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SOME FAMILIES OF COMPONENTWISE LINEAR
MONOMIAL IDEALS
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Abstract. Let R = k[z1,...,25] be a polynomial ring over a field k. Let
J = {j1,...,j¢t} be a subset of {1,...,n}, and let m; C R denote the ideal
(zjys---,25,). Given subsets Ji,...,Js of {1,...,n} and positive integers
ai,...,as, we study ideals of the form I = m‘ji N---Nmf. These ideals
arise naturally, for example, in the study of fat points, tetrahedral curves, and
Alexander duality of squarefree monomial ideals. Our main focus is determin-
ing when ideals of this form are componentwise linear. Using polymatroidality,
we prove that I is always componentwise linear when s < 3 or when J;UJ; = [n]
for all i # 5. When s > 4, we give examples to show that I may or may not be
componentwise linear. We apply these results to ideals of small sets of general
fat points in multiprojective space, and we extend work of Fatabbi, Lorenzini,
Valla, and the first author by computing the graded Betti numbers in the s = 2
case. Since componentwise linear ideals satisfy the Multiplicity Conjecture of
Herzog, Huneke, and Srinivasan when char(k) = 0, our work also yields new
cases in which this conjecture holds.

§1. Introduction

Let R = k[x1,...,x,] be the polynomial ring in n indeterminates over a
field k, and let [n] := {1,...,n}. For a nonempty subset J = {j1,...,j;} C
[n], we define m; := (zj,,...,2;). The goal of this paper is to understand

when ideals of the form
I=wmPNmPN---Nm§, with J; C [n] and a; € Z7,
are componentwise linear. We introduce the following definitions.

DEFINITION 1.1.  An ideal of the form m% for some .J; C [n] is called a
Veronese ideal [18]. We call an ideal I = m% N ---Nm% an intersection of
Veronese ideals.
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Let I C R be a homogeneous ideal, and for a positive integer d, let
(I4) be the ideal generated by all forms in I of degree d. We say that
I is componentwise linear if for each positive integer d, (I4) has a linear
resolution. Componentwise linear ideals were first introduced by Herzog and
Hibi [19] to generalize Eagon and Reiner’s result that the Stanley-Reisner
ideal Ia of a simplicial complex A has a linear resolution if and only if the
Alexander dual A* is Cohen-Macaulay [6]. In particular, Herzog and Hibi
[19] and Herzog, Reiner, and Welker [21] showed that the Stanley-Reisner
ideal Ia is componentwise linear if and only if A* is sequentially Cohen-
Macaulay. On the algebraic side, in characteristic zero, Aramova, Herzog,
and Hibi subsequently proved that I is componentwise linear if and only if it
has the same graded Betti numbers as its graded reverse-lex generic initial
ideal [1]. Romer used this result in [26] to prove that componentwise linear
ideals satisfy the Multiplicity Conjecture of Herzog, Huneke, and Srinivasan
[22] in characteristic zero.

Componentwise linearity also arises naturally in the study of several
types of ideals from algebraic geometry. In [12], the first author showed
that if I is the ideal of at most n + 1 general fat points in P", then [ is
componentwise linear. Additionally, the first author, Migliore, and Nagel
proved that the ideal of a tetrahedral curve is componentwise linear if and
only if the curve does not reduce to a complete intersection of type (2,2);
see [25] or [13] for an explanation of the reduction process. One of our goals
in this paper is to identify more results applicable to geometry.

Our motivation to study intersections of Veronese ideals comes from the
observation that in many of the cases in which the componentwise linear
property of a monomial ideal has been studied, the ideal is a special case of
an intersection of Veronese ideals. The defining ideal of s < n fat points in
P"~1 in generic position, investigated in [12], is an intersection of Veronese
ideals with J; = {1,... ... ,n} for i = 1,...,s. Moreover, the ideals of
tetrahedral curves, studied in [25] and [13], have the form

I=(z1,22)" N (x1,23)"2 N (21,24)" N (22, 23)" N (22, 24)" N (23, 24)%

C k[zy, ..., x4,

where the a; are nonnegative integers. Additionally, when each a; = 1, the
intersection of Veronese ideals is the Alexander dual of a Stanley-Reisner
ideal; here, the minimal generators of the Stanley-Reisner ideal are the
product of J; variables, the product of the .J, variables, and so on. Faridi
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showed that if I is the facet ideal of a simplicial tree (so I is a squarefree
monomial ideal), then the Alexander dual I* is componentwise linear [9].
Faridi’s result was partially generalized by the two authors [14]; they showed
that if I is the edge ideal of a chordal graph, then the Alexander dual I* is
componentwise linear.

We now present the main results of this paper. Our primary tool is
Theorem 3.1. We show that if I is an intersection of Veronese ideals in
Elxq,...,2y,), and if J; U J; = [n] for all i # j, then (1) is a polymatroidal
ideal for all d. We shall discuss polymatroidal ideals in the next section of
preliminaries, but their most important property for us is that they have
linear resolutions. Thus I is componentwise linear in this case since each
(I4) has a linear resolution. As a corollary of Theorem 3.1, we show that
when s =2, [ =m§ ﬂm’}( is always componentwise linear. With some care-
ful analysis of the generators of (I;), we prove the same result in the case
s = 3 in Section 4. (When s = 1, i.e., I = m9%, then the fact that I is com-
ponentwise linear is simply a corollary of the Eagon-Northcott resolution.)
This shows that the ideals of tetrahedral curves that are not component-
wise linear given in [13] are the simplest possible examples of intersections
of Veronese ideals for which componentwise linearity fails. When s > 4,
we give examples to show that I = m% N --- N m% may or may not be
componentwise linear.

In Section 5, we expand upon the s = 2 case by giving explicit formulas
for the graded Betti numbers of m% N m%. Our formulas generalize results
of Fatabbi [10], Valla [28], Fatabbi and Lorenzini [11], and the first author
[12], which give the Betti numbers of ideals of two fat points in P".

We conclude in Section 6 with some applications. We extend the first
author’s work in [12] by showing that if I is the ideal of a small number
of general fat points in a multiprojective space P™ x --- x P™ then [ is
componentwise linear. This also gives a new proof of the result in [12]; our
technique in this paper is more general. Additionally, we use the results of
Section 5 to write down the graded Betti numbers of two general fat points
in multiprojective space. We also note that in each case that we show that
a class of ideals is componentwise linear, the result solves the Multiplicity
Conjecture of Herzog, Huneke, and Srinivasan [22] for that class of ideals
(in characteristic zero).

Acknowledgments. We gratefully acknowledge the computer alge-
bra systems CoCoA [2] and Macaulay 2 [16], which were invaluable in our
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work on this paper. The second author also acknowledges the support pro-
vided by NSERC. We also thank Giulio Caviglia for valuable conversations
on these topics. Finally, we thank the referee for his or her extremely care-
ful reading of our paper and very helpful corrections and suggestions for
improvement.

§2. Preliminaries

In this section, we recall some definitions and results used throughout

the paper. As in the introduction, let R = k[z1,...,z,] be a polynomial
ring over the field k, and for any subset J = {ji,...,j:} C [n], we set
my = (zj,,...,25). Our primary interest in this paper is to determine

when intersections of Veronese ideals in R, or equivalently, ideals of the form
I = mf}i n--—-Nmy *, where the a; are positive integers, are componentwise
linear.

Associated to any homogeneous ideal I of R is a minimal free graded
resolution

0—>@R )i —>@R )P (D) —>@R j)B0.3 (1)

— I —0

where R(—7) denotes the R-module obtained by shifting the degrees of R by
j. The number §; ;(I) is the ij-th graded Betti number of I and equals the
number of generators of degree j in the i-th syzygy module. The following
property of resolutions will be of interest.

DEFINITION 2.1. Suppose [ is a homogeneous ideal of R whose gen-
erators all have degree d. Then I has a linear resolution if for all ¢ > 0,

Bi;(I) =0 for all j #i+d.

Componentwise linearity is closely related to this property. For a ho-
mogeneous ideal I, we write (1) to denote the ideal generated by all degree
d elements of I. Note that (I) is different from I;, which we shall use
to denote the vector space of all degree d elements of I. Herzog and Hibi
introduced the following definition in [19].

DEFINITION 2.2. A homogeneous ideal I is componentwise linear if (1)
has a linear resolution for all d.
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A number of familiar classes of ideals are componentwise linear. For
example, all ideals with linear resolutions are componentwise linear. How-
ever, there are many nontrivial examples as well, including stable ideals,
squarefree strongly stable ideals, and the a-stable ideals studied in [15].
The following examples illustrates cases in which our results in this paper
give new examples of componentwise linear ideals that are not in any of the
classes mentioned above.

EXAMPLE 2.3. Let R = k[zy,...,z5], and let

I = (z1,22,23) N (21,24, 25) N (22, 23, T5)

= (=Tl$27 13, L1X5, XL2L4, L2T5, LIL4, .%‘3:65) CR.

Then I is clearly not stable since no pure power of 1 is among the minimal
generators, and it is neither squarefree stable nor a-stable for any a because,
for example, x1x5 is a minimal generator, but z1x4 ¢ I, though other
minimal generators do involve x4. Our results in Section 4 show that [
is componentwise linear; in fact, I has a linear resolution because it is
componentwise linear and has all its minimal generators in the same degree.

For an example that is not squarefree, let J = (1, x2)3N(z2, T3, T4, T5)>
C R. Then

2 .3 .2 2 2 3,2 .3 3 3.2
J = (xle,3;‘2,xlxgxg,,3;‘11’2964,1'19621’5,1'1963,$1x3x4,$1x31’5,1‘11’4,

3 32
T]XT4T5, TIXE),

which is clearly neither stable nor a-stable. By our Theorem 3.1 and Corol-
lary 3.2, J is componentwise linear.

The graded Betti numbers of componentwise linear ideals have a partic-
ularly good algebraic property. In [1], Aramova, Herzog, and Hibi proved:

THEOREM 2.4. Let I C k[xq,...,x,] be a homogeneous ideal, and sup-
pose that char(k) = 0. Let gin(I) be the generic initial ideal of I with respect
to the graded reverse-lex order. Then I is componentwise linear if and only
if I and gin(I) have the same graded Betti numbers.

In general, §; ;(I) < ;;(gin(l)) for all ¢ and 7, but all the inequalities
are equalities exactly when [ is componentwise linear. Conca observed in
[3] that Aramova, Herzog, and Hibi actually proved that I is component-
wise linear if and only if I and gin(I) have the same number of minimal
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generators. This observation makes the condition even easier to test com-
putationally.

One way to show that an ideal is componentwise linear is to prove that
it has linear quotients. We recall Herzog and Hibi’s definition from [18]
(which is slightly more restrictive than Herzog and Takayama’s definition
in [23]).

DEFINITION 2.5. Let I be a monomial ideal of R. We say that I has
linear quotients if for some ordering u1, ..., u,, of the minimal generators
of I with degu; < degus < --- < degu,, and all i > 1, (u1,...,ui—1) : u; is
generated by a subset of {z1,...,z,}.

The following proposition is probably known, but we could not find it
recorded explicitly, so we include it for convenience. The case in which I
is generated in a single degree is Lemma 4.1 of [4], and that is the case we
shall use in this paper.

PROPOSITION 2.6. If I is a homogeneous ideal with linear quotients,
then I is componentwise linear.

Proof. Suppose that I C R has linear quotients with respect to the
ordering w1, us, ..., U, of its minimal generators, where degu; 1 < degu;
for all . We induct on m, the number of minimal generators of I. When
m =1, I = (u1) is componentwise linear because it is principal.

Fix some m > 1. Assume that the ideal J = (u1,...,up—1) iS compo-
nentwise linear, and suppose that degu,, = d. Let J' = (J,u,,). Note that
Je = J, for all e < d, so (J]) has a linear resolution for all e < d. We have
a short exact sequence

0 — R/(J : up)(—d) = R/J — R/J — 0.
Because J : u,, is generated by linear forms, reg(R/(J : uy,)) = 0. Since
degu,, = d, we have reg(R/J') > d — 1. Because R/J is componentwise
linear, and degum,—1 < d, we know that reg(R/J) < d — 1. By [7, Corol-
lary 20.19],

reg(R/J") < max{reg(R/(J : uy)(—d)) — 1,reg(R/J)}
= max{d — 1,reg(R/J)},
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so reg(R/J') = d — 1. Thus (J)) has a linear resolution. The same is true
for all (J!) with e > d. The last statement follows from the fact that for any
ideal M with regularity d and e > d, (M,) has a linear resolution. This fact
follows, for example, from [13, Lemma 2.3] since the graded Betti numbers
Bi; (M) with j > i+ e must be zero. 0

One special type of ideal that has linear quotients is a polymatroidal
ideal. For a discussion of this terminology, see [20] and [18].

DEFINITION 2.7. Let I be a monomial ideal generated in a single de-
gree. We say that [ is a polymatroidal ideal if the minimal generators of I
satisfy the following exchange property: If u = z{* -+ 2% and v = x?l cgln
are minimal generators of I, for each i with a; > b;, there exists j with

aj < b; such that zju/x; € I.

Herzog and Takayama proved the following result about polymatroidal
ideals in Lemma 1.3 of [23].

THEOREM 2.8. Polymatroidal ideals have linear quotients with respect
to the descending reverse-lex order, and hence they have linear resolutions.

We shall use the ascending reverse-lex order at times, so we state the
corresponding result for that case, which follows from the proof of [23,
Lemma 1.3] in Herzog and Takayama’s paper as well as a dual version of
the exchange property for monomial ideals in [18, Lemma 2.1].

PROPOSITION 2.9. Polymatroidal ideals have linear quotients with re-
spect to the ascending reverse-lex order.

Suppose we have a componentwise linear monomial ideal I = (mq,...,
m,) in a polynomial ring R = k[z1,...,x,]. In the following sections, we
shall sometimes want to consider the ideal I = (mq,...,m,) as an ideal
in a larger polynomial ring R’. The following lemma shows that I is still
componentwise linear in the larger ring.

LEMMA 2.10. Let I = (my,...,m,) be a componentwise linear mono-
mial ideal in R = klx1,...,xy,], and let I' = (mq,...,m,)R’ be the ideal gen-
erated by the same monomials in the larger polynomial ring R' = k[x1, ...,
Ty Tpgls - - Tp). Then I' is a componentwise linear ideal of R'.
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Proof. Suppose d is the lowest degree in which I has generators. Then
(Ia) = (I}), so (I}) has a linear resolution because (I4) does.

Let t > 0, and let m = (25,41, ..,2p). The ideal (I},,) has a decompo-
sition as

(Tge) = Tage) + m(Igge—1) + m? (Iggq—2) + -+ - +m'(Iy);

by (I4+4), we mean the ideal generated by the degree (d + u) elements of
I inside R, so the minimal generators involve only the variables x1,...,x,.
We then consider m¥(l44;—,) as an ideal of R’

By hypothesis, (I44¢) has a linear resolution in R, and hence, viewed
as an ideal of R’, we will have reg(R'/(I44¢)) = d+t — 1. We order the
rest of the minimal generators of (I} ,) in the following way. First, take
all the minimal generators of m(I414—1) in descending graded reverse-lex
order (so those monomials divisible by z, would be last). Next, take all the
minimal generators of m?(I4; o) in descending graded reverse-lex order,
and continue in this way. We shall add each of these generators successively
to (I44+¢) and show that each resulting ideal has regularity d + ¢. This will
imply that reg(R'/(I},,)) = d+t—1 and thus (I}, ,)

As the first step, we compute (I41¢) : Tpt1m, where m € Iy14—q. Mul-

has a linear resolution.

tiplying m by any of x1,...,x, gives an element divisible by an element of
I+, and no multiplication by a monomial involving only x;,41,...,7, can
give us an element of (Ig1¢), so (Ig4¢) : Tnt1m = (x1,...,2,). We have a
short exact sequence

XTp4+1M
_—

0 — R'/((List) : osam)(—d — 1) R /(Ias2)

— R'/((Iatt), Tn1m) — 0.
By [7, Corollary 20.19] and the fact that reg(R’/(x1,...,2,)) = 0, we have

reg(R'/((La+t); Tnt1m))

< mac{reg(R'/(Laps) : ns1m)(—d — £)) — 1, reg(R'/(Ias))}

=max{d+t—1,d+t—1}=d+t—1.
Since ((Igtt), Tnr1m) is generated in degree d+t, reg(R’/((Ig4¢), Tpy1m)) =
d+t—1.

We proceed by induction. Let
J = (Lige) + m(Laggr1) + -+ w0 (Tagern)
+ initial segment of m" (I ¢, ).
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b b . s .
Suppose m’ = z,."]' ---x;"m is the next monomial in m"(Jy4—,) in de-
scending graded reverse-lex order, where m € Iy, ,. First, we will show

that J : m’ is an ideal generated by a subset of the variables of R’. Mul-

tiplying m by any of zi,...,x, gives an element of Ij; ,+1, and thus
(1,...,2y) C J :m/ since xz’rf .zl €m’ € m"L. Let [ be the maxi-
mum index for which b; # 0. Then any of x,,.1m/, ..., x;_1m’ is in J because
Tpsam/ [z, ... x—1m/ [z are all greater than m/ in graded reverse-lex order.

Now suppose that m is a monomial in only z;,...,x,. We will show
that mm’ = ma:Z"jf e a:zpm ¢ J. Note that mm’ € (Ig14_,), the ideal of

R’ generated by the elements of Iy, ;_,., but it is not in any (Iz4;_,,) for any
u < r. Hence if mm’ € J, we have mm’ € m"(I;14_,). That implies that
mm’ is divisible by some monomial in m"(I44¢—,) greater than m’ in the
reverse-lex order. Because of the way we have ordered the monomials, and
since [ is the maximum index for which b; # 0, this is impossible. Hence

! —
Jm' = (x1,... Ty, Tpt1y e T1—1)s

an ideal generated by a subset of the variables of R’. We now have an exact
sequence

0— R/(J:m)(—d—t) X" R'/J — R'/(J,m') — 0.

By [7, Corollary 20.19], induction, and the fact that reg(R'/(J : m)) = 0,
we have

reg(R'/(J,m)) < max{reg(R'/(J : m/)(—d — t)) — 1,reg(R'/J)}
=d+t—1

Since (J,m’) is generated by monomials of degree d + ¢, we have
reg(R'/(J,m')) = d+t—1, or equivalently, reg(.JJ,m’) = d+1t as required. []

Remark 2.11. One can shorten the preceding proof considerably by
showing that gin(I) has the same minimal generators as gin(I’), where gin
denotes the graded reverse-lex generic initial ideal. However, this approach
would require the hypothesis that char(k) = 0 to use the generic initial ideal
characterization of componentwise linearity. Instead, we prefer to have a
characteristic-free proof.

We begin our investigation of when intersections of Veronese ideals are
componentwise linear with a couple of special cases. Let I = mf‘}i n-- -ﬂmf‘}z .
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We consider the cases in which s = 1 and in which the J; are pairwise
disjoint.

When s =1, I = m9 is a power of a complete intersection. In this case,
the Eagon-Northcott complex of I is a minimal free resolution [5]. The
graded Betti numbers of I are given below (and could also be computed
from the formulas of [17]).

LEMMA 2.12. Let J C [n], and let a be any positive integer. Then
a+|J|—1\fa+1—1 .
5z‘,i+a(m3)—( a|—i—’i >< . ) fori=0,...,|J| -1,
and B; j(m%) = 0 for all other i,j > 0. In particular, m% has a linear
resolution, and thus is componentwise linear.

We use the above lemma to prove the following result.

THEOREM 2.13. Let Jy,...,Js C [n] be s pairwise disjoint nonempty
subsets, and let ay,...,as be positive integers. Set I = m%m%P .- m% and
a=ay+---+as. Then

> (a; + | T =1\ (aj +i; — 1 ,
Biita) = > H<]a.|+]L' ><] 7 >f07“allzzo,
J J

i1+ tis=i j=1 L
and B; ;(I) = 0 otherwise.

Proof. Let Fy denote the graded minimal free resolution of m% for
¢=1,...,s Since I 2m% ®---@m7, the graded minimal free resolution
of I is given by G = F1 ® --- ® F5. So G;, the i-th graded free module in
a minimal graded free resolution of I, is G; = ;... —; Fiy ® - @ Fy,.
Thus

Big(D) = > dimg(F, ®-- @ F);
Zl++ls=Z
i1 Fis=i j1+-Fjs=j
But by Lemma 2.12, 3;, j,(m%) # 0 only if jo = i + as. So f3;;(I) = 0 if
j#i+a, and
ﬂ%“ra([) = Z /3i17i1+a1 (mzi) U ﬁisyis‘i’as (mzi)
i1+ +is=1

By applying the formula of Lemma 2.12 we get the desired conclusion. []
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When the J;’s are pairwise disjoint nonempty sets as in the above the-
orem, then m% Nm%PZ N---Nm% = m%m%-.-m%. Since this ideal has a
’ J1 JQ JS ]1 J2 Js
linear resolution, we have:

COROLLARY 2.14. [IfI =w% Nm%ZN---Nm, with the J1,...,Js C [n]
pairwise disjoint nonempty subsets, then I is componentwise linear.

Remark 2.15. It is easy to see that (x1,...,z,)® is polymatroidal for
any positive integers r and a. Results in [20] and [4] prove that the product
of polymatroidal ideals is polymatroidal. Hence the ideals of Theorem 2.13
are polymatroidal and thus have a linear resolution, as is clear from the
graded Betti numbers.

EXAMPLE 2.16. We show that if I = mzi n---N mf}: with s > 4, then
I may or may not be componentwise linear. First, we construct examples

of ideals that are not componentwise linear. We begin with the case that
s = 4. It was observed in [13] that the ideal

I = (z1,22) N (x2,23) N (23, 24) N (T4, 21) = (X123, T224)

is not componentwise linear. To see this fact, note that the ideal I is a
complete intersection ideal of type (2,2). Since I = (I2), (I2) does not have
a linear resolution.

We can extend this example to any s > 4. In the polynomial ring
R = k[z1,..., x4, let

I = (z1,22) N (22, 23) N (x3,24) N (2g,21) N (25)* N (26)% N - N (25)%.

for any positive integers as,...,as. Then I = zg°xgf - 2% I where I' =
(x123, x924). Because B;;(I) = i j—as—ag—-—as(I"), the ideal I cannot
be componentwise linear since I = (la4g54..4a,) does not have a linear
resolution.

On the other hand, we can create very simple intersections of Veronese
ideals that are componentwise linear for any s. For example, if .J; = {i} for
i=1,...,s, then I is principal and hence has a linear resolution. Alterna-
tively, start with a componentwise linear intersection of Veronese ideals 1
in the variables x1,...,z,, and intersect I with (z,41)%+t N -+ N (zs)%.

In the following sections, we consider the cases in which s =2 or s =3
as well as some special cases for general s.
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§3. A family of polymatroidal ideals

In this section, we consider a particular family of intersections of
Veronese ideals. We show that ideals in this family are polymatroidal. Our
main result is the following theorem.

THEOREM 3.1. Let Jy,...,Js be subsets of [n| such that J; U J; = [n]
for alli+# j. Let

I'=mfn--nm% CR=kxy,... 7]
Then (14) is polymatroidal for all d, and hence I is componentwise linear.

Proof. The condition on J; UJ; = [n] means that any r € [n] is missing
from at most one of the J;; if » ¢ J; and r & J;, then J; U J; # [n].

Therefore we may partition the variables x1,...,x, in the following way:
Rename the variables x; with the symbols x11,...,214,,...,Zs1,...,Tsp,,
TA1,---,%Tnb,- Lhe variables x; ; correspond to the integers in [n] missing

from J;, and the variables zn ; correspond to the integers in [n] present in
all J;.
For example, if

1= (.1’1,.%'2,.%'4,.%'6)3 N (.1'1,.%'3,.%'5,.%'6)4 N (%2,%3,.’1}4,.7}5,.7}6)2 C k'[l'l, o 7-%'6]7

then J; = {1,2,4,6}, Jo = {1,3,5,6}, and J3 = {2,3,4,5,6}. We would
rename the variables 3 and x5 as x11 and x1 2 since 3 and 5 are missing
from J;. Similarly, xo and x4 become 21 and x99, x1 is w31, and xg is
zn,1. Note that there may be some ¢ with 1 < ¢ < s for which there are no
x; ; variables; that is true if and only if J; = [n]. That causes no problem in
the proof below; alternatively, one can avoid this case since a component of
(z1,...,2y)* simply makes the ideal formed by the intersection of the other
components zero in degrees below a and the same in degrees a and above.
Fix a degree d. Suppose that m, # my are two monomials in (1) with

_ e €1,b1 €s,1 €s,bs _€N,1 €n,bn
Me =T11 " Trp " Ts1 " Tgp TRl " Trpa o

{ij . We need to show

that the polymatroidal exchange condition holds for these two monomials.

with m; having a similar expression in terms of x

Namely, if some e; ; > f;; or some en; > fn;, we must show that there
exists ey < fuo (With 1 < u < s or u = N) such that z, ,mc/z;; € (Ig).
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Note that the fact that m. € (I;) means exactly that degm. = d and all of
the following inequalities hold:

Z€Q,j+"'+zes,j+zeﬂ,j > ay,
J J J

Zel,j+Z€3,j+"'+zes,j+zeﬂ,j > ag,
J J J

J

Zel,j + -+ Zes—l,j +Zeﬂ,j > as.
J J J

There are two main cases to consider. First, suppose that some en , >
frp- If there exists en; < fn;, then zn jmc/zn, € (Ig) since none of the
left-hand sides of the inequalities above change, and we are done. Otherwise,
we have en j > frj forall j, and Y en; > > fn j because enp > fr . Since
m. and m have the same degree, there exists some e; ; < f; j with 1 <4 <s.
Without loss of generality, assume that e;; < f11. If

ZGQJ-I-"'-I-ZGSJ-I-ZCQJ>CL1,
J J

J

then x11me/xny € (I4), for the all the left-hand sides of the inequalities
but the first stay the same, and the first inequality for the new monomial is

deaj b+ Y it Y eny > an
j j

J
(Note that this property is independent of whether we use 1 ; or some other

T1,0 with €1y < fl,v-)
If Zeg,j + -+ Zes,j + ZGQJ )é aq, then

(B1) D eajtetd eit) enj=ar <Y fojtot) foit Y foy
J J J J J J

since my € I. If eaj > foj,..., €55 > foj for all j, since Y en; > > frj,

we have contradicted (3.1). Therefore, without loss of generality, we may

assume that some ez ; < fa ;.

We proceed by induction. Suppose that we have either found an e; ; <
fi,; such that x; jme/xn, € (Ig) for some ¢ <t —1,or forr=1,...,t—1,
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we have

(3.2) ZZew + Zem] =a, < Zwa + me,]

i=1 j=1 zl]l
ity

(That is, the double sum is the sum of all e; ; with i # r.)
As part of the induction hypothesis, we may assume that there exists
et < frj. If & jme/xn )y € (1g), we are done; otherwise,

(3'3) E § €ij + § €n,j = at < § E fz,j + § fﬂ,]
=1 j=1 =1 j=1
1#t 1#t

Summing (3.3) and the inequalities (3.2) for all r = 1,...,¢ — 1, we obtain

(3.4) (t—1) ZZGW—'—tZZe”—’_tZGHJ

=1 7 i=t+1 j
(t—1) Zmeth Z ZfZ,Jthme,J
=1 7 i=t+1 j

Subtracting (¢t — 1) degm. = (t — 1) degmy, we are left with

> LA E > 2of+ 2 dns

i=t+1 j i=t+1 j

If et41, > fie1,---,6€s5 = [fs; for all j, then we have a contradiction since
>.en; > > fn;. Hence we may assume without loss of generality that
some €115 < fii1,5-

Therefore either we find some e;; < f;;, with 1 <4 < s, such that
xi jme/Tnp € (Ig), or else the exchange property is not true, and (3.2)
holds for all » = 1,...,s. In the latter case, summing all s inequalities of
the form in (3.2), we have

(s—l)ZZem—FSZemJ (s—1) ZZf”—Fstm,J
i=1 j j

j
If we subtract (s — 1) degm, = (s — 1) degm from both sides, we have

Zeﬂj Zfﬂ,j

J
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But this contradicts our assumption that
>_eng > 2 fos
J J

Hence there exists some e;; < f;; such that x; jme/xn), € (I4), and the
exchange condition holds.

The second case to consider is when some e;; > f;; for some 1 <
i < s. Without loss of generality, assume that e;; > fi1. If there exists
e1; < fij, then x1 3yme/x11 € (Ig). Otherwise, we have ey ; > fi ; for all
J, and > e1; > > fij. Additionally, note that if any en; < fn;, then
m' = xnme/x11 € (Ig) since the degrees of m. and m' in the Jo,...,J,
variables are the same, and the degree of m’ in the J; variables is one higher
than that of m.. Therefore we may also assume that en ; > f ; for all j.

Since deg m. = degmy, there exists some ¢; ; < f; ;, and we may assume
that ea1 < fo1. If 2 1me/z11 € (1g), we are done; otherwise,

Zel,j—|—Zeg,j+-~—|—Zes,j+Zem,j
J J J

J

=ay <Y fii+ D fagto Y fait Y frg
J J J J

If e3; > f3,...,€sj = fs; for all j, then we have a contradiction since
Yoei; > > fijand > en; > > fn;. Therefore we may assume without
loss of generality that e31 < f31.

Continuing in this way, we apply an almost identical induction argument
as in the previous case except that now > e;; > > fi; and Y en; >
> fn,j- Either we find some e;; < f;; with 2 < i < s — 1 such that
xijme/x11 € (Ig), or (3.2) holds for all » = 2,...,s — 1, and there exists
some e, ; < fsj. If xs;me/x11 € (I4), we are done. Otherwise, (3.2) also
holds for r = s, and the exchange property fails. Summing the inequalities
of (3.2) for all r = 2,...,s, we obtain

(=1 erj+(s=2)> Y eij+(s—1)) eny
j j

i=2 j
S

< (5_1)Zflvj+(5_2)zzfivj+(s_1)me’j'

i=2 j
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Now, subtracting (s — 2) degm, = (s — 2) deg my, we have

Doeitd eng <D fii+ ) fy
J J J J

But we are assuming that > e;; > > fij, and Y en; > > fn j, so we have
a contradiction, and thus the exchange property must hold. 0

As a consequence of Theorem 3.1, the intersection of any two Veronese
ideals must be componentwise linear.

COROLLARY 3.2. Let J,K C [n] and let a and b be positive integers.
Then I =m%Nmb C R=k[z1,...,2,] is componentwise linear.

Proof. If JUK = [n], then we are done by Theorem 3.1. If not, we may
reindex the variables so that J U K = [m], and [m]U {m +1,...,n} = [n].
Then, by Theorem 3.1, I is componentwise linear in k[z1,...,z,,] and so
Lemma 2.10 gives the result. [

Remark 3.3. Tt is not true that all ideals I = m% N m7 have (I4)
polymatroidal for all d. For example, let

I = mf",i ﬂmf‘}i = (wl,l'g,l‘g)Q N ($2,$3,$5)2 CR= k[wl, - ,$5].

Note that x4 does not appear in either of the two components. Both m, =
x§x4 and my = xyx3x;5 are in (I3). The power on x3 is greater in m, than
it is in my, and the powers on x1 and x5 are larger in my than in m,.. But
xl(x§x4/x3) = zix3zy & (I3), and x5(ﬂc§x4/x3) = x3x475 € (I3). Therefore
(I3) is not polymatroidal. The proof of Theorem 3.1 breaks down because 4
is missing from both J; and J3, and hence we cannot partition the variables
the way we did in that argument; the x4 exponents would be double-counted,

causing problems when we subtract a multiple of degm, = degm;.

84. The intersection of three Veronese ideals

We will show that intersection of any three Veronese ideals is always
componentwise linear. Throughout this section, we write G(I) to denote
the set of minimal generators of a monomial ideal .

We begin with an observation. Suppose J, K C [n], but J UK C [n].
Let H = [n]\(JUK), and after relabeling, we can assume H = {r+1,...,n}
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and JU K = [r]. Let a, b be any positive integers, and let « be the smallest
degree of a nonzero element in (m% Nmb,). If

B' = m%nmb)Nklz; | i € JUK] = (m%nmb)nk[zy, ...,z

then the ideal B = ((m% NmY)ata), as an ideal of R = k[zy,...,x,], has
the decomposition

B = (Bliq) + (Bhrg_1)mu + (Bhyg_o)my + - + (By)miy,

where (B]) denotes the ideal generated by elements of degree i of B’ but
viewed as an ideal of R.

Order the elements of G(B) as follows: Order the generators of (B, )
with respect to the ascending reverse-lex ordering. Then add the generators
of (B}, 4_1)my in ascending reverse-lex order. We thus add all the mono-
mials divisible by z,, first. Continue by adding the generators (B, +2)m%1
in ascending reverse-lex order, and so on.

LEMMA 4.1. Using the above notation, the ideal
d
B = (B14) + (Boya—1)mu + (Byyao)miy + -+ + (By)my
has linear quotients with respect to the order prescribed above.

Proof. Let M; be the i-th element of G(B), i > 2, with respect to
our ordering. First, suppose that M; € (B, ;). We wish to calculate
(Mq,...,M;—1) : M;, where (My,...,M;_1) is the ideal generated by all
monomials in G(B) smaller than M; with respect to our ordering. Note that
in this case, each M; is in (B, ;), so each M; is in S = k[zy,...,2z,]. Asan
ideal of S, the ideal (B}, ;) is polymatroidal by Theorem 3.1. So, (B, ;) has
linear quotients with respect to the ascending reverse-lex order by Propo-
sition 2.9. Thus, as an ideal of S, (My,...,M;_1) : M; = (v;,...,x;;) for
some subset {i1,...,4;} € J UK. Because S — R is a flat ring homomor-
phism, by [24, Theorem 7.4(iii)], (M1,..., M;—1)R : M;R = (z4,,...,7;;)R.
(We note that if I is an ideal of S, then we will sometimes abuse notation
and write I to denote an ideal of R, where we really mean IR using the flat
homomorphism S — R.)

So, suppose now that M; € (B/,, ;_,)mj; for some s =1,...,d. Let

I'=(Bypa)++ (Blhyasrmyy ' + (M € G((Blygg)miy) | M < M),
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where M < M; with respect to the reverse-lex ordering.

Since M; € (Bngdis)qu, M; = 1Mo with M;; € (B;Hrdfs) and
M;o € m3;. If we multiply M; by any 2; with [ € JU K, then x;M;; €
(Bt g—s41)- Since Mip € my; C m;,_l, we have z;M; € (B;+d_5+1)m§f1 -
I. Thus mjyur C I:MZ'.

Because M;s € mj;, we have

Cn
n

Mg = a7 - afr with cryg + -+ 4 ¢y = 5.
Let | be the smallest integer in {r + 1,...,n} such that ¢; > 0. Then
xeM; € I fore=1+1,...,n. To see this note that

— — c ce+1 c
reM; = Miyxe Mo = Mil.’l/‘l SRR e

T, .

1 ce+1 c
...xee ce Xy,

o
= .CL‘lMilxll
-1 .
But then M;;z;'™ -zt zén < M; since cc + 1 > c.. So

_ c—1 ce+1 ¢
xeM; = leilxl LT

€ (M € G((Byyg_s)myy) | M < M;) €1,

from which we deduce that (x;11,...,2,) C I : M;.

Let m now be any monomial not in my x + (2;41,...,2,) and sup-
pose mM; € I. The monomial m can only be divisible by the variables
Tpil,--.,x; suppose degm = z. Since mM; € I, there exists a monomial
M; € I such that mM; = m’M; for some monomial m’. Since M; € mj,
mM; € m§ . If Mj € (Bl 4,
m?z since in m’M;, the exponents of x,41,...,%, can add up to at most
i+ z. Thus, we must have M; € (By4q—s)mf;, and so M; < M; with respect
to the reverse-lex ordering.

If we write Mj = Mlejg with Mjl S (Baer,S) and Mjg S msH, then

)m¢,; for some i < s, then m’M; cannot be in

since m is a monomial in the variables x,,1,...,2; only, we must have
Mjl = Mil and Mjg < MZ'Q. If Mjg = x{’fll < ‘ﬂjfln, there must be some
e such that f. > c. but fer1 = cet1,-.., fn = ¢n. Furthermore, since

Mo :xfl---x%", we must have [ < e < n. Indeed, if e <[, then
3:f7‘+1+"'+fnZfe+"'fn>Ce+"'+cn:6l+"'+cn:8-

Thus, for mM; = m/M; to be true, both sides must be divisible by zz°. But
since M; is not divisible by ¢ with v > ¢., we must have m divisible by z..
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But this contradicts the fact that m is not in the ideal m jux +(z141, . .., Tp).
We then arrive at the conclusion

I:M;, =mux + (.’L‘H_l,... ,xn).
So, B has linear quotients. [

Remark 4.2. Lemma 4.1 gives a second proof that m% N mg( is compo-
nentwise linear for all J, K, a, and b.

We thank the referee for suggestions that significantly simplified the
proof of the following theorem.

THEOREM 4.3. Let Jl,JQ,Jg C [ | be three sets, and let ai,az,as be
three positive integers. Then m ﬂ m ﬂ m9 J is componentwise linear.
Proof. 1f J; = J; for some i and j, then m% N mJ = mmax{ai’aj}, and
thus we are in the case of Corollary 3.2. So, we may assume that all the Ji’s
are distinct. Next we may assume by Lemma 2.10 that J; U Jy U J3 = [n].
If the hypotheses of Theorem 3.1 are satisfied, we done. So we may further
assume that there exists a pair of sets J; and J; such that J; U J; C [n].

For ease of exposition, we shall use J, K, L for Jy, Jo, J3, we shall use a,
b, ¢ for ay, ag, a3, and we shall assume that JUK C [n] and that J, K, and L
are distinct. After relabeling, we can also assume that L = {t,t+1,...,n}.
We also set H; = LN(JUK) and Hy = L\(J U K). After relabeling again,
we may further assume that Hy = {¢t,...,r} and Ho = {r+1,...,n}.

Let a be the smallest degree of a nonzero element in m% N m’}(. Because
(m2 N mb. Nm$), C (m%Nmb), for all e, (Mm% Nmb Nm$). = (0) if e < «,
and thus has a linear resolution.

Now fix a d > 0, and set A = ((m% Nmb N m$)y4a) and B = ((m% N
mb-)ard). We shall show that A has linear quotients, and hence A has a
linear resolution. It will then follow that m% N ml}( N m$ is componentwise
linear.

Set

B = m¢nml)Nklz; |ic JUK] = m%Nmb)Nklz,...,z,]

Note that the ideal B’ has the same generators as m% N m’}(, but we are
now considering B’ as an ideal in a smaller ring. The ideal B then has the
following decomposition:

B = (Blyq) + (Bhya_1)mu, + (Bhyg_o)miy, + -+ + (BL)m,
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where by (B]) we mean the ideal generated by the degree ¢ part of B’ in
klxy,...,z,], but considering the ideal as an ideal of R.

Since A C B, each generator of A belongs to some (B/_ ,_;)my, for
some ¢ =0,...,d. Set

)

A;={M | M € G(A) and M € (B}, 4_;)my,} foreachi=0,...,d.

So Q(A) =AgUA 1 U---UA,.

Order the elements of G(A) as follows: Begin by adding the elements of
Ap in ascending reverse-lex order. Then, add the elements of A1, after all the
elements in Ay, in ascending reverse-lex order. We then add the elements
of Ay in ascending reverse-lex order, and so on. The ordering could also be
described as follows: Write out the generators of B in the same order as in
Lemma 4.1. Then simply remove any element of G(B) that is not in G(A).
We will show that A has linear quotients with respect to this ordering.

Let M; be the i-th monomial of G(A) with respect to our ordering with
i>2. Set I = (Mi,...,M;_1), the ideal generated by all the monomials
in G(A) smaller than M; with respect our ordering. Furthermore, let D =
(M € G(B) | M < M;) with respect to our ordering. Since I C D, by
Lemma 4.1 we have

IZMigDZMi:(IiI,...,LL’Z’j)

because B has linear quotients with respect to this order.
If M; € Ap, then we will show that I : M; = D : M;. Take any
Te € {Tiy, ...,z ). Then x.M; = xyM; for some M; € D. We wish to
show that M; is in I. Suppose M; ¢ I, i.e., M; ¢ A. Then
M; =z gl gt with dy 4 -+ d, < e

n

On the other hand, M; € A, so

M; =ity withe + -4 ¢, > c.

Since M; € Ag C (B ,4), we have M; € (B]_ ;) as well, and M; < M;
with respect to reverse-lex order. Hence there must exist some [ such that
d; > ¢, but diy1 = ¢j41,...,dy = ¢y Moreover, | € {t,...,n}, for if [ <t,
then

c>ditddy=ci 4 +en>e
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Thus, for x.M; = x;M; to be true, z. = x;, since the exponent of z; is
higher in M; than in M;. So the exponents of xy,...,z, in z.M; must add
up at least ¢+ 1. However, the exponents of x¢,...,z, in z;M; can add up
to at most ¢, a contradiction. So M; must be in A and thus is in 1.
Suppose now that M; € As with s € {1,...,d}. So M; € (B 4_,)mf,.

Write M; as M; = M;1 M;o with M;; € (Btl)z—l—d—s) and My € mj”qg. Then

Mo = x;f’j:f ceexer with ¢y + -+ ¢ = s,

Let [ be the smallest integer in the set {r + 1,...,n} such that ¢; > 0. As
shown in the proof of Lemma 4.1,

D : Mz =myyuKx + (Il+1, . ,J,‘n).

Since I : M; C D : M;, the above fact implies that no monomial of the form
a7 af! can belong to I : M;.
Next, we show that (z;11,...,2,) €T : M;. Let x. € {zi11,...,2n}.

Then

—1
wMi = Mapay' - wiet e ai = M ™ it

and Mya' ™" xgetl . ot € (B

otd—s)Miy,- Also, it is clear that

Mﬂ:clcl_l e xge“ cexr e Ag
since the exponents of zy, ..., z, still add up to at least ¢. Now
M] = lexlclil P x25+1 PPN w%’"f < M’L

with respect to the reverse-lex order, so M; € I, and hence x. € I : M;.

Now suppose that z, € {z1,...,2,} ={z;|i € JUK}. Since z. € D :
M;, we have that x.M; is divisible by some monomial M € D with M less
than M; with respect to our ordering. The monomial M may or may not
be in I. We thus partition J U K into the following two sets:

P, ={ee JUK | xz.M; is divisible by some M € D with M € I}
P, ={ec JUK |for every M € D such that M|x.M;, M & I}.

It follows immediately that if e € Py, then x, € [ : M;, somp, C I : M;.
We will now show (through many steps) that if m is any monomial in
the variables {z. | e € Py}, then m ¢ I : M;. It then follows that

I:M; =mp —I—(.’L‘lJrl,...,xn)
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so that I has linear quotients.
Suppose that e € P>. Then x.M; = x;M; for some M; € D, and also

M; ¢ I. Furthermore, let
M; =2 - 2% and M; =z -z

TL n

We begin with some facts that must be true about x.,xy, M; and M;
in this case. First, since M; € I, d; +--- +d,, < ¢, but M; € I means that
¢t + -+ +cp > c. Since xyM; = x.M;, this implies that z € {x,...,z,}
and x, € {z1,...,24-1}. We also observe that this must imply that

di+-+d,=c—1and ¢4+ ---+¢, =c.

Second, the monomial M; ¢ (B, ,)mj, . Observe that if M; ¢
(B, q_s)miy,, then M; < M; with respect to the reverse-lex order. So there
exists some index p such that d, > ¢, but d,11 = ¢p41,...,d, = ¢,. Now
because z.M; = xyM;, we must have x. = z,,. But since z,, € {z1,..., 241}
we would have

c>di+- - tdy=c - tep 2c

which is a contradiction. Note that this argument applies to any monomial
M € D with the property that M|z .M; but M & I.

Now, let m be any monomial in the variables {z. | e € P,}, and suppose
that mM; € I; that is, m € I : M;. Then there exists a monomial m’ € R
and M € G(I) such that mM; = m'M. Tt M = 2% - b then b+ - -+b, >
¢ since M € I. Since m is not divisible by any element of {xy,...,z,} (this
follows since any variable in {z. | e € P»} must be in {z1,...,2,-1}), the
exponents of x;,...,x, in mM; are the same as those of M;, and thus, the
exponents of z¢,...,z, in mM; add up to c¢ since ¢; + --- + ¢, = ¢. Thus,
any variable that divides m/ must also be in {z1,..., 21 }; otherwise, the
exponents of x¢,...,x, in m'M add up to a number greater than c.

Since m and m’ are only divisible by the variables x1, ..., z;_1, we must
therefore have by = ¢;,...,b, = ¢,. In particular, b,41 = ¢pq1,...,0n = Cp.
Thus, if we let M* = a7 - abe| then M; = M/M* and M = M'M*.
Because M* € mjy;, we have M,M; € (B ,;_ S)quz. It follows that
M{,M" € (B}, ;_,). Since M is in I, we have M < M; with respect to
the reverse-lex ordering. This implies that M’ < M/ with respect to the
reverse-lex ordering.

Let D’ be the ideal of S = k[x1,...,x,| generated by all generators of

(B! ) less than M with respect to the reverse-lex order. Since (B],_;_,)

a+d—s
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is polymatroidal in this ring by Theorem 3.1, it has linear quotients with
respect to the ascending reverse-lex ordering (by Proposition 2.9). So

D/ : MZI = (xil,...,xig).

Now mM; = m'M implies that mM/ = mM’. Since m, m’ can be viewed
as elements of S, we have m € D’ : M/ since M’ € D'. So there exists some
Te € {Tiy, ..., 2, } such that zc|m. Note that e € P,. We thus must have
some M" € D" C (B] 4_,) with M" < M such that z.M; = x;M" for
some z 7. But then

.Cl?eMZ' = l'eMZ{M* = .CL‘fM”M*.

Now M"M* € D since M"M* < M/M* = M,;. We must have that
M"M* ¢ I, because if M"M* € I, this would imply that z. € P; since
M"M*|z.M;. But we also have that M"M* € (B, ,_,)mj,, contradicting
the fact that every M € D with the property M|z.M; but M ¢ I cannot
be in (B, ,)mi .

Thus m ¢ I : M;, and the conclusion follows. [

Remark 4.4. Combining Corollary 3.2 and Theorem 4.3, we conclude
that
I = (w1,22) N (22,73) N (23, 24) N (T1,74)

is the simplest intersection of Veronese ideals that is not componentwise lin-
ear. It is the ideal of a tetrahedral curve; see [25] and [13] for studies of these
ideals and their resolutions, including a characterization of which curves are
componentwise linear. Note that to form an intersection of Veronese ide-
als that is not componentwise linear, by our earlier results, we must have
s > 4. By analyzing the possible cases for three variables, it is not hard to
see that we must also work in a ring with at least four variables: The pres-
ence of any ideal (x1,x9,x3)* C k[z1,22,23] in the intersection is irrelevant
to componentwise linearity, and hence one needs only show that

(1.1)(11 N (I'Q)a2 N (1,3)(13 n ($1,$2)a4 N (x17x3)a5 n (1-2’1.3)&6’
where the a; > 0, can be expressed as
(x(lll xSngS) ((xh x2)max{a4*(a1+a2),0} N (‘Tla xg)max{a57(a1+a3),0}
N (x2’ x3)max{a6—(a2+a3),0}) )

Theorem 4.3 tells us that this ideal is componentwise linear.
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The proof of Theorem 4.3 gives some insight into why there are ideals
with s = 4 that fail to be componentwise linear. The ideals

B' = m%nmb) Nklz; | i e JUK] = (m%Nmb)Nklz,...,z.]

play a prominent role in the proof. We use the fact that the ideals (B;,, 4_,)
are polymatroidal in k[zq,...,z,] by Theorem 3.1, which shows that they
have linear quotients with respect to ascending reverse-lex order. If, in
trying to prove the s = 4 case, we defined the B’ as the intersection of
three ideals m%, mg(, and m¢, intersected with the appropriate ring, this

step would fail without extra hypotheses on J, K, and L.

85. Resolutions of m9 N mg(

In this section we provide a thorough analysis of the graded Betti num-
bers of ideals of the form I = m% N m’}( with a > b > 1. We derive formulas
for the Betti numbers of these intersections of Veronese ideals that enable
us in the next section to recapture the formulas of Valla [28], Fatabbi and
Lorenzini [11], and the first author [12] for the graded Betti numbers of two
fat points in P”. In fact, we can extend their results to compute the N-graded
Betti numbers of two fat points in the multiprojective space P™ x - .- x P™r,

To compute the graded Betti numbers of I = m9 N mg(, we generalize
the approach given by the first author in [12]. Our proof hinges on the fact
that I is an example of a splittable monomial ideal. As in the previous
section, for a monomial ideal I we let G(I) denote the unique set of minimal
generators of I.

DEFINITION 5.1. (see [8]) A monomial ideal I is splittable if I is the
sum of two nonzero monomial ideals J and K, that is, I = J+ K, such that
(1) G(I) is the disjoint union of G(J) and G(K).
(2) there is a splitting function
G(JNK)—G(J)xG(K)
w — (p(w), Y(w))

satisfying

(a) forall w e G(JNK), w = lem(¢(w), Y (w)).
(b) for every subset S C G(J N K), both lem(¢(S)) and lem((S))
strictly divide lem(S5).
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If J and K satisfy the above properties, then we shall say I = J + K is a
splitting of I.

When [ = J + K is a splitting of a monomial ideal I, then there is a
relation between [3; ;(I) and the graded Betti numbers of the smaller ideals.

THEOREM 5.2. (Eliahou-Kervaire [8], Fatabbi [10]) Suppose I is a split-
table monomial ideal with splitting I = J + K. Then for all i,5 > 0,

Bii(I) = Bij(J) + Bij(K) + Bi—1,;(J N K).

The following lemma (for a proof see [23, Lemma 1.5] or [12, Lem-
ma 2.3]) will allows us to determine when a resolution built via a mapping
cone construction is in fact minimal.

LEMMA 5.3. Let I C R = kl[zy,...,z,] be a homogeneous ideal with
the regularity of R/I at most d—1. Let m be a monomial of degree d not in
I such that I : m = my for some J C [n|. Then the mapping cone resolution
of R/(I,m) is minimal.

With these tools we can now turn to the graded Betti numbers of I =
m% N'mY.. The resolution depends upon how the two subsets .J, K C [n]
intersect. There are four possible cases, as listed below, and we shall deal
with each case separately.

CasE 1: JNK = 0.
If JNK =0, then I =m% N ml = mf}mI}(. The resolution of I is then
a corollary of Theorem 2.13. For completeness we record the formula here:

|[J|+a—1\[{a+i1—1\[|K|+b—1\ [b+iy—1
iitatrb(l) = . ‘ . ‘
Biitato(l) Z( a-+1i 11 b+ 2 19
11+12=1
and f3; ;(I) = 0 for all other 7,5 > 0.

Case 2: J\K =0 (e, J C K).
In this case I = m% N ml}( = m%. By Lemma 2.12, the resolution of I is
then given by

J -1 ,— 1
Biiva(l) = (’ | +a ) (a —i—z. > and (3;;(I) =0 otherwise.

a4+t 7



140 C. A. FRANCISCO AND A. VAN TUYL

Case 3: K\J =0 (i.e., K CJ).

Set A = J\K, and let my denote the corresponding ideal. In this
situation 7 = m% Nmf, = mé + mAm?(_l +- mi‘_bm’}(. We will postpone
describing f3; ;() in this case since these numbers will be a byproduct of
our work in the final case.

Case 4: JNK,J\K,K\J # 0.
Set A=J\K, B=K\J and C = JNK. Let my, mp and m¢ be the
corresponding monomial ideals.

NOTATION 5.4. Since the generators of m4, mp and me are disjoint
subsets of indeterminates of R, for ease of exposition we write my =

(1,2 ), mp = (Y1, .., Ytp), and me = (21,..., 2¢,).
With this notation, we set
U=m&+mams 4+ + mj‘bmbc
V = mpm% M mE ! 4 mEm P ml 2 4 4 mbmd

To find the graded Betti numbers of I, we will exploit the fact that U and
V form a splitting of I (as we prove below).

THEOREM 5.5. Suppose that J, K are subsets of [n] that belong to
Case 4, and let U and V' be as above. Then I = m%N ml}( 1s a splittable
ideal with splitting [ =U + V.

Proof. 1t is easy to check that I = U+ V. The containment U +V C [
follows directly from the definitions of U and V', and the other containment
is a consequence of the fact that m4, mp, and m¢ are generated by disjoint
monomials.

The definition of U and V gives G(U)NG(V) = 0. To show that U and
V' is a splitting, we first make the observation that

UNV =mpm% " ml,
and hence
GUNV) = {yimima | yi € G(mp), m1 € G(m4"), my € G(me)}-
We define our splitting function as follows:
guNV) —gGU) xg(V)

m = yimimg —— (d(m), Y (m)) = ((M1/Tmax(m,)) M2, ¥im1(M2/ Zmax(ms)))
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where max(mi) = max{i | z;/m1} and max(ms) = max{i | z;|me}. It is
immediate that lem(¢(m), ¥ (m)) = m, so our splitting function satisfies the
first condition.

To verify the second condition, let S C G(U NV). It is straightfor-
ward to check that both lem(¢(S)) and lem((S)) divide lem(S). More-
over, lem(¢(S)) strictly divides lem(S) since lem(S) is divisible by some
ye, but lem(4(S)) is not. To see that lem(i(S)) strictly divides lem(S),
let m = y;mymg € S be the monomial with largest max(ms), and among
all monomials m’ € S divisible by Zmax(mg)s the power of zyax(m,) in m,
say d, is the largest. Hence ziax(mQ)\ lem(S), but Ziax(mg) does not divide
lem(v(S)). This implies that lem(¢(.S)) strictly divides lem(S).

So, I =U +V is a splitting of I. H

Since U and V is a splitting of I, by Theorem 5.2 we only need to
compute the graded Betti numbers of U, V, and U NV. As noted within
the previous proof

UNV =mpm%ml,

The graded Betti numbers of U NV can be computed using Theorem 2.13.
We now generalize the proof in [12] to compute the graded Betti num-
bers of U and V.

THEOREM 5.6.  With the notation as above, for all i > 0,

N _(ICl+a-1\[a+i-1
Bz,era(U) - ( a—i—i i
a—b |A]-1

NS (k;i;l)(!C\Jra—lj—l)(\C];rk)

j=1 k=0 a=J
and B3;;(U) =0 for all other i,j > 0.

Proof. 'To compute the graded Betti numbers of U, first note that we
know the graded Betti numbers of m¢, by Lemma 2.12. We shall add the re-
maining generators of U to m¢,, one at a time, and at each intermediate step,
compute the graded Betti numbers of the resulting ideal using Lemma 5.3.
After adding the last generator, we will arrive at the desired formula.

We add the remaining generators of U to m¢, in the following order:
First, we add the generators of m Am‘é_l, then those of mim‘é_2, and so
on. When adding the generators of mf4mac_t, we shall add the generators
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in descending lexicographic order with respect to the ordering =1 > --- >
Ty > 21 > -+ > 2. Let my denote the /-th monomial added to m¢,, and
set Uy = m¢ + (mq,...,my).

aty _cy Ctg

For each m = x{"---a, 27" - 2, € mim& ", we associate to m the

3
following number:

kz(m) == max{k | zj41 divides z{" - 2y }.

C . o . .
For example kg (212" -+ 2,.) = 0 since 21 divides z1, while k, (z3zoz32{" - --

C o . . . .
zt;3) = 2 because x3 divides LU%CCQ.’Eg. This notation is needed to prove:

CrLAIM. If my, the -th monomial to be added m¢,, belongs to m, €
mbym& " and k = ky(my) then

Uy :myg = me + (21,..., 7).

Proof. By construction,

Upq = mté + mAmacil 4+ 4 mf;lm%*ﬂrl + (m € g(mi‘m“c’t) | m > mg).
Since multiplying m, by any z; gives z;my € mﬁm‘éfm c milm%’iHl’ it

immediately follows that mg C Up_q : my.

If k = 0, then my = %27 - ztc3t3 Multiplying m, by any monomial
m € R not divisible by z; does not land you in mg ™" for i = 0,...,t — 1.
So, if mm, € Uy_1, then mm, € mfé‘m“c_t. That is mmy must be divisible
by a monomial in m%m“c_t greater than my. But the only elements greater
than my, must have the form xﬁzfl e zi? with zfl . 2553 > 20 25;3. No
element of this form can divide mmy. So, if k =0, Up_1 : my = m¢.

If £ > 0, to show that z1,...,x, € Up_1 : my, we note that my =
C .
aft B A - 2% Then for each i = 1,...k,
_ a ar+1—1 _c ct o
zime = (zgzyt - 02 2, )k = T,

Now m’ > my with respect to our ordering, so x;my, € Uy_1. So m¢g +
(1, .., 2k) CUp_q : my.

To prove the reverse inclusion, let m be any monomial of R not divisible
by either the z;s or xy,...,x,. If mmy € Up_q, then mmy must be in
m%m“c_t since mmy & m%m“c_i for i =0,...,t — 1. For mmy to be both in
U;,_1 and mi‘m“c_t, it must be divisible by some monomial m’ € m%m“c_t

with m’ > my. For m’ to be larger than my = x{' -+ 224 2{" -+ 2%, the
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exponent of one of x1,...,Zg41,21,...,2; must be larger in m’. Let g be
the first index where the exponent of some z or z variable is bigger in m’
than in my.
We claim that g # k + 1. Since m’ € G(mym$& "), we can write m’ as
b d
m/ = 1‘?1 ...xtilzfl “.Zt;37

where by +--- + by, = a. If g =k + 1, then by > ax41. By the definition
of g, a; =b; for i =1,..., k. But then we have

a=ar+-+agp <b -+ S+ + by =a,

a contradiction.

Hence m’ is divisible either by some z; or one of z1,...,x, and thus,
m would also have this property, providing us with a contradiction. So the
only monomials in Uy_; : my are those in mg + (21, ..., k). 0

We now compute the graded Betti numbers of U, for each ¢. When
¢ =0, Uy = m¢, and the graded Betti numbers are given by Lemma 2.12:

Cl+a— i
Bi,i+a(UO):<‘ ’;’fz 1) (CL—F’ZL 1>

and (3; j(Ug) = 0 for all other 4,5 > 0. Observe that this formula implies
that the regularity of R/Uy is a — 1.

Suppose now that ¢ > 0, and that m, is the /-th monomial. Further-
more, suppose that my € mf4mac_t with k = k,(my). Applying the claim, we
have a short exact sequence

0 — R/(Us—1 : me)(—a) = R/(me + (z1,...,21))(—a) 5 R/Up
— R/U;, — 0.

By Lemma 5.3, the mapping construction gives a minimal graded resolution

of R/Uy. Thus
Cl+k
Biiva(Ur) = Biita(Up—1) + (’ ‘i >

and (3;;(Uy) = 0 for all other 4,5 > 0. So, each new generator m that we
add to Uy contributes (‘CHIE’“(W)) to Biit+a(U).
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For each t = 1,. — b, there are (‘CHa_tt_l) generators of mAmC
with k,(m) = 0. These are the elements of z{m% . Also, for each t =

1,...,a — 0, there are

E+t—1\/|C|+a—-t—1
t—1 a—t
generators of miym% " with k,(m) = k as 1 < k < |A| — 1. To see this, we
first need to count the number of elements of m’; of the form x{* - :JUZ’_“:ll

with a1 > 1. This is equivalent to counting the number of nonnegative
integer solutions to

a1+ -+ apy; =t with ag1 > 0.

Standard techniques in combinatorics imply that this equals (k;itfl) For
each monomial m € m’; of this form, every monomial m” € mm% " has
kr(m") = k. So we get (kj_tfl) ('C‘Za__tt_l) generators with k,(m) = k. By
the discussion in the previous paragraph, each generator contributes ('C‘;Fk)
to Biita(U). The formula in the statement of the theorem then comes by

summing over all ¢ and k. 0
Note that when K C J asin Case 3, C = KNJ =K and A = J\K.

So I = U when K C J. The above theorem provides the following formula
for I in Case 3.

COROLLARY 5.7. Suppose J, K C [n] with K C J. If [ = m%NmY,
then

Privald) = <|K|a++a¢_ 1> (a +j ) 1)

a—b [J\K|-1

+Z; Z < J_I )<‘K’+aa_—jj—1><\K]i+k)

and B; ;(I) =0 for all otheri,j > 0.

The formula for the graded Betti numbers of V' is proved similarly.
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THEOREM 5.8. With the notation as above, for i > 0 and 2 < 7 < b,
B |B| |Al +a—b a—b+io
Biirars(V) = Z .(1+i1 a—b+1+iy iz
t1+12+13=1
" |IC|+b—2\ (b+i3—2
b—1+13 13
A|-1|B|-1
" Z':'z': \CHb 3—1 Fita—b+j—1
iitari (V a—b+j—1

k1=0 ko=0
L (k2 i =1\ (IC]+ k1 +ky
j—1 i '
ab+1

Proof. Set Vo = mpmf~ C 1. We add the remaining generators of
V to Vp, one at a time, and after adding a new generator, we compute the
graded Betti numbers of the resulting ideal.

We shall add the remaining generators of V in the following order: First,

2 a—b+2_b—2 a—b+3..b—3
we add the generators of mimf mC , then those of m Bm A m/°, and

so on. When adding the generators of m Bmi‘ b+tm% t, we will add them in

descending lexicographic order with respect to y; > -+ >y, > 21 > -+ >
Ty, > 21 > -0 > 2y, We let my denote the /-th monomial added to V), and
define Vp := Vo + (mq,...,my).
. b _
To each monomial m=y%" -y, 2z - 2y 2 - 2,18 € mbym T mb
we associate the following two numbers:

ky(m) := max{k | x4 divides z{* - a:tll}

ky(m) := max{k | yr41 divides ylf1 th 21,
Using this notation, we shall prove:

CLAIM. Suppose that my is the £-th monomial added to Vy, and that

my € mhymY~ b+tmbc Y with ky = ky(me) and ky = ky(myg). Then

Vé—l :mf:mC+(I17°“)xkx7y17"‘>yk‘y)’

Proof. By definition

a=b+lb=1 | a—b+t—1_ b—t+1
Viep =mpmy " mg ---+mB Tm% me

+ (m € G(mEm% T mi) [ m > my).
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It is straightforward to check that mg C Vp_1 : my.

If k, =k, = 0, then my = y} 297 ""'m’ where m’ € m%™. Multiplyibng
my by any monomial m € R not divisible by z; does not land you in m/ "
fori=1,...,t —1. So, if mmy € Uy_1, then mmy € mthjfmelgt. That

is, mmy must be divisible by a monomial in mthi‘[mebC*t greater than

my. But the only elements greater than m, must have the form y’ix‘f_b+tm”
with m” > m/. No element of this form can divide mmy. So, if k; = k, =0,
Vi1 :mg =mge. ,
‘ If k, > 0, then my = ¢ - - yszf:c‘fl eyt ---25;3. Then for each
1=1,...,ky,
b bry+1—1 at ct
Yimy = (yiyll ce ykyil x‘fl oo wtllzfl cee zt33)yky+1 = m'yky+1

But m/ > my, so m' € Vy_q, thus y; € Vy_1 : my. If k;, > 0, a similar argu-
ment implies that x1,...,zr, € Vp_1 : my. Hence mg + (z1,...,2k,,Y1,-- -,
Yr,) € Vi1 my.

The opposite containment follows from an argument similar to the one
in Theorem 5.6. []

We now compute the graded Betti numbers of V; for each £. When £ = 0,
Vo=m Bmi’[”“m’gl. The graded Betti numbers follow from Theorem 2.13:

) B |B| |A|+a—b a—b+io
Bijitatr1(Vo) = Z <1+i1 a—b+1+19 19

11 +1i2+13=1
" |IC|+b—2\ [b+i3—2
b—1+ 13 13
and f; (Vo) = 0 otherwise.

Suppose that £ > 0 and let my be the f-th monomial with m, €

mthfmel(’;t. We have the short exact sequence

Xmy

0— R/(Veey:my)(—a—t) — R/Vpoy — R/Vp — 0.

Note that reg(R/Vh) = a, and inductively, for £ —1 > 0, reg(R/Vy_1) =
a—+1t—1since Vy_1 : my is generated by a subset of the variables. Therefore
by Lemma 5.3, the mapping cone construction gives a minimal graded free
resolution of R/V,. If k; = k;(my) and ky, = ky(my), then the claim implies
R/(Vicy : my) = R/(me + (z1,...,%ky, Y15+ -, Yk, ))- SO, each generator
m e mfgmj*b*tm’gt contributes (lCHk“(W;Hky(m)) to Biitatt(V).

Counting as in Theorem 5.6 and summing over all possible ¢, k,, and
ky, we obtain the final formulas; we leave the details to the reader. 0
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THEOREM 5.9. Suppose J, K C [n] are such that JNK, J\K, K\J # (.
If I =m%nN ml}(, then

Bii+a(l) = Biita(U)
Biitar1(D) = Biitar1(V) + Biztitar1(mpm? T ms,)
Biitatri(I) = Biitar;(V) forj=2,...,b.

where U and V are as defined above.

Proof. Since I = U+V is a splitting, the formulas are a consequence of
Theorem 5.2 and the fact that 8;_11a+1(UNV) = Bi_1itari(mpmy "Hmb).

a

86. Applications: multiplicity, combinatorics, and fat points in
multiprojective space

In our final section, we present some applications of our results in the
earlier sections. First, we discuss some cases of the Multiplicity Conjecture
of Herzog, Huneke, and Srinivasan. In addition, we use our component-
wise linearity results and Alexander duality to prove a corollary about the
sequential Cohen-Macaulayness of some simplicial complexes. Finally, we
apply our earlier results to investigate the resolutions of some sets of fat
points in multiprojective space. The main result of [12] is that ideals of
small sets of general fat points in P™ are componentwise linear; we gener-
alize this theorem to multiprojective space. Furthermore, we extend work
from [10], [28], [11], [12] to describe the graded Betti numbers of ideals of
small sets of fat points in linear general position in multiprojective space.

6.1. Multiplicity Conjecture

The Multiplicity Conjecture of Herzog, Huneke, and Srinivasan (see,
e.g., [22]) proposes bounds for the multiplicity of an ideal in terms of the
shifts in its graded free resolution. The explicit statement is given below.

CONJECTURE 6.1. Let R/I be a homogeneous k-algebra with resolution
of the form

br b1
0— @R(—dm-) — s — @R(—dlj) — R— R/I — 0.
j=1 j=1
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Set m; = mln{dm | ] == 1,...,bi} and Mz = max{dij | j = 1,,bl} If
codim(/) = ¢ and e(R/I) denotes the multiplicity of R/I, then

Hf:l M;

c!

e(R/I) <
Furthermore, if R/I is Cohen-Macaulay, then

C
Hl_i}z <e(R/I).
c!

In [26], Romer proved that when the characteristic of k is zero, com-
ponentwise linear ideals satisfy the above Multiplicity Conjecture. As a
consequence of Theorem 3.1, Corollary 3.2, Theorem 4.3, and Romer’s re-
sult, we have:

COROLLARY 6.2. Suppose char(k) = 0. Let I = m% N-.-Nm%, and
suppose either that s < 3, or J;UJ; = [n] for alli # j. Then I satisfies the
upper bound of the Multiplicity Conjecture.

Note that we only know that the upper bound is true since in general,
R/I may not be Cohen-Macaulay. If it is, then the lower bound holds as well.
(Romer states his result only for the upper bound, but his proof is based on
the fact that if I is componentwise linear, then I and the reverse-lex generic
initial ideal gin(I) have the same graded Betti numbers in characteristic
zero. Both bounds of the conjecture hold for all Cohen-Macaulay generic
initial ideals in characteristic zero since the bounds are true for all Cohen-
Macaulay strongly stable ideals. Since the reverse-lex gin preserves depth
and dimension, if R/I is Cohen-Macaulay, R/ gin(I) is as well, so the lower
bound holds in that case.)

6.2. The sequentially Cohen-Macaulay property
The notion of componentwise linearity is intimately related to the con-
cept of sequential Cohen-Macaulayness.

DEFINITION 6.3. Let R = k[zi,...,z,]. A graded R-module M is
called sequentially Cohen-Macaulay if there exists a finite filtration of M by
graded R-modules

O=MyCcMyC---CM, =M
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such that each M;/M;_; is Cohen-Macaulay, and the Krull dimensions of
the quotients are increasing:

dim(M; /Mp) < dim(Ma /M) < --- < dim(M,/M,_y).

We say that a simplicial complex A is sequentially Cohen-Macaulay if
R/IA is sequentially Cohen-Macaulay, where I is the Stanley-Reisner ideal
of A.

Stanley introduced sequential Cohen-Macaulayness in connection with
developments in the theory of shellability; see, e.g., [27] for a definition of
shellable. A shellable pure simplicial complex (that is, a shellable simpli-
cial complex whose maximal faces all have the same dimension) is Cohen-
Macaulay, but if one extends the definition of shellability to allow nonpure
simplicial complexes, one obtains simplicial complexes that are not Cohen-
Macaulay. However, they are sequentially Cohen-Macaulay.

The theorem connecting sequentially Cohen-Macaulayness to compo-
nentwise linearity is based on the idea of Alexander duality. We define
Alexander duality for squarefree monomial ideals and then state the fun-
damental result of Herzog and Hibi [19] and Herzog, Reiner, and Welker
[21].

DEFINITION 6.4. If I = (x112Z12 14y, Ls1Ts2 " Tsyp,) 1S a
squarefree monomial ideal, then the Alexander dual of I, denoted I*, is
the monomial ideal

I = (.1‘171,. .. ,xlytl) n---N <$S,17 o ,xsyts).

If A is a simplicial complex and I = Ia its Stanley-Reisner ideal, then the
simplicial complex A* with Ia» = I} is the Alezander dual of A.

THEOREM 6.5. Let A be a simplicial complex with Stanley-Reisner
ideal In. Let A* be the Alexander dual of A. Then R/Ia is sequentially
Cohen-Macaulay if and only if I\ = Ia+ is componentwise linear.

Our results in this paper yield the following corollary.

COROLLARY 6.6. Let A be a simplicial complex on n vertices, and let
Ia be its Stanley-Reisner ideal, minimally generated by squarefree monomi-
als my,...,mg. If s <3, so that A has at most three minimal nonfaces, or
if Supp(m;) USupp(m;) = {x1,...,xn} for all i # j, then A is sequentially
Cohen-Macaulay.
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Proof. 1A is a squarefree monomial ideal; suppose it is minimally gen-
erated by monomials {z11 - Z14,...,%s1 " Tss, }. Then

]Z = Ia» = (.%‘1,1,... ,J,‘Ltl) n---N (xs,la-” 7$57t5)’

By Theorem 3.1, Corollary 3.2, or Theorem 4.3, I’ is componentwise linear,
and so Theorem 6.5 gives the result. 0

EXAMPLE 6.7. Let A be a simplicial complex on six vertices. Suppose
the minimal nonfaces of A are {145,126,135}. Then

Ine = (x1,24,25) N (21,2, 6) N (21, 23, 25) C R = k[z1,...,26]

is componentwise linear by Theorem 4.3, and thus A is sequentially Cohen-
Macaulay. Note that A is not Cohen-Macaulay since codim Ia = 1, while
the projective dimension of R/Ix is two.

6.3. Fat points in multiprojective space

We begin by recalling some of the relevant definitions for points in
multiprojective space (for more on this topic see [29], [30], [31]). The co-
ordinate ring of P™ x --- x P™ is the N"-graded polynomial ring R =
k10, . 10151 Tr0,- -, Tpp,| With degz; ; = e;, the i-th basis vector
of N". The defining ideal of a point P =P} X -+ X P, € P" x --- x P is
the prime ideal Ip = (Ll,lu . 7L1,TL17 . ,Lnl, . >Lr,nr) with deg Li,j = €;.
The forms L; 1,. .., L; ,, are the generators of the defining ideal of P; € P™i.

DEFINITION 6.8. A set of points X C P" is said to be in linear general
position if no more than two points lie on a line, no more than three points
line in a plane, ..., no more than n points lie in an (n — 1)-plane.

Observe that the above definition is equivalent to the fact that if £ is
any linear subspace of P" of dimension d with d = 0,...,n — 1, then the
intersection of £; and X contains at most d + 1 points of X. When d = 0,
L4 is a point, so this simply says that the intersection of a point and X is at
most one point. To extend this to a multigraded context, we say that L is
(dy,...,d,)-linear subspace of P™ x -+ x P if £L = L4, X --- X L4, where
each L4, is a linear subspace of P™ of dimension d; with d; = 0,...,n; (so
Ly, = P" is allowed) and there exists at least one j € [r] such that d; < n;.
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DEFINITION 6.9. A set of points X C P™ x---xP" is in linear general
position if for every (di,...,d,)-linear subspace L, the intersection of £ and
X contains at most d + 1 points of X where d = min{dy,...,d,}.

We point out that if £ is (dy,...,d,)-linear subspace with d = d; = 0,
then L4, is a point. So if X is in linear general position, this means that
at most one point of X can intersect £, which, in turn, implies that at
most one point of X can have i-th coordinate equal to L4,. It follows from
this observation that for any two points P,Q € X with X in linear general
position in P™ x --- x P™ we must have P; # Q; for ¢ = 1,...,7. In other
words if m; : P™ x ... x P — P™ denotes the projection morphism for
i=1,...,r,and if {Q1,...,Q} € P" x-..xP" is in linear general position,
then the sets of the projections {m;(Q1),...,m(Q:)} are in linear general
position in P™ for each 4. In particular, we require that m;(Q;) # m;(Q;)
for all 7 and all j # [; see Remark 6.12 for what can go wrong without this
condition.

DEFINITION 6.10. Let {Py,...,P;} CP" x ... xP" be a set of points
with the defining ideal of P; denoted Ip, and let ay,...,as be positive inte-
gers. The scheme Z C Pt x --- x P™ defined by

Iz=1gN---NIg

is scheme of fat points, and is sometimes denoted Z = {(Py,a1), ..., (Ps,as)}.
We call a; the multiplicity of the point P;. The points {P,...,Ps} are
referred to as the support of Z.

By a small set of linear general fat points in P”, we mean that the
support has at most n + 1 points in linear general position. This restriction
allows us to make a change of coordinates to move all the points to the
coordinate vertices, and we can take the ideal corresponding to the set of
fat points to be an intersection of monomial ideals

I=(z1,...,2,)" N (0,22, ., Tp) NN (Toyevoy To—1, Tst1,Tn)*.

If we are working in P"! x - - - x P™_ we would like to change coordinates
to work with a set of fat points at the coordinate vertices so that the corre-
sponding ideals are monomial ideals. Therefore, a small set of fat points can
consist of no more than 1+ min{nq,...,n,} points. The set of fat points is
general if the points in the support are in linear general position.
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Suppose that [ is the ideal of a small set of general fat points in
Pt x ... x P™. As a consequence of Theorem 3.1, we can generalize the
componentwise linearity result for the » = 1 case from [12] (and obtain a
different proof for that case).

THEOREM 6.11. Let I be the ideal of s+ 1 general fat points in P™ x
<o x P where s < min{nq,...,n,.}. Then for all d, (I3) is polymatroidal,
and I is componentwise linear.

Proof. Because I is the ideal of a small set of general fat points in
multiprojective space, we may assume that I has the form

— ag
I—(1'171,...,.%'17711,1'271,---,.’E27n2,---,.’L'T71,...,.'Er7nr) Mn---nN
(xl,OwH7331,87"'7$1,n17x2,07~”>x2787°“)xQ,ngu"')
~ a
xT,Oa"'axT’,Sv"'vxT,nr) * CR,

where x; s denotes that x;  is left out. Note that the union of the variables
appearing in any two of the components is all the variables of R. Hence the
result follows immediately from Theorem 3.1. b

As in Corollary 6.2, when the char(k) = 0, Theorem 6.11 implies that
ideals of small sets of general fat points in multiprojective space satisfy the
Multiplicity Conjecture of Herzog, Huneke, and Srinivasan. Note that if
r > 1, the ideal will not be Cohen-Macaulay (for example, see [29], [30]), so
we may only conclude that the conjectured upper bound is true.

We conclude this discussion with a remark about how we defined the
notion of a “general” set of fat points.

Remark 6.12. In our definition of what it means for a set of fat points
Q1,...,Qs in multiprojective space to be general, we required that for all
i and all j # [, the projections m;(Q;) # m;(Q;). If that condition is not
satisfied, the corresponding ideal may not be componentwise linear.

Consider the points [1: 0] x [1: 0], [1:0] x[0: 1], [0:1] x[1:0], and
[0:1] x [0: 1] in P! x P!, and suppose each point has multiplicity one. The
ideal corresponding to the set of four points in R = k[z,x1, Yo, y1] is

I'= (z1,y1) N (x1,90) N (zo,y1) N (0, y0) = (Tox1, Yoy1)-

This ideal is a complete intersection of degree two polynomials, and hence
it is not componentwise linear; in particular, I = (I3) does not have a linear
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resolution. The problem is that the union of the variables appearing in, for
example, the first two components, is not all of {zg,z1,y0,y1}-

We turn now to the graded Betti numbers of two general fat points in
multiprojective space. As an application of Theorem 5.9 we can compute
the N-graded Betti numbers of the defining ideal of two fat points in P™ x

- x P™ in linear general position.
COROLLARY 6.13. Let Z = {(P,a),(Q,b)} be two fat points in P™ x

x P™ with a > b. Set N =n1+---+n,, and let Iz denote the defining
ideal of Z. If P and Q are in linear general position, then

Brirallz) = (N—Hq—l) <a+g_1)

a—+1 ¢
a—br—1 . ;
k—l-j—l N—-r+a—j5-1 N—-—r+k
+Zlkz< j—1 )( a—j )( U >
7=1k=0
r /r'_i_a/—b a_b+12
- I,) =
Bijita+1(12) ‘ Z ,(1+i1><a—b+1+i2)< i2 >
11+12+13=1
(N —rdb—2) (biy -2
b—1+13 13
SN AN
i1+12+i3=1—1 1+7;1 a_b+1+i2 i2
y N—-—r+b—1\/b+is—1
b—+13 13
r—1 —r—l—b j—l kit+a—-0b+75—-1
A a—b+j—1

1
k1=0 ko=
« k‘Q—I—j—l N —r+ki + ko
j—1 i

and B; j(Iz) =0 for all other i,j > 0.

r—

ﬂz z+a+] IZ

forj=2,...b.

Proof. Since P and @) are in linear general position, we may assume
(after a change of coordinates) that P=[1:0:---:0] x---x[1:0:---:0]
and @ =1[0:1:0:---:0]x---x[0:1:0---:0]. So, the defining ideal of
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Iz has the form

— a
IZ - (xl,la e 7$1,n17- . )xr,lu e ,xr,nr)

b
N (1‘170, L1255 TLngs--->Lr0s T2y - - 7xr,nr)

The graded Betti numbers of Iz are then a consequence of Theorem 5.9
with |C| =N —r and |A| = |B| =r. U

Remark 6.14. When r = 1 in the previous corollary, we recover the
formulas of Valla [28] and first author [12] for two fat points in P". When
r > 1, then Iz also has a multigraded resolution of the form

0 s @ R(_i)ﬁh,g(fz) NN @ R(_Z)ﬁo,z(lz) Iy —0.
jENT jeNr

Corollary 6.13 gives us some information on the multigraded Betti numbers
Bi;(Iz) because of the identity 3;;(Iz) = ZIJ’I=J’ BiiUz).
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