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Dedicated to Nikolaos Danikas

Abstract. Sufficient conditions for the analytic coeflicients of the linear dif-
ferential equation

P+ A @ 4+ A(2)f + Ao(2)f =0

are found such that all solutions belong to a given H;°-space, or to the Dirichlet
type subspace DP of the classical Hardy space H?, where 0 < p < 2. For
0 < g < o0, the space Hg° consists of those functions f, analytic in the unit
disc D, for which |f(2)|(1 — |2|*)? is uniformly bounded in D, and f € DP if
the integral [ |f'(z)[P(1 — |2|*)?~" do. converges.

§1. Introduction

The growth of entire solutions of the linear differential equation
(1.1) FE+ A1) 5 o+ Ay (2)f + Ao(2)f =0

with entire coefficients is relatively well known in the complex plane [15],
[20], [23], [32], where efficient tools, such as Wiman-Valiron and Nevanlinna
theories, are available. As for local considerations, Nevanlinna theory has
been applied to fast growing analytic solutions [3], [4], [7], [8], [16], [18],
[21], [22], but the analysis of slowly growing solutions seems to require a
different approach [16], [17], [19], [26], [30].

Chr. Pommerenke [26] studied the second-order equation

(1.2) "+ AQR)f =0,

where A(z) is an analytic function in the unit disc D = {z : |z| < 1}.
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THEOREM A. ([26, Theorem 2]) Let A(z) be an analytic function in
D. There is an absolute constant o > 0 with the following property: If

1 Jaf
1.3 A(z 1— do, <
) sup J, A= 1oF) = o < o

then all solutions of (1.2) belong to the Hardy space H?.

The definitions of the Hardy spaces and other relevant concepts are
postponed to Section 2 below.

THEOREM B. ([26, Theorem 3|) Let A(z) be an analytic function in D,
and let 0 < 9y < 1. There is an absolute constant B > 0 with the following

property: If

9+5
(1.4) sup  sup / / 21 —r)3dtdr <,
6§ Jizs Jo

0<0<2m 0<5<8o

then all solutions of (1.2) belong to the Hardy space H?.

Pommerenke also pointed out that the constant a in Theorem A sat-
isfies @ < 9. The following corollary offers a simpler but more restrictive
condition on the coefficient A(z) than (1.3) or (1.4).

COROLLARY C. ([26, Corollary 1]) Let A(z) be an analytic function in
D satisfying |A(z)| < @(r) for |z| <r <1, where

1
(1.5) / o(r)3(1 —r)3dr < oco.
0
Then all solutions of (1.2) belong to the Hardy space H?.

Theorem 4 in [26] shows that, if the integral in (1.5) diverges, and if the
function ¢(r) satisfies certain regularity conditions, then (1.2) possesses a
solution f which is not of bounded characteristic, and hence f ¢ H?2.

The first author [16] studied the equation

(1.6) f® 4+ AR)f =0,

where A(z) is analytic in D and k € N.



LINEAR ODE’S WITH SOLUTIONS IN DIRICHLET TYPE SPACES 93

THEOREM D. ([16, Theorem 4.3(2)]) If the analytic coefficient A(z) of
(1.6) satisfies |A(2)|(1 — |2|)* < « for all z € D, then all solutions of (1.6)
belong to HJ°, where ¢ = a/(k — 1)L

Theorem D essentially says that, for a given ¢ > 0, there exists an «,
depending only on ¢ and k, such that whenever |A(z)|(1 — |z])¥ < a, then
all solutions of (1.6) belong to H°.

The purpose of this study is to find sufficient conditions for the analytic
coefficients of the linear differential equation (1.1) such that all solutions
belong to a given weighted H-space, or to the Dirichlet type subspace
DP of the Hardy space HP, where 0 < p < 2. In particular, the results
obtained generalize Theorems A, B and D and Corollary C to equation
(1.1). A number of related results are also presented including, for instance,
boundary versions of the generalizations of Theorems A and D.

The remainder of the paper is organized as follows. The notation is fixed
and the required function spaces are defined in Section 2. The results are
presented and analyzed in Section 3, where some examples are also given.
The necessary auxiliary results, which will be repeatedly used in the proofs
of the results in Section 5, are listed in Section 4.

§2. Notation

Throughout the paper, D(0, R) denotes the Euclidian disc of radius R
centered at the origin, so D(0,1) = D. For 0 < p < oo, the Hardy space HP
consists of those functions f, analytic in D, for which

(2.1) [ fllzp = sup My(r, f) < oo,
0<r<1
where
1 [2r A 1/p
M) = (5= [ lreera) T 0<p<s
27'(' 0

are the standard LP-means of the restriction of f to the circle of radius r
centered at the origin, and

Moo (r, f) = M(r, f) = max |f(re”)|.

0<6<2m

Since M, (r, f) is an increasing function of r, the supremum in (2.1) is in
fact the limit when r tends to 1.
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For 0 < ¢ < oo, the space HJ° (respectively H7G) consists of those
functions f, analytic in D, for which

1 fllzge = sup M(r, f)(1 —7%) < o0
0<r<1

(respectively lim,_,;— (1 — r®)4M (r, f) = 0).

The spaces Hg° (resp. H) can be characterized in terms of the a-Bloch
spaces B* (resp. the little a-Bloch spaces B§) consisting of those functions
f, analytic in D, for which

| fllge = sup M(r, f)(1—7?)* <00, 0<a<oo
0<r<1

(resp. lim,_;— (1—r2)*M(r, f') = 0,0 < a < 00). Indeed, by Proposition E
below, H® = B! and HYY = Bg+1 for all 0 < g < oo. The classical Bloch-
space and the little Bloch-space are B = B! and By = B}, respectively. The
spaces HP, 1 < p < 00, and B%, 0 < a < oo, are Banach spaces with respect
to the norms || f||g» and || f||ge + |f(0)], respectively.

Let the Green’s function of D with logarithmic singularity at a € D be
denoted by g(z,a) = —log|p.(2)|, where pq(z) = (a—2)/(1 —az) is the au-
tomorphism of D which interchanges 0 and a. Straightforward calculations
show that ¢, is its own inverse and

(1 —lal*) @ —]2*)
|1 — az|?

(2.2) 1= lpa(2)]* = lwa(2)|(1 — |2*) =

Moreover, let do, denote the element of the Lebesgue area measure on D.

For 0 <p <oo, -2 < ¢g< ooand0 < s < oo, the families F(p, ¢, s) and
Fy(p, q, s) of function spaces consist of those functions f, analytic in D, for
which

1/p
1) = (sup / \f’(Z)\p(l—|Z!2)q95(z,a)daz> <
acD JD

and
lim / |£(2)["(1 = 21*)9¢°(z,a)do. =0, 0<s< oo,
D

|la|—1~
respectively. As usual, it is also defined Fy(p, q,0) = F(p,q,0).
For 1 < p < o0, F(p,q,s) is a Banach space with respect to the norm
I £l £ (p,q,5) + £ (0)], and so is Fo(p, ¢, s) as a closed subspace of F(p,q, s), see
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[33, Theorem 2.10 and Proposition 2.15]. The spaces F(p, q, s), introduced
by R. Zhao in [33], are known as the general family of function spaces.
The importance of these spaces stems from the fact that, for appropriate
parameter values p, ¢ and s, they coincide with several classical function
spaces. For instance, it is well known that F'(2,1,0) = H? and F(p,p+q,0)
is the weighted Bergman space A%, where 0 < p < oo and —1 < ¢ < oo,
consisting of those analytic functions f in D such that

e ( [1rera- |zr2>Qdaz)1/p < oo,

see [11, Theorems 6 and 7] and [34, Theorem 4.2.9]. Moreover, F'(2,0,s) =
Qs and Fp(2,0,s) = Qs,0, see [2], and, in particular, F'(2,0,1) = BMOA
and Fy(2,0,1) = VMOA, the spaces of analytic functions with bounded and
vanishing mean oscillation, respectively. For other relations, the reader is
invited to see [28] and [33].

For p > 0, the Dirichlet-type space DP consists of those functions f,
analytic in D, such that f' € AY ;. Thus D? = F(p,p — 1,0) and, in
particular, D? = H?2.

A positive measure p on D is a bounded s-Carleson measure, if
03 p(S(1)

sup
r M

< oo, 0<s<oo,

where |I| denotes the arc length of a subarc I of the boundary 0D,
S(I)y={z€D:z/lz|l€l, 1-|I| <|z|}

is the Carleson box based on I, and the supremum is taken over all subarcs
I of 0D such that |I| < 1. Moreover, if

(2.4) im 450

VTiE 0<s < oo,

then p is said to be a compact (vanishing) s-Carleson measure. When s = 1,
(2.3) and (2.4) reduce to the standard definitions of bounded and compact
Carleson measures, respectively.

Two quantities A and B are comparable, if there exist a positive constant
C such that C™'B < A < CB.
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83. Results

Through the remainder of this paper the coefficients, and hence the
solutions, of (1.1) are assumed to be analytic in D.

The first result generalizes Theorem D to the linear differential equation
(1.1).

THEOREM 3.1.  For every q > 0 there exists a constant « = a(q, k) >0
such that if the coefficients A;(z) of (1.1) satisfy

(3.1) [Ajll g, = sup 4|1 =27 <a, j=0,... k-1,
zE

then all solutions of (1.1) belong to HZ°.
Three different proofs for Theorem 3.1 are given in Section 5.

COROLLARY 3.2. Let0 < p < o0, —2<qg<o0, and 0 < s <1 such
that (g+s+1)/p > 1. There exists a constant o = «(p,q, s, k) > 0 such
that if (3.1) holds, then all solutions of (1.1) belong to Fy(p,q,s).

In the statement of Theorem 3.1 it is in fact sufficient to assume that
the supremum in (3.1) is taken over an annulus {z € D : |z| > § > 0}.

THEOREM 3.3. Let 0 < § < 1. For every q > 0 there exists a constant
a = a(q, k) > 0 such that if the coefficients A;j(z) of (1.1) satisfy

(3.2) sup [4;(2)[(1 = o) <a, j=0,... k-1,
|z|>6

then all solutions of (1.1) belong to HZ°.
EXAMPLE 3.4. The functions

(33)  falz) = (1 —2)CarrC VTP 2y

are linearly independent solutions of the differential equation

3.4 o Mo W g

(34) e =

where ag,a; € R such that (a; —1)? 4+ 4ag > 0. If a1 > ¢+ 1 — ag/q then
J1 € Hy°, and therefore the constant o in Theorems 3.1 and 3.3 satisfies

dq(q +1)

< 2 mij 1- 2laol} =
a< é?é%max{‘Q+ ao/ql;2laol} 2q + 1
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in the case k = 2. This clearly implies that a tends to zero as ¢ tends to
Zero.

The functions in (3.3) and f3(z) = (1 — 2)? are linearly independent
solutions of

ai
1—2z

ap + a1

f/// _ f// _ = Z)Qf/ _

2&0 .
(1 o Z)3f - 07

where ag, a1 € R. Therefore the constant « in Theorems 3.1 and 3.3 satisfies

a<2 mgémaX{\q+ 1—ao/ql,2|lg+ 14 ap(l —1/q)|,8|ao|}
ao

16q(q +1)

—— 0<qg<1,
B 3g+1 7=
] 16 1

7Q(Q+ ), 1 <q< oo,

oq — 1

in the case k = 3. Once again this implies that o tends to zero as ¢ tends
to zero.

As an immediate consequence of Theorem 3.3 it is deduced that if
|A;(2)](1 — |2|*)k~7 tends to zero as z approaches the boundary 0D, then
all solutions of (1.1) belong to H° for all ¢ > 0.

COROLLARY 3.5. IfA; € HZ .y for3=0,....,k—1, then all solutions
of (1.1) belong to g yeoo Hg®-

EXAMPLE 3.6. The functions f1(z) = (1 —2)V2, fo(z) = (1 —z)1TV2
and f3(z) =1 — z are linearly independent solutions of

"+ A(2)f + Aol2) f =0,

where A;(z) = —(1 —2)773, j = 0,1. Clearly, 4; € Hge \ H5C, ) for
J=0,1,yet fy € H®, if ¢ < v/2 — 1. This example shows the sharpness of
Corollary 3.5.

EXAMPLE 3.7. The functions fi(z) =1 — z and fa(z) = —log(1l — 2)
are linearly independent solutions of

"+ AL) f + Ao(2) f =0,
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where

1
(log(l—2) ~ D1 — 223"

Clearly, Aj € H3°;, for j = 0,1, and f1, fo € (Nycy<o0o Hy® as Corollary 3.5
claims.

A]’(Z) = jZO,l

Since the weighted Bergman space A,i_ j—o is included in Hp? ; ;, as seen
by Lemma G below, the following consequence of Corollary 3.5 is obtained.

COROLLARY 3.8. If the analytic coefficient A;(z) belongs to the weight-
ed Bergman space A,i_j_Q, that is, if

3.5 A1 =2 2do, <00, j=0,...,k—1,
( j J
D

then all solutions of (1.1) belong to (Vo y<oo Hg®-

Two observations concerning Corollary 3.8 are made. First, condition
(3.5) implies that the coefficient Ag_1(z) must vanish identically. Second,
if the exponent k — j — 2 in condition (3.5) is increased to k — j — 1, then all
solutions of (1.1) belong to the Nevanlinna class by [19, Theorem 2.2], and
this result is fairly sharp. Since the Nevanlinna class contains functions of
exponential growth, unlike any H;°, Corollary 3.8 shows that in this case
the situation changes radically when the exponent k — j — 1 is decreased by
one.

The following result is a generalization of Theorem A.

THEOREM 3.9. For every 0 < p < 2 there exists a constant o =
a(p, k) > 0 such that if the coefficients A;j(z) of (1.1) satisfy

1—|af”

——5do, < =0,...,k—1
|1_a2’2 O-Z_a) j Y ) )

(3.6) Sup/ |Aj(z)|P(1_|Z|2)p(kfj)*1
aeD JD

then all solutions of (1.1) belong to DP N H,°.

Since D? C HS°® and D? = H?, Theorem 3.9 reduces to Theorem A
for the second order equation (1.2). More generally, DP C Hf?p C Hp° for
1 < p <2 by [33, Corollary 2.8] and Proposition E below. If, on the other
hand, 0 < p < 1, then neither of the spaces Hp° or D includes the other
by [33, Propositions 5.8 and 5.9] and Proposition E.
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Note that Theorem 3.9 cannot be obtained by Corollary 3.2 since the
condition (¢ + s+ 1)/p > 1 is not satisfied (¢ = p — 1 and s = 0), although
the supremum in (3.1) is less than or equal to a constant times the supremum
n (3.6), as one can see by applying Lemma G together with the fact that
the expressions (1 — |a|?)/|1 — a@z|? and 1/(1 — |2|?) are comparable when
z € A(a,r). In fact, the space DP = F(p,p — 1,0) is the largest among the
spaces F(p,q,s) such that ¢ + s + 1 < p. To see this, observe first that
F(p2,q,s) C F(p1,q,s) for 0 < p; < py < 00, and further, for p =g+ s+ 1,

Lepra- =ty

sSup/v P = 12291 = [pa(2)[2)* do-

aeD

<28 sup/ !f |p (z,a)do,

so that F(p,q,s) C DP with || f|lpr < 2S/p\|f\|F(p7q7s).
The following result says that it is sufficient that the conditions in (3.6)
are satisfied for all a close to the boundary 0D.

THEOREM 3.10. Let 0 < § < 1. For every 0 < p < 2 there erists a
constant o = a(p, k) > 0 such that if the coefficients Aj(z) of (1.1) satisfy

p plk—37)—1 1- ’a‘Q .
sSup ’A ’ ‘Z’) ﬁdo—zgav J=0,..., k=1,
\a|>6 ’ Z’

then all solutions of (1.1) belong to DP N Hy°.

Observing carefully the proofs of Theorems 3.10 and 3.12, it follows
that

k—1 k-1
(3.8) I fllpr < c(Z O(Aj>> (anm +> If(j)(0)|>,
j=0 J=1

where C' > 0 depends only on p and k, and

—Sup/ A (P (1 — o2yt el
aeD ‘1 az|2 -

If 2 < p < o0, inequality (3.8), with C')  C(A;) being replaced by an
absolute constant, holds for all analytic functions f by a classical theorem
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of Littlewood and Paley [24]. However, if 0 < p < 2, inequality (3.8)
together with Lemma J below implies that || f|| g» and || f||pr must be finite
or infinite at the same time. In other words, if the supremum in (3.6) is
finite for all A;(z) (that is A; € F(p,p(k —j + 1) —2,1) by Theorem F
below) then none of the solutions of (1.1) belongs to H? \ DP.

COROLLARY 3.11. Let 0 < p < 2. If the coefficients A;j(z) of (1.1)
satisfy
1—|af”

o, =0, j=0,... k-1,
1—ap =% =0

(3.9) lim /D|Aj(z)|P(1_|Z|2)p(kj)1

la|—1~
then all solutions of (1.1) belong to
me< N Hf).
0<g<oco

Note that condition (3.9) is equivalent to A; € Fy(p,p(k—j+1)—2,1),
j=0,...,k—1, by [29, Theorem 3.3] and (2.2).
Theorems 3.12 and 3.13 below generalize Theorem B.

THEOREM 3.12. Let 0 < § < 1. For every 0 < p < 2 there erists a
constant 3 = B(p, k) > 0 such that if the coefficients A;(z) of (1.1) satisfy

(3.10)  swp — [ (AP = 2D g, < g,
o<irj<s L1 Jsn
J=0,... k-1,

for alln =0,...,k—1, then all solutions of (1.1) belong to DY N H°.

In the special case (1.6) it is enough that (3.10) is satisfied only for
n = 0, as is seen by observing carefully the proof of Theorem 3.12.

THEOREM 3.13. Let 0 < 6 < 1. For every 0 < p < 2 there exists a
constant B = B(p, k) > 0 such that if the coefficient A(z) of (1.6) satisfies

1
(3.11) sup —/ |A(2)[P(1 — |2)?)P* Y do, < 3,
o<irj<s 1 Js(n

then all solutions of (1.6) belong to DP N H°.
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The following immediate consequence of [29, Theorem 5.3] and Corol-
lary 3.11 generalizes and improves Corollary C.

COROLLARY 3.14. Let 0 < p < 2. If the coefficients Aj(z) of (1.1)
satisfy

1
(3.12) /0 M(r, AP — 2=t gr < 0o =0, k-1,
for some n =n(j) € NU{0}, then all solutions of (1.1) belong to

me< N H;O).

0<g<oo

Although in general (3.9) is weaker than (3.12), the conditions are equiv-
alent if the Maclaurin series expansion of A;(z) has Hadamard gaps [29,
Theorem 5.5].

Corollary 3.14 has the following consequence which is obtained by ap-
plying [11, Lemma 3].

COROLLARY 3.15. If the coefficients A;(z) of (1.1) satisfy
1

(3.13) / M (r, AV E=TE0) g < 00, j=0,... k1,
0

for some n =n(j) € NU{0}, then all solutions of (1.1) belong to

L7 )

where m = maxj—o,_. r—1(k —j+n(j)) "

The case p = 1 in Corollary 3.14 can be further improved if the condition
(3.12) is satisfied for n = 0.

COROLLARY 3.16. If the coefficients A;(z) of (1.1) satisfy
1
(3.14) / M(r,A))(1 —r>)* 7 dr <00, j=0,...,k—1,
0

then all solutions of (1.1) belong to DY N H™.
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Since clearly D' contains unbounded functions and H> is not included
in D! by [27], neither of the spaces D! and H* contains the other.

This section is concluded with a corollary which is an immediate conse-
quence of Corollary 3.16 since (3.15) below implies (3.14) by [11, Lemma 3],
see the proof of Corollary 3.15.

COROLLARY 3.17. If the coefficients A;(z) of (1.1) satisfy
1
(3.15) / M(r, AV ED dr <00, j=0,..., k-1,
0

then all solutions of (1.1) belong to D' N H™.

Corollary 3.17 can be proved in the following alternative way: An ap-
plication of [17, Theorem 5.1] shows that the solutions of (1.1) are bounded.
Moreover, the assumption (3.15) implies that the solutions belong to
ﬂ1§p§2 DP C D' by Corollary 3.15. However, since the solutions are

bounded, H* C B and D' N B C DP2 N B with || f||5. < IFI1E 1 f e
for 0 < p1 < p2 < o0, it follows that

( N Dp> NH>® =D'NH>,
1<p<2
84. Auxiliary results

First, some n-th derivative characterizations of functions in H;° and
F(p,q,s) are recalled.

PRroPOSITION E. ([35, Proposition 7]) Let f be an analytic function in
D,1<a< oo andn € N. Then the following quantities are comparable:

(1) [ flezge, »

(2) [IfllBe +1£(0)],
n—1

(3) sup|f™(2)|(1 = [+ 1D (0)]
j=0

zeD

THEOREM F. Let f be an analytic function in D, and let 0 < p < oo,
—2<qg<ooand 0 <s<1. LetneNandg+s > —1, orn =0 and
p < q+s+1. Denote du(z) = |f™(2)|P(1 — |2|2)P~ P9t do,. Then the
following quantities are comparable:
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(W) 11 gy + O,

n—1
(2) zlelg/])’f(n)(z)‘p(l_ ‘z’Q)np*erqgs(z’a) dgz+;‘f(j)(0)’p’
n—1
) sup [ /PO~ 0 o)) do 2 90,

-1

(@) sup IO VOIS

|1]* :
7=0

and there are no terms in the sums if n = 0.

For the proof of Theorem F, see [14], [28] and [29)].

Theorem F, combined with the definition of s-Carleson measures, im-
plies that f € F(p,q,s) if and only if the positive measure p such that
du(z) = |[f™(2)[P(1 — |2|?)™P~P+e+5 do, is a bounded s-Carleson measure.

The following lemma is obtained by a straightforward calculation, see,
for instance, [33, p. 18].

LEMMA G. Let f be an analytic function in D, and let 0 < p < oo,
0 <g<oo,0<r<1landa € D. Then there is a constant C > 0,
depending only on q and r, such that

[f(@)P(1—la*)? < C o) [F(2)P(1 —[2*)17 do,
where A(a,r) ={z € D : |p4(2)| < r}.

The following annulus version of Carleson’s theorem [5], [6], [9], [10],
[12] is needed.

THEOREM H. Let p be a positive measure on D, and let 0 < p < o0
and 0 <r < 1. Then p is a bounded Carleson measure if and only if there
is a constant C' > 0, depending only on p, such that

(4.1) / PP du(z) < ClLFIE
D\D(0,r)

for all analytic functions f in D, in particular for all f € HP. Moreover,
if u is a bounded Carleson measure, then C = C1Cs, where C7y > 0 is an
absolute constant and

~w p(S())
(4.2) 02_|I|§111r 7]
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If » =0, then Theorem H reduces to Carleson’s theorem. If 0 < r < 1,
then an application of Carleson’s theorem to the measure p, such that
dpr(2) = Xp\D(0,r) dit(2) shows that C is of the form C = C1Cy, where xg
is the characteristic function of the set E, C7 > 0 is an absolute constant,

and
u(SI)\ D(O,r))
] ’

Cy = sup
I
Then the following lemma yields (4.2).

LEMMA 4.1. Let p be a positive measure on D, and let r € (0,1). Then

w3 ap MEDAAO) _y p(S()

I 1] ir<i—r |

Proof. Let I = {e"® : 0 < ¢ < 0+ |I|} be a subarc of D such that
|I| < 1. If |I| <1 —r, then clearly
p(SU)\AO,7) _ p(SU)) p(S(1))

(4.4) = < sup
1] 7] r<i—r |

If |I| >1—r,let n = max{k € N : k:(l—r)<|I|}, and define I; = {e :
0+j1—-r)<¢p<0+(j+1)(1—r)}for j=0,...,n. Then |[[;| =1—r for
j=0,...,n, and therefore

S(I)\ A0, r 1
HS( )|\I| ) _ m/ XD\A(0,r) (2) dpa(2)

< i (Z/s du(z ‘f‘/(ln)XD\A(O,T)(Z) dM(Z)>

n <J§O 17;] /S(Ij) du(z))

<L P80 o HSU))

noon<i—r | n<i—r |

(4.5)

The assertion follows by (4.4) and (4.5). 0

The next two lemmas contain some basic properties of Carleson mea-
sures.
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LEMMA L. ([1, Lemma 2.1]) Let p be a positive measure on D, and let
0 < s <oo. Then p is a bounded s-Carleson measure if and only if

(4.6) sup /D ()] dpu(z) < o0

Further, the supremum in (4.6) is comparable to the supremum in (2.3).
Furthermore, p is a compact s-Carleson measure if and only if

i [ [l ) du(e) =
lal—=1~Jp

LEMMA 4.2. Let p be a positive measure on D, and let t € (0,1) and
0 <s<oo. Then

(S
(4.7 sup (uﬁs <10° sup/ |0l (2)|° du(z).
17|<1—¢ la|>t

Proof. Let z € S(I). Choose a = (1— |I])e?, where €? is the midpoint
of I, so that every I on 9D with |[I| < 1 — t corresponds to a unique
a € D with |a| > ¢, and vice versa. Since |1 —az| < 1 — |a|®> + |z — al,
1—laf* = |1](2 - |1]), and

ei(é’-ﬁ-%) o (1 . ’I’)eiﬁ 2

|z —al* <

|1

=1-2(1— \I\)Re(eiiT) + (1 —|1])?

‘I‘Q 2 5 2
— 1—-|I)" < =|1

<1-20- 1)1
it follows that |¢! (2)| > (10[I|)~! for all z € S(I). This yields inequality

(4.7). 0

The following lemma gives a relation between HP- and DP-norms when
0<p<2

LEMMA J. ([31, Lemma 1.4], [11, Theorem 3’]) Let f be an analytic
function in D, and let 0 < p < 2. Then there is a constant C > 0, de-
pending only on p, such that

(4.8) I£llee < C(If e + 1£(0)]).-
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If p > 2, then || f||pr < C|| f||mr holds by a classical result of Littlewood
and Paley [24], [25].
The following basic lemma is also needed in Section 5.

LemMmA K. ([10, p. 57]) Let an, >0 forn=1,...,N. Then

N p N
(Sen) = (X) 0ens
n=1 n=1

N P N
(Zan> SNp_1<Zaﬁ>, 1<p<oo.
n=1 n=1

and

§5. Proofs

Proof of Theorem 3.1. Denote f,(2) = f(pz) and A;,(2) = Aj(pz),
where 1/2 < p < 1. Then Proposition E and the Leibnitz’ formula with
(1.1), see [17, eq. (3.6)], yields

k—1
[ follag= < Co (Hf““ oz, + Z \f(j)(O)\>

k—1 J ‘ k—1 ‘
2( > ],,fp M aee, +> !f(J)(O)!)
=0

7=0 =0

By Proposition E again,

k=1 j k=1 j
ZH )V~ z)HHoo < C4 ZHA fP||Hq+k i
7=0 =0 7=0 =0
k=1 j
<N 1A e follrze
7=0 =0
k-1
< Cullfollmge Y illAjplle
j=0

< Csall e

It follows that .
(1= Coa)llfpllug < Cs D 1F9(0)

7=0
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where the constant Cg depends only on ¢ and k. The assertion is obtained
by choosing « sufficiently small and letting p — 17.

Two alternative ways to prove Theorem 3.1 are given. An application of
the growth estimate [17, Theorem 4.1(a)] and Proposition E together with
the assumption (3.1) yields

Cq
(1 —r)ac2’

where C7 and Cy are positive constants such that C7 depends on the initial
values of f at the origin, and Cs depends on k only. The assertion of
Theorem 3.1 follows by (5.1). Theorem 3.1 can also be proved by applying
[17, Theorem 5.1]. This approach does not require the use of Proposition E,

(5.1) |f(re®)] <

and it is chosen while proving the boundary version Theorem 3.3 below.

Proof of Corollary 3.2. Let qo > 0 be small enough so that 1 + gp <
(g+ s+ 1)/p. By Theorem 3.1, there exists a constant o > 0 such that if
(3.1) holds, then all solutions of (1.1) belong to Hgs. Now, by Proposition E
and [33, Proposition 5.7], it follows that Hg® = B+t c Fy(p,q,s), which
yields the assertion.

Proof of Theorem 3.3. Without loss of generality, assume that o < 1
and 6 < r < 1. By [17, Theorem 5.1] there is a constant Cy > 0, depending
only on the initial values of f, such that

k=1
|f(7’€i9)|§01exp< / Z|A (setd)|L/ j)ds>

for all 6 € [0,27], and so the assumption (3.2) yields

s k-1
(5:2) If(re”)lgclexp<k Z|A 5e®) |1/ (b=3) g

s k-1
+k / S A (set) 1/ 063) ds>
1 §=0
k-1
Z |A;(se )M = J)d8>
i

" ds 1
< 1/kk2/ <oy -
_Cgexp<a T _02(1—7")“1/1%2’

= Cyexp <k
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from which the assertion follows by choosing a = (q/k?)*.
Proof of Theorem 3.9. The assertion follows by Theorem 3.10.

Proof of Theorem 3.10. By Lemma 4.2 and the reasoning in [28, pp. 42—
43] it follows that, for alln =0,...,k—1land j=0,...,k — 1,

sup %/ |A§‘n)(2)|p(1—|Z!2)p(k+"7j)fld0z
I s

1]<1-6
<10 [ AT P =Py o,
p p(k—j)— |a|2
<Cowp [ 4GP0 P T
la|>d |1— ’

where the constant C' > 0 depends only on p and k. Hence, for o small
enough, all solutions belong to D? N H° by Theorem 3.12.

Proof of Corollary 3.11. Theorem 3.10 implies that the solutions of
(1.1) belong to DP. The assumption (3.9) together with [33, Lemma 2.9]
show that A; H°° o for j =0,...,k — 1. Therefore, by Corollary 3.5, all

solutions of (1 1) belong to ﬂ0<q<oo HZe also.

Proof of Theorem 3.12. By Lemma G and the fact that 1—|a| and 1—|z|
are comparable for all z € A(a, 1/2), it follows that, for all j =0,...,k —1,

(5:3) |4 (a)|P(L — |af*yP=)
C .
< [45()P (1= |24 dor,
1 — |af A(a,1/2)
where C'1 depends only on k£ and p. Let I, be the arc on the boundary of D
centered at €' &% with the length (1 —|al)/(1 — |a‘) Then 1 — |a| > $|1,],
and since A(a,r), 0 < r < 1, is a Euclidean disc centered at (1 —r%)a/(1 —
la|?r?) and of radius (1 — |a|?)r/(1 — |a|?r?) [12, p. 3], the disc A(a,1/2) is
a subset of S(I,). Hence by (5.3),

sup_ | 4;(a)["(1 — faf*)P*7)

la]> 2%
C )
< sup =5 AP (1= [P o
la|>3=22 ol Js (1)
C .
= sp 2 [P0 - PP o,
m<5\ \ S(I)
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and it follows that, for @ small enough in (3.10), all solutions of (1.1) belong
to H° by Theorem 3.3.

To show that all solutions belong to DP, let 1/2 < p < 1,r =1-46, and
let f be a solution of (1.1). Then, by Theorem F and the Leibnitz’ formula,

(5.4)

k—1
1follpe < C1 (/D [FE ()P (1 = [2P)PE o, + ) !f(j)(0)1p>
=1
k-1 J ) » !
<CQ<ZZ / (A 02) £ (02) T (1 = 12y do

jOnO

-1
+ Z If(j)(0)|p>

= 0322 / Fp)P| AT (p2) P (1 — |22 phtn=D =1 4o, 4+ Cy,
7j=0n=0
where
J
C1=C (Z > !p!A(” (2)P(1 — |2)pktn=d) =1 g,
] On O DO’!’

+ Z !f(j)(0)1p>

and the constant C3 depends only on p and k. Since by the assump-
tion and Theorem F the positive measure dpiy j,(2) = |A (pz)]p(

|z|?)P+7=0)=1 45, is a bounded Carleson measure for all 1/2 < p < 1,
j=0,....k—1landn =0,...,k — 1, an application of Theorem H and
Lemma J yields

(5.5) / |f(p2)Pdpin jp(2) < C5Cs(n, 5, p)|| foll o
D\D(0,r)

< Cs(n, 5, p)Cr (Il fllp0 + 1£(0)[7),
where Cs and C'7 depend only on p, and

(5.6) Cs(n,j,p) = sup dpin,j,p(2)
i<i—r | Js
1 n L
= sup AP (p2) (1 — |22+ g,

m<5 111 Js )
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Therefore, by (5.4), (5.5) and (5.6), and letting p — 17, the assump-
tion (3.10) yields

1% (1 = CsB3) < Cs[f(0)[PB + Ci,
where Cg depends only on p and k. The assertion follows.

Proof of Corollary 3.15. By [11, Lemma 3] there is a constant C' > 0,
depending only on p, k, j and n(j), such that

1
/ M(?", Agn))p(l - r2)p(kfj+n)fl dr
0

1
< C(/ M(r, A§n))1/(k_j+”) dr)
0

for all p > 1/(k — j +n(j)), and the assertion follows by Corollary 3.14.

p(k—j+n)

Proof of Corollary 3.16. By Corollary 3.14, all solutions belong to D!.
Further, if g is an analytic function in D, then by the Cauchy integral

formula,
2w i(t+0)
27r |peit — r|?

where p = (1 +r)/2, and hence
1
/ M(r,g')(1 - )7 dr
0
1 27 (t+0)
</ ( sup Mdt)(l—r)qdr

0<0<2r or Jo  |peit — 1|2

< [ M= 0

< 90+ / M(p.g)(1 — p)*~" dp.

Thus, by the assumption (3.14),
1
/0 M(r, Ag-n))(l - T2)k_j+”_1 dr < oo

forall j =0,...,k—1 and for all n =0, ..., j, and hence the fact that the
solutions are bounded follows by [17, Theorem 4.1].
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