Similarly, one shows that Sq'/*-'=Ker Sq* N I, thus proving (5.7).

Proof of (5.13). For this it suffices to show:

sq212ﬂ—5+sq1121l—4 p— I2il-—3
02A2n_5+SqIA2n—4 — Azn_a’

recalling that 6,=Sq® on I*. Now the first equation follows by a straight-
forward calculation (consider the cases, # odd and z even); for the second equa-
tion, note that A*-° is generated by [#—1, n—2]. But if n is odd, then
Sq'[rn—2, n—2]=[n—1, n—2], while if z is even, one shows that §,[n—2, n—3]=
[n—1, n—2]. This completes the proof of (5.13).
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