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1. Introduction

Let S§P(n) be the number of the lattice points in the area 0<x <,
0< y<ax*/n, where k and n are positive integers and a is a positive integer
which is prime to n. Then we have

SP(n) = 3 lax*fn]
where [ ] denotes the Gauss symbol. Let
axk*/n = [ax*[n]+ {ax*[n} ,
where {ax*/n} denotes the fractional part of ax*/n. Then we have
S artfn — S0+ 5] @)
or
SP(n) = ”E-lax"/n—’i {ax*/n} .
We put
SPn) = 3 astin—""14eP(),
n_l n—-1__
csP(n) = —2——22‘.1 {ax®[n} .
If we suppose that S$”(n) behaves approximately as ”21 aac"/n—n—;~1 then ¢5”(n)
can be regarded as error term. 'T. Honda has conjectured the followings.
Conjecture 1. For a fixed k and any positive real number € we have
C;*)(n) — O(n((k"l)/k)+!) ,

for a=1.
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Conjecture 2. ¢ (n)>0 and ¢?(n)=0 if and only if nis an integer of the
Sfollowing type

n:pl.....p]_,

where p,, -+, p,; are distinct primes and each p; is equal to 2 or congruent to 1
modulo 4.

In this paper we shall give the complete proof of the above conjectures.
Conjecture 1 is true not only in the case a=1 but also in the case a is any posi-
tive integer which is prime to zn. In the case k is odd, ¢{P(#) is a very simple
quantity. On the other hand in the case %k is even, ¢§’(n) is an interesting
quantity which is rather difficult to handle. For example, ¢§(n) can be ex-
pressed in terms of the class numbers of imaginary quadratic fields whose dis-
criminants are divisors of #. For the even k> 2, ¢{”(n) is also related to some
class numbers of some subfields of the cyclotomic field @Q(¢) where & is a
primitive n-th root of unity.

I would like to express my deep gratitude to Professor T. Honda for his
presenting this problem to me.

2. Preliminaries

For positive integers k, » and an integer x, we denote by N®(x, n) the
number of the elements of the set

{yeZ|y*=xmodn, 0<y<mn}.

Lemma 1. Let nzﬁ pii be the prime decomposition of n. Then we have
i=1

N®(x, n) = f[ N®(x, pii) .

i=

Proof. Consider the following map
f ZInZ — f[ ZlpiZ, (f(amodn)= Ij a mod p;i) .

We can easily see that this f is a ring isomorphism. From this we can immedi-
ately obtain the lemma.

Let n be a positive integer which is not equal to 1. We denote by (Z/nZ)*
the unit group of the residue ring Z/nZ. We put

T'(n) = {X|X; (Z/nZ)* — U, homomorphism} ,

where U={2=C||z|=1}. Then T'(n) is an abelian group isomorphic to
(Z/nZ)*. An element X of I'(n) is extended on Z by setting
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0 if (a,m)=*1
X(amodn)  otherwise.

X(a) = {

This function is denoted by X, and is called a character modulo #. If X has
always the value 1 for any a such that (a, #)=1, then X is called the trivial
character modulo #, and denoted by 1. If X is a non-trivial character modulo 7
and there is no character X’ of (Z/n'Z)* with a proper divisor #’ of n satisfying
X'(a)=X(a) for any (a, n)=1, then X is called a primitive character modulo 7.
Any non-trivial character X modulo # can be uniquely decomposed to the
following form

X =XX,

where X, is the trivial character modulo z and X’ is a primitive character modulo
n’ with some divisor #’ of n. We call this #’ the conductor of X and denote it by
fx- If X is a primitive character modulo some #, then we call X simply primitive.

In this case the conductor fy is equal to n. Let n:ﬁ pii be the prime decom-
: i=1
position of n. Then we have (Z/nZ)*=1I (Z/p;:Z)*. Therefore if X is a

character modulo #, then X has the following unique decomposition

(1) X=ﬁxi)

i=1

where each X; is a character modulo pfi. It is clear that X is primitive, if and
only if each X; is primitive. Let X be a character modulo ». Then we put

Hy=—1 31 X(a)a.

n

Lemma 2. Let X be a non-trivial character modulo n. If X(—1)=1 then
we have H,=0.

Proof. First we should note X(n)=0. Then we have
Hy— ;_nl(z X(@)a-+ 33 X(—a-+n)(—a-+n))
— & M@t 5 X(—al—a-+n)
— 51 Ex@at(—atn)

- - Sx@—o.

We put
I'®(n) = {XI'(n)|X*= 1} .
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Lemma 3. Let p be a prime number. Then we have

(i) N®@G,p)= > Xb)=1+ 21 X()

YEI®(p*) x: primitive
if (6, p)=1, yis
(i) NP, p)=14 33 X(b).
=

Proof. If we note that T'®(p°) is the character group of the factor group
(Z[p°Z)*|(Z|p°Z)** and X(b) is zero for any (b, p°)=1, then we can easily obtain
the lemma.

Lemma 4. We denote by $T®(n) the number of the elements of the set
T'®(n). Let p be a prime. Then we have

(i) BT%(p)=(p—1,%)  if (p, H=1,
P (p—1, k) if e,+1>e,
(i) #rw(p‘):{ ,
p*2) | pp—1,8)  if et1<e,

where we define e, by
pollk, €>0,
20t if e<e,+2

(i) #I‘""(Z")={
2 if e>et3,

where we define e, by
2%||k, €,>0.
Especially for a fixed k, there is a constant c, such that
TP () <c,
for any p and e.
Proof. If we note the following facts
(ZIp'Zy=Z(p—1yp""Z  if p¥2,

(Z|2°Zy=Z2Z+Z|2°*Z  if e>2,
(Z[p°Z)*[(Z[p*Z)**=T"®(p°),

then we have immediately the lemma 4.
3. Main theorem and its proof

j .
Let n>2 be a positive integer and n=]] p;: be the prime decomposition
i=1

of n. We define index sets A(n) and B(n) as follows
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A(n) = {1’ 2, "':j}
B(n) = {ic A(n)|e;>2} .

For a subset o= {a,, -**, a;} of the set A(n) we denote by d, the integer

dy = 1l pa,» if ak=¢

For a fixed positive integer &, we put
e; = ks;+r;, 5;20, 1<r;<k,
and

i
my = ni = II pi-t7i72,
i
Let d be a positive divisor of n. Then we put

n(d) = n®(d) = n/(d*, n),
d*(n) = d*(d)® = d*|(d*, n).

Under the above notation we have the following proposition.

Proposition 1.

W= 2 X@H—] 3 )
X : primitive @CB(")
fx ‘n) xk=1 o+
) — X XEX@H |,
X : primitive
fxln, xk=1
(fxs da)=1

where we denote by u(-) the Mobius function.

(da, n)|dy,—1 | (dg, m)
(=t

Proof. By the definition of ¢3*(n) we have

() =21 1 _% SIN®(a i, m),
where we consider a'x in (Z/nZ)*. If (%, dg)=1 then by Lemma 1 and
Lemma 2 we have
N®G@ e n)=1 1+ 3  Xa ).
i=1 X : primitive
fxl[’z-‘, =1
Therefore we get



652 I. MivyAwAKI

cP(n) = n—1_ [_.1_ Z f[ (1+ M X(a™'x))x

2 n *=1 =1 : primitive
fxlﬁii: Zh=1
1 a7
NACAICAD I (R I O
acs(n) . primitive
o+ fxlpeu Zk 1
)
=1 n
—rd DL s S 5 udl)
2 2n N y: primitive ¥
Sxln, k=1 "‘*"’
d, (n/d,)((n/d,))—1) d, dg>-1 )
[ D e TRy
x . primitive *=!
Sxln, xk=1
(fx do)=1

*=1 ”(dm) ’
where we should note that

fl("/f)l fo—1

1 2 X(x)x = - 2 2 X(x)(xify) = L 7”_ "2 X(x)x =

Then we have

wm= 2 X@—[ 5 w5 XExa)m,
X primitive @CB™) 2 X : primitive
fxln, zk=1 “*é fxln, xt=1
(fx da)=1

_dmr:zd,,) E{“ﬁfgi’ck}ﬂ '

On the other hand we see that

_”((%_I{M} B m(n(da))— ”(dm) 1
#=t n(d,)
Therefore we have
Y — —1
() = X(a\H. — d, [("/dm) 1__ n .n(da)
) z: pr‘i?:itive (@)Hy wc;mﬂ( ) 2 dn(d,) 2
Faln, 24=1 a
— B X@X(da) H o cn(n(da)
X : primitive (da,)

fxln, pk=1
(fxr du)=1
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- B X@H— 3 p)Ced) 1

X : primitive aCB(")
fyln, yk=1 @t
n ) T
B (y(n(d,))— XaXd,,H].
Ton(dy)) )= B Xy
fxln, Z"=1
(fx da)=1
But by the definition of n(d) we have
n _ on .
wdy = a = e n):
(dasm)

Therefore we get

W)= ¥ Ko 3w Gl

X . primitive

f% |n9 Z"=1 o
k _—
N w;;”)c(;;;m(n(dm))— S X@X(d)H, ] )
] X . primitive
f%l n, yk= 1
(fx da)=1

Thus Proposition 1 is proved

Let X be a non-trivial character modulo # such that X*=1. Then we
define the integer n(X)=n‘®(X) as follows,

n(x)= H P(”p("/fx)/k]“"p,n
p: prime
. 1
0 it ()= (F ]
Epn=Epn = P or o Jx vp(fx k
1 otherwise,

where we denote by v,(+) the normalized p-adic exponential valuation of the
field of the rational numbers @. Then we can easily obtain the following two
remarks.

ReEMARK 1. For a prime p if p divides n(X), then p* divides n/f,.
RemaARrk 2. If #(X) is divisible by d, then #n/(d*, n)=0 mod f,.

Lemma 5. Let n be a positive integer. For distinct primes p,, -, p; such
that pi|n (i=1, -+, j), we put dy=p,-----p; and n(d,)=n|(ds, n). Let X be a
character modulo n(d,). Then X induces the character modulo n through the homo-
morphism (Z[nZ)* —(Z[n(d,)Z)*. Denoting this also X we have that if d divides
n(d,)(X) then dd, divides n(X).

Proof. We shall show that v,(dd,)<v,(n(X)) for every prime p. We con-
sider the two cases.
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Thecase I. p*p; (=1, -,j).
By the definition of n(d,) we have

vp(1) = vp(n(d,))
and

vp(n[fx) = va(n(d,)|fx) -
It follows from this

eﬁ,n = Ep,mdo) .

From this and by the definition of d we have

v4(dd,) = v,(d)<[vp(n(dy) f) Rl +Ep,mar>
= [vs(n[fx)[k]+€5,4
= vy(n(X)) -
Thus Lemma 5 is proved in our case.

The case II. p=p; (for some 7)
By the definition of n(d,) we have

vo(n[fy)—k  if p*in,

va(n(dy)[fx) = { 0 if ptin.

Therefore we shall consider the two cases.

(i) The case v4(n(d,)[fx)=vs(n[fx)—E.

In this case we have

ou(nlf)—H 0s(nlf) 1| = osn(d)lf)-+—Rlosndr)f)lk+1]
= () f)—Rlo An(dIf)K]

This shows that €, ,=&p na,». Noting this we have

v(ddy) = 1+0,(d) <1H-[05(1(do) [fx) K]+ ,ma>
= 1+[vs(n/f)k—1]+&5,a
= [vs(n[f:)[R]+Ep,n
= vp(n(X)) -
This also completes the proof of Lemma 5 in our case.
(ii) The case v4(n(d,)/f)=0
In this case we should note that v,(fy)=0. Then we have

0((dy)[fx)—k[vs(n(d,)[fx)[k] = O .

It follows
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Ep,ﬁ(do) = 0 .
This shows v,(d)=0. On the other hand we have

0p(n) >2+v4(n(d,)) -
This shows that

[04(n/f2)/k] >0 .

or

vsmlf)—H osnlf) L]>1, (e, Ern=1).
%

Therefore [v4(n[fy)[k]+Es,x is positive in both cases. Then we have

vo(dds) = vp(dy) = 1< [vp(n/f2)[k]+-Ep,n
= vp(n(X)) -

Thus Lemma 5 is completely proved.
The following lemma is a converse of Lemma 5 in a sense.

Lemma 6. Let X be a character modulo n and d be a positive divisor of
n(X). Let p,, -, p,; be distinct primes each of which is a divisor of d. If we put
dy=p, -+ p,; and d=dd’ with a positive integer d’, then X is a character modulo
n(d,) and d' is a divisor of n(d,)(X).

Proof. The former assertion is obvious by Remark 2. So we shall show
the latter half in the same manner as in Lemma 5. Let p be a prime.

(I) The case p=£p; (=1, ---,))

In this case we can show that v,(n(X))=v4(n(d,)(X)) by the same method as
in the case (I) of Lemma 5. Then we have

vy(d') = vp(d) Svp(n)(X)) = vs(n(d,)(X))
(II) The case p=p; (for some 7).
In this case we have
os(d) <vs(n(X)) -
This shows that
[vs(n[fx)[k] >0
or
[vs(n/fx)/k] =0 and &,,=1.

Therefore we shall consider the two cases.
(1) The case [v,(n/fx)/k]>0.
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In this case we can easily see that

f— (p* )

= ‘Up(% WL"O>%+1 .

Therefore we have

v(d") = vy(d)— 1< [v(n[f)[k])+Ep a1
=[vp(n(do)[fx)[R]+1+Epa—1.

But we can show by the same method as in the case (II)-(i) of Lemma 5 that
Epn=Ep mapy- Therefore it follows

V5(d) < vp(n(d,)(X)) -
(ii) The case [v4(n/fy)/k]=0 and &, ,=]1.
In this case we have

vp(d') = vp(d)—1<Ep—1=0.
This shows that

(d)=0.
Therefore we have

v(d) <vp(n(d,)(X)) -
These complete the proof of Lemma 6.

Now we are in a position to state our main Theorem.

Theorem 1. Notation being as above. Then

—1 _ (d* n) » dk
C;k) n) = L+ X~ (a)H. { s X )
() 2 zk: p{%}nitive (@) Hy dI%%z) d ((dk, n)
z =
Sfxln

. d)X(d, }
(da»ln(Ed)(x)”( ()
do, fx)=1

ac B(n)

Proof. Let n= ﬁ p% be the prime decomposition of . Then we put
. i=1
s(n)=ZJ] (e;—1). We shall prove our theorem by the induction with respectt
i=1

to s(n). If s(n)=0, i.e., n is a square-free integer, then by taking B(n)=¢ in
Proposition 1 we get
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cP(n) = 3 X~*(a)H, .
X 5 primitive
xk=1
fxln

On the other hand, in this case we have n,=1, n(X)=1 and B(n)=¢. This
shows that our theorem is true in our case. If s(n)>0, then we assume that
the theorem is valid for any m such that s(m)<s(z). Now we can easily see that
s(n(d,))< s(n) with respect to n(d,) of Proposition 1. Therefore by the assump-

tion we have

(2)  cf () = "L B X,
; primitive
ﬁTn(d.,)
. (d*, n(dy)) oy
{dln(da)(z) ((d" n(d,.)))

(dm(;}(gt.,z))(dx ) (dﬂ)x(dﬁ))} '

(d
BCB(n(da))

Hereafter we shall only consider primitive characters which take values k-th
roots of unity or zero, though we shall not mention it explicitly. From (2) and
Proposition 1 we get

(@ n)
P -1 _ d (do’:) n)
0=zt 2 a5 )
a*é

. n(d,),—1 -1(g* H
{ 2 ncn e
.(d",”(dm))x—x< d* )

d (d*, n(d,))

S X R XA @H |-
ﬁCB(" dy)) fx
dsln(dy)(d) (1) (fx, de)=1
(dg.fx)=1

Therefore if we prove the following two facts (I) and (II), then the proof of
Theorem 1 is completed.

GEP 1 e g ) 1
» ) B)\ 8y )o— ny,—
(1) —é%ywﬂ y—+ Gl mod
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(g i (dt, n) . a
@ Sx@He 3o {90 s xaman,

dy  frln(da)
aké
(@, n(ds)) yr dk i }
dln(da)(2) d ((d ”(dw)))ﬂCB(;?(dw)) 1(dg)X(dp)
dgln(dy)(d)(x)
(dp, fr)=1
— B X)X (@]
fxln
(fX! du)=1
-1 d*, ~
= S xaH, 37 @HM) - ( ) 2 XL
Fxln din(z) d (d*, n)] ac B
dml"(d)(l)
(da» fx)=1

First we shall prove (I). By the definition of n(d,) we get

m(da)o = ((d,’:, n)>

(dsyn) _ n (dg, m)
mda)o =0 = ((d,,’:, n))o 4,

and

By examining p-adic valuation of (n/(d, n)),-((d4, n)/d,) for each p such that
p|n, we can easily see that

n(d,), (dw’ ") —n,.

m

On the other hand we have
- 2 l"(dm)__ 7‘_. wd) = —(( 2 wd)—1)=1.

acB(n) dacny )
azxd d=l=1

It follows (I).
Next we shall prove (II). We can rewrite the left hand side of (II) to the
following formula

) Bx@H[{ > sl
o (s P31

-2 5 S ) 1) (5 2]
acB(n) d\n(dy) (1) ﬂcB(n(dm)) d, d
dgln(dy)(d)(x)
Fr |n<d,,> (dp, fx)=1

x-l(%)n(dﬁ>X(dp>}] :
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Here we note that

(i n) (@ n(dy) _ (e i) _ (dd*,n)
d dd, dd,

and )
dy(myd* _ d; d* _ _(dd.)*
dk) dw)) (d:’ ] ddm k: )
(@, | N (i, ) @

And by Lemma 5 we note that
dd,|n(X) .

By the definition of #(d) we can easily see that
(n(da))(d) = n(dd,) .

Then we can rewrite the inside of the bracket of (3) as follows

d*n) . _.( d*

4 { d, xd,,,}—{ (d%, ) -1 )
@ g (e Ce(E

(o, fx)=1 d+1

S M) S ad)X(d)

=0 dq CB(n(dy))

@D (D)3

aCB(n) (ds, $0=1

ax¢

Faln(da)

Here we can easily see that if 3C B(n) and dg|n(d)(X) then Bc B(n(d,)). This
shows that we may change B(n(d,)) of the last term of (4) for B(n). Moreover
by Lemma 6 we see that d,|d implies that f,|n(d,) and d’|n(d,)(X). Therefore
we may exclude these conditions of (4). Then we have

(4)={a 3 M(dm)x(dw)} L= (d’:,ln) X_l((d:i,kn))

CB(n ldln(z}
(da» fr)=1 d=+1
S ) S u(d))
BCB(n) d=d'd,
dgln(d)(x) aCB(n)
(dﬂyfx)=1 azxd
d* n) N o f d*

SETED > RCATCCAT ER o JRCHLL P (R R > QRO NCD)
acB(n din(y) d (d*, n)/ g B(n)
(day fr)=1 d=+1 dgln(d)(x)

(ds, fr)=1

- (d*,m) o[ d*
d|nz(:x) d X ((dk, n)) 2) u(d)X(dy) .
(da, fr)=1

da|n(d)(2)
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which implies (II). Thus the proof of Theorem 1 is completed.

Let @(/D)=K be a quadratic extension field of @ with discriminant D.
We denote by (2) or Xp(n) the Kronecker’s symbol of K. Then (2) isa
primitive characZer modulo |D|. .

Remark 3. Conversely it is well-known that every primitive character of
degree 2 is of such type.

Let A(D) be the class number of K=Q(\/D) and 2w, be the number of
the roots of unity in K. Then the following Lemma 7 is well-known.

Lemma 7. Notation being as above. Then we have

0 if D>0,
Hy,= 1 h(D)

Wp

if D>0.

ReMARK 4. It is also well-known that if (%):1 then D>0 and if

(_D_>=_1 then D<0. B

Corollary 1. In the case k=2 we have

c,‘f’(n) — n°—l—|— N (2)_1@) S d 11 {1_(2)} y
2 |DTIn \a Wp dln(rp) pln(d)(xp) P
D<0 (p,D)=1

where D runs over all the discriminants of the imaginary quadratic fields dividing n.

Proof. By the definition of n(X,) we can easily see that if d divides n(X))
then d* divides n. It follows

@n) g and @51 g,
d d?
Therefore by Remark 3, Remark 4, Lemma 2, Lemma 7 and the above facts,
Theorem 1 implies our Corollary.

Our Corollary in the case a=1 and n=prime is obtained by T. Honda
in [2]

Corollary 2. If k=2 then ¢{®(n)>0. Moreover ¢{®*(n)=0, if and only if n
is of the following type

n:Pl.....pJ, or 2P1““'Pj’

where p,, -+, p; are distinct primes each of which is congruent to 1 modulo 4.
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Proof. The first assertion is obvious from Corollary 1. We shall prove
the second assertion. If ¢(n)=0 then n must be square-free, because if n
is not square-free then n,>>1, which implies ¢’(n)>0. Consequentely we
have by Corollary 1

k(D)
\DTtn wp

cP(n) =

If there exists some p such that p|n and p=3 mod 4, then —p is the discrimi-
nant of @(v/—p). This shows

@(n) > =P)50.
W-p

Thus #» must be an integer of such type as in our Corollary. The converse is
clear.

Corollary 3. If kis an odd integer, then we have
(B — m,—1
cP(n) 5
therefore |c{P(n)| <m‘*~ /&,

Proof. Let X be any character modulo 7 of degree k. Then we have

X(—1) = X(—1)) = 1
and
X(—1)k=1.

This shows X(—1)=1. Therefore by Lemma 2 we have H,=0. This shows
the first assertion of our Corollary by Theorem 1. We can immediately obtain
the second assertion by a simple calculation.

REMARK 5. ¢§¥(n) is not always non-negative for even £>2. For example

¢§(29)=—2. (See the table of at the end of the section 5.)

4. Proof of Conjecture 1

Let X be a primitive character modulo fy. Then we define the Dirichlet’s
L-function by

L(s, X) = 3 X(n)n~* .
n=1
We denote by G(X) the Gauss’s sum with respect to X, i.e.,

G(X) = 33 X(@)",
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where {=exp(2zi[f,). Then the following two lemmas are well-known. (See
Hasse [1] and Prachar [3]).

Lemma 8.
L1, %)| <3 log f .
Lemma 9.
. s
(1, %) = 79 Y %(a)a.
f % a=1
Moreover
G(X)G(X) = X(—1)fx,
in particular
IGX)| =/ fy -
Lemma 10.

| Hy| <\/7; log fx .
Proof. By Lemma 8 and Lemma 9 we have

1 L1, %)f%
fi & 7iG(R)

fx . o
<|G(X)| log fx = / fx log fx .

|Hx|=

It is obvious that fx is equal to f,. This completes the proof.
We denote by &(n) the number of prime divisors of #.

Lemma 11. For any positive number & and a given positive constant A we
have

A¥® =0(n%),
where O denotes the Landau’s large O-symbol.

Proof. We may suppose 4>1. Let p, be a sufficientely large prime
number such that

log 4 <¢
log p,

We denote by §, the number of primes which are less than p, and by &'(n) the
number of prime divisors of # each of which is not smaller than p,. Then we
can easily see that

(n) <& (n)+3, .
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By the definition of &’(n) we have
pg’(") <n .
Therefore we have

’ logn
&'(n)< .
® log p,

From this we get
LIE)) sem+s, — 8, 48'm
A3 A o = A%A
= Aboplog, A Aoy’ > 10g Allog n
< Aaon(log n/log pyde(log A/log n) < Adon® .
This completes the proof.

Lemma 12. For any positive number & we have

SV = O(r).

d\n
Proof. See Prachar [3]-I-Satz 5.2
Now we shall prove Conjecture 1.
Theorem 2. For any positive number & and a fixed positive integer k we have
¢$P(n) = O(nlch-DlRY+e)

Proof. By Theorem 1 we have

k
|eo(m)| < Bt +zum s @ xp)l.
din(x) 4  pln(d)(x)
(I’,fx)=1

We have already known that
n,<nkVlk

Therefore we shall show that

2 IHy| 2] (d ”) I |1=X(p)| = O(nt%-ikyey
fdn " dinCn)  d ?In(d)(z)

fr)=1
First we get by Lemma 11
I =Xp)I< 2= 20 = 0().

pIn(d)(x)
(8, fx)=1

Next we get
DI X2 1)
b1 pln 1
Sxln Sr=p"
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But by Lemma 3 we know that

> 1<4, for some positive constant 4.
Z
Fr=p"
Hence by Lemma 11 we also get

3 1<A® = O(nf) .

F3
fxln
Lastly we shall show that
H (a*, m) /n(k—l)/la — O(n®
<' oty d ) )

We transform this into

<|Hx | dlnz(z) (_dli#n)_>/n(k—l)/k =fl§"lﬁ>l/k°dl§z) <(dk:1 n)/(%>(k—l)/k> .

Then we have by Lemma 10

| H | [f2 PR < (f3P[fi501%) log fy<log fi -

Moreover by Remark 2 we can easily see that

ey

From these and by Lemma 12 we have

(lel =N M)/n(k—l)/k< ) logn

din(x) d din(x)

<logn>'1
g ﬁ
= 0.

This completes the proof of our Theorem.

5. Number theoretic properties of some ci”(n).

Lemma 13. Let k be a positive integer and p be a prime number which is
prime to k. We denote by k, the greatest common divisor of k and p—1. Then
we have

N(k)(x, p) J— N(ko)(x’ P) .

Proof. If x=0 mod p then the lemma is trivial. Hence we assume x30
mod p. Consider the following sequence of groups and homomorphisms
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{1} —> (Z[pZ) >~ V/bo — (Z[pZ)* —> (Z[pZ)**o — (Z[pZ)** —> {1},
& F£) &8s

where we define the homomorphisms g,, g, and g, as follows

g:(a) = aVac(Z[pZ) P~ k,

g:(a) = a*Vac(Z[pZ) %,

2(a) = ¥k Vac (ZjpZ)™h .
By the definition of k,, we see that k/k, is prime to (p—1)/k, This shows that
g, is an isomorphism and the above sequence is exact. By the definition of
N%(x, p) and N®(x, p) we see that N%J(x, p) is not zero if and only if
xeIm(g,)=(Z[pZ)** and N¥(x, p) is not zero if and only if x&Im(g,0g,)=
(Z/pZ)**,. Therefore N®(x, p) is not zero if and only if so is N®¥(x, p). If
x € (Z[pZ)** then N%(x, p)=#Ker(g,)=#Ker(g,0g,)=N®(x, p). Thus

Lemma 13 is proved.

Proposition 2. Let p,, -+, p; be distinct primes each of which is prime to k
and k; be the greatest common divisor of k and p;—1. If we denote by k, the least
common multiple of k,, -+, k;, then

T
¢P(Pye e ep;) = €IV (Pye D)) .
Proof. By Lemma 13 it is obvious that
N®(a, p) = N*(s, p) = N*(x, 1) .
Then by Lemma 1 we have
N®(x, pyeeeeep)) = NE(2, pyeeeeep) .
On the other hand we have already shown in the proof of Proposition 1 that

() = "1 SIN®(a i, m),

n =1

where we consider a™'x in (Z/nZ)*. Therefore we can immediately obtain the
lemma.

Lemma 14. Let p be a prime such that
p—1=0mod 2%
and X be a character of modulo p of degree k, then
X(—1)=1.

Proof. If we put p—1=2mk with a positive integer m, then the order of
—1in (Z[/pZ)* is mk. Therefore there exists some x,&(Z/[pZ) such that
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xpt=—1 mod p,
which implies X(—1)=X(x3)*=1.

Proposition 3. Let p,, ---, p; be distinct primes each of which is prime to k
and congruent to 1 modulo 2k, then

(prep) = 0.

Proof. We put n=p,----+p,. Let X be any character of conductor fy |z,
then by the decomposition (1) in §2 of X and Lemma 14 we see that X(—1)=1.
Therefore by Lemma 2 and Theorem 1 we can immediately obtain our Proposi-
tion.

In the case k=2, we have obtained the very beautiful formula for ¢ (n)
in corollary 2. But when & is an even integer>2, ¢5”(n) is more complicated.
From now on till the end of the this section we shall only consider the case k=4
and n=p, where p is a prime. If p=2, then ¢{”(2)=0 and there is nothing to
say. If p=3 mod 4, then c{’(p)=cP(p) by Proposition 2. Further if p=1
mod 8, then ¢5”(p)=0 by Proposition 3. Therefore we may confine ourselves
to the cases p=>5 mod 8.

Let p be a prime which is congruent to 5 modulo 8. Then the unit group
(Z/pZ)* of the residue ring Z/pZ is a cyclic group of order p—1 which is
divisible by 4. We denote by H (respectively H,) the unique subgroup of
(Z|pZ)* of index 4 (respectively 2). Let K be the p-th cyclotomic field i.e.,

271

K=Q(t), where ¢ =exp(7>. Then there exists the subfield L (respectively

L,) corresponding to the group H (respectively H,). As the order of —1is 2,
H does not contain —1 but H, contains it. This shows that L is a totally
imaginary field and L, is the maximal totally real subfield of L. Hence we
obtain the following diagram

Il(= Q) {%}

L H(»—1)
L:o H(>-1)
Q (ZIpz)".

Hereafter till the end of the this section we shall use the following notations.

= en(2)

h = the class number of L

h, = the class number of L,
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h* = h/h,

E = the unit group of L

E, = the unit group of L,

@ = the number of the roots of unity of L

By the condition on p we can easily see that the element 2 is not a quadratic
residue of modulo p. This shows that the group (Z/pZ)*/H is generated by
the class represented by 2. We shall denote by X (=0, 1, 2, 3) the character
of (Z[pZ)*|H which takes value \/—1/ at the class 2 mod H. From these
characters we obtain the characters modulo p in the sense of section 2 and we
also denote them by X’ (j=0, 1,2, 3). We can easily see that these characters
except X have the conductor p. Then the group of characters {X’|;j=0, 1,
2, 3} corresponds to L and {X®, X®} corresponds to L,. Now we quote the
following formula for A* from Hasse [1].

Lemma 15. Let E’' be the group generated by E, and the roots of unity
contained in L. Then we have

_ i 2-1 i
W= 0w I o (5~

where Q is defined by Q=[E; E']. In our case we can easily see Q=1.
Proof. See Hasse [1] ITI-(*).

Theorem 3. If we use the above notation, then we have

= 2 (Y (0],

Proof. We put

% SIxOap = atbi a0, beQ.
Then we have
14 .
> Z}! X®(x)x = a—bi .
We shall prove that
(4)
7 — _”(p) ,
(7) a = —4X
(8) b= D)

2
By the definition of a we get
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1
a=-—{ -2 %}
p T=1 =1
z=y4mod # 3'=‘lemodp
s3,4mod »
1 .. 2-1
= ‘; {Zg x —Z x }.
#=y4mod » ‘—szodﬁ
As p=1 mod 4, if x=y* mod p then —x=y’* mod p for some y'e Z/pZ.
this we get
(9) pE x =P(P_1).
o 4

mod p

On the other hand we have by the definition of ¢{*(p)

(10) §9(p) = ’g x.

4 mod »

By (9) and (10) we have
_ (p—=1_cP(p)\_p—1
o= (P -5P)-1,

_a(p)
3
Thus we obtain the formula (7). Next we shall prove (8). By the definition of
b we have
1 r-1 »-1
b= {— M ox — x }
p = =1
#=29%mod ‘EZJ’IZ
x25,4mod »
1 -1 -1
= > {2 ;Eﬂ x —Z}l x }

t=25%mod » y=29%mod

=%{2% x p(p )}

24 mod #

On the other hand by the definition of ¢§*(p) we have also

Therefore we obtain

From
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—1_c(p))_p~1
b= (222 \P))_
( 4 2 ) 4

— _2(p)

2

Thus we have completed the proof of our Theorem.

REMARK 6. We can easily see that

w=10 ifp=>5,
w=2 otherwise .

For the even £>2 it can be considered that ¢$”(p)’s have similar relations to
some relative class numbers. But for the composite #’s such relations are more
complicated. We shall give the table of 4%, ¢{*(p) and c§*(p).

Table (p=5(8), p<500)

p £9(p) SP(p) h*
5 6/5 2/5 1
13 2 2 1
29 -2 2 1
37 2 -2 1
53 -2 -2 1
61 2 -2 1
101 —6 2 5
109 10 6 17
149 6 6 9
157 2 6 5
173 —6 -2 5
181 14 2 25
197 -2 -6 5
229 6 10 17
269 10 -2 13
277 —6 10 17
293 6 —6 9
317 2 10 13
349 —6 -2 5
389 18 2 41
397 2 —-10 13
421 2 14 25
461 -2 —14 25




670 I. M1YAWAKI

6. An afterthought
We shall give an another elementary proof of Corollary 3.

Proposition 4. If the following congruence equation has a solution
(10) xk=—1 mod 7,
then
-1

(b)(n)

Proof. If (10) has a solution, then it is clear that
N®(x, n) = N®(—x, n) = N®(n—x, n) .

Hence by the defintion of ¢§”(n) we have

cP(n) = Z}N"”(a X, n)x
= ”_'2‘_ _2 {N®(a~x, n)x-+N®(a " (n—x), n)(n—x)}
- 1‘2_'1 2n,2”N""(a“x n),

where we consider a™'x in Z/nZ. But we can easily see that
:Z:]:N""(a“x, n)=mn.
From this it follows that
ca’(n) = (n —N®(0, n))

_N “"(O, n)—l
—

But by a simple computation we get
N®0, n) = nf® .

Thus we obtain Proposition 4.

Considering the definition of ¢iP(n), if ax*=0 mod n then [fih]—-a—xk but
n n
we suppose that [%h] is approximately axt —%. Therefore n°—1 can be
n

considered the known error term. From this point of view we had better to
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H__1 . .
consider that df,”’(n)=c,‘,"’(n)—""—2—1 is the essential error term. The proof of

Theorem 2 shows that the order of diP(n) is less than n{%*~"/¥*® for any £>0.
The Corollary 2 is true with slight modification of d3”(n).
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