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In this note we shall solve an analyticity problem and improve an integration
theorem obtained by the second named author [1].

1. Introduction

We shall give a proof to the following

Lemma. Let f(x) be a real valued C~-function on the interval (0, 1).
Suppose that the radius of convergence of the power series

2 F®(x) (xo) (x—2x,)*

k=0
is greater than a positive constant r for every x,in (0, 1). Then f(x) is real analytic
on the interval (0, 1).

Applying this lemma we can prove the following

Theorem. Let M be a C~-manifold and L be a Lie subalgebra of the Lie
algebra of all C=-vector fields on M. For two elements u and v of L, put

gi(u, v) = ;O( 1)t (ad v)*u ,

where (ad v)ru=[v, (ad v)*'u], k=1, 2, 3,---. Suppose that for any pair of u
and v in L and for any compact subset K in M there exists a positive number
c(u, vy K) such that the radius of convergence of g/(u,v) at x is greater than
c(u, vy K)if xisin K. Then through every point x, on M there passes a maximal
integral manifold N(x,) of L. Any integral manifold of L containing x, is an open
submanifold of N(x,).

This theorem was proved by Matsuda [1] under the additional condition
that g.(u, v) is continuously differentiable with respect to (x, t) term by term.
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Jr.: A theorem on analytic functions of a real variable, Bull. Amer. Math. Soc.
41 (1935), 233-236). Our proof is different from the original one of Boas.

2. Proof of Lemma
The first step is to prove that the set of all points at which f(x) is real analytic
is open and dense in (0, 1). Put

M(x) =sup Li(i;('xirk .

By our assumption M(x) is finite at every x in (0, 1). Take an arbitrary closed
interval 1, in (0, 1). If we put

A4, = {xel,; M(x)<n},

then

Since 4, is closed for every n, by Baire’s theorem there exist an integer M and an
open subinterval I, of I, such that A, contains /,. For two points x and x, in
L, by the mean value theorem we have

f(x) = E)f (xo)(x x)k+f (J’)(x x0)",

where x,<y<xor x<y=<x, If |x—x,|=0r and 0<<f<1, then

L sy " < 6
ni

Hence f(x) is real analytic at x, and on /.
The second step is to prove that the set B of all points at which f{x) is not
real analytic is empty. 'To the contrary suppose that B is not empty. Put

= {x€B; M(x)<n} .
Then

Since B and B,(1 <n< o) are closed, by Baire-Hausdorff’s theorem there exist
an integer N and an open interval I such that By contains I N B which is not
empty. Let us define N(x) by
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V= L5005
and prove that
N(x)<3N
on I, if |1|<%.
If x is in B, then
N(x)<M(x)<N <3N.

Suppose that x is not in B. We can take a neighbourhood (g, b) of x in I such
that f(x) is real analytic on (a, ) and a or b is a point of B. Fix a point x, in
(a, b). By the identity

f9) = 353 L (e,

we have
Lf ()] ég |f<;;':>(xo)| (_;_);
Since
(n+)! < n+d
jint ’
we obtain
) w1 v |9 (x0) | (2r)
,f (x)léz nlgw(?>
B 2\" . & lf(j+”)(x0)| Fin g_ i
“(7) 0> s (3 )
§3M(xo)(—§—>”n! .
Hence

ﬂ!(ﬁl <%)" <3M(x,) .

n

Suppose that a is a point of B. Since f™(x) is continuous, we have

|f (@) <%>" <3M(x,)

n!

and
f(x) = if—(”)(,a) (x—a)*.
=

In the same way as above we obtain
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N(x)<3M(a)<3N .

If a is not a point of B and b is a point of B, we can also get this inequality.
Since N(x) is bounded on I, f(x) is real analyticon I. Thisis a contradiction,
because we assumed that BN I is not empty.

3. Proof of Theorem
Take an element v of L satisfying v(x,)=+0 and any element u of L. Let us

show that there exist a neighbourhood U and a positive number ¢ such that we
have

(V) = g(u, v)

for (x, ¢) in U X (—c¢, ¢). Here ¢,(v) is a local one-parameter group of dif-
feomorphisms generated by 2.

This identity is sufficient for our improvement of the theorem, because as
shown in [1] the proof of our theorem is reducible to this identity.

Take a cubic neighbourhood

V= {(, a"); |x*—xf| <2}

of x, such that ¢(u, v; V)=c. Here we can assume that 7):56—1 in V. Then we
x

have
(ad o)bu = 0% | R=1,2,3,.
o(x)*
and
Pu(v)su(x) = u(x—1),
where

x—t = (x'—1, &%+, x").
Hence if we put
U= {-,a"); |&—x5] <c},

then by our lemma we obtain

o) = utx—1) = B G T o
= i (_t)k(ad v)*u(x)

for (x, t) in UX(—c¢, ¢).
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