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Abstract

We study generic conformally flat hypersurfaces in the HEieeh4-space. The
conformal flatness condition for the Riemannian metric iegiby a set of several
differential equations of order three. In this paper, we fitsfine a certain clasg
of metrics for3-manifolds which includes, as a large subset, all metrics esfegic
conformally flat hypersurfaces in the Euclideduspace. We obtain a kind of integra-
bility condition on metrics of the class. Restricting oumsieration to metrics of
conformally flat hypersurfaces, we define a conformal invdriar generic confor-
mally flat hypersurfaces and obtain a differential equatdrorder three from the
integrability condition. The equation is equal to the siegblone in equations of
conformal flatness condition. Next, we study some particutdutons of the equa-
tion. We will determine all generic conformally flat hyersagés corresponding to
these particular solutions under an assumption on the firsidmental form, and
characterize these hypersurfaces geometrically. Thdtresludes all known exam-
ples of generic conformally flat hypersurfaces in the Ewdiu4-space. All known
examples are the following: The hypersurfaces given by Ltafoe ([6]) which are
made from constant Gaussian curvature surface in the thneentibnal space forms,
the hypersurfaces given by Suyama ([7]), and the flat metitained by Hertrich-
Jeromin ([3]). Furthermore, we explicitly construct a serid examples of generic
conformally flat hypersurface, which have a geometrical prgpdifferent from all
known examples. Then, we have the following case: There exigtairaof hyper-
surfaces with the same conformal invariant, each of which issttacted from a
surface with constant Gaussian curvature in either the Eeati@-space or the stan-
dard 3-sphere but does not belong to the known examples. Furthermor confor-
mal transformation maps diffeomorphically one hyperstefaf the pair to the other
hypersurface.

1. Introduction

As a continuation of the paper [7], we study generic confdiymBlat hypersur-
faces in the Euclidean 4-spa& in this paper. A hypersurface is said to be generic if
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all principal curvatures are distinct (from each other)rgwdere on the hypersurface.
According to Cartan's theorem ([1], [6], [7]) and Hertrideromin ([3]) on generic
conformally flat hypersurfaces iR*, there exists a special orthogonal curvature-line
coordinate system, called a Guichard net, at each pointehtipersurface, namely a
coordinate systenfx?, x2, x3 which would represent the first fundamental fogn as
follows:

(1.1) g =e?’®{cod p(x)(dx)? + sir? p(x)(dx?)? + (dx®)?}],
or
(1.2) g =e?P @ cost ¢(x)(dx™)? + sint? p(x)(dx?)* + (dx3)?},

where P ) =P 1 x% x9), ¢(x) = ¢!, x2 x°. Corresponding to the metric (1.1)
or (1.2) respectively, the second fundamental form is gmeed as

(1.3) s :eZP(X){A(x) cog ¢(x)(dx1)? + u(x) sirf p(x)(dx?)? + v(x)(dx?’)z},
or
(1.4) s =e2PO(x) cosif p(x)(dx™)? + ju(x) sintf o(x)(dx?)? + v (x)(dx3)?],

where A ), u &) andv X ) are principal curvatures in the directioh x!-curve,
x?-curve andx3-curve, respectively. Although the metric (1.2) is obtainkom the
metric (1.1) by interchanging variables, at the end of thestisn we will explain
the reason to consider the two metrics. Furthermore, we tiate our definition of
the Guichard net is slightly different from that of the caiwah Guichard net in [3]
(cf. Remark at the end df3.1).

We define a clas® of metrics for 3-manifolds which includesadarge subset,
all metrics for generic conformally flat hypersurfacesRf: We say that a metrig
for 3-manifolds (or open sets of the Euclidean 3-spRS® belongs to the clasg& if
in a suitable coordinate systefm?, x2, x3} g has the following properties (1) and (2):
(1) {x% x2 x% is an orthogonal coordinate system.

(2) The Riemannian curvature @f is diagonalizable, thatthe, componentsRisys,
Ri232 and Rp13; Of the curvatureR identically vanish.

Then, a metricg ofE is represented in the following form wittspect to the

coordinate systenfix!, x2, x3)

(1.5) g =P O dxt)? + W (dx?) + (dx°)?}

by the property (1). This metric is an extension of (1.1) gre€l.2)), because we
have (1.1) if takee? = cof¢ and ¢?' = sirf¢ in (1.5). Moreover, the Remannian
curvature of the metric for a generic conformally flat hypeface is diagonalized with
respect to the Guichard net by (1.3) (resp. (1.4)) and Gswesgiation.
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In §2.1, we obtain a kind of integrability condition on metricktbe classg . Fur-
thermore, when we restrict our consideration to metricsctamformally flat hypersur-
faces, we will define a conformal invariant for generic confally flat hypersurfaces
and obtain a differential equation (see (2.1.8) (resp..1®))) for ¢ in (1.1) (resp.
(1.2)) of order three from the integrability condition. Iffanction ¢ satisfies either at
least one of the equatiorsp/dx’ =0 ( 51 2 3) &p/dx1dx3= 8%¢p/9x%9x3=0,
then it is a particular solution of the equation.

In §2.2, we reconsider all known conformally flat hypersurfattee hypersurfaces
given by Lafontaine ([6]) and Suyama ([7])). For all knownaexples of generic con-
formally flat hypersurface, the functiop x ( ) satisfies at tease of the equations
dp/dx' =0 (i =1 2 3). Conversely, we can show that any generic confiynfiat
hypersurface such that the first fundamental form (1.1)p(ré%.2)) satisfies at least
one of the equationfy/dx’ =0Q ( = 1,2 3) is conformally equivalenthte known
examples. Here, we say that two hypersurfaces are configrmaliivalent if there ex-
ists a conformal transformatiod  &* (resp.S?) such thatd maps diffeomorphically
one hypersurface to the other hypersurface.

In §3, we explicitly construct new generic conformally flat hyg&faces such
that the ¢ in the first fundamental form (1.1) (resp. (1.2))isf@s the equations
3% /9x9x3 = 8%p/9x%9x% = 0 anddg/dx’ £~ O ( =1 2 3). When we add these
hypersurfaces to those in Theorem 2 of the paper [7], we cassify all generic con-
formally flat hypersurfaces ilR* such that the functiorP x( ) in (1.1) (resp. (1.2)) de-
pends only on the variable®. The condition forP £ ) is not conformally invariant but
there exist many new generic conformally flat hypersurfageder the condition. In
particular, we note that, if the functioR x ( ) depends only ba variablex®, then the
equationsd?e/dx19x3 = 8%2¢/9x29x3 = 0 naturally hold. (see the claim befo§g.1.)

All known hypersurfaces are conformally equivalent to thgpdrsurfaces con-
structed from surfaces with constant Gaussian curvatur@-dimensional space forms
in some way (seé2.2). The new hypersurfaces mentioned above are also ootedr
from surfaces in the Euclidean 3-spaRé and the standard 3-sphes&. Furthermore,
there exist new hypersurfaces constructed from surfact#s aeinstant Gaussian curva-
ture in R® and $3. Then, we have the case where there exists a pair of configrmal
inequivalent hypersurfaces constructed from surfaceb wdnstant Gaussian curvature
in both R® and $° such that these first fundamental forms (1.1) (resp. (1.8)gthe
same functionp X ). Moreover, even if the functignx ( ) variestoomusly, there ex-
ists the case where the hypersurfaces corresponding te fhastions can not deform
continuously.

Now, we state the reason to consider the two metrics (1.1) (ar®): When we
define a functionp by cogh  # 1 @in and ginh  =pgos ¢ sin ¢ for  of, (@el
can change the metric (1.1) into (1.2). However, the fumctio no more satisfies the
equationsd?p/dx19x3 = 829 /9x%3x3 = 0 even ifp satisfies the equations. Therefore,
when we consider functiong  satisfying the equations, wel neestudy hypersurfaces
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with the metric (1.1) or (1.2), respectively.
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2. Several results for conformally flat hypersurfaces in Eulidean 4-space

2.1. Integrability condition on metrics of the classE. Let E be the class of
metrics for 3-manifolds defined in the introduction. We denby f; the partial deriva-
tive of a function f with respect ta’ , and bf; the second dereadi’ f /dx'9x/.
Since the Riemannian curvature of any megic dn is diagaedliwith the coordi-
nate syster{x?, x2, x3}, we have the following equations:

(2.1.1) (P + f)2(P +h)1 — P1o= fohy,
(2.1.2) Py(P +h)3 — Pa3= faz+ fo( f — h)a,
(2.1.3) Pi(P + f)3— P13= hiz— ha(f — h)a.

Theorem 2.1.1. There exists a functiony = v (x, x2, x9) satisfying the follow-
ing conditions(1), (2) and (3) for any metric(1.5) of the classg:

(1) Y12=(P+f)(P+h)1— P12, (2) Y13 = (P + f)3P1— P13 (3) Y23 = (P +h)3P2—
P>s.
Moreover the functionyr satisfying equation(d), (2) and (3) is uniquely determined
in the following senseWhen another functionﬂ satisfies(1), (2) and (3), @ is repre-
sented a&;(xl, x2,x9) = Y(xt, x2 x3 + A(x) + B(x?) + C(x3).

Proof. By a direct calculation from the equations (2.1.2)12) and (2.1.3), we
derive the following equations:

(2.1.4) {(P+ f)3P1}2={(P +h)3P2}y,
(2.1.5) {Po(P +h)3}y = {(P + f)2(P + h)1}3,
(2.1.6) {(P+h)1(P+ f)2}3={Pi(P + s}

Here, we only prove (2.1.4). We have

{(P+ f)3P1}2—{(P +h)3P2}1=(P + f)23P1— (P + h)13P2+ (f — h)3Pr12
= P1Py(h — f)3— (f — h)a(f2P1+h1P2— P1))
= (h — f)3(PP+ foPy+ hi P, — P1y) = 0.
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The second equality above follows from (2.1.2) and (2.1T3)e last equality follows
from (2.1.1).

Next, we show that there exists a functidn Ex',(x2 x% such thatLi, =
(P + f)z(P + h)]_,Lj_3 = (P + f)3P1 and Loz = (P + h)3P2. In fact: By (214),
(2.1.5) and (2.1.6), there exist functiods & x1(x2 x3), K = K(x! x2 x% and
K = K(x%, x2 x) such that

Ky= (P + f)sPr, K2= (P +h)sP,, K1=(P+ f)(P +h)1,
K3 = Po(P +h)3, K3 = Pi(P + f)a, Ko = (P +h)u(P+ f)e.

Then, by K1 = K3, K, = K3, K1 = K, there exist functions. = xf,x% x3), L =
L(xt, x% x% and L = L(x%, x2, x°) such that

L1=K, L3=K, L,=K, L3=K, L[,=K, L,=K.

Therefore, we haveLy = L; = K, L3 = L3 = K and L, = L, = K. Furthermore, since
L-—L=Ux%x%, L—-—L=V{kx? andL — L =W(x!, x3), we have

Wit x)=L—-L=L-L)—(L-L)=U@E%x% - V(! x?.
Therefore, each variables of functioig V amnd have to sepaoatach other:
U(x%,x% = X(x?) + Y(x_3), V(xt, x?) = Z(xY) + X(x?), Wt x%) = Y(x3) — Z(xY).
Hence, all functionsl, L and L are equal to each other up to functions of one vari-
able, and it satifies the statement.

From the argument above, we can defineypy L = P the funcfion  wisisf
the conditions of Theorem. U

From Theorem 2.1.1 and the equations (2.1.1), (2.1.2) arl3)2 we have the
following Corollary.

Corollary 2.1.1. Let g be a metric of the clas& angl(x!, x2 x3) be a func-
tion given inTheorem 2.1.1Then we have the following equations

(1) Y12= foh1, (2) Yiz=hiz—ho(f —h)3s, (3) Y23= faz+ fo(f — h)3.

We restrict the statement of Corollary 2.1.1 to metrics fonformally flat hyper-
surfaces: In the case of the metric (1.1), we have

(2.1.7) VY12 = —@192, Y13= ¢13C0tp, Y23 = —gpztang.
Then, the integrability condition fofy is given by

(2.1.8) 123 = —@1923tang +@2913C0te.
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In the case of the metric (1.2), we have

(2.1.9) Y12 = @192, Y13= @13C0thy, Vo3 = gostanhy,

where cothy =(tank ). The integrability condition fory is given by

(2.1.10) $123 = prpa3tanhy +@op13cothy.

When a conformal transformation &“ (resp. S*) is restricted to a hypersurface,
the functionP & ) in the metric (1.1) (resp. (1.2)) change® iahother functionF(x).
However, since the functiop  does not change, the function so dbes not change
by (2.1.7) (resp. (2.1.9)). Therefore, when we fix the firstdamental form on ei-
ther (1.1) or (1.2), the paifp, v} of functions is a conformal inaat for conformally
flat hypersurfaces.

Furthermore, the invarianfy, ¥}  for hypersurfaces (or metrissgxtended to an
invariant for flat Riemannian manifolds conformally equéra to conformally flat hy-
persurfaces, because the Riemannian curvature of a flaicneetrivially diagonalized.
Hertrich-Jeromin [3] gave the examples of the Guichard fiegRdsuch that the canon-
ical flat metric forR® is represented as (1.1) (resp. (1.2)).

The equation (2.1.8) (resp. (2.1.10) ) is one of the equsatinrthe conformal flat-
ness condition of the metric (1.1) (resp. (1.2)). Other &qua in the conformal flat-
ness condition of the metric (1.1) (resp. (1.2)) are given(®y.2), (3.1.3) and (3.1.4)
(resp. (3.2.2), (3.2.3) and (3.2.4)) §B. The equation (2.1.8) (resp. (2.1.10)) is the
simplest equation in these conformal flatness conditions.

If a function ¢ satisfies either at least one of the equations (91, 2 3) or
013 = @23 = 0, then it is a particular solution of (2.1.8) (resp. (2@)1 In the following
Subsection 2.2, we study the hypersurfaces with the firstdorental form satisfying
at least one of the equatiogs =0 ( =1 2 3).

In §3, we will use Theorem 2.1.1 and the equations (2.1.7), 4¢.1Ve note: Al-
though the function) of the conformal invariant is derivednfr the functionp when
¢ is given, we expect that other solutiops of (2.1.8) (respl.{®)) could be found
from the equation (2.1.7) (resp. (2.1.9)). Furthermords iinteresting that there exists
the classE of the Riemannnian metrics including all metrims donformally flat hy-
persurfaces.

2.2. Known examples of conformally flat hypersurfaces in Euiean 4-space
and in 4-sphere. The generic conformally flat hypersurfaces given by Lafimad][6])
are made from constant curvature surfaces in the 3-dimmltspace forms. However,
when we study a classification of conformally flat hyperstefa we need to charac-
terize all images of these hypersurfaces under the actiacowoformal transformations
of R* (or $%). In this subsection, we regard these hypersurfaceR%rms ones in the
standard 4-spherg*. Then we will find a common structure osf for all such hyper-
surfaces.
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In the Euclidean 5-spad®®, we consider a rotation of a hyperplaig preserving
an affine 3-spacé&/ ofy. We denote byr the rotation parameter and®y  a hyper-
plane obtained by the rotation df,. When the intersectio?, N $* is a 3-sphere, we
denote it byS>. The 1-parameter familys3} of 3-spheres ins* is determined by the
hyperplaneP, and the rotation. We say that two 1-parameter families opteses are
equivalent if there exists a conformal transformatidn  S8fsuch that® maps each
3-sphere of one family to that of the other family. We donoyeb the affine 2-space
such thatV is orthogonal to the spable  dnd S* is a great circle ofs*. Then, the
rotation above is determined by a rotation of a line Vin  pnrdsgra pointp of/ .
According to each of the three cases where the ppint is ausid’ N $4, included
in VN S* and inside ofv N $4, these 1-parameter familigs?} are divided into three
classes.

Let M be a generic conformally flat hypersurface Sfi and let it be conformally
equivalent to one of the hypersurfaces given by Lafontaiiten, we can take a rota-
tion of a hyperplaneP, such that, for some, M is made from the surfac& MOS,%
and the rotation. For the Guichard net & , the coordinatectfans x* and x? are
given by a principal curvature-line coordinate systemsSof Sﬁow and the coordinate
function x2 is obtained by a parameter changerof . When we represent gtefufir-
damental form (1.1) or (1.2) foM in the fore?? (e?/ (dx1)? + ¥ (dx?)? + (dx3)?)
with respect to the Guichard net, the metefd (dx1)? +e? (dx?)? for S has a constant
Gaussian curvature.

For a hypersurface/ given by Lafontaine, we say that belooghe hyper-
bolic class (resp. the parabolic class, the elliptic clak#he point p is outside ofs*
(resp. included inV N $%, inside of $%).

We recognize the above conformally flat hypesurfadeés Sdmas hypersurfaces
immersed inR* through the stereographic projection. Then, we have thresses of
the hypersurfaces iR*: The normal form of a hypersurface R* which belongs to
the hyperbolic class is a cone hypersurface made from a amin&aussian curvature
surface inS3. The normal form of a hypersurface which belongs to the pi@lzlass
is made by the direct product of a constant Gaussian cueaturface inR® and R.
The normal form of a hypersurface which belongs to the dtliptass is made from
the revolution of a constant Gaussian curvature surfacéenhiyperbolic 3-spacé/®.
Here, H? is the upper half-space iR® (of R*) with the Poincag metric. These normal
forms are the hypersurfaces given in [6].

When we fix anyx® for the Guichard net above, each level surface is totally um-
bilic in the hypersurface. Furthermore, the functipn in thetric satisfies the equa-
tion ¢3 = 0.

Next, we reconsider the result of the paper [7] under the almmnsideration. In
the paper [7], we gave an explicit representation of mefieacsconformally flat hyper-
surfaces irR* belonging to (T.1)-type and (T.2)-type. We note that all niestobtained
there satisfy at least one of the equatigns= 0, ¢, =0 andgs = 0.
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In particular, when we regard hypersurfacesRf as ones ins*, we can recog-
nize that all hypersurfaces in Theorem 1 in [7] belong to tlgpenbolic class, and
further their normal forms are made from the Clifford tori $f. The hypersurfaces
in Theorem 2-(3b) in [7] were constructed by two kind of res@ns of plane curves
in R* When the curve is in thdy?, y3}-plane of R* with the canonical coordinate
system{y?, y2, y3 y4, one revolution preserves the?, y*}-plane and the other pre-
serves the{y?, y3}-plane. We verify that the surfaces R® made by each revolution
of the plane curves are constant curvarure surfaces wheregad them as the sur-
faces in the half-spacé&? with the Poincag metric.

We can prove the converse of the above statements.

Theorem 2.2.1. Let M be a generic conformally flat hypersurface in the Eu-
clidean 4-space with the first fundamental forgn  ¢.1) (esp.(1.2)). Then the fol-
lowing three statementfl), (2) and (3) are equivalent
(1) The metric satisfies at least one of the three equatians 0, ¢, =0 and ¢3 = 0.

(2) Any level surface determined by = constant with some coordinate functiah s
totally umbilic in M .

(3) M is a hypersurface belonging to one of the class of hyperpplzabolic and
elliptic.

It is interesting that all known examples of generic confallgnflat hypersurface
are characterized by only the metric condition (1). The taet the statement (1) im-
plies (3) is proved by constructing generic conformally fgpersurfaces irR* from
the metric condition (1).

For the reconsideration of paper [7] and Theorem 2.2.1 roeatl above, see the

paper [9].
3. New examples of conformally flat hypersurface

In the classification of generic conformally flat fypersuda of (T.2)-type (Theo-
rem 2 in [7]), we missed the case where the metric (1.1) (rés@)) has the proper-
ties Py = P, = ¢13 = 23 = 0, 93 # 0 and further satisfies at least one of inequalities
o1 70 org, Z0.

We first explain how this case occurs in the classificationToR)type hypersur-
faces. Next, we explicitely construct all generic confolignélat hypersurfaces satisfy-
ing these conditions. In particular, when the metrics Batixth inequalitiesp; # 0
and ¢, # 0, the hypersurfaces obtained here are new examples whichoaformally
inequivalent to the known examples.

In the equation (4.12) of the paper [7], we represented lsyptacesM of (T.2)-
type as follows: We took a curve® ¢ () in a plardy of R* a mappingA £%, x?)
into the groupSO (4) of orthogonal matrices and a mappaagt, x?) into R* for any
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(x, x3). If P(¢) is not a line, thenM was given by
(4.12) M: d(xt x2, x%) = A, x2) P(x%) + a(x?, x?).

Then, we claimed in Proposition 4.3 thatx!, x?) does not depend on the variable
x1 in the domain withA;(x1, x2)|y, # 0. However, in addition to it we have one more
case to consider. Namely, the mappiag?, x?) defines a surface iR* and further the
surfacea(x?, x?) has an orthonormal frame fielth(x!, x?), n(x, x?)} of the normal
bundle satisfying the conditions

nl(xl, xz) = /cl(xl, xz)al(xl, x2), ﬁl(xl, x2) = K_]_(xl, xz)al(xl, xz),

where «; and «; are the principal curvatures. Indeed, this case followsnfrioem-
mas 4.2 and 4.4 (in [7]). In the same way, in the domain witl{x®, x?)|, # 0, we
also have the case where the frame field of the suréget x?) satisfies the following
conditions:

na(xt, x%) = eaxt, x¥ag(xt, x%),  Maxt, x%) = iea(x?, x?)ag(x?, x?).

Therefore, we have to add, in the statement of Theorem 2 inp#per [7], the
case where the representation (4.12) is written in the aflg form (4.12): Let a
surfacea(x?, x?) in R* have an orthonormal frame fielth(x', x?), n(x*, x?)} of the
normal bundle satisfying above four conditions. Given fiows 7 (¢3), m(x%) and such
a surfacea(x!, x?) in R*, M is defined by

(4.12) M : o(xt, x2 x%) = alxt, x?) + 13N, x2) + m(P)n(xt, x?)

under the condition that the curvé 3], m(x%)) in R? is not a line.

We will replace the above geometrical conditions by a metdadition. Since we
need to change the parametet in the representation of the metric (T.2) of the pa-
per [7], the metric condition for a (T.2)-type hypersurfaseequivalent to the condi-
tion that the functionP X ) in (1.1) and (1.2) depends only or eariablex®. Then,
we haveyiz = Y3 = 0 by Theorem 2.1.1 and;, = P, = 0. The condition that
the curve [ £3), m(x®)) is not a line is equivalent to the inequaliys # O (cf. The-
orem 2-(2) in [7]). Furthermore, we must have at least onehefihequalitiesp; # 0
and ¢, # 0 in this case (Compare this condition with Theorem 2-(3)4j. There-
fore, if hypersurfaces (4.12) exist, then the first fundatakeforms have to satisfy the
conditions P1 = P, = ¢13 = @23 = 0, 93 # 0 and further satisfy at least one of the
inequalitiese; # 0 andg, # 0. Here, the equalitie®13 = @23 = 0 follow from (2.1.7)
and (2.1.9).

We study the existence problem of such hypersurfaces in #se of the met-
ric (1.1) (resp. (1.2)) in the following Subsection 3.1 (re8.2).
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3.1. In this subsection, we study generic conformally flat hypres with the
first fundamental form

(3.1.1) g =2 cod p(x)(dx1)? + sir? p(x)(dx?)? + (dx®)?),
under the assumptiops # 0 and further assumption that satisfies at least one of

inequalitiesg; # 0 andg, # 0. Since the metrig = cof (x)(dx1)? +sir? p(x)(dx?)? +
(dx®)? is conformally flat, we have

(3.1.2) 208 ¢2(¢22 — @11) * SIN 2 (112 — 9229 — SN 2p@233
+2.COS 293023 = 203023 — 202933,

(3.1.3) 2.¢0S Dp1(p22 — @11) + SIN 2 (P111 — @129 + SIN 2p133
— 2.C0S D@3913 = 203913 — 201933,

(3.1.4) SiN 2p (113 + 223+ ¢333) — 2COS 2 3933+ Q19013+ Y2¢023)

= 201913 — 2029023 — 203(p11 — @22),

by (4.6), (4.7) and (4.8) in the paper [7].

Since the functionP in (3.1.1) depends only on one variable we have the
equationsgiz = ¢p3 = 0. The conditiongiz = @23 = 0 is equivalent to the condition
that the functiony is represented asc',(x?, x% = A(x', x?) + B(x3).

Proposition 3.1.1. Let a metric(3.1.1) be conformally flat. We assume that the
function ¢ is represented as

(3.1.5) o L x?% x% = A(xL, x?) + B(x9),

where functionsA(x?, x2) and B(x®) satisfy B; # 0 and at least one of the two in-
egalities A; #0 and A, # 0.

Then we have the following factél) and (2): We denote by and; positive
constants.

(1) The functionA(x', x?) satisfies the Sine-Gordon equation

E? .
A1 —Ap= > sin(24)

(2) The functionB(x3) is a Jacobi’'s amplitude functiogan elliptic function:

B(x%) = /G2 — E2sir? B(x?).



CONFORMALLY FLAT HYPERSURFACES 583

Proof. We first prove the statements (A) and (B) below.
(A) The function A ¢*, x?) satisfies the Sine-Gordon equation:

E2
(316) A1 — Axp= ? Sin(2A — ZF)

where E andF are constant.

Proof of (A). By (3.1.5) and the conformal flathess condisiofB8.1.2) and
(3.1.3), we have

(3.1.7) 2C0Ss DA (A — A1) +SiN2p (A112 — A22) = —2A2 B3,
(3.1.8) 2c0s PA1(Az2 — A1) +SIN2p (A111 — A129 = —2A1 B33

Therefore, the following functiorC x{, x?) is independent of =1 and 2:

(A — A

2C(x*, x%) =
(% x) x

(i=1 2)

Here, we assumed both inequalitidg # 0 and A, # O for the sake of simplicity. We
define functionsD X%, x?) and ¢ &?, x?) by

D(x',x%) = Ay — Az VC2+D2(x' x?)cost ¢ x?) = C(xt x?)
and  VC2+ D2 (x%, x?)sinc (¢, x?) = D(x%, x?).

Then, we have

(3.1.9) B33 = Csin2p +D cospd =/C2+ D2 sin(2p +¢)
= (VC?+D?sin(2A +¢)) cosB HvC2+ D? cos(A + ) sinB

by (3.1.7) and (3.1.8). Further, since the functiBn  depeordg on x3, we have that
C=(VC2+D?sin(2A +¢) ¢ x?) and D= (VC2+ D2 cos(2A + ) (* x?

are constant functions. Therefore&%(+ D?)(x!, x?) and (24 +¢ )k, x?) are also con-
stants. Then, we have

(3.1.10) Bs3 = Ccos2B +Dsin2B.

On the other hand, by the conformal flatness condition (3.4el have
(3.1.11) SiN 2 B33z = 2B3(COS 20 B3z — A 11+ Ap)).
When we insert (3.1.10) into (3.1.11), we have the Sine-Gorelquation

Ag1— A= CCOS2A — DSiN2A.
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We take a constanf  such thafC2+ D2 sin2F = —C and ¥C2+ D2 coOS2F =
—D, and define a constant? by E2 = 27/C2+ D2. Then we haveAy; — Ay =
(E?/2)sin(2A — 2F ). Thus, this competes the proof of (A).

(B) The functionB §3) is given by the following equation:

(3.1.12) Bs(x%) = /G2 — E2(sin(B (x3) + F))2,

where E ,F are the same constants as in (1) @d is another cbnstan

Proof of (B). Since the functioB xf) satisfies the equation (3.1.10), we have
{(B3)?}3 = —2B3{~/C2+ D2 sin(2B + 2F } . SinceE? = 2/C2+ D2, we have

E? ,
(B3> =c+ - cos(2B + ¥ ) with a constant.

Therefore, puttingG? = ¢ ++/C2+ D2, we have the statement (B).

Consequently, the statements (1) and (2) in Theorem follmmnfy = A +B =
(A— F)+(B+F), when we replaced — F an@ F in the statements (A) and (B)
by A and B respectively. ]

On the right hand side of the Sine-Gordon equation in PréposB.1.1-(1), we
gave a positive constanf/2) as the coefficient of sin@2 ). In general, we can also
give any negative constant as the coefficient (when we take # in=(A) of the proof
above). However, when we interchangk and x? in the case of negative constant, we
may consider it as a positive constant.

If we take E2 = G2 in Proposition 3.1.1-(2), theB3; = E cosB ¢3). Hertrich-
Jeromin ([3]) gave this case as a new example of the GuichardnnR>. After this
work has been completed, Dr. Udo Hertrich-Jeromin inforntesl author that he also
obtained a result similar to Proposition 3.1.1 ([5]).

Next, we construct a typical example of our generic confdiymifat hypersurface
in R* whose metric is conformal to the metric in Proposition 3.IThis example is
made from Dini's helix inR® and a functionB £3) satisfying G2 < 1 (= E2). The
parametrization of Dini’s helix irR® used here was given by Hertrich-Jeromin ([3]).

ExavpLe. For a constant € m/ 2t/ 2) and a functianx(x?) = (x? —
xlsineg)/ coss , a Dini’s helix with curvature- 1E€ = 1) in R® is defined by the

mapping
f(x!, x2) = (coshu Y1(—coso sinx?, coso cosct, x2coshu — cos sinh .)
The unit normal vector fieldh(x!, x?) is given by

n = (coshu ) }(—coso sinctsinhu + sino cos! coshu,
coso cosc!sinhu + sino sinct coshu, cow )
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We define functionsg %) and m (%) by

V11— G2

()= —tanB (), mae) = s,

with a function B (3) in Proposition 3.1.1 satisfying? < 1 (= E?) and B (0) = 0.
Then, the mapping(x?, x2 x3) into R* given by

(3.1.13) p(xt, x2 x3) = (f(xl, x?), O) + (l 3Nt x?), m(xs))

defines a generic conformally flat hypersurface.

Proof of Example. The first derivativdfs andf, are given by the following:

f, = (coshu Y?(— coso cosct coshu — siro sint sinhu,
— coso siklcoshu +sinr cos!sinhu, sino )
f, = sinhu (cosht Y2(sinx!, — cosx?, sinhu)

Thus, we have|f1]|?> = 1/(coshu § and ||f,||? = (sinhu/ cosh ). (We assume: > 0.)
Therefore, as for the functiod x{, x?) which defines Dini's helix, we havéf| =
cosA =1 coslhr andf;| =sinA = sinhu/ coshr .

Sincen; = sinhuf; and n, = —(sinhu )"Xf,, we have the following equations for
the mappingp(x?, x2, x3) of (3.1.13):

p1= (L +Isinhu)€1,0), pz=(1—I(sinhu)")(f2,0), ps=(lan, ma),
_ (1 +1sinhu ¥ (sinhu — 1Y

2 2_
P4l P2l (coshu§

(coshu ¥ Ipsli® = (la)* + (m3)*.

(If we take ! (%) with [(0) = 0, then the functions (1 # simh ) and (sink-7 ) are
positive aroundy® = 0.)
Now, we have only to find functiond %), m(x3)) such that

(3.1.14) cost B )=1P Gina +p) =P

VE+nd VE+nd
Indeed, if there exist such functions, then the megric irdufrom p becomes
(3.1.15) g =@ 4H?{(cos@ +B)f(dx")*+ (sin(A +B)P(dx?)?+ (dx3)?}.

Then, the function (1 +) depends only on® and the metricg is conformally flat.
We assume that the functionsc®f andm (°) satisfy the equations (3.1.14). Then,
we have

1 .
coSsB =———— and sSinB =— ——.
2.2 2.2
I35 +m3 I35+ m3
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Therefore, we first havé = tah

Next, by differentiatingl =— ta® , we havie = —Bs/(cosB ¥. Thus, we have
(13)? = (G? — (sinBY)/(cosB ¥ by (Bs)?> = G?> — (sinB ). Furthermore, from (1 #) =
(13 +m2) we can derive

2_ 1.2 ,_ 1-G?
(m3)*=1+1"—(l3) = (CosB ¥

Therefore, we hav&s? < 1 andms = +/1 — G2/(cosB ¥. (By a suitable parallel trans-
lation of x*-axis, we can assume (0) = 0.) Conversely, when we take- = Btard an
m3 =~/1— G2/(cosB ¥, the equation (3.1.14) holds.

Finally, we prove that eaclk’! -curve @f is a principal curvature line. The unit
normal vecter fieldV x%, x2, x3) of p is N = 1/+/1 +12 (m3n, —I3). Therefore, we have

V1 — G2 sinhu -1 - G?

Ny = : - , Ny=— - ,
1~ CosB — sinB sinl P1 27 sinB + cosB smhup2
N3 = —sinBy'1— G? Pa.

The proof of the example is now completed.

We add some remarks: (1) The hypersurfaces obtained hecendefontinuously
with the parameteG? (< 1 = E?). Then, atG? = 1 (= E?) the hypersurface degener-
ates to a domain in a hyperplaf®. (2) A Dini's helix for o = 0 is a pseudosphere,
which is a surface of revolution. Therefore, the obtainegengurfacep(x?, x2, x°) be-
longs to the elliptic class. (We havé; = 0 in this case.) Then, the surfap€0, x2, x3)
in the hyperbolic 3-spacéf® has a constant curvatureG2. O

We extend the above result for Dini’s helix to all constanfjatéve curvature sur-
faces inR® and S3. In particular, the following Theorem 3.1.1 implies that,there
exist new conformally flat hypersurfaces with the metricl(B), then they must be
constructed from surfaces iR® or $° with the metric co$A(dx')? + sirf A(dx?)2.

Theorem 3.1.1. Let S: (x%, x?) — f(x%, x?) € R* be an immersed surface R*.
We assume that there exists an orthonormal frame fieJeh} of the normal bundle of
S satisfying the following conditions

ny = r(xt xAf, np = kot XA,
(3.1.16) M lil(xl XZ) L '6_2()51 xz) 2
N1 = rp(x™, x9fy, N2 = i2(x™, x)fa,
where k;(x1, x?) and k; ¢, x?) denote the principal curvatures of . Furthermpree
assume thatfrom the surfaceS and two functioéx®) and m(x®) with /(0) =m(0) =
0, a hypersurface: (x*, x2 x% — p(x!, x2 x3 e R* is defined in the following form

(3.1.17) p(xt, x2, x3) = f(x1, x2) + 13, x2) + m(3)n(xt, x?).
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Then we have the following factf (1(x%), m(x3)) is not a line inR? and the first
fundamental form foip is represented in terms of the functiodgx?, x2) and B(x®)
(B(0) = 0) in Proposition 3.1.1as follows

(3.1.18) 2@ co(A + B)(dx)? + SirP(A + B)(dx?)? + (dx°)?},

then the surfaceS mentioned as above has to be included iereitthyperplaneR®
or a standard3-spheres® in R%.

Proof. First, we consider the magx?, x2, 0). Then, sincep; = f; and p, = fo,
the first fundamental form for the médpis e2”©{cog A(dx1)? +sir? A(dx?)?}. Replac-
ing e”Of(x1, x2) by f(x?, x?), we can assume’® =1 and (3 +m32)(0) = 1.

Next, by the definition ofp(x?, x2, x3), we have

Ll = (L +1kcy + micy)? cog A,

3.1.19 — .
( ) Ip2ll® = (1 +1kz + mic)’ siP A, ||psll® = 5 +m3.

For the sake of simplicity, we assume cbs> 0, Aix 0, (&1+ mk1) > 0 and
(1 +Ikp + miz) > 0. By (3.1.18) and (3.1.19), we have

1 +1lkg +mic , 1+lkp +miy .
(3.1.20) cosd B )ZMCOSA, sin@ +B):ﬂ SinA.

2 2 2 2
I3 +m3 I5+mg

By (3.1.20), we also have

1 l .
(3.1.21) COSB — = (k1 COF A + k2 SIr? A)
JBm3 \JBem}
+ " (icicof A +icsit A)
l% + m%
and
(3.1.22) SinB =sirk cod — k1)t

L " (- i)
— (k2 ———— (k2 — K1) ¢ .
,/l§+m§ ‘/l§+m§
Since, in the equations (3.1.21) and (3.1.22), the funstiohthe left hand side and

l/\/lé +m3, m/\/zg +m3 depend only onc® and further [ £3), m(x®)) is not a line,
there exist constant§y, C,, C3 and C4 such that

(3.1.23) (k1COF A +k2SIP A) = C1, (k1 COF A +ica Si? A) = Cy,
(3.1.24) SiNA COSA ko — k1) = C3,  SIiNA COSA [ — k1) = Cy.
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By (3.1.23) and (3.1.24), we have more explicit forms for toaditions (3.1.16);

(3.1.25) n; = (Cy — CstanA ¥y, ny = (C1 + C3cotAfy,
(3.1.26) Ny = (Co — CatanA Xy, N, = (C2 + C4COtA ).

We assume’z # 0 andC4 # O for the sake of simplicity.
By (3.1.25) and (3.1.26), we have, for 1 2,

(3.1.27) Can — C3n); = (C1Cs— CoC ;.

In the equation (3.1.27), if1C4 — C2C3) = 0, then the surface is included in a
hyperplaneR® orthogonal to the constant vectaf — C3n).

Finally, we study the caseC{C4 — C,C3 # 0. For the sake of simplicity, we
assume (1C4 — CoC3 = 1. By (3.1.27), there exists a constant vectosuch that
Csn — C3n = a+f. When we differenciate both sides ¢€sn — C3n, f) = (a, f) + (f, f)
with respect tax’ { =1, 2), we havé;, f)+(Csn — C3n, f;) = (a, f;)+2(f;,f). Sincen
andn are normal vectors of , we hava+f,f;) = 0; Namely,(a+f,a+f) = constant.
Therefore, the surfac§ is included in a sph&fewith center (a). O

Next, we study the existence problem of surfaceRihand $° (of R*) satisfying
the following conditions (1) and (2): (1) The surface has drimet = cog A(dx')? +
sir? A(dx?)2. (2) There exists an orthonormal frame field of the normaldbeirsatis-
fying the conditions (3.1.25) and (3.1.26). However, whesugace inR* is included
in R® (resp. s%), we can take, as one of the normal vecter figldand i, a constant
vector orthogonal to th&® (resp. the position vector of each point in the surface). Let
us denote bys3(1) the standard sphere with radius 1.

Lemma 3.1.1. For any function A(x%, x?) in Proposition 3.1.1-(1)there exist
surfacesS in bothR® and $3(1) such that the surface has the first fundamental
form g = cog A(dx')? + sirf A(dx?)? and thatS satisfies the following conditioii$)
and (2): (1) Each x’ -curve(i = 1, 2)is a principal curvature line ofS (2) A unit
vector fieldn normal to S satisfies the conditiof8.1.25)

Then, the second fundamental forgnfor the surfacesS are respectively given as fol-
lows Let E be the positive constant at the definitionAgfc®, x?) in Proposition 3.1.1-
(1).

(1) The case of the surface R%: § = E sinA cosA{ @x1)? — (dx?)?}.

(2) The case of the surface if?: § = v E2+ 1sinA cosA{ {x1)? — (dx?)?}.

Proof. The Gaussian curvatuié  of the meffiés given by

A1 — A _ 2

(3.1.28) K =—2 22—
SINA COSA
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We have only to find surfaces iR® and $3(1) such that they satisfy the condition (2)
and that these second fundamental forms are represented ag;(dx')? + soo(dx?)?.
We define functions: 1, x2) and b ¢, x?) by

(3129) s11= FEa CO§ A, s2o = Eb S|r12 A.

By (3.1.28), we have respectively the following equatiorpehding on whether the
surfaceS is inR3 or $3(1):

(3.1.30) ab =—1 or ab =— - E 2

From Codazzi's equatiod s{1)/dx% = TI'ls11 — 2520 and 3 622)/9xt = —Tl,sq1 +
2,525, we have

(3.1.31) a;COSA =@ —bWySinA,  bi1SINA = (@ — b)A;COSA.

Then, functionsz and depend only ohx!(x?) by (3.1.25). By abuse of notation,
we write a (¢!, x?) = a(A(x%, x?) and b ¢, x?) = b(A(x1, x?)). Thus, we can denote
a' =da/dA, b’ =db/dA. Then, we havea(—b ') =a(—b )(SiA/ cos— cAg gin )
by (3.1.31). Therefore, we have the following equation:

C

(3.1.32) 6—b) =g

with a constantC.

We only consider the case whefe s a surfacgd(l). By (3.1.30) and (3.1.32),
a and —b are the solutions of the following quadratic equationzfo

2 C

- ———1+(1+E?)=0.
sinA cosA

The discriminantD of the quadratic equation is given by

D= C2 — (1+E ?)sirf(24)
N sinf A co? A

Sincea and—b are rational functions in sin  and dos by (3.1.2%),haveC? =
(L+E?). (In the case wher& is a surface RY, we haveC? = 1.) Thereforea =
(VE2+1/E)tanA and—-b =4{E2+1/E)cotA by (3.1.31). By the above argument,
the second fundamental forinis given by§ = v E2+ 1sinA cosA{ {x1)? — (dx?)?}.

Ul

Theorem 3.1.2. Let A(x', x?) and B(x®) be the functions irProposition 3.1.1
Let S be a negative constant curvature surfaceRA determined from the function
A(x1, x?). The first fundamental forrg and the second fundamental fodvfor S are
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respectively given as follows
g = cos A(dx')? +sir? A(dx®)?,  § = E sinA cosA{ gx")? — (dx?)?}.

Then the mapp(xt, x2, x3) into R* made from the surfacd and functid(x3)
in the same way as i(3.1.17),defines a generic conformally flat hypersurface if and
only if the constaniG? in the definition ofB(x%) satisfies the inequalitg? > G2.
Furthermore eachx’ -curve of the hypersurfageis a principal curvature line.

Proof. The surfaces is ilR® by the assumption. Le§ xt, x?) — f(x1, x?) €
R® denote the immersion and(x!,x?) a unit vector field normal toS inR3.
Then, the mapp(x!, x2 x% of (3.1.17) is given byp(x! x2 x% = (f(x!, x? +
1(x3)n(xt, x2), m(x3)).

From the second fundamental form, it follows that = —E tanAfy, and n, =
E cotAf,. The rest of the proof is same as in the proof of Example. Hire,func-
tions! andm are respectively determined by

(3.1.33) L) = ——F— "3 Eco? B(x3)

Finally, we can directly show that eaoli -curve of the hypdeme p is a prin-
cipal curvature line. O

Theorem 3.1.3. Let A(x!, x? and B(x®) be the functions irProposition 3.1.1
Let S be a negative constant curvature surfaceSi#(1) determined fromA(x?, x?).
The first fundamental formg and the second fundamental fodfor S are respectively
given as follows

g = cog A(dx')? +sir? A(dx?)?,  §=+vE2+1sinA cosA{ {x")? — (dx?)?}.

Then the mapp(x?, x2, x9) into R*, made fromS andB(x°) in the same way as
in (3.1.17),defines a generic conformally flat hypersurface if and onlth& constant
G? in the definition ofB(x%) satisfies the inequalityz? + 1 > G2.

Furthermore eachx’ -curve of the hypersurfageis a principal curvature line.

Proof. Since the surfacg is i§?(1), we denote the immersion b x% x?) —
f(x1, x?) e $%1). Let n(x*, x?) be a unit vector field normal t& i53(1). Since
f(x1, x?) is another unit vector field normal t&  ilR* the map p(x!, x2 x9)
of (3.1.17) is given by

p(xt, x2 x3) = (1 +l(x3))f(xl, x2) +m(x3)n(x, x?).

Furthermore, from the second fundamental form it followattty = —v E2 + 1 tanAf;
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and n, = v/ E2 + 1 cotAf,. Then, the equations (3.1.20) become as follows:

(1+1)cosA — VEZ2+1msinA

COS(A +B) =
l3 + m%
. 1+1)sinA ++~/ E2+ 1m cosA
Sin(A +B) = ( ) n .
m
Therefore, we have
1+1 ) E2 +1
(3.1.34) coOB =—— sinB =

1/l§+m§ 1/12+m3

Conversely, if there exist functionsxY) and m (%) satisfying the equations (3.1.34),
then the mapp defines a conformally flat hypersurface.

For the sake of simplicity, we denote= (1+1), C (x3) = ,/(i2 + m2)(x3). Then, we

have

_ [tanB
VEZ+1

When we substituten i_:tanB/v E2+1 and

(3.1.35) 12+ (E?+ 1)m? = C2.

I3SinB cosB + B
m3 =
~E2+1 cogB

into the second equation of (3.1.35), we have

T\ 2
[ l
co€ B(E®co¥ B +1) <73> +2B3sinB co%T +{B3 — (E?+1)cog B} =

Since B3)?> = G? — E?sir? B and the discriminantD of the quadratic equation for
(I3/1) is D/4 = (E2+ 1)(E2 + 1 — G?)co¢ B, (I3/1) is a real function if and only if
E%?+1> G2 Thus, in the case&? + 1 > G? we have two functiong xf) under an
initial condition 7 (0) =m (0) = 0. (Here, we assume’l (0) = 0.) §ifact corresponds
to the existence of an inversion which fixes the surfice .Hewamore, if/ °) is de-
termined, therm x°) is also determined.

If E2+1 =G?, then all principal curvatures are the same constantu =v =— = 1.
Furthermore, the hypersurface is a domain of the 3-spl&E).

Finally, we can directly show that eacH -curve of the hypdeme p is a prin-
cipal curvature line. U

By Theorems 3.1.2 and 3.1.3, when the functions?, £?) and B (°) are defined
from the constants£? and G? satisfying E? > G?, we have two generic comformally
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flat hypersurfaces corresponding to these functions. We tiait these hypersurfaces
have the same conformal invariafit, ¥} . Furthermore, edch ecimboth hyper-
surfaces is a principal curvature line. In Corollary 3.1elow, we show that these two
hypersurfaces are not conformally equivalent to each offiest, we prepare the fol-
lowing Proposition for Corollary 3.1.1.

Proposition 3.1.2. Let ® be an injective conformal map fronR3, gz) to
(5%(1), g5), wheregr andgs are respectively the canonical metrics Rrand $3(1).
Then the subset irR® where ® is isometriqor homothetiy is included in a2-sphere
52,

Proof. We consider the metrisb*gs  foR® induced by the map® . Let
®1: R® — $3(1) be a stereographic projection, add: S3(1) — $3(1) a suitable con-
formal transformation ofS3(1). Then, we haved =, o ;. When we consider that
the map®; gives a coordinate system aff(1), the metric forR® (as the metric for
$3(1)) is given by ®igs:

4 —
@y (@ @+ @ = e

Dlgs =
Since we consider a transformation Rf, the group of conformal transformations con-
sists of Euclidean motions, homotheties and inversion;i@atn R3. In both cases
of Euclidean motions and homotheties, the metbitg is detszthihomothetically
by ®3gs. Thus, as a conformal transformatiary of $3(1) we consider an inversion
(7' 0 @2 0 ®1)(y) = R(y — yo)/ly — yol®> (0 <) R € R) acting onR®, where
y = {y% y% y% is the canonical coordinate system Rf and yo = {y3, 2, y3} is a
point. Then, we have

2

(CIDI1 o®y0®)gr = {(dyl)z + (dyz)z + (dy3)2}‘

Iy = yoll*

Therefore, when we deno*gs  R&{(1+R?/Ily - yol *)?lly — yoll Y} *gr = €2 Vg,
the set{y e R®| P(y) =0 (or P(y) =c)} is included in a 2-spher§?. U

Corollary 3.1.1. Let E?2 > G2. Then two conformally flat hypersurfaces ifihe-
orems 3.1.2and 3.1.3 determined from a paifA(x*, x?), B(x®)} are not conformally
equivalent to each other.

Proof. We denote by(x!, x2, x93 the hypersurface in Theorem 3.1.2, and by
B(xt, x2, x3) the hypersurface in Theorem 3.1.3. Then, we have

p=(feh x) +13NE 22, m(x®), B = (1 +1(3))FE, x2) +m ), 1.
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From the definitions oh, [ andm for the mapg andp, it follows that

p1 = (1— tanA tamB ¥, p2 = (1 + cotA tanB J,,
P1 = (1+1(x%)(1 - tanA tanB ¥, P2 = (1 +1(x%))(1 + cotA tanB J,.

When we fix anyx3, the surface determined by the méfx?!, x?) + I(x3)n(x?, x2),
which appears in the definition gf, is included in a linear 3-spad§f3 and the sur-
face determined by the map is included in a 3-spher6f3. Furthermore, in both
cases, these surfaces are full in eitﬁé]g or 533, respectively.

Now, we assume that there exists a conformal transformationf R* (or $%)
such that® P(x,x2 x%) = p(x, x% x9. Then, @ mapsR?, to 3 for a fixed x5,
and it satisfiesb*gs = (1 +7(x3))2§p on the surface ier(g. This is a contradiction to
Proposition 3.1.2. Therefore, there does not exist anyaromd! transformation satis-
fying the assumption. Ul

Remark. We assume that the first fundamental fopm for a generic cordlly
flat hypersurface is represented as (1.1) with respect to igh@w net{x*, x2 x3}.
Then, there exists a positive constant  such that

(3136) ()Cl, x2, x3) - CeZP(xl.xz,xs)

1
(1 —v)(v—12)
by [3]. Two hypersurfaces are said to belong to the same &dedcfamily if the met-
rics (1.1) for two hypersurfaces are defined from the sametiom¢ ([2], [4]). Thus,
we have constructed two hypersurfaces in Theorems 3.1.23dnd8 belonging to the
same associated family; Namely, we have ~E2( G?) or C = 1/(E?+1— G?)
for each hypersurface, respectively. Furthermore, in Hraesway as the proof of The-
orem 3.1.3 we can construct from surfacesSitfr) a 1-parameter family of hypersur-
faces belonging to the same associated family.

The definition of the canonical Guichard net on a conformdldy hypersurface
in Hertrich-Jeromin ([3]) includes the conditiogfi =1 in thquation (3.1.36) besides
our condition mentioned in the introduction. When we chatige coordinate functions
x' to x' = ex’ with a constant {x?, x2, x%} is also a Guichard net and then the right
hand side of (3.1.36) changes t6 /c?)e?” with respect to the net. According to his
definition, we can also consider that the metric for a hypéase belonging to the
same associated family is determined from a function ~— mddaby such a parameter
change of the same

3.2. In this subsection, we list the results on generic confolyméét hyper-
surfaces inR* with the first fundamental form

(3.2.1) g =2 costt p(x)(dxt)? + sint? p(x)(dxt)? + (dx®)?),
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under the assumptiop; # 0 and further assumption that satisfies at least one of in-
equalitiesg; # 0 andg, # 0. We note: In the metric (1.1), we replae&” ) sir? ¢(x)
by ¢??®). Then, we have the metric (1.2) if we exchange coordinafesx? and x3
for x2, x® andx!, respectively. We can prove each theorem (resp. equatienfiomed
here in the same way as the proof of the theorem (resp. egyati3.1 correspond-
ing to it.

The condition for the metri¢ = cost ¢(x)(dx1)? +sini? ¢(x)(dx")? + (dx%)? to be
conformally flat is given by the following three equationgeéther with (2.1.10):

(322)  gap3s+ 2p3023SiNt ¢ — pp33sinhy coshy

= @211+ 922)(SINKF @ + cosIF ) — (11 + ¢22)2 Sinhg coshp.
(323)  ¢1933 — 2p3p13C0sH ¢ + 133Sinhy coshp

= @a(p11+ @22)(SINtF @ + cosH @) — (@11 + @22)1 Sinhg coshp.
(3.24)  2¢1913C0SI @ — 20,023SINIF @ + p2o3sinhg cosly — ps(¢11 + @22)

= —@3p33(Sint? ¢ + cosif ¢) + (p113 — @223+ @a33) Sinhy costy.

Proposition 3.2.1. Let a metricg 0f(3.2.1) be conformally flat. We assume that
the functiony is represented agx', x2, x% = A(x1, x? + B(x®), where the function
A(xt, x?) and B(x®) satisfy B; # 0 and at least one of the inequalitg, # 0 and
A, # 0. Then the functionsA(x!, x?) and B(x®) are respectively determined by the
equations in the following three caséas), (b) and (c):

We denote by and; constant numbers.

1 1
(a) An+Ap=—JF sinh(24) (B3)? = E(E cosh(B ) +G )
(b) A1+ Ay = Ecosh(24 ) B3)% = Esinh(2B) +G.
(© A+ Ap=Ee ™, (By)?=Ee*P +G.

We replace the metric (3.1.18) in Theorem 3.1.1 by the metric
(3.2.5) 2 cosi(A + B)(dx1)? + sintP(A + B)(dx?)? + (dx®)?},

where A %, x? and B = B (% are functions given in Proposition 3.2.1. Then,
the statement of Theorem 3.1.1 is also true in this case. Thatiens (3.1.25)
and (3.1.26) for the orthonormal frame fiefd, n} in the proof of Theorem 3.1.1 are
replaced by the following equations: We denote @y, C,, C3 and C4 constant num-
bers.

(326) ng = (Cl + C3tanhA )(1, Ny = (Cl + C3cothA )2.
(3.2.7) ny = (C2 + CstanhA ¥y, n, = (Cy + C4cothA ¥,.
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Lemma 3.2.1. Let a functionA(x, x2) be given inProposition 3.2.1We assume
that there exists a surfac® in eith®® or $3(1) such thatS has the first fundamental
form & = cost A(dx1)? + sinf A(dx?)? and that S satisfies the following conditions
(1) and (2): (1) Eachx’ -curve(i =1, 2)is a principal curvature line ofS (2) A unit
vector fieldn normal to S satisfies the conditiof8.2.6)

Then we have only the following two casé€g) and (2):

(1) The case ofProposition 3.2.1-(a)There exists such a surface R if and only
if E > 0. Its second fundamental form is given By= —vE sinhA cos{ ¢x1)? +
(dx?)?).

There also exists such a surface $8(1) if and only if E > 1. Its second funda-
mental form is given by = —/E — 1sinhA cosm{ dx')? + (dx?)?}.

(2) The case ofProposition 3.2.1-(c)There exists such a surface R® if and only
if E > 0. Its second fundamental form is given By= +/Ee *{coshA ¢x)? —
sinhA @x?)?}.

We will write down the important equations used in the proéfLemma 3.2.1:
For the sake of simplicity, we assume that the constant in cibinition of the
function A (1, x?) is a positive numbeE =£2. The Gaussian curvatur®  @f is
given by K = — (A1 + Azp)/(sinhA cosM ) We have only to find surfaces R?
and S3(1) such that they satisfy the condition (2) and that thesmrs fundamental
forms are represented das= s11(dxt)? + s22(dx?)?. We define functions: x(, x?) and
b(x1,x2) by s11 = Eacosif A, sp, = —Ebsint? A. If S is a surface inR%, then we
have E2ab = (A11 + A2)/(SinhA coshd ) IfS is a surface is3(1), then we have
E2ab — 1= (A1 + A2y)/(SinhA cosh )

From Codazzi's equation, we can derive the following eaqui

a,coshA =— @ +b A,sinhA,  biSinhA =— @ +b)A; COShA.
We can assume x{, x?) = a(A(x', x?) and b (', x?) = b(A(x?, x?) from (3.2.6).

Therefore, when we denote’ da/dA  and &/dA , we hawe (b% )
—(a +b)(coslt A + sintf A)/(sinhA coshA ). Thus, we have the following equation:

C

= - with a constantC.
sinhA cosh

(a +D)

Here, by using the equations above, we will only show the exiatence of sur-

faces inR® corresponding to functiond in Proposition 3.2.1-(b). Thactionsa and
b are the solutions of the following quadratic equation for :

2 C . cosh(4d) _
sinhA cosM  sinhA cosmM
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The discriminantD of the equation is

an (e—4A + C2)2 —_1— C4
=e

D
2 sinif A cosif A

Furthermorea an@d are rational functions in sihh  and cbsh 31.4). Therefore,
the solutions of the equation can not be the functions /&nd afgrC .

Theorem 3.2.1. Let A(x!, x?) and B(x®) be the functions irProposition 3.2.1-
(a), and E > 0 in the definitions ofA(x!, x?) and B(x®). Let S be a positive constant
curvature surface irR® determined fromA . The first fundamental fogrand the sec-
ond fundamental formd for S are respectively given as follows

& = cosif A(dx")? + sint? A(dx?)?,  § = —vE sinhA cosm{ ¢x*)? + (dx?)?}.

Then the mapp(x', x2, x9) into R*, made fromS andB(x®) in the same way as
in (3.1.17),defines a generic conformally flat hypersurface if and onlth& constant
G in the definition ofB(x®) satisfies the inequalitff > G

Furthermore eachx’ -curve of the hypersurfageis a principal curvature line.

In Theorem 3.2.1, the functionsxY) and m (3) in the definition of the map
p(xt, x2 x3) are respectively detemined as follows: = t&hW'E, m3 = (E — G)/
(2E cosH B).

Theorem 3.2.2. Let A(x', x?) and B(x®) be the functions irProposition 3.2.1-
(@), and E > 1 in the definitions ofA(x?, x?) and B(x%). Let S be a positive constant
curvature surface ins3(1) determined fromA . The first fundamental fogmand the
second fundamental fori for S are respectively given as follows

g = cosif A(dx")? +sintf A(dx?)?,  §=—+vE —1sinhA cost{ dx")? + (dx?)?}.

Then the mapp(x*, x2, x9) into R*, made fromS andB(x®) in the same way as
in (3.1.17),defines a generic conformally flat hypersurface if and onlthd constant
G in the definition ofB(x®) satisfies the inequalitf > G + 2.

Furthermore eachx’ -curve of the hypersurfageis a principal curvature line.

In Theorem 3.2.2, the functiom x¥) is given bym = (14 )taniB//E — 1. The

function () is determined from the solutions of the following quadraguation: We
denotel(x%) = 1 +1(x3).

_ ., _
cost B(E costt B — 1) <173) + 2B3sinhB coshBlT3 +{B%—(E —1)cosit B} = 0.

Then, the inequalityf > G + 2 is the condition under which the ¢igmahas a real
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solution.

Corollary 3.2.1. LetE > 1and E > G+2. Then two conformally flat hypersur-
faces inTheorems 3.2.1and 3.2.2 determined from a paifA(x*, x?), B(x%)} are not
conformally equivalent to each other.

We note that the hypersurfaces given in the following Theoere not hypersur-
faces obtained from constant curvature surfaceRinWe can also prove this theorem
in the same way as the proof of Theorem 3.1.2.

Theorem 3.2.3. Let A(x!, x?) and B(x®) be the functions irProposition 3.2.1-
(c), and E > 0 in the definitions ofA(x!, x?) and B(x3). Let S be a surface irR®
determined fromA(x!, x?). The first fundamental forrg and the second fundamental
form § for S are respectively given as follows

g = cosi A(dx")? +sinif A(dx?)?,  §=+~Ee*{coshA ¢x")? — sinhA @x?)?}.

Then the mapp(x?, x2, x93 into R* made fromS andB(x%) in the same way as
in (3.1.17),defines a generic conformally flat hypersurface if and onlhé constant
G in the definition ofB(x®) satisfies the inequalitie& < 0 and Ee?8 + G > 0.

Furthermore eachx’ -curve of the hypersurfageis a principal curvature line.

In Theorem 3.2.3, the functionsxY) and m %) in the definition of the map
p(xt, x2, x3) are respectively detemined as followsy/2 [ = 1—e~28, Em3 = —Ge™5.
Furthermore, we havéZ = E¢?8 +G.
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