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An Existence Proof of the Generalized Green Function

By Shigeharu HArRADA

§1. We denote by L(u) the differential operator

L(u)= j—x@g—@ +qu

where p(x) and g(x) are continuous on the interval < a, b_> and p(x)>0.
The purpose of this note is to construct concretely the generalized
Green function of the differential equation

(1.1) L{(u)=0
with the boundary conditions

w2 U() = (@)= 7u(b) = 0

' { V() = (@) /()" w5 =0,
or

(1.3)

- U(u) = w(a)—rp(d) w'(b) =0
{ V(u) = p(a) u’(a)+%u(b) =0

where v is a non-zero real number.

As is well known, in the case there is no solution % (x)==0 of (1.1)
satisfying the boundary conditions (1.2) (or'(1.3)), the Green function
G(=, &) of (1.1) with the boundary conditions (1.2) (or (1.3)) exists and
its concrete construction is given in the literatures.®

In the case there exists such a solution u ) of (1.1) with the
boundary bonditions (1.2) (or (1. 3)), the generalized Green function is
also defined in these literatures. But, as far as the author knows, its
existence proof cannot be found there. Thus the author assumes that

1) Cf. D. Hilbert: Grundzige einer allgemeinen Theorie der linearen Integralgleichun-
gen, Leipzig und Berlin, 1912,

R. Courant and D. Hilbert: Methoden der mathematischen Physik, I, Berlin, 1931.

A. Kneser: Die Integralgleichungen und ihre Anwendungen in der mathematischen
Physik, Braunschweig, 2 te Auflage, 1922.
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the following concrete construction of the generalized Green function
will be of some use.

The author expresses his hearty thanks to Professor K. Yosida
who suggested the problem and gave in essentials the fundamental
formula (2. 6).

§2. In the case there exists a solution u(2)==0 of (1.1) with the
boundary conditions (1.2) (or (1.3)), the function G(z, &) is called tke
generalized Green function® when it has the following property; for

any ¢(2) such that Sb p(xyu(x)dr =0, the solution u(z) of L{u)= —¢
with the boundary conditions (1.2) (or (1. 3)) is expressed by

u@) = || 6o, (1 .

It is well known that the necessary and sufficient conditions for G(zx, &)
to be the generalized Green function are as follows:

(2.1) G(=, &) is continuous in 2 and & and its first partial derivative
relative to 2 is bounded for a=k§,

(2.2) for any fixed & G(, £) satisfies the boundary conditions (1.2)
(or (1.3)) as the function of x,

(2.3) for any x ==& G(x, &) satisfies I(G(x, &)) = auya)u, ) as the
function of z,

and
(2.5) s G(x, Eyug(x)das = 0.

Let u,(x) be a solution of (1.1) which is linearly independent of
u,(x). Then the pair uyz), u,(z) is a fundamental system of solutions
of (1.1), and at least one of the boundary conditions (1.2) fails to be
satisfied by u,(x), say U(u;)==0. Therefore we may assume that there
exists a solution y(x) of L(y)= u,(x) such that U(y) =0 and V(y)--0.®

2) We use simply “the (generalized) Green function ” instead of the (generalized)
Green function of the differential equation (1.1) with the boundary conditions (1.2)
(or (1.3)).

3) Let yo(x) be a solution of L(yp)==2(x). Assume that yo(x) satisfies both U(yg)=0
and V(y9) ==0. Applying the Green formula to yo(x) and #(x), we get

[0 (mo)LCy0) + 3oLy dx = wdw)dn =0.

This contradicts the fact #o(x) 3£0. Therefore any solution y,(x) of L(¥) == #o(x) does
not satisfy at least one of the boundary conditions (1.2). Since, for any ¢, yo(x)+cu;(x)
is also a solution of L(y)==u¢(x), the existence of such a solution y(x) is obvious.
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Put

Feyuo(EY(2) + o Euo(@) +1 Ferealr(Eur(22)
+ Frke, fug(Eyuy(2) — ug(@)uy(£)}

for )&
Feyu(E() + o E)ug() +1/ Ferke,01(Eun ()

(2.6) G, &)= ]
( for x<¢.

and we shall show that we can determine these coefficients k,, k,, ¢,(£)
and c¢,(&) by the properties (2.1)—(2.5) of the generallized Green
function.

The following lemma is needed in the sequel.

Lemma 1. For uy(x) and u,(x), the following relations hold :

(2.6) rua(IV(a)— B 0)0(0r) = 0
and
@.7) a0 V()= B (03U 0.

Proof. Applying the Green formula to u(z) and u,(z), we get
[ @@ @)t | =0.
Since wuy(x) satisfies U(u,) =0 and V(u,) =0, we obtain
OO O LROROS O OO (OOROR
therefore
V(b (ey) — %b)uo'(b)v(u1 )=0.
Assume that (2.7) does not hold, i.e.

(2.8) V(bYW (aty)— ’3§’Z>u1f(b>U(ul> —0.

Since Vi (u,)+ U¥u,)==0, we get from (2.6) and (2.8)

u®) w®)|_
w(®) w(v)|

This is a contradiction to the fact that u,(x) and u,(x) are linearly
independent. Thus the proof is complete.
First we shall determine %,. By (2.3) we get
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(2.9) V Ferkeaeo( EYU oy — YherJeg(ut o € Jua(B) — oD s (€)) = 0

and

(2.10) Fyuy(E)V(w)+V Ekzcl(S)V(ul)—%p(b) (o €1/ (B) — %o/ (D)ua(£)) = 0

Eliminating c¢,(£) in (2.9) and (2.10), we obtain

T V() = 12 2ﬂo(b) CHEINELNCIZC)

Zg?hg Tk (o EYus (D) —uo(D)u,(E))

=iy 1) (B0 (0)— 7 )

Mamewyyﬂmmy

Since the coefficient of (&) is not zero and that of u,(¢) is zero (by
(2.6) and (2.7)) we get

V(y)
(2.11) k, = +0.
2 p®), V(u,)
y (&)— " Tl )ux(b)

Since G(z, £) satisfies (2.4), we get
(2.12) Forle(uo(E)ur(E) — 4, (E)un(E)) = —1/0(8) .
Using (2.11) and (2.12) we can determine k,, i.e.
(2.13) oy = — 1

FeaD(E) (uo(EYua'(E) — uy (E)ui())”

Using the relation
(2.14) o) = ﬁ(lu—) L oy Yt E (D) — o EN(E)) »

which is obtained from (2. 9), and (2.12), we can determine completely
ci(£).

Then we can determine ¢,(£) by the orthogonal relation (2.5).

It is obvious that by our construction the function G(z, £) obtained
above satisfies (2.1)>—(2.5). Thus the construction of the generalized
Green function is completed in the case when the boundary conditions
are (1. 2).

§3. In the case when boundary conditions are (1.3) we can obtain
the following lemma in the same way as in the proof of Lemma 1.
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Lemma 2. Let uy () be a solution of (1.1) which satisfies the boundary
conditions (1.3) and ==0. Let u,(x) be a solution of (1.1) which is
linaerly independent of u x) and does not satisfy at least one of the
conditions of (1.3). Then we get

(3.1) TPt (DI (2ty) + %uow)wuo =0
and
(3.2) (Bt (bYW (ay) + %uoa»)wul) +0.

Using this lemma, we can also construct the generalized Green
function of (1.1) with the boundary conditions (1.3) in the same way
as in §2.

(Received March 6, 1953)








