Iwahori, N. and Sugiura, M.
Osaka J. Math.
3 (1966), 139-153

A DUALITY THEOREM FOR HOMOGENEOUS
MANIFOLDS OF COMPACT LIE GROUPS

NaGayosHI IWAHORI and Mitsuo SUGIURA

(Received September 16, 1965)

Introduction

In 1938, T. Tannaka [10] found a duality theorem for compact
groups. The theorem was deepened by C. Chevalley [2] for compact Lie
groups. In fact his theory establishes an intimate connection between
compact Lie groups and reductive linear algebraic groups. More precise-
ly, he associated an affine algebraic group G° defined over R with each
compact Lie group G and proved that G is canonically isomorphic to
the subgroup G of all R-rational points of G°. The existence of this
isomorphism amounts to the Tannaka duality theorem in this case.
Conversely, for every reductive algebraic linear group G*, there exists a
compact Lie group G such that G° is isomorphic to G* (Proposition 1).
The purpose of this paper is to prove a duality theorem for the homo-
geneous spaces of compact Lie groups which is analogous to Chevalley’s
theorem. For each homogeneous space M=G/H of a compact Lie group
G, we construct a complex affine algebraic set M° which will be called
the complexification of M and prove that the associated algebraic group
G° of G acts on M° rationally and transitively (Proposition 3). Moreover
the isotropy subgroup of G° at the origin is identified with the associated
algebraic group H® of H (Proposition 3). This proves that the quotient
space M°=G°/H° of a complex reductive algebraic group G° over a
complex reductive group H° is an affine algebraic set (corollary to
Proposition 3). This fact is proved by Borel and Harish-Chandra [1]
when G° is connected. There is a natural bijection of M onto the subset
M, of M° consisting of all real points of M°. This is our duality theorem
(Theorem 1). By introducing the notion of linear representation of a
homogeneous space, this duality theorem can be formulated as a theorem
of classical Tannaka-Chevalley type (Theorem 2). As the consequences
of our duality theorem, we obtain the following results (Theorem 3).

1) The homogeneous space G/H of a compact Lie group G has the
structure of a real affine algebraic set. 2) G/H has a faithful linear
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representation. 2) was obtained earlier by G.D. Mostow [7]. The results
of this paper were obtained in the autumn of 1959 and read at the
spring meeting of Mathematical Society of Japan in 1960. The paper has
not been published earlier because of several reasons on the side of the
authors. Meanwhile A.L. Onis¢ik [9] introduced the complexification
G°/H°¢ of G/H in somewhat different context.

1. Notations and conventions

Throughout this paper, we use the following notations :
C(X): the algebra of all complex valued continuous functions on a
compact space X with the uniform norm

1 f1l= max| flx)],

G: a compact Lie group, e¢: the identity element of G,

M : a C”-manifold on which G acts differentiablly and transitively,

b,: a fixed point (the origin) of M,

H : the isotropy subgroup of G at p,,

L, : the left translation induced by g&G on G, (L,f)&,)=r(88)

R, : the right translation induced by g=G on G; (R, f)g,)=f(8.2)

T, : the transformation induced by geG on M; (T, ) p)=rf(gb),
o(G)={feC(G); dim[L,; geG]<}: the representative algebra of G,
o(M)={feCM); dim[T,f; geG]< oo} :

¢: the canonical injection of o(M) into o(G)

(cf)8) = f(gH),

dg(dh): the normalized Haar measure of G(H),

dp : the normalized G-invariant measure of M,

f: the complex conjugate function of feC(X).
A representation of G means always a finite dimentional continuons (so
analytic) representation over the field C of complex numbers unless the
contrary is explicitly stated. A homomorphism o of an algebra with
the unit 1 into an algebra B with 1 is always assumed to be unitary,

ie., o(1)=L.

2. Duality theorem of Chevalley-Tannaka

In this section we summarize, using the approach of Hochschild-
Mostow [3], the known results about the duality theorem of compact
Lie groups due to C. Chevalley and T. Tannaka for our later use.

Let o(G) be the representative ring of a compact Lie group G. o(G)
is, by definition, the algebra consisting of the finite linear combinations
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of the matricial coefficients of the representations of G. The associated
algebraic group (the complexification) G° of a compact Lie group G is
defined as follows. As a group, G° is a subgroup of Aut (o(G)) defined
as follows:

G = {c=Aut (0(G)); ooL,=L,oc for all g=G},

where Aut (0(G)) denotes the automorphism group of the algebra o(G).
On the other hand G° has the structure of an affine algebraic set. The
algebra o(G) is a finitely generated commutative algebra without nilpotent
element. To every o in G° corresponds the homomorphism w=o0,&
Hom (o(G), C) defined by

o (f) = (af)e)  for every f in o(G),

where e is the identity element of G. The mapping c—w, is a bijection
of G° onto Hom (o(G), €'). The group G° identified with Hom (o(G), C) by
this bijection has the structure of an affine algebraic set. And the group
G° now becomes a complex affine algebraic group and hence a complex
Lie group. For every element ge=G, the right translation R, belongs
to the associated algebraic group G° of G. The mapping g—R, is an
isomorphism of the group G onto the subgroup G,= {c €G°; o(F)=0o(f)
for every feo(G)} of G°. This fact is the essential part of the Tannaka
duality theorem for the compact Lie group G (see [4] for a proof). In
the following we identify geG with R, and regard G as a subgroup of
G° via the injective homomorphism g—R, from G into G°.

Let R be the set of all matricial representations of G. A representa-
tion of R is, by definition, a mapping ¢ which assigns to every pR a
regular matrix ¢(p) of degree equal to the degree d(p) of p in such a
way that the equalities

E(p B p,) = &(py) D &(p,)
§(91 ® Pz) = g(pl) X g(pz)
Elypy™) = qt(e)y™?

hold for any representations p,, p,, p of G and any regular matrix v of
degree d(p). The set of all representations of R is denoted by G¥*.
G* has the structure of a group. The group operation is defined by
gL (P)=t(p)(p) ! for any &, £,eG* and peR. Every o =G° corresponds
to an element ¢, of G* defined by the equality

¢p) = (op)e)  for any peR
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where op=(op;;) if p;; is the (i, j)-coefficient of p. Then the mapping
o—¢, is an isomorphism of G° onto G*. The above defined isomorphism
g—R, of G onto G, induces an isomorphism g—{,, of G onto G¥= {{&G*;

¢(p)=t(p)}. This is the original form of the duality theorem of Cheval-
ley-Tannaka. Every representation p of G can be uniquely extended to
a rational representation of the associated algebraic group G° of G.
p° is defined by

P(a) = £,(P).

Let + be the automorphism of o(G) regarded as the algebra over
R defined by +(f)=f (f€0o(G)). Then the mapping S: o —ror(c€G°)
is an involutive automorphism of the group G°. Let (p, C”) be a unitary
representation of G whose coefficients generate the algebra o(G). Then
p¢ is a faithful representation of G° and

P(ra7'r) = (o). (1)

Therefore p°(G°) is a self-adjoint algebraic subgroup of GL(n, C). We
identify o =G° with p°(¢) and G° with p°(G°). Then G° is a self-adjoint
algebraic subgroup of GL(n,C) and the intersection of G° with the
unitary group U(n) coincides with G by the identity (1):G°N Umn)=G.
Every element o of G° can be expressed uniquely as

c=gexpv/—1X, g&G and Xeg

where g is the Lie algebra of G. expy/—1g is the intersection of G°
with the set P(n) of all positive definite hermitian matrices of degree
n. G° is the smallest algebraic subgroup of GL(n, C) containing G and
G is a maximal compact subgroup of G°. Using the canonical R-isomor-
phism between C" and R*”, we may assume that the above representation
p of G is a real representation, i.e., p(G) consists of real matrices. So
the algebraic set G° is defined over R. By means of the Tannaka
duality theorem, G is equal to the subgroup of G° consisting of all real
matrices in G°. Therefore every compact Lie group G is an R-algebraic
group.

Proposition 1. For an algebraic subgroup G* of GL(n, C), the fol-
lowing two conditions, 1) and 2), are mutually equivalent :

1) G¥* is the associated algebraic group of a compact Lie group,

2) G* is self-adjoint for some positive definite hermitian form on C”.

When these conditions are satisfied, G* is the associated algebraic group
of a maximal compact subgroup G of G* which is the intersection of G*
with the unitary group of the above hermitian form.
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Proof. 1) implies 2) as explained above (cf. Chevalley [27]). Let
G* be a self-adjoint algebraic subgroup of GL(n, C). Then G* can be
decomposed uniquely as

G*=Gexpv/—1g

([2] Ch. VI. §IX Lemma 2), where G=G*N U(n) and g is the Lie algebra
of G. The identity mapping p: g—g is a faithful representation of G.
p can be extended uniquely to a rational representation p¢ of the associat-
ed algebraic group G° of G. p°is a homomorphism of G° into GL(#n, C)
and p(G°)=p(G)exp/—1dp(a)=G*. Let s=gexp/ —1X(ge(CG, Xeg)
be an arbitrary element in the kernel of p°. Then we have 1=p%(c)=
p(g)exp/—1dp(X)=o. So p° is an isomorphism of G° onto G*.

REMARK. G.D. Mostow [6] showed that the condition 2) in propo-
sition 1 is equivalent to the following condition : 3) G* is fully reducible
on C”". M. Nagata [8] showed that the condition 3) is equivalent to the
following condition : 4) the radical of G* is a complex torus C*™.

3. The algebra o(M)

Let G be a compact Lie group acting transitively and differentiably
on a C~-manifold M and H be the isotropic subgroup of G at a point
b,. H consists of the elements of G leaving p, fixed. M is identified
with the coset space G/H by the homeomorphism gp,— gH.

DEFINITION. A continuous function f on M is called a spherical
function on M if

dim {T,f; g€G} <o

The set o(M) of all spherical functions on M is an algebra over C. The
structure of an algebra is defined by

(af)(p) = af(D), acC; (f+8)Xp) = f(p)+&(D); (fe)p) = f(D)E(D).

Then the canonical projection = : g—gH of G onto M induces an injec-
tion ¢: f—for of o(M) into o(G), to(M) consists of the elements in o(G)
which are invariant under every right translation R, (k=H). In the
following, we shall identify f in o(M) with «(f) in o(G) and regard o(M)
as a subalgebra of o(G). Let (p, V) be a representation of G whose
restriction to the subgroup H has an invariant vector x,%0 in V, and
(x,, -+, x,) be a basis of V containing the invariant vector x,. Then the
linear transformation p(g) can be represented by a matrix (p;;(g)) using
the basis (x,, -+, #,). The coefficients p,’s in the first column of this
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matrix belong to o(M). o(M) consists of the finite linear combinations
of all such p,’s varying the representation p and the invariant vector
x,. Now we shall prove that the algebra o(M) is finitely generated.
Since the algebra o(G) is finitely generated ([2] Ch. VI), G has a
representation (p, V) whose coefficients generate o(G). Let E be the
vector space consisting of all linear transformations of the vector space
V and P(E) be the algebra of all polynomial functions on E. Then
every element g in G induces an automorphism R, of the algebra 3(E).
R, is defined by

(R F)X) = F(Xp(g)), FeR(E) and XeE.
Every polynomial function F in B(E) defines a function F=Fop on G.
Since the coefficients of p generate the algebra o(G), the mapping ®:

F—F is a homomorphism of the algebra P(E) onto o(G). Moreover
we have

(R,F) = R  for every geG and FERE). (2)
Lemma 1. Let
PHAE) = {FEP(E); R,F=F for every heH}.
Then the homomorphism ® : F—F=Fop maps RHE) onto o(M).

Proof. First, PH(U)* is contained in o(M)={feo(G); R,f=f for
every heH} by the above identity (2). Conversely let f be any element
in o(M). Then there exists an F in P(E) such that F'=f, since & maps
B(E) onto o(G). The polynomial function F, defined by

F, = S R,Fdh
H
belongs to PH(E). Moreover since R,F'=F for every 4 in H, we have
F,=F=f Thus ® map PHE) onto o(M).

Proposition 2. Let G be a compact Lie group and H be a closed
subgroup of G. Then the algebra o(M) of the sperical functions on M=
G/H is finitely generated.

Proof. The algebra P#E) of the invariant polynomials for the
compact group H is finitely generated (cf. H. Weyl [11] p. 274). So
proposition 2 is an immediate consequence of Lemma 1.

4. The complexification M° of M
Let G, H  M=G/H and o(M) be the same as above.
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DEFINITION. The complexification M of M is defined as

M° = Homg(o(M), o(G)), i.e.,
M° = {p=Hom (o(M), o(G)); o T,=L, ¢ for every g=G},

where Hom (o(M), o(G)) is the set of all homomorphism of the algebra
o(M) into the algebra o(G) and

(T, F)p) = fleh), feo(M), g=G, pEM,
(L f)(x) = f(gx), feo(G), g6, x€G.

The topology of M° is defined as the weakest topology such that the
map ¢—¢(f) is continuous for every f in o(M). Any positive number
& and any finite set {fi, -, f.} of functions in o(M) define a neigh-
bourhood

Ulp,s; fir o fa3 6) = {peM’; llofi—p fill<eé (A=i<n)}

of a point @, in M° All such Ulgp,; fi, **, fn3 &’s form a basis
of neighbourhoods of @,. Now let Hom (o(M), C) be the set of all
homomorphisms of the algebra o(M) into the field C of complex numbers.
The topology of Hom (o(M), C) is the weakest topology such that the
map o—w(f) is continuous for every f in o(M). Now let us construct
a bijection M°—Hom (o(M), C) using the idea given in [3].

Lemma 2. The mapping p—w=w, defined by

o(f) = (pf)e), feo(M) (3)
is a homeomorphism of M° onto Hom (o(M), C).

Proof. It is clear that » defined by (3) belongs to Hom (o(M), C)
if @ is in M°. Moreover the identity

(pf)&) = (T, f), €6, fEo(M)

shows that the mapping ¢—w is a bijection from M° onto Hom (o(M), C).
Since |o(f)—wf)| Zllef—@.fll, the mapping ¢—w is continuous. To
prove that w—¢ 1is also continuous, let p be a unitary matricial
representation of G such that p;(#)=39;,, 1<i<n=d(p) for every heH.
Then the functions fi, -+, f» on M such that :f,=p,, belong to o(M).

Applying p=M* to the identity T,f;= gph(g)ﬂ, we get L(of;)=
i P#(2)®f;. The values at ¢ of the both sides of the last identity give
the equality



146 N. IwaHORI and M. SUGIURA

(P (&) = 2 Pu(g)a(s)  for any ge=G. (4)
Since |p;;(g)| =<1, the last equality (4) leads to the inequality
lofi=@nfill= 3] 1o(f)— ol ). (5)

As every f in o(M) is a finite linear combination of such f;’s, the
inequality (5) proves that the mapping o—¢ is continuous. The lemma
is proved.

From now on, we identify p=M°® with w=w, in (3) and M° with
Hom (o(M), C). Proposition 2 and Lemma 2 give the structure of an
affine algebraic set to M°. Let f, -, f, be a finite system of the
generators of o(M). Then the mapping F: w—(o(fy), -, o f) IS a
homeomorphism from Hom (o(M), C)=M° onto some algebraic set M*
(a model of M¢) in C”. Since o(M) contains f together with f, M° is
defined over R.

We owe H. Matsumura the proof of the following lemma.

Lemma 3. Let a be a proper (i.e. as=o(M)) ideal of the algebra o(M)
and b=1:a0(G). Then b is a proper ideal of o(G).

Proof. For the sake of simplicity we identify feo(M) with ¢ feo(G).

For every a in o(G), we define the mean a* of @ over the subgroup
H by

a* = SHR,,adh .

Then a* belongs to o(M). Now suppose b=0(G). Then there exists a
finite number of elements f,, -, f, in a and «,, .-+, @, in o(G) such that
2 a;f;=1. The last identity leads to 2 a¥f;=1 which contradicts the

fact that a is a proper ideal of o(#).

Proposition 3. Let G° be the associated algebraic group of a compact
Lie group G and M be the complexification of a homogeneous space
M=G/H. If we define the operation of G° on M° by

o(p) = oo for oG and p=M°®,

then G° acts continuously and transitively on M°. The isotropic subgroup
H* at « (the canonical injection of o(M) into o(G)) coincides with the
associated algebraic group H® of H.

Proof. Clearly the group G° operates on M° to the left by the
above rule of the operation. Let f; be the same as in the proof of
Lemma 2. Applying o on the identity (4), we get
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(cop)f; = 23 (i)l f3) - (6)

So we have an inequality

e @)fi= (@IS 2 llopi— il 2L f)] + ol )=l £I)
+ ol ol £)— ol £)]

which proves that (¢, )—cop is continuous. Now we shall prove the
transitivity of the action of G° on M°, that is, for an arbitrary but fixed
point @ in M‘ we shall find a ¢ in G° such that cot=¢. By Lemma 2,
@& M° corresponds to the unique w=w,=Hom (o(M), C). Similarly, to
each ¢ in G, there corresponds the unique =46, in Hom (o(G), C), such
that 0(f)=(cf)(e) for every f in o(G). Therefore to prove the existence
of 0 =G’ such that cot=¢ is equivalent to find a /= Hom (0o(G), C) such
that #o.=w, because we have the equalities

[(oo)f1(8)] = O(Lyf) = (0T, f) and
o(T,f) = (pf)8).

Let a be the kernel of w. Then by Lemma 3, there exists a maximal
ideal b of o(G) containing :a0(G). Let (p, V) be a unitary representation
of G whose coefficients generate o(G), and P(E) be the same as in 2. Let
b, be the complete inverse image of the ideal b by the homomorphism
@ : F—>F of B(E) onto o(G). Then b, is a maximal ideal of PB(E). Since
B(E) is isomorphic to the polynomial ring C[¢,, ---, t5 ], the factor algebra
B(E)/b, is isomorphic to the field C. So we have o(G)/b=C and there
exists a homomorphism 6 of o(G) onto C whose kernel coincides with b.
As @o: vanishes on a, o coincides with . The transitivity of G° on
M° is now proved. Let H* be the subgroup of G°¢ consisiting of the
elements of G° which keep the canonical injection ¢ invariant. Let v be
the real automorphism f—f of o(G). Then we have

TH*r = H*, (7)

o in G° belongs to H* if and only if of=f for every f in «(o(M)). Since
F and f belong to (o(M) simultaneously, we have (ro7)f=o(f)=f=f
for ¢ in H*. So cs=H* implies rerH* and the equality (7) holds.
The identities (1) and (7) prove that p°(H*) is self-adjoint. On the other
hand H* is an algebraic subgroup of G°. Moreover, as the functions in
o(M) separate the points of M (cf. the proof of Theorem 1 below), we
have H¥*NG=H. Therefore, by proposition 1, we have p(H*)N Un)=
p(H¥*NG)=p(H). So H* is canonically isomorphic to the associated
algebraic group H° of H. Hence the proposition is proved completely.



148 N. IwaHORI and M. SUGIURA

As M° is the quotient manifold of a complex Lie group G°, M* has
the structure of a complex analytic manifold compatible with the
topology of M¢ defined earlier. Moreover the operation of G° on MF,
i.e., the mapping (o, p)—ao(e) is holomorphic. Proposition 1, 2 and 3
lead to the following corollary.

Corollary to Proposition 3. Let Let G*ODH* be two self-adjoint
complex algebraic groups. Then the quotient manifold G*¥*/H* has the
structure of an affine algebraic set.

REMARK. G is regarded as a subgroup of G° by identifying g&G
with the right translation R,. So the operation of g&G on M° is as
follows :

gp =R, ¢, p=M°*.

In the realization of M° as Hom (o(M), C), an element g=G operates on
M° by the formula

(&go)(f) = (T, f), fEo(M), (8)
because we have (go)(f)=(R,pf)e)=(2f)&)=(Lpf)e)=u(T,f).

5. The duality theorem
Lemma 4. o(M) is dense in C(M) with || ||-topology.

Proof. We identify f in o(M) with .f in o(G). By Peter-Weyl's
theorem, for any feC(M) and £>0, there exists an f,&o0(G) such that

Nf—fll<é& Let f(,:S R,f.dh. Then f§ belongs to o(M). And we
H
have || f—f,||I<& So the lemma is proved (cf. N. Iwahori [5]).

Theorem 1 (The duality theorem). Every p in M defines a homomor-
phism »,& Hom (o(M), C)=M* by means of the equality o (f)=f(p)
(feoM)). Then the mapping p—w ,isa homeomorphism of M onto M,
={weM®; of =of for every feo(M)}. Moreover regarded as G-spaces,
M and M, are isomorphic to each other, that is,

8o, = w,,, for every g&G and peEM. (9)

Proof. If p is a point in M, then «, belongs to M,. Let w,=wy,
for two points p and p’ in M. Then we have f(p)=s(p’) for all f in
o(M). These equalities lead to f(p)=f(p’) for all fin C(M) by Lemma
4. The last equalities imply that p=p’, because M is a normal space.
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So the mapping & : p—w, is an injection from M into M,. By the
definition of the topology in M°, the mapping is continuous. Since M
is compact, @ is a homeomorphism of M onto M,= {w ) peEM}. M is
isomorphic to M, as the G-space, because we have

(8o, )X(f) = o (T, f) = f(8P) = w,,(f)

by (8).

Clearly M, is contained in M,. Now we shall prove the converse:
M,cM,. Let @ be the involutive transformation of M°=Hom (o(M), C)
defined by

Qo) f) = o(f) feoM), oM,

and S the involutive automorphism of G°=Hom(o(G), C) defined by

SOF) = 0(F), feoG), 066G .

Let = be the canonical projection of G° onto M°=G°/H*‘. If ¢ belongs
to G°’=Hom (o(G), C), then the element z(c)=M°, regarded as an element
of Hom(o(M), C), is equal to ococ. So we have

Qorr = woS. (10)

Since G° acts on M° transitively, every o in M° can be written as w=
7(c) for some o in G°. o belongs to M, if and only if Qw=w which
is equivalent to S(c)H° =0H° by the identity (10). Let w==(c) be an
arbitrary element of M,. o is expressed uniquely as

oc=ga, g€G and a =-expyv/—-1X, Xeg (11)

where g is the Lie algebra of G. Then, by the identity (11), S(¢) is
decomposed as

S(e) = ga™

As S(o) is congruent to o modulo H, we can find an element » of H°
such that ¢=S(c)7. 7 is expressed uniquely as

n=~hb, heH and b=expy/—-1Y, Yebh,

where Y is the Lie algebra of H. The identity ¢ =S(¢)» leads to ga 'n=ga
and a*=n=hb. So we have by the uniqueness of the expression (11)

h=e, X=27Ye)

and c=ga=gexp2™'\/ —1 YegH’ where g lies in the ‘original compact
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Lie group G. Therefore we have proved w=m(c)=n(g)=ws, €M, and
M,=M,. The theorem is now proved completely.

DEerFINITION. Let p be a matricial representation of a group G and
n be the degree of p. The continuous mapping F of M=G/H into C*
satisfying

F(gp) = p(g)F(p) for every geG and peM, (12)

is called a (linear) representation of M associated with p. # is called
the degree of the representation F and is denoted by d(F).

Two representations (F,, p;, C™) and (F,, p,, C") of M are called
equivalent if #,=n, and there exists a non singular matrix v of degree
n, satisfying vF,=F, and yop,(g)=p,(g)oy for every GeG.

The direct sum and the tensor product of two representations
(Fy, p1, C™) and (F,, p,, C™2) can be defined naturally and are denoted by

(Fl@Fz» Pl@st Cn1+n2) and
(F\QF,, p,®p,, C™") respectively.

The complex conjugate representation (F, p, C") of (F, p, C") is also
defined in a natural way.

DEFINITION. Let R be the set of all representations of M=G/H.
By a representation of R, we understand a mapping ¢ which assigns
to every FeR a vector ¢(F) in C* (n=d(F)), in such a way that the
equalities

1) n(yoF) = y§(F)

2) SFDF,) = §(F)DE(F,)
3) SFQF,) = §(F,) QL(F,)
4) SE)=1

hold for any representations F., F,, F of M and any regular matrix v
of degree d(F') and the (1-dimensional) unit representation E: p—1.

Let FER and F(p)=(fip), -+, f(p)). Then each f; belongs to
o(M) and o(M) is spanned by such f;’s. We denote f; by f(i, F) and
introduce the indeterminates u(i, F) (1=:<d(F)) for every FER. Let
1 be the ring of polynomials in the variables «(i, F)’s with the coefficients
in €. Then there exists a homomorphism W of U onto o(M) which
maps each u(i, F) upon the corresponding f(i, F). Let d be the kernel
of this homomorphism.

To every representation Fe®R, let us assign the vector U(F)="(u(1,
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F), -, u(d(F), F)). Among the polynomials belonging to the ideal d=
ker ¥, we find in particular the following ones:
1) The components of the vectors U(yoF)—yU(F), where v is any
regular matrix of degree d(F).
2) the components of the vectors U(F,PF,)— (U(F,)P U(F,))
3) the components of the vectors U(F,QF,)— (U(F,) QU(F,))
4) u(l, E)—1.

Lemma 5. Let M=G/H be a homogeneous space of a compact Lie
group G. Then the polynomials listed above under the headings 1), 2), 3),
and 4) form a set of generators of the ideal d=ker V.

The proof of this Lemma is same as the proof of the similar
proposition for the algebra o(G) (Chevalley [2], Ch. VI § VIII, Proposi-
tion 1).

G° operates on the set MM of all representations of R by the formula

(eONF) = p°(e)e(F), oG, LM, FER. (13)

After these preparations, Theorem 1 can be interpreted to a duality
theorem of usual Tannaka-Chevalley type.

Theorem 2. Let R be the set of all representations of R. Then every
owocHom (o(M), C)=M° corresponds to a representation ¢ of R defined by

Lol F) = H(f(1, F)), -+ o(f(d(F), F))). (14)

The mapping o—¢&, is a G°-space isomorphism from M° onto .

Moreover let WM,={tcWM; t(F)=t(F) for every FER}. Then the
mapping p—¢.,, is a G-space isomorphism of M onto I,.

Proof. ¢, belongs to M, because o is a homomorphism of o(M)
onto C. If w, and w, are two distinct elements in MF¢, then there exists
a function f(i, F), FER such that w,(f(s, F))+w,(f(, F)). It follows
Cu(F)*#t,,(F). And the mapping w—{¢, is an injection. Let { be an
arbitrary element in M. Then ¢ defines consistently an v =Hom (o(M), C)
satisfying (14) for ¢,=¢ by virtue of Lemma 5. So the first half of
the theorem is proved. The second half of the theorem is a direct
consequence of Theorem 1 because » belongs to the set M, in Theorem
1 if and only if £, belongs to 9M,. Now the theorem is proved.

Every representation F' of M=G/H can be extended to a represen-
tation F° of M°=G°/H° identified with 9 by defining

F(w) = L(F). (15)

F° is an everywhere defined rational mapping of M¢ into C%®,
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Lemma 6. Let F be a representation of M whose components form
a system of generators of o(M). Then the extension F¢ of F defined by
(15) is a faithful rational representation of M° in C* (n=d(F)). F°(M°)
is the smallest algebraic set in C* containing F(M).

Proof. The first half of the Lemma is clear. Let a be the ideal
of C[t¢,, -, t,] consisting of all polynomials P satisfying P(f(1, F), ---,
f(n, F))=0 and N be the algebraic set in C” defined by a. Let o be an
element of Hom(o(M), C)=M° and P in a. Then P(w(f(1, F)), ---, (f(n,
F))=0. So F°(M°)cN. Conversely, let z=(z, ---, 2,) be any point in
N. Then there exists the unique we Hom(o(M), C)=M° such that
o(f(i, F))=z; (1<i<n). So we have proved F°(M°)=N. The Lemma
is proved.

Let (F, p, C*) be a representation of M=G/H such that the com-
ponents of F generate o(M) and p(G) is contained in GL(n, R). We
identify weM° with F°(w) and M°¢ with its model F°(M°). Then we
have the following theorem.

Theorem 3. 1) M=M°NR". 2) M is a real affine algebraic set.
3) M¢ is defined over R. 4) M=G/H has a faithful representation. 5)
The operation of G° on M° is rational, that is, the mapping (o, w)—o(w)
is an everywhere defined rational mapping of G°x M onto M°.

Proof. 1) is clear from Theorem 2. 2) and 3) are obtained from
1) and Lemma 6. 4) is clear since F° is faithful. Since p° is a rational
representation, 5) follows directly from the formula (13).

Tokyo UNIVERSITY AND
OsakA UNIVERSITY

References

[1] A. Borel and Harish Chandra: Arithmetic subgroups of algebraic groups,
Ann. of Math. 74 (1962), 485-535.

[2] C. Chevalley: Theory of Lie groups, I, Princeton, 1946.

[31 G. Hochschild and G. D. Mostow: Representations and representative func-
tions of Lie groups, Ann. of Math. 66 (1957), 495-542.

[4] N. Iwahori: A proof of Tannaka duality theorem, Sci. Pap. Coll. Gen. Educ.
Univ. of Tokyo 8 (1958), 1-4.

[5] N. Iwahori and N. Iwahori: An extension of Tannaka duality theovem for
homogeneous spaces, ibid. 115-121.



[6]
L7]

[81]
L9]
[10]
(111

DuariTy THEOREM FOorR HoMoGENEOUS MaNIFOLDS 153

G. D. Mostow : Self-adjoint groups, Ann. of Math. 62 (1955), 44-55.

G. D. Mostow : Equivariant embeddings in euclidean spaces, Ann. of Math.
65 (1957), 432-446.

M. Nagata: Completely reducibility of rational representations of a matric
group, J. Math. Kyoto Univ. 1 (1961), 87-99.

A. L. Oniscik : Complex hulls of compact homogeneous spaces, Soviet Math.
Doklady 1 (1960), 726-729.

T. Tannaka : Uber den Dualititssatz der nicht kommutativen topologischen
Gruppen, Tohoku Math. J. 45 (1938), 1-12.

H. Weyl : The classical groups, Princeton, 1939.








