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Let A be a central separable algebra over a field K, and assume that it
contains a normal extension L of K as a maximal commutative subalgebra.
When L/K is moreover separable, one obtains a description of 4 as a crossed
product by extending automorphisms of L to inner automorphisms of 4. When
L/K is purely inseparable of exponent 1, one obtains similarly a concrete de-
scription of A by extending derivations of L to inner derivations of 4 (e.g.
Jacobson [5]). Here we apply a similar procedure using higher derivations in
case L is purely inseparable of exponent 2, and derive the normal form
(alBo B,] for A given by Schmid [7] and Witt [9]. For this purpose we
prove in §1 some facts about inner-extension of higher derivations.

1. Inner-extension of higher derivations

Let A be an algebra over a commutative ring R. Let A[T],=A[T]/
(T*"), where T is an indeterminate. We denote T(mod 7%*") by ¢, so that any
element of A[T], is written uniquely as a,+a,t+---+a,t? (a;= A). Let B be
an R-algebra containing A. A higher derivation D of A into B of rank gisa
sequence {D,, ---, D } of R-linear maps D;,: A— B such that

D,: A—>B[T)s; Dia)= a+Dy(a)t+-+D,(a)t? (acA)

is an algebra homomorphism, or what is the same thing, D, defines an algebra
homomorphism A[T]),— B[T], over R[T],. If D={D,, -+, D,} is a higher deri-
vation of rank ¢, {D,, --*, D,} (k<q) is a higher derivation of rank &, which will
be called the k-section of D.

For any d,, -+-, d,= A4, the polynomial

dy = 14dt++dgt?

is invertible in A[T],. It yields a higher derivation d of 4, via inner automor-
phism of A[T1],, i.e.
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d(a) = d,ad;*  (ac A)

We call such d an inner higher derivation of A determined by {d,, -+, d,}. In
other words, a higher derivation D is inner if there exist d,, ---, d,& A such that
for any ac 4

dwa = Dy(a)+D,_\(a)d,+--+D\(a)d,_,+ad,  (k=1,-+,9).

ExampLE 1. Embed A4 into End (4) as the set of left multiplications.
Any higher derivation D: A — A4 is then extended to the inner higher derivation
of End (4) defined by D,, ---, D, End (4).

ExampLE 2. Let 1, --+, ¢ be invertible in R. A derivation §: 4 — 4 gives
rise to a higher derivation e,(8) defined by

ea(8):(a) = a-+5(a) t+2i! 5%(a) £t - +}le $a)t?  (ac A)

If & is an inner derivation defined by d& 4, then ¢,(3) is an inner higher deri-
vation defined by

eo(d) = 1+dt—|—§1'—d2t2+---+$d"t".

Let B be a subalgebra of A, and D: B— A4 a higher derivation. If there
exists an inner higher derivation d of A which coincides on B with D, we say
that d is an inner-extension of D.

Theorem 1. If B is a separable algebra [2] over R, any higher derivation
D: B— A has an inner-extension A — A.

Proof. There exist u;, v;& B (=1, -+, n) such that

1) 2luw; =1, and
i) 3 bu,Qv; = S u,Qvb  (in BQB).
Set

d; = 22 Dy(uw;)v; = 1+(23 Dy(u;)v;) e+ .
For b= B, we have

Dy(b)d, = 33 D,(b) Dy(u;)v; = 3 Dy(bu;)2,
= 23 Dy(u;)(v;b) = d b
This shows that d is an inner-extension of D.

Theorem 2. Let A be a central separable algebra over R, and B be a left
(or right) semisimple subalgebra [3] of A. Then any higher derivation D of B into
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A has an inner-extension A— A.

REMARK. A special case is proved in Jacobson [5], and the theorem itself
is essentially a special case of Sweedler [8, Th. 9. 5].

Proof. We proceed by induction on ¢q. The case g=1 is proved in the
following manner (after Hochschild [4]). Let A° be an anti-isomorphic copy
of 4. The direct sum (4, A)=A@A is considered as a BQA’-module by
setting

b(a,, a,)a = (ba,a, D,(b)a,a-+ba,a) .

The map (a, a,)—~a, defines an R-split (B®A’-epimorphism APHA— A,
where 4 is considered naturally as a BQA°’-module. Since BRA® is left
semisimple [3, Prop. 2. 4], there exists a BQ A’°-monomorphism a: 4—APA
such that (4, A)=(0, A)Pim (a). If a(l)=(u, v), u is invertible, and we have
D(b)=(vu"")b—b(vu") (¢f. [4]). Let ¢>1 and assume that d,, ---,d,_, 4 give
an inner-extension of the (¢—1)-section D={D,, ---, D,_,} of D. Set

dl = 14+dt+-+d, 1€ A[T], .

For every be B, the terms of degree <q in D,(b)d;—db all vanish. So there
exists f(b)e A such that

f(b)t? = D(b)d[—d!b.
We have
J(b.b,)1? = Dy(b,) Dy(b,)d;—d;b,b,
= (D(b:)f(b,)+1(b:) b,) 7,
whence
f(bib;) = b,f(b:)+f() 0, .
Hence there exists d,& A such that f(b)=d,b—bd,("b< B).
Setting
d,=d+d?,
we have

db=D/b)d, ("beB). q.e.d.

If both d and d' are inner-extensions of D: B— A, then it is clear that
d7'd!eV 4(B)[T],, where V 4(B) denotes the commuter of B in A.

Proposition 3. Let D be a higher derivation B— A which admits an inner-
extension A— A. If the k-section of D (k=q) has an inner-extension A— A
determined by d,, -+-, d,, then we can find d,.,, ---, d,= A so that D is extended to
the inner higher derivation defined by {d,, -+, dy, dpy,, +++, dg}.
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Proof. Let the inner higher derivation by {dj,---,d;} yields D when
restricted to B. Then there exist ¢, -+, ¢,& V 4(B) such that

14d i+ F-dptk = di(14-c,t+ - +c,t%) (mod #£*)
Determine d,,,, --+, d,€ A by the identity (in A[T],)

14-d,t+ - +dptet-d, 157 o 4-dgt? = di(1+ct 4 4-c,tF) .
It is clear that {d,, -+, d}, dp.,, -+, dg} induces the higher derivation D of B.

2. p-algebras of exponent 2

Let A be a central separable algebra over a field K of characteristic p=0,
and assume that there exists a maximal commutative subalgebra L which is a
purely inseparable extension of K such that

(1) L=K@), uw=ack

Since L=K[X]/(X?*—a), a higher derivation D: L— A of rank g is determined
by assigning to u a polynomial D,(x)€ A[T], such that D,(u)**=ca. It follows
that for g<<p?, there exists a (unique) higher derivation D={D,, --+, D,}: L—L
such that Dy(u)=a;, i=1, ---, g, for any preassigned values a,, -+, g, L.

In particular, there exists a higher derivation D: L — L of rank p such that

Dy(u) = 71'_Di(u) - iL'u, P, e i,

D,u)=0.

By Theorem 2, D has an inner-extension 4 —A. If D, is given by the inner
derivation by d,€ 4, {D,, -+, D,_,} is given by {d,, ---, d, .} where d;=(1/i!)d}
(=1, --,p—1). Hence, by proposition 3, D is extended to an inner higher
derivation defined by

1

d, -,d,; where d;=—-dj, i=1,--,p—1.
z!
In particular we have
(2) uw'du=d,+1,
1 - 24 1 :
(3) u dpu——di,—l—g‘_l,mdl.
By (2) we have
(2) u”du = di+1.

Hence d?—d, commutes with #, and d3—d,& L. It commutes moreover with
d,. Hence di—d, = K(u?). It follows that
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(d})?—d3 = (d3—d,)’eK .
By (2') we may start with d{ instead of d,. So we may assume
(4) t—d, = B.eK.
Set v=[d,, dy]=d,d ,—d ,d,. We have
ulvu = (d,4-1)(d,+S)—(d,+S)(d,+1) = v,

since S=u"'d u—d, commutes with d, (cf. (3)). Hence ve L.
We have
S S
did,—d,dy = [d,, -+, [d\, d,]-'] = Dy Y(v).

This together with (4) shows
dd,—d,d, = D} '(v) = d,\Dy~*(v)—D3y7*(v)d, .

This means that d,=d,—D3 *(v) commutes with d,. Since d; satisfies (3),
we can use this d, in place of d,.
Hence we may assume

(3) did, = dyd,

d, and d, generate a commutative subalgebra P. Let W,(P) be the group of
Witt vectors of length 2 in P. By definition, we have

o b1 = (b1, b B )
where 1=(1, 0). (Notice (p—1)!=—1 (mod p).) Hence (2) and (3) mean
( 6) u—l(du dp)u = (dn dp)+l

Similarly, (2") and the identity

(3) W= dg+ 51 (p_z)vd’f'
which is derived from (3), mean

(6 u”'(dy, dy)u = (d, d})+1
Putting

(7) ®(d,, d,) = (a1, d3)—(dy, dp) = (Bo, )

we have (by (6) and (6"))
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u_l(le(h Bl)u = (ﬁo’ Bl)

Since B, (as well as 8,) commutes with d,, d, and u, it must lie in K. Finally
itis clear that d,, d, and u generate the whole algebra. A. The structure of
A is thus completely determined by (1), (5), (6) and (7), and we have arrived
to the normal form (a|3,, 3,] given by Schmid [7] and Witt [9].
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