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L? EXTENSION FOR JETS OF HOLOMORPHIC
SECTIONS OF A HERMITIAN LINE BUNDLE

DAN POPOVICI

Abstract. Let (X,w) be a weakly pseudoconvex Kéhler manifold, ¥ C X
a closed submanifold defined by some holomorphic section of a vector bundle
over X, and L a Hermitian line bundle satisfying certain positivity conditions.
We prove that for any integer £ > 0, any section of the jet sheaf L ® OX/J};H,
which satisfies a certain L? condition, can be extended into a global holomorphic
section of L over X whose L? growth on an arbitrary compact subset of X is
under control. In particular, if Y is merely a point, this gives the existence of a
global holomorphic function with an L? norm under control and with prescribed
values for all its derivatives up to order k at that point. This result generalizes
the L? extension theorems of Ohsawa-Takegoshi and of Manivel to the case of
jets of sections of a line bundle. A technical difficulty is to achieve uniformity
in the constant appearing in the final estimate. To this end, we make use of
the exponential map and of a Rauch-type comparison theorem for complete
Riemannian manifolds.

0.1. Introduction

Let (X,w) be a weakly pseudoconvex Kéhler manifold, and ¥ € X
a closed smooth hypersurface. In their ground-breaking paper [OT87],
T. Ohsawa and K. Takegoshi proved that every holomorphic function f
on Y which satisfies a weighted L? condition can be extended to a global
holomorphic function F' on X whose weighted L? norm is bounded above
by a uniform constant multiplied by the weighted L? norm of the origi-
nal f on Y. T. Ohsawa subsequently generalized this result in a series
of papers ([Ohs88], [Ohs94], [Ohs95]). A far-reaching geometric-oriented
generalization was given by L. Manivel ([Man93]) for submanifolds Y of
arbitrary codimension and sections of holomorphic line bundles satisfying
appropriate positivity conditions, instead of merely functions. Since then,
the Ohsawa-Takegoshi-Manivel L? extension theorem has grown into a ma-
jor tool of algebraic geometry and complex analysis. Its scope extended over
such vastly different areas as regularization of currents ([Dem92]), invari-
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ance of plurigenera ([Siu98], [Siu02]), very ampleness and freeness criteria
([AS95], [Siu93], [Dem96]), and afforded new deep insights into the struc-
ture of multiplier ideal sheaves and plurisubharmonic functions ([DELO00],
[DKO1]). It also found applications in questions related to the Minimal
Model Programme ([Kol97]).

However, a good deal has yet to be done. It has been convincingly
shown by K. Diederich and E. Mazzilli ([DMO00]) that the case of exten-
sions from singular subvarieties Y is a subtle question, sometimes with an
unexpected outcome, which still needs further probing. Relations between
the L? extension problem and Skoda’s L? division theorem ([Sko78]) were
revealed by T. Ohsawa’s works [Ohs02] and [Ohs04], but the general case
has yet to be grasped. In particular, a unified theory of L? extension and
division for holomorphic functions is needed.

Our point of view in the present article is different, shifting from subva-
rieties to unreduced subschemes. Motivated by geometric and complex ana-
lytic questions in keeping with those just mentioned, we have undertaken to
obtain an L? extension result from a certain type of unreduced subschemes
of the given ambient manifold X. In analytic terms, we prove the existence
of holomorphic extensions for line bundle sections which have, in addition
to the properties granted by the now classical Ohsawa-Takegoshi-Manivel
theorem, prescribed partial derivatives (or jets) along a given submanifold
Y up to an arbitrary pregiven order k£ € N. The result is new even in the
simple case when Y is a point in a bounded pseudoconvex open set 2 C C™.
It asserts the existence of a holomorphic function f on 2 having prescribed
values for all its derivatives up to order k at the given point, and an L2
norm under control.

Setting

Let (X,w) be a weakly pseudoconvex Kéhler manifold of complex di-
mension n, and Y C X a closed submanifold defined as

Y ={zeX;s(x)=0, A"(ds)(x) # 0},

for some section s € H°(X, E), assumed to be generically transverse to
the zero section, of some Hermitian holomorphic vector bundle F of rank
r > 1 over X. On the other hand, let L be a holomorphic line bundle over
X equipped with a Hermitian fibre metric which satisfies an appropriate
positivity condition.
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Let Jy be the sheaf of germs of holomorphic functions on X which
vanish on Y. For any integer £ > 0, let Ox /i]]f,“ be the nonlocally free
sheaf of k-jets which are “transversal” to Y. Its fibre at an arbitrary point
y € Y consists of all Taylor series at y truncated to order k in the vertical
directions. We aim here at extending transversal k-jets of sections (over
Y') of the line bundle of holomorphic L-valued (n, 0)-forms, namely sections
fe HX, A”T*X@L@OX/J]{”‘/“). Equivalently, this amounts to extending
sections from the unreduced scheme Y *+1) defined by the quotient sheaf
Ox/J%, to the ambient manifold X.

Construction of relevant metrics on jets

The first obstacle to overcome before even stating the result is to define
a relevant intrinsic Sobolev-type L%k) norm of a k-jet. Since the jet sheaf

Ox/ i]]f,ﬂ is not locally free, we make the following ad hoc inductive defini-
tion. Let f € HO(X, A"T*X ® L® Ox /I%™). The holomorphic line bundle
L' := A"T%{ ® L over X is canonically equipped with a fibre metric induced
by the fibre metric of L and the reference metric w on X. Let V be the
Chern connection associated with this metric of L', and V = V10 4 o1
its decomposition into its (1,0) and (0,1) parts. Fix an arbitrary point
y €Y, and let U be a Stein neighbourhood in X giving rise to a surjective
morphism HY(U, L') — H(U, L' ® OX/J@H) of local section spaces. Let
f € H°(U, L) be an arbitrary local lifting of f. Consider now the C'*
vector bundle morphism 7" X}y — N;j/ y Which is the w-orthogonal C*°
splitting of the exact sequence

0— N;/X — T*" Xy — T*Y — 0.

Let VIOf € HO(U, L'@T*X). Set V! f € C*(U, L'@Ny ), the projection
of V10 under the surjective bundle morphism L’ ® "Xy — L'® N;}/X.
Assume that V/=1f € C®(U, L' ® Sj_lN;‘//X) has been constructed. Then
VhO(VITlf) e ¢, L' ® ijlN;/X ® T*X). We use here the same
symbol V10 to designate the (1,0)-type component of the Chern connec-
tion on L' ® Sj_lN;‘//X equipped with the induced metric. Set VJf €

C>U, LI'® SjN;}/X)7 the projection of V10(V7~1f) under the surjective
bundle morphisms

L'@S Ny jy @ T"X — L'® SNy x @ Ny x — L' © TNy .
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We have thus inductively constructed V7f e C®U, L' ® S N;}/X) for
all nonnegative integers j. The associated pointwise norms | f 2(y),...,
|V¥ f|2(y) are well defined at every point y € Y with respect to the induced
metrics.

DEFINITION 0.1.1. For any transversal k-jet f € HO(U, A"T*X @ L ®
Ox /JI;H) and any weight function p > 0 on U, we define, at every point
y € Y NU, the pointwise p-weighted norm associated to the section s, by:

v1~2 vk~2
v roe IV

2
|f15 8,0,( k)( )= |f| (y) + ‘Ar(ds)P_ 2(r+1) |Ar(ds)|2§ p2(r+k)

(¥),

and the L(Qk) weighted norm by:

112, 0 = / F12, 0 A7 (d8)| 2 dVir

ExAMPLE 0.1.2. Consider the case where X = (2 is a bounded pseu-
doconvex open subset of C™ containing 0, z = (z1,. .., z,,) is the coordinate
on C",and Y = {21 = =2 =0} NQ. Take £ = Q x C", equipped
with the trivial flat metric, L = Q x C, and s = (e(i{zﬁ"“vecﬁzﬁ)'

For all 2 € ©, [s(2)[? = LELEEl < 4 The jet f is then defined by

holomorphic functions a,, || < k, on Y, and its weighted L%k) norm is
given by:

/ F12, 0 A7 (ds)| 2 Vi,

/ |a0|2 5V, Z/ TS
y [AT(ds)2 Y AT (ds) 25 p2er D)

\Il

’aa‘
dVyo.
+Z/ (D2 | Ar (ds) P5EE 2oy

|a|=F

It should be noticed that the norm |f |2 ( ) of the k-jet f at the point

y € Y is independent of the choice of the local lifting f. Indeed, if f
H°(U, L) is another lifting of fi; € H(U, L' ® O x/IE1) then f and f
have the same transversal k-jet on U NY (equal to f‘U) This implies that

ij = ij at every point in U NY, for all integers j =0,...,k.
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NOTATION 0.1.3. (a) For a transversal k-jet f € H'(U, A"T% @ L ®
Ox /I), denote VI f := (VI )y, for all j =0,...,k and an arbitrary
lifting f € HO(U, A"T% @ L) of f.

(b) For every integer k > 0, set

JF HY(X, A"T% ® L) — H(X, A"T% ® L ® Ox/T5)
the cohomology group morphism induced by the projection O x — Ox/ Jlf,“.

Statement of results: geometric setting

We can now state the jet extension theorem. In the case of a compact
ambient manifold X, the final L? estimate of the extension Fj, with pre-
scribed k-order jet along Y is obtained over the whole of X. In the general
noncompact case, the boundary of X is avoided by estimating the extension
on an arbitrary relatively compact open subset 2 C X. If Q CC X is such
a subset, we define an associated weight function p = po > 0 by

1
1Dsy ™ | supgeq (| D2sell + [ Dsel)”

p(y)

where D stands for the Chern connection of E. It is with respect to this
weight function that the Sobolev-type norm on jets is considered throughout
the paper.

THEOREM 0.1.4. (Main theorem) Let X be a complex weakly pseudo-
convex manifold of complex dimension n, equipped with a Kdahler metric w,
L a Hermitian holomorphic line bundle, E a Hermitian holomorphic vector
bundle of rank v > 1 over X, and s € H*(X, E) a section assumed to be
generically transverse to the zero section. Set:

Y :={xre X ;s(x)=0,A"(ds)(z) # 0},

a subvariety of X of codimension r. Also assume that, for an integer k > 0,
the (1,1)-form i©(L) + (r + k)id'd" log |s|? involving the curvature of L is
semipositive on X, and that there exists a continuous function o > 1 such
that the following two inequalities are satisfied on X:

1 {i0(E)s, s}

(a) iO(L) + (r + k)id'd" log|s|? > « o ,
s

(b) [s| < e
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Then, for every relatively compact open subset Q C X, and every k-jet
feH X, A"T; @ L® OX/J];H) satisfying

/nyyjp,(,c) |A"(ds)|"? dVy,, < +o0,

there exists Fj, € HY(X, A"T% ® L) such that JFE, = f and

|Fx | (k)/ 2 —2
dVx , < C A (d dVy .,
/Q |52 (= log |s])2 ’ 7 ’f’s,p,(k)’ (ds)] Y,

where C) > 0 is a constant depending only on r, k, E, and supq ||iO(L)||.

Remarks. (a) The case when k = 0 is the Ohsawa-Takegoshi-Manivel
L? extension theorem. The above theorem is new for k > 1.

(b) The section s € H(X, E) induces a nowhere zero section A" (ds) of
the vector bundle A"(Tx /Ty )* ® det E, and its norm |A"(ds)| is computed
with respect to the induced metric on this vector bundle. The notation
li©(L)|| stands for the norm of the curvature tensor of L viewed as a (1,1)-
form on X. As with the Ohsawa-Takegoshi-Manivel extension theorem,
only the curvature hypothesis (a) is essential among the inequalities satis-
fied by s, but it is now, significantly, dependent on k. Indeed, if (a) holds
for a choice of the function @ > 1, we can always achieve (b) by multi-
plying the metric of E by a sufficiently small weight e X°¥, where ¢ is a
plurisubharmonic exhaustion of X and x is a real convex increasing func-
tion. Property (a) still holds after multiplying the metric of L by the weight
e_(r+k+%_l)xod’, where ag = inf,cx a(x).

The following theorem is a special case of the main theorem for a
bounded pseudoconvex open set 2 C C™.

THEOREM 0.1.5. Let Q C C™ be a bounded pseudoconvex open set,
and Y C Q a closed nonsingular subvariety defined by some section s €
HO(X, E) of a Hermitian holomorphic vector bundle E of rank r > 1 with
bounded curvature form. Assume that |s| < e~! on Q.

Then, for any nonnegative integer k and any plurisubharmonic function
@ on S, there exists a constant Cﬁk) > 0 depending only on E, on ), and
on the modulus of continuity of @, such that for every holomorphic section
f of OQ/:]I;/+1 satisfying

/y‘f‘i”’(’“ |A™(ds)| 72 % dVy < 400,
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there exists a holomorphic function Fj, on Q such that J*Fy, = f and

| Fy|? o k)/
_ dVor < A" (d ~?d
/Q |52 (— log |s])? Vor =€, £S5, [A7(ds)[ 72 €72 dVy.

Local analytic setting

The case of a singleton Y = {z¢} is of special interest. The jet f at
2z is given by complex numbers a, € C, |a] < k, a = (a1,...,ay,). Take
s = (ediam Q)7 (z — ), viewed as a section of the trivial vector bundle
E =Q x C". Tt is clear that |s| < e~!, and that:

/ |Fla iy A" (ds)[ % 7% = ( > Iaal2>

lal<k

Since —log|s| = Lllog|s|™® < 1[s|=%, for all ¢ > 0, we may replace
|s|?*(—log |s])? in the denominator by |s|2*=). We thus get the follow-
ing.

COROLLARY 0.1.6. Let Q C C" be a bounded pseudoconvex open set,
and let zg € Q be a point. Then, for every positive integer k and every
plurisubharmonic function ¢ on ), there exists a constant Cék) > 0 de-
pending only on the modulus of continuity of v, with the following property.
For all complex numbers a,, |a] < k, there exists a holomorphic function f
on 0 such that

f(z0) = ap, g z(zo) =aq, 1 <|a| <k, and
|fI? —o(2) o 2
—_— = dVs o
/Q |z — 29|29 ‘ a2 < g2 (diam §2)2(n—<) O%:k 2|

To avoid confusion, it is worth entering a caveat. The final constants
in the above statements depend on the modulus of continuity of the weight
function ¢, and this dependence seems to be inevitable in this setting. If
applications with singular weights are intended, special attention should be
paid to getting smooth regularizing weight functions with the same modulus
of continuity before recovering the same estimate for the singular weight in
the limit.
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Article layout

We will split the proofs of Theorems 0.1.4 and 0.1.5 into two parts. In
the first part, the qualitative one, we make use of techniques of the orig-
inal papers of Ohsawa and Takegoshi ([OT87], [Ohs88]), cast into a more
geometric mould by Manivel ([Man93]), and subsequently simplified by De-
mailly ([Dem00]), that we appropriately fit into our generalized situation.
The main idea, harking back to Ohsawa and Takegoshi ([OT87]), is to use
a “weight bumping” technique to concentrate the curvature of the line bun-
dle L on a tubular neighbourhood of the submanifold Y. This leads to
defining a new curvature operator and to proving L? estimates modified
accordingly which are analogous to those of Hérmander. The main tool is
a Bochner-Kodaira-Nakano-type inequality due to Ohsawa and Takegoshi
([OT87]) and later improved by Ohsawa ([Ohs95]). This step is performed
in Section 0.3 and is common to the proofs of Theorems 0.1.4 and 0.1.5.
Our method in this section parallels previous methods with the necessary
modifications.

The second half of the proofs of Theorems 0.1.4 and 0.1.5, the quan-
titative one, introduces new ideas. The main goal is to achieve uniformity
for the constant appearing in the final L? estimate. Here we deal separately
with Theorems 0.1.4 and 0.1.5. In Section 0.4, we apply Cauchy’s inequali-
ties to get a control of the growth of the k-jet of a holomorphic function in
terms of the growth of this very function, and we thus complete the proof
of Theorem 0.1.5. The proof of Theorem 0.1.4 is more involved. In order
to get intrinsic L? estimates independent of the radii of local holomorphic
coordinate patches on X, we make use of the exponential map to carry the
situation over to the tangent space to X at a point. In Section 0.5, the
Jacobi field technique will enable us to get a Riemannian geometric result
related to the Rauch comparison theorem. In Section 0.6, building on this
comparison theorem, we get the final estimate in the main theorem thanks
to Garding’s lemma on the solutions of elliptic systems.

Prospects

We hope the results of this paper will find applications in complex anal-
ysis and algebraic geometry. Here is a very brief outline of some possible
developments. The main interest of the extension theorem lies in its quan-
titative part and was mainly intended as an effective device for producing
sections for Hermitian line bundles with positivity properties. It could thus
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be useful in solving questions related to the Fujita conjecture as a continu-
ation of such works as [Siu93], [AS95], or [Dem96]. It is, indeed, tempting
to think that producing global holomorphic functions, or sections with ef-
fective global bounds, out of much simpler initial data defined merely at a
point or on a line, could prove efficient in problems where an effective con-
trol of the objects involved is needed. In fact, we were originally motivated
by an attempt at getting a regularization of closed positive currents, with
an additional control of the Monge-Ampere masses for the regularizing cur-
rents, to extend Demailly’s regularization-of-currents theorem ([Dem92]).
Such an undertaking is likely to have interesting geometric consequences,
such as singular Morse inequalities or bigness criteria for line bundles.
The present results treat the case of holomorphic extensions from a
special type of unreduced subschemes, namely those which consist of sev-
eral layers of the same submanifold. A further step would be to obtain
holomorphic extensions from more general unreduced subschemes.

0.2. Ingredients

We list here the main preliminary results underlying the proof of the
original Ohsawa-Takegoshi theorem. They will be needed again in our proof.
For proofs and details see, for instance, Demailly’s paper [Dem00].

The main idea in the proof of the Ohsawa-Takegoshi extension theorem
([OT87], [Ohs88]) was to derive and use a modified version of the Bochner-
Kodaira-Nakano inequality. This version was subsequently improved by
Ohsawa ([Ohs95]) in the following form.

PROPOSITION 0.2.1. (Main curvature inequality) Let (X, w) be a Kdhler
manifold with a nonnecessarily complete Kdhler metric, let (E, h) be a Her-
mitian vector bundle on X, and let n, A > 0 be C*° functions on X.

Then, for every u € D(X, APIT% @ E), we have:

(% +A2)D"*u|l? + 92 D"u|® + | A2 D'ul® + 2 ||A77 d'n A ul|?
> ([niO(E) —id'd"n —ix""d'n Ad", AJu, u)).

In the particular case of (n, ¢)-forms, the forms D'u and d'n A u vanish
as having bidegree (n + 1, ¢). Then the above inequality reads:

(% +A2)D"*u]® + |92 D"ul®
> ([ni©(E) —id'd"n —ix~td'n A d'n, Nu, u).
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This key curvature inequality enables one to infer the following L? exis-
tence theorem which parallels Hérmander’s L? existence theorem ([Hér65],
[H6r66]) for a modified curvature operator.

PROPOSITION 0.2.2. Let (X,w) be a Kdhler manifold. The metric w
may not be complete but X 1is assumed to carry a complete Kdahler met-
ric. Given a Hermitian vector bundle (E,h) and smooth bounded functions
n,A >0 on X, consider the curvature operator

B = Bgfu,n,k = [iO(E) —id'd'n —ix" d'nAd'n, AL,

acting on the sections of the vector bundle A™9T% @ E, for some ¢ > 1, and
assume that B is positive definite at every point of X.

Then, for all g € L*(X, A™T% ® E) such that D"g =0, and

/ (B™'g, g)dV, < +o0,
X

there exists f € L*(X, AT @ E) such that D" f = g and
[asn i <2 [ 57, g an.
X X

In the course of the proof of the jet extension theorem we shall need to
apply the above proposition for a modified fibre metric of the line bundle
under consideration, which is obtained by multiplying the original smooth
metric by the weight |s|2"+%) with singularities along Y = {s = 0}. To
avoid the singularities, we shall restrict to X\Y. The following standard
lemma ensures that X\Y still carries a complete Kéhler metric.

LEMMA 0.2.3. (see, for instance, [Dem82]) Let (X,w) be a Kdhler weak-
ly pseudoconvex manifold, 1 a plurisubharmonic exhaustion, and X, = {x €
X ;) <c}, forc e R. Let Y = {s = 0} C X be an analytic subset
defined by a section s € H*(X, E) of a Hermitian vector bundle (E, h) over
X.

Then, for all c € R, X \Y carries a complete Kihler metric.
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0.3. Proof of Theorem 0.1.4

Assume that the set ¥ = {s = 0, A"(ds) = 0} of singularities of Y is
empty, which means that Y is a smooth closed subvariety of X. This restric-
tion can be lifted through a standard argument like in [Dem00, 4.8, p. 12].
We argue by induction on k > 0. The case k = 0 is the Ohsawa-Takegoshi
theorem. Assume the theorem has been proved for £ — 1. Consider the
short exact sequence of sheaves:

0 — SNy x — Ox /It — 0x /1y — 0

and let J*~1f € HO(X, A"T% ® L ® Ox /J%) be the image of f € H(X,
AT @L®0x/ Jlf,“) under the induced cohomology group morphism. By
the induction hypothesis, there exists Fj,_; € H°(X, A"T% ® L) such that

JIE,_ = JF1f and

|Fr—a | (k—1) / 2 2
Tl gy, <o AT .
/Q |52 (— log |s])2 -7 v [F15 .-y A7 (ds) |77 dVy,

where C’ﬁk_l) > (0 is a constant as in the statement of Theorem 0.1.4. Thus
the image of f — J*Fy_; € HO(X, A"T% ® L@ Ox /I5!) in HO(X, A"T%
L®0x/9%)is JF=1f — J*=1F,_; = 0. This allows for the jet f — JFF;_4
to be viewed as a global holomorphic section (on Y') of the sheaf A"T% ®
L®SENy = N'T% © L@ SPEY,.

A O extension of the jet. We start off by constructing an exten-
sion f € C®(X, A™T% ® L) of the holomorphic k-jet f € HO(X, A"T% ®
L®0x/ J@H) by means of a partition of unity. Consider a covering of Y by
coordinate patches U; C X on which the vector bundles £ and A"T5 ® L are
trivial. Let e; be a nonvanishing holomorphic section of A"T% @ L;,, and
51, ..., 5, holomorphic functions on U; such that sy, = (s1,..., ;) in a triv-
ialization of F|y,. The functions si,..., s, define holomorphic coordinates
on U; transversal to Y. Let Z(z‘) = (zgl, e ,zﬁf )) be holomorphic coordi-
nates on Y NU;, and write the restriction jet f as flyny, = wi®e;yny,, with
w; € HO(U;, Ox /Jlf/“). The local k-jet w; is given by holomorphic func-
tions alV (2(;y) on Y NU;, indexed over multi-indices o = (o, ..., ) € N7,
with |a| < k. Set

fils, in)) = < Z aa(zzi))so‘> ®e; € HO(U;, A\"T% @ L).
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Then %Séz (0, z( )) = ag)( (Z)) for all o, |a| < k, and f; defines thus a local
holomorphic extension of the jet f from U; NY to U;. Let 6; € D(U;) be a
partition of unity such that > 6; =1 on a neighbourhood of Y. Then

fi=> 0ifi € C®(X, A"T% ® L)
i
defines a C*° extension of the jet f. Furthermore, we have:
D'f=>"d"0;nf,, D'f=0 onY,

%

since all fz assume the same value at every point of Y and ), d"6; = 0

on Y. Likewise, for any multi-index o = (a,..., ;) € N, |a| <k, if we
derive locally D" f along the directions s = (s1, ..., s,) transversal to Y, we
get:
D" f) ZZ( )Dﬁd”e YADYBfi=0 onVY,
B<a 1

since for fixed a— (3, all the D*~# fz assume the same value at every point in
Y (as k-order extensions of the same transversal jet f). As the subvariety
Y = {s = 0} is assumed to be smooth, the Taylor expansion of D" f near
Y shows that the C'*extension of f we have just constructed satisfies:

D" f| = O(|s|**1) in a neighbourhood of Y.

Weight construction; weight bumping technique. Here we reuse
the auxiliary functions considered in the original proof of the Ohsawa-
Takegoshi theorem, and repeat the computations of [OT87], [Man93] and
[Dem00] with an additional k. Since we hardly know f away from Y, we
take a truncation with support in a tubular neighbourhood of Y. Let

2
G ::e<’3’ >(f F_1) € C®(X, A"T% ® L),

where § : R — R is a C* function such that § = 1 on ]—o0, 1], and

Supp C ]—oo,1[. It is clear that Supp G {Is| < e}. We shall solve

the equation:

(*) D//u6 _ D//ngfl)’
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with the extra condition that B&% € L11OC in a neighbourhood of Y. This
condition ensures that u., as well as all its jets of order < k, vanish on
Y. Let ¥ be a plurisubharmonic exhaustion of X, and set X. = {¢ <
¢} cC X, for all real ¢. The ideal thing would be to solve the equation
(%) on X. For technical reasons which will become apparent later, we shall
solve the equation (x) on X \Y. which is still complete Kéhler thanks to
Lemma 0.2.3. The desired holomorphic extension of the jet f will then be
ngil) — ue + Fj_1. The final solution will be obtained by passing to the
limit with ¢ — co and € — 0.

Consider now the following auxiliary functions (as in [OT87], [Man93],

[Dem00]):

/ 2
=1 24 ¢2 =€ — Ag = 7)(0(05)
O¢ og(ls\ te )v Ne € XO(U€)7 € Xg(Ua)

where g : ]—00,0] — |—00,0], xo(t) =t —log(1 — t), for all ¢ < 0, having
the following properties: x(t) <t, 1 < x; <2, x"(t) = ﬁ

The function 7. is close to +00 near Y and decays upon getting away
from Y. It allows therefore for concentrating the curvature of L on a small
neighbourhood of Y. We define a new curvature operator:

B, := [n.(i0(L) + (r + k)id'd" log |s|*) —id'd"n. — A\ id'n. Ad"n., A,

and prove the estimate:

52

B, >
ST 2

(d///rlg)(d///rlg)*,

as operators acting on the (n,q)-forms. Easy computations yield, in terms
of the canonical sesquilinear pairing { , } of vector bundle valued forms:

. {Dlsa 5} d'o. — {5’ D/S}

do,. = "=, e =
|s|? + &2 5|2 + &2
dd'c. = {D's, D's} i {s, D"D's} B {D’'s, s} N{s, D's}
c |s]? + &2 |s]? + &2 (|s]? + €2)?

On the other hand, O(F) = D? = D'D" + D"D’, and since D"s = 0, owing
to s being holomorphic, we see that D”D’s = ©O(E)s. This finally yields:
A — i{D's, D's} i{D's, s} A{s, D's} {iO(E)s, s}
c |s|2 + €2 (|s]? + 2)? |s]2+e2
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We now use Lagrange’s inequality: i{D’s, D's} > HD/S’S‘};# to get:

idd's. €2 i{D's, s} A {s, D's} ~ {ie(E)s, s}

\ [sP (s> +¢2)? |s|? + &2
52 . {ZG(E)S7 3}
= Wzd'aa VAN d,/O'E - W
On the other hand, d'n. = —x((o:) d'o., d"n. = —x{(0:) d" 0., and

—id'd"n. = xy(o:)id' d"o- + x4 (0:)id o ANd" o

s (s + 0 Vo - 26O )

+
2s|2  xploe)? 5|2 + €2

Let us multiply now the original metric of L by the weight |s|~2("+%); the
curvature of this new metric satisfies the inequality

: < 2 _1 {i0(E)s, s}
iO(L) + (r+k)id'd"log|s|* > a TP+
thanks to hypothesis (a). Indeed, the inequality still holds with the denom-
inator |s|? 4 &2 instead of |s|?, owing to the semipositivity of the left-hand
term. On the other hand, |s| < e~® < e~!, which entails 0. < 0 for € small,
and
ne >e—o0.>e—log(e 2 +&%).

In addition, we have: 7. > 2q, for € < €(c) small enough. This, along with
the previous inequalities, implies:

"
e (O(L) + (r + k) id d" log s|2) — id'd"n. — X0 s p g

. ACAE

= opsP

ld"'k A d"%

/ 2

on X.. Set \; = );)”(Z;)) , and get the lower curvature estimate we were
O €

looking for:

B. :== n.(i0(L) + (r + k)id'd" log \ 1) —id'd"n. — \-Vid'n. Ad"ne, A

2
S . *
252 id'ne Nd"ne, A 2| |2 (d"%)(d"ﬁa) )

as operators acting on the (n, ¢)-forms.
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O-resolution with L? estimates. In this section the estimation de-
tails for jets are new, although the idea of resolution is classic. We shall now
solve the equation (x) using Proposition 0.2.2. To avoid the singularities of
the weight |s|~2("t%) along Y, we will be working on the relatively compact
open subset X, \ Y, where Y. =Y N X, =Y N{yY < ¢}, instead of working
on X itself. We first need verify that the a priori L? condition required in
Proposition 0.2.2 is satisfied. Easy computations show that:

D”ng_l) = g(l) + g(2) where

1 _ ﬁ / | |2 1" e

de 1+ 0 d'o (f Fk*l)v
()_9<!8! )D,,(f Foy).

2

Since g converges uniformly to 0 on every compact When € tends to 0, it
will have no contribution in the limit. Indeed, Supp(gg ) C {]s|] <€} and
\9[5«2)\ = O(|s|"*1), since we have previously shown that |[D” f| = O(]s|1)

in a neighbourhood of Y. This implies that:
/ (B9, gP) [s| 200 av, = O(e),
Xc\ c

if B, is locally uniformly bounded below in a neighbourhood of Y. If this
is not the case, we solve the approximate equation D"u + ¢ 3h= ge, Where
d > 0 is small (see [Dem00, Remark 3.2], for the details). Since there is
no essential extra difficulty in this case, we may assume, for the sake of
perspicuity, that we have the desired lower bound for B..

The estimation of ggl) is different from the case of previous proofs of
extensions without jets. We get the following:

[ B, g s v
Xc\ c

B 2
< 8/ |f_Fk—1|2‘9/<| | ) | | 2(r+k) dVX,w-
X\Ye g2

(1) ‘8‘2 / ‘8‘2 / —1 gn 3
g’ =—|1+ 0 2 Xo(oe) ™" d"ne A(f — Fr-1),

82
—1 2|5|2 1! *—1 g1 —1
Bs S 62 (d né) (d né) ’

Indeed,
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and therefore:

(BZH(d"ne A), (d"ne Au))

2|s|? _
S ‘8 ‘ <(d/l ) 1*(d/l776) l(dl/,'78 /\U), (d/l775 /\’U,)>
2|s|? 2|s?
= £2 <u7 U> - 6—2’u‘2
Furthermore, | | <2and (1+ g)x (0:)71 <2, 0n Suppgs C {|s| < e}.

This implies
1 (1 1 / ‘3‘2 2
(B-'glM), gV) < 80 f = Bl
If 2 = (z1,...,2) is an arbitrary local holomorphic coordinate system
transversal to Y, we have

|S|2r _ |Z|2r

A7 (ds)|? A7 (dz)[*’

the norms of the sections A"(ds) € H(X, A"(Tx/Ty)* ® det E) and
A"(dz) € H°(U, A"(Tx/Ty)*) being computed with respect to the met-
rics induced on the respective vector bundles by w and by the given metric
on E.

The integrand of the last integral estimating gél) can be locally written,

after the change of variable s ~» ¢ s, as

|(f — Fi-1)(es, 2 0'(IsP)?

82(r+k)’8’2(r+k) ’AT(dS)PTtk

i NP /(15]2)2
= F)es 2)P 0] )H AV, (s, ).
e2k|5[20r+F) |Ar(ds)’2rr

dV,(es,2")

Since J*~1f — J¥=1F,_; = 0, the Taylor series development yields:

N lal+181 got+B(F _
ol +18/2k



JET EXTENSIONS 17

( Z l'f—F}Cl)(()’Zl) Sa
gl 07k 9ot B(f — Fy)
+ Z — (0’ Z/) so‘gﬁ
adzh
|al+|8]>k+1 (a+5)! 0s*0s

=" (f — J*Fp_1)(¢') + O(Jes|F+1)
= " VH(f — JEFio1)(2)) + O(Jes[* ).

The first sum ranges only on multi-indices o and 3 such that if |o|+|5| = &,
then |a| = k.

This shows that W converges to |[V*(f — JFF,_1)(2))]?,
(see Notation 0.1.3), uniformly on every compact, when € — 0.

We have thus proved that:

| g v,
X(‘\ c

S 8/ |f_ Fk‘—1|2 <| | > | | 2 T+]€) de,s
Xc\Ye
IVE(f = TP Fy))?

r+k Y,un

oo |Ar(ds)PS

— 8 Cr,k

where

A" (dz) N AT (dZ)
Cppo = / 0'(|2]2)2 .
k e [/<1 (‘ ’ ) ’2‘2(7“4-/6)

It is worth noticing that |V*(f—J*Fy,_1)| = |f—J*Fy_1|, where | f —J* Fy_ ]|
is the norm of the section:

f=J" R e HO(Y, A"Tx ® L® S* Ny /x)

with respect to the metric induced on S kN{, /X by the reference metric w on

X. Indeed, SkNy/X is a subbundle of (SkTX)‘Y; we merely take the metric
induced on S kNy/ x by restriction.

The L? condition required beforehand in Proposition 0.2.2 is thus sat-
isfied. The solution u. . to the equation (x) D"u. . = D”G(kﬂ) ( )+g( )
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on X \Y. satisfies then the estimate:

|ucs|2
1 2 dVx.e
o /XC\YC 5200 (— log (|2 + £2))2  ©

< / |uc.e|? .

-~ Ixare (ne + )\8)|5|2(T+k) Xw

< 2/ (Ba—lga g:) |S|—2(r+k) WV
c\Ye

k o kF _ 2
VT = T E)E gy 4 oe).
Yoo |AT(ds)[*

< 16Crk

)

Indeed, we have used the following obvious estimates (cf. [Dem00, 4.6]):

0. = log(|s]? +€?) <log(e™* + &%) < —2a+ O(e?) < -2+ O(&?),
n: =€ = xo(0e) < (1+0(e))o?,

A = ﬁag(&); = (1- 02 +(1-02) < 3+ 0(e))a?,

e+ Ae < (44 0(e))a2 < (44 0(e))(— log(|s|* + %))
The extension of f to X \Y, is then given by:
FR) = G — e + Fyy.

Locally, near an arbitrary point of Y, this means that all partial derivatives
of order < k of FC(IZ) are prescribed by f. The function ng_l) is C*° on

a tubular neighbourhood of Y and Supp el {|s| < €}. This implies
that:

\ng_l)\Q Const
2 dVy ., < .
@) /X (Is]2 +e2)r(~ log(|s]2 + €2))2 = = (loge)?

Since

/ el dVx

xo\v. |7 (=log(|s[? + %))
</ ]uCﬁ]Q

= Jxav. [sP0TR) (—log(|s|? + €2))

2 dVX,wa
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(1), (2), and the induction hypothesis made on the L? norm of Fj,_1, imply
the estimate:

[FR P2
/ 2 N1 2 2 2dVXvw
xo\v. (|8[? +€2)(—log(|s|* +€2))

VE(F — JEFL_1)|?
§16(Jr,k/ IV (f k—1)] dVA
Ye

r+k Yvw

A7 (ds)|* ™

|Fy_1? Const
— R AV, ——
+/ TP log )2 4 T Tloge)?

[VE(f = TR
+k Y,w

Vo |AT(ds)P"
Lk /Y F12 5 ooy A7 (ds) |72 Ve +

<16 Cr,k

Const
(log2)?
< /Y 2 AT (ds)] 2 Vi,

\VE(JFEy_1)[? IV Const

+16C,p - Yw T g
Tl ars)p Y (loge)?

where C,¥) = "V L 160,
We also have D”Fc(fz) = 0 on X \Yc, by construction. This relation
extends from X.\Y. to X, because FC(IZ) is Ll2oc in a neighbourhood of Y.

The extension is granted by the following standard lemma on the d operator
(see, for instance, [Dem82]).

LEMMA 0.3.1. Let Q be an open subset of C™ and Y an analytic subset
of Q. Let v be a (p,q — 1)-form with L} . coefficients, and w a (p,q)-form
with Li = coefficients such that d"v = w on Q\Y (in the sense of distribu-

loc
tions). Then d"v =w on Q.

The ellipticity of the operator 0 in bidegree (0,0) ensures that u. is
C®. Consequently, FC(IZ) is C*° as well.

We have thus obtained a family of solutions (F, C(]Z)) - with corresponding
L? estimates on the relatively compact open subset X, of X. By extracting
a weak limit when ¢ — 0, we thus get a solution Fc(k) and an L? estimate
of it on the relatively compact open subset X, for all ¢ > 0.



20 D. POPOVICI

This completes the qualitative part of the proofs of Theorems 0.1.4
and 0.1.5, and estimates in part the solutions. The final estimates will be
obtained in the subsequent sections.

0.4. Estimation of the solution in Theorem 0.1.5

In order to get the final estimates in Theorems 0.1.4 and 0.1.5, it re-
mains to estimate o
VRIFE._)|?
/ NGl =] T}JJ AVy -
Qrtk g
Yo |[AT(ds)]"

In this section we will complete the proof of Theorem 0.1.5. Here the
analysis is simplified by the ambient manifold being an open subset Q2 C C™.
We will use the Cauchy inequalities (or, equivalently, Parseval’s formula).
In the more general case of Theorem 0.1.4, such an approach would yield a
constant depending on the radii of the local holomorphic coordinate balls of
X. Since this is an uncontrollable quantity, we will avoid such arbitrariness
in the subsequent sections by means of the exponential map replacing locally
the ambient manifold X by its tangent space at a point.

Let w be the standard Ké&hler metric on ). Since the curvature of
FE is assumed to be bounded, there exists a constant M > 0 such that
iO(F) < Mw®Idg. Set L = Q x C, equipped with the metric of weight
e‘“"‘A|Z|2, with a constant A > 0. If we set o = 1, the curvature hypothesis
(a) in Theorem 0.1.4 reads:

O(E
idd" o + Aid d"|2|> + (r + k) id'd" log |s|* > W'
S

Since id'd"p > 0, id'd" log|s|? > —% and % < Muw, this
relation is satisfied as soon as A has been chosen large enough. This choice
of A depends on the bound M of the curvature tensor of F.

Let ¥ :  — R be a C'*° plurisubharmonic exhaustion of {2, namely a
function such that the sublevel sets Q. := {1 < ¢} are relatively compact
in Q for all ¢ > 0. We may assume that ' = . for some ¢, and denote
Y. := YNQ,.. Consider now a covering of Y. by open subsets U;, j = 1,...,p,
such that on every U; there exist local holomorphic coordinates z = (2/, 2),
2= (z1,...,%), 2 = (Z41,...,2n) for which Y NU; = {z/ = 0}. Pick
such a U; and assume that U; = B'(0, p) x B"(0, p) C B(0, pv/2), where
B'(0, p) is the ball of radius p of C", B”(0, p) is the ball of radius p of C"~",
and B(0, pv/2) is the ball of radius pv/2 of C". The jet V¥(J*F},_1) can be
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1 0%Fp 1

aaz—,a(o, 2")Z'®, and its norm is given by

written on Uj as 3|

2

3aPk—1(0 "
) _ "y _ 2
e 2¢(0,2"")—2A|z"| )

!
oz«

al

VI F-)P = )

laf=k

Parseval’s formula applied for 2z’ € B'(0, p) gives

0%Fy—1 7 |12
¢ i "o 07 z ) 2|e
e L SCRUIYC R S f :
o eer ) o a! 2r + 2|a
0Fy 1 12 L
> Z 92 (0, z ) p2
o ] )
|a|=k a 2(7a + k)
where Const is a universal constant. Consequently,
aaFk71 7 2
Z 85 a (07 ) 6_290(0"3”)_214'2”'2
o!
— r+k < Const %
|A7(ds)(0, 2") |2 20

2(p(2',2")—(0,2")) (2422

e
. 1B )P ),
/Z/er(o, ” A (ds) (0, 27) 2+

for all 2" € B”(0, p), where we have denoted by
Bt (2, 2 o= [Fima (2, )2 €260 2) 24011

the norm of Fj_; regarded as a section of the line bundle L. Due to a
notation inconsistency, this vector bundle norm || || is the same as the one
we had denoted by | | in the induction hypothesis (see start of Section 0.3).
Let € be a modulus of continuity for ¢, namely a function such that

p
|90(Z/7Z”) - @(07 Z//)| < 5(’Z/|)7 v(zlv Z//) € U Ujv
j=1

and €(0) | 0 when ¢ | 0.
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Since €(]2']) < e(p) for 2’ € B'(0, p), the previous estimate entails

>

2
67250(0,2”)72A|z”\2

3aPk71(0’ u)

!
oz«

al
|a|=k
A" (ds)(0, ")
/ 1"\ |2r _ /! " 2
< Const 20 TF) 2(eo)+40) sup s, )1 logys(fﬁkz )

p2(7’+k) (2',2"")€eU; |Ar(d8)(0, Z”)|2 "

T ,
X dA(2'),
/z/es/m,p) 5,2 (~ Tog [s(+, 272 M)

for all 2" € B”(0, p). A topological property of Y ensures that there exists
a nonnegative integer N such that the covering (U;); of Y, can be chosen
in such a way that #{j ; U; > y} < N. An integration with respect to z”
in the previous inequality, a summation over j, and obvious upper bounds
yield

r+k Yvw

A" (ds)|*

/ V(" F1)
Ye

2
< Oy p NM(c) = 2C0)+5%) / 1FalP

P20 o 51 (= Tog s[72
lf / 1\12 l / " 2
s(z, 207" (—log |s(2', z
M@ sp BT Clogbls )
(z!,2")e¥ |Ar(d8)(072”)| r

and C, ), := Const 2(r + k). The radius p of the local holomorphic coordi-
nate charts on which the submanifold Y can be straightened is explicitly
given by the following elementary lemma which is a refinement of the local
inversion theorem expressing the “size” of the ball on which we get a local
diffeomorphism.

LEMMA 0.4.1. Let E and F' be Banach spaces, U an open subset of F,
and f : U — F a C' map such that its differential map df, : E — F at a
point a € U is a bicontinuos isomorphism.

Then the open neighbourhood V' of a, given by the local inversion the-
orem, on which f is a diffeomorphism onto its image, contains the ball
B(a, p), where X

P 6(dfa ) (Supeer 12 F )
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The elementary proof of this lemma is left to the reader. It can be easily
inferred from the proof of the local inversion theorem. As the submanifold
Y is defined by the section s € H°(X, E), this lemma accounts for the
explicit formula of the weight function p featuring in the statements of
Theorems 0.1.4 and 0.1.5. Indeed, if 6 : Ejy — U x C" is a trivialization
of By, and (e1,...,e,) the corresponding local holomorphic frame of |,
the restriction of s to U can be uniquely written as

s = Zaj®ej, o € O(U).
j=1

If D is the Chern connection of the Hermitian holomorphic vector bundle
E, the operator D can be written as

Ds~gdo+ ANo,

where A = (ajj) is the matrix of 1-forms representing the connection D in
the trivialization 6. Since the coefficients a;, of A are locally bounded (by
constants depending implicitly on F), Lemma 0.4.1 and the expression of
d in terms of D show that the radius of the coordinate ball on which Y
can be straightened in a neighbourhood of a given point y € Y is bounded

below by
1

=C — ,
1Dsy™ || supe(I-D?sell + || Dsell)

the constant C' > 0 depending only on E. This completes the proof of
Theorem 0.1.5.

Cp(y)

0.5. A Rauch-type comparison theorem

We still need to complete the proof of Theorem 0.1.4. Unlike its coun-
terpart discussed in the previous section, Theorem 0.1.4 is set on a general
Kéhler manifold (X,w). In order to get final estimates independent of the
radii of local holomorphic coordinate balls of X, we will be working on the
tangent space to X at a point instead of X itself. The exponential map
locally identifies X to its tangent space. In order to estimate the devia-
tion of the pull-back of w to the tangent space from the standard Euclidian
metric of this very tangent space, we need to establish a Riemannian geo-
metric result related to the Rauch comparison theorem (see, for instance,
[BC64, page 250]). The proof of this result will be a slight reshaping of the
proof of Rauch’s theorem and will use the Jacobi vector fields theory and
an elementary Gronwall-type lemma.
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Let (M, g) be a complete Riemannian manifold, m € M an arbitrary
point, and exp,, : T;,M — M the exponential map at the point m. Let
Id := Id7, »r and, for an arbitrary point « € T,, M, consider the tangent
linear map (or the differential) T, exp,,, : T, M — Texp,, (z)M of exp,, at the
point z. We can identify T, M and Tiyp, ()M via the isometry defined by
parallel transport along the geodesic v(¢) with initial conditions v(0) = m

and 7/(0) = z. Our goal is to estimate
1T exp,,, —1d ||

in terms of ||z||, when x ranges over the tangent space T, M. Let u € T,,, M,
|lu|]| = 1, and ~,, the geodesic with 7,,(0) = m and +/,(0) = u. We thus have

Yu(t) = expy, (tu),

for all ¢ in the interval of definition of v,,. Recall that a vector field Y along
the geodesic v, is said to be a Jacobi field if it satisfies the second order
differential equation
Y+ R(7,,Y ), = 0,

where R is the curvature tensor of (M, g) defined as R(X,Y)Z = VyVxZ—
VxVvZ + V[X’y}Z . It is a well-known fact that the differential of the
exponential map is given by a Jacobi field. More precisely, for any u,v €
T,,M, we have the relation

(Tt exppy ) (t0) = Y (1),

where Y is the unique Jacobi field along ~,, such that Y (0) = 0 and Y’(0) =
v.

Assume now the sectional curvature of (M, g) to be bounded, namely
that there exists a constant k£ > 0 such that

for every point p € M and every plane P C T,M, where K(p, P) stands
for the sectional curvature of the plane P. To estimate ||T, exp,, —Id || we
need estimate

[(Tiw exp,y) () = Id(tv) ]| = Y (£) = Y (0)¢]],

when ¢ ranges over R. We need therefore an estimate for Y given that Y sat-
isfies a second order linear differential equation. The following elementary
lemma, of Gronwall-type, provides the necessary estimation.
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LEMMA 0.5.1. Let v : [0,T] — R be a C? function, v > 0, such that
v(0) =0, v'(0) = A and

—kv <" <kv, on[0,T], wherek >0 is a constant.

Then,

I 1.
Aﬁ sin(Vkt) < o(t) < A\/—E sinh(Vkt), for all t € [0,T).

Proof. Let us first prove the right-hand inequality. Let u be the solu-
tion to the Cauchy problem u” = ku with initial conditions u(0) = 0 and
u/(0) = 1. Then, u(t) = ﬁ sinh(v&t). In particular, u > 0, and u(t) = 0 if
and only if ¢ = 0. The hypothesis shows that

<k=— = (Wu—vu) <0 = vu—vu <0,

,U// u//
(% u

on [0,7]. This implies

(3)/ <o — 2D =(04),

u

for all t € [0,T]. Therefore,

1
04) — sinh(Vkt ,
(0.) 7 siub (V)

for all t € [0,7]. On the other hand, we see that

v o) () 0(0)
L= T e T v -

o(t) < =

which proves the right-hand inequality. Let us now prove the left-hand
inequality.

Let u be the solution to the Cauchy problem u” = —ku, with initial
conditions u(0) = 0 and u/(0) = 1. Then, u(t) = ﬁ sin(v/kt). In particular,
u >0, and u(t) = 0 if and only if ¢t = 0. By hypothesis, we see that

,U// u//
— > —k=— = (Wu—-vu) >0 = v'u—ovu >0,
v U

on [0,7]. This implies
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for all t € [0,T]. Consequently,

for all t € [0,T]. As before, Z(04) = Z/,Eg) = A, which proves the left-hand

inequality. a

We shall now apply this lemma to the components Y} of the Jacobi field
Y = (Y1,...,Ys,) which are real functions satisfying Y;(0) = 0, Y;(0) = v;,
and —kY; <Y/ < kYj, forall j =1,...,2n, where 2n is the real dimension
of the manifold M, and v = (vy,...,vs,) are the components of v € T, M ~
R?", We get

2
|vj|2, forj=1,...,2n,

sinh(v/kt)

St

vk

if we take into account that sinz < x < sinhz, for z > 0. A summation

[;(t) = Y (0 <

over j =1,...,2n gives

sinh(v/kt)

e A

vk

for all ¢, v, u. From this we get, after dividing out by ¢, that

Y () - Y'(0)t] <

[[oll,

sinh(v/kt)
Ty €xp,,)(v) = Id(W)|| < |————= — 1{|]v]|,
I(Thwexp)) ~ TG0} < | Z2Y ol
ex — < |——1
Thu expy, —1a | < |FROED |

Vit

for all ¢, u. If we set x = tu, we find

M—l‘ forall x € T,, M.

V||

|7 exp,, —Id || <

Since sinhz > z, for all x > 0, the absolute value is superfluous in the
right-hand term. We have thus proved the following.

ProposITION 0.5.2. If there exists a constant k > 0 such that
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for every point p € M and every plane P C T,,M, then

inh
IT; exp,,, —1d || < M —1, forallxeT,M.

V|||

Remark. The Rauch comparison theorem estimates |7, exp,, ||. The
above proposition estimates the distance between T exp,, and Tpexp,, =
Id. The latter is therefore slightly more general.

0.6. Final estimate
We will now complete the proof of Theorem 0.1.4. We only have to get

a uniform control of - )
JEF_
[
Yo |A7(ds)]*

(see the end of Section 0.3).

Fix a point yo € Y C X, and let ® := exp,, : Ty, X — X be the expo-
nential map. The Kéhler metric w on the weakly pseudoconvex manifold
X can be made complete by a standard well-known procedure. We may
therefore assume, without loss of generality, that the exponential map is
defined on the whole tangent space. Let wg be the standard Kéhler metric
on the Euclidian space Ty, X ~ C". Our first goal in this section is to find
an explicit formula for the radius of the ball in the tangent space T, X on
which the two metrics, P*w and wg, can be compared. Let us set

(0.6.1) r(yo) := sup{r >0; sup r2H|VIO(Tx)(z)| < 10*2‘1},
z€B(yg,T)
0<i<m

where a > 0 is a constant to be specified later, and V'O (T ) stands for the
1™ order derivative of the curvature tensor ©(Ty) viewed as a section of the
C* bundle AMT% @ Hom(Tx, Tx). Locally, this boils down to deriving
the coefficients of O(Tx). In particular, we get

s O] < 20 g
X >~ =R,
€B(yo, 7(0)) r(yo)?

and hence the sectional curvature of X satisfies:
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for all p € B(yo, r(y0)), and all planes P C Ty, X in the tangent space at
yo to X.
This shows that the hypothesis of Proposition 0.5.2 is fulfilled in the
ball B(yo, r(yo)). Then we get
sinh(vk|v||)

(%) [Ty expy, —ld|| £ ——=——=—1,

B V||
for all v € T, X, such that |jv|| < r(yo). If || T3 eXPy, —1Id|| < 1, the map
T, exp,, is invertible. Consequently, exp,, is an immersion on B(0, 7(yo)) C

Ty X, if % < 2 for all v such that ||v]| < 7(yo). To achieve this, it

is enough to have
sinh(107%)
10—¢
On the other hand, we need a value of the constant a such that we may
have the bounds

1
(3x) Fw0 < exp,, w < 2wp, on the ball B(0, r(yo)) in Ty, X.

(1) < 2.

In order to have these bounds, it is enough to have
1
3= | T expy, || < 2,
for all v € Ty, X such that ||v|| < r(yo). We thus infer from (%) that

o sinh(VE|v]|) sinh(VE|[v]|)
Vo Vil

for all v € Ty, X, ||v|| < r(yo). This shows that it is enough to have

< || Ty expy, || <

sinh(VE|ol) ~ 3 _ lo°
VRl < g, for all v such that [jv| < r(yo) = T The bounds (%)
are therefore guaranteed as soon as the constant a satisfies the inequality
sinh(107%) 3
® TR,

In short, we have proved the following.

LEMMA 0.6.1. For a choice of the constant a > 0 satisfying inequality
(2), and forr(yo) defined by relation (0.6.1), the exponential map ® = exp,,
is an immersion and the bounds (%) hold on the ball B(0, r(yo)) in the
tangent space Ty X.
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Lemma 0.4.1 shows that there exist local holomorphic coordinates ( =

(4/74//)7 CI = (Cla' .. 7(’/‘)7 CH = (C”‘+17' .- 7(71) on the ball B(Ov 7") C Tpo
such that the subvariety ®~1(Y N B(yo, 7)) C B(0, r) is defined by the

equations ¢’ = 0, for the following radius
1
6 | Do [luvo supe (1 (D?s¢luy + | Dse o)

r=p(yo) =

Moreover, the bounds (**) imply

1
r> — 5
24| Dsy, ||w supe(|[D?s¢llw + |1 Dselle)

=10(yo).

In the above expressions all sup, are computed for £ € B(yo, 7(y0)). Let us
set from now on:

(0.6.2) r1(yo) = min(r(yo), ro(y0))-

Recall that F,_; € H°(X, A"T% ® L) is the (k — 1)-order extension of the
jet f€ HY(X, A"T% @ L® Ox /f]lf,ﬂ) given by the induction hypothesis we
have set up to prove Theorem 0.1.4 (see the beginning of Section 0.3). The
holomorphic line bundle L’ := A"T% ® L is equipped with a C'*° Hermitian
metric h. Let us consider the C'*° line bundle ®* L’ equipped with the metric
¢*h, and the section ®*F;,_; € C>*(T,, X, ®*L’).

Let Jx € End(Tx) be the complex structure of the manifold X, and
J := ®*Jx the almost complex structure induced on T,,X. If Jy is the
canonical complex structure of Ty, ~ C", the map ® is not (Jo, Jx)-
holomorphic, but it certainly is (J, Jx)-holomorphic. If i©(L’) is the cur-
vature form (of type (1,1)) of (L', h), ®*(iO(L')) is a type (1, 1)-form for J
on Ty, X.

LEMMA 0.6.2. There exists a real function ¢ € C° on the ball B =
B(0, m1(yo)) in the tangent space Ty, X such that i0;0;¢ = ®*(1©(L')) and

sup || < C'sup [|2*(iO(L))],
B B

where C > 0 is a constant depending only on r1(yo).

Proof. With respect to real coordinates x1,...,zs, on B, the real d-
closed 2-form ®*(i©(L')) can be written as ®*(iO(L")) = >, vij dz; A
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dxj, with functions v;; € C°°(B). The Poincaré lemma gives the explicit

formula: 1
Ulz) = Z(/ tvij(tz) dt) (@i dwj — v dx;),
0

1<j
for a C'*° solution to the equation dU = ®*(iO(L’)) on B. We see then that
1Ull () < C1 @™ (@O(L)) || 1< ()

with a constant C'y > 0 depending only on the radius of B. With respect
to the almost complex structure J, the real 1-form U decomposes as U =
UL0 4+ U1 with U%! = ULO. Then dU = 9,U%! + §,U%1, since dU is
of type (1,1) for J. The almost complex structure J is integrable as the
inverse image of an integrable almost complex structure. Let (z1,...,2,) be
J-holomorphic complex coordinates centred at 0 on a neighbourhood of the
ball B C T,,X. We thus have 9;U%! = 0 on B. The bounds (x*), relating
the metrics w and wy, allow us to assume that the ball B is J-pseudoconvex
(if not so, we multiply the radius ri(yp) by a fixed constant). Since for
an integrable almost complex structure we have the same formalism as for
a complex analytic structure, a classical result on the solvability of the O
operator on bounded strictly pseudoconvex domains with a C? boundary
in C™" (see, for instance, [HL84, Theorem 2.3.5]), yields the existence of
a constant Cy > 0 depending only on the radius of the ball B, and of a
solution to the equation dyv = U%! on B obtained by an explicit integral
formula, such that

[0l () < ColUM Lo () < 2C2 [|U | oo
Then ¢ := i(v — v) is the function we were looking for. [

Since ¢ is an immersion on B(0, r1(yp)), there exists a neighbourhood
V C B(0, r1(yo0)) of 0 such that ¢ is a diffecomorphism of V' onto a neigh-
bourhood U of yg in X. Let v : U — V be the inverse diffeomorphism. In
a local trivialization of L’ in a neighbourhood of yg, the section Fj_; can
be written as Fj,_1 = u ® e, with respect to a local holomorphic frame e.
The function v = v o ® is then C* on V, and u being holomorphic implies
5(@01/}) =0. If 2= (z1,...,2y,) is a system of local holomorphic coordinates
on U, this means that v is a solution to the following elliptic system

i OO0
(% * ) Z@Q oz, Zagjowazk—(], k=1,...,n.
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Let us remind now a standard differential operator theory result. Garding’s
lemma controls the growth of the derivatives of a solution to an elliptic
equation in terms of the growth of this very solution. This lemma plays the
role of Cauchy’s inequalities in the nonholomorphic case. Let Hjl»oc be the
Sobolev space of locally L? functions whose all derivatives in the sense of
distributions up to order j are still locally L?, and let || ||; be its Sobolev
norm. We refer for the details to [Agm65] (Lemma 6.1 and Theorems 6.2
6.7, pages 53-67).

THEOREM 0.6.3. (Theorem 6.5 in [Agm65]) Let 2 be an open subset of
R™, and Ai(xz,D),...,An(z, D) differential operators of respective orders
mi,...,my, with coefficients a’, € C*, which make up an elliptic system
in Q. Let u € L (Q) such that A¥u € H}C‘ZC(Q), foralli=1,...,N.

If j :== min(mqi + k1,...,mny + kn), then u € HJI-OC(Q). In addition, for
all ' CC Q, there exists v = v(A;, Q, Q) such that

N
ully o < 7(2 Afulo + Huuo,a),

=1

where v = Const - p - N - K - M, Const is a universal constant, p =
p(n,l) = card{a € N" | |a| = I}, K = supecqy |aj<rildag(§)], M =

SUPzeqy, lar| <l,i ’ala(x) ’ .

The actual dependence of the constant v on the data is not explicit
in [Agm65], but it can be easily inferred from the proofs given there to
Theorems 6.2-6.7. Likewise, the statement given there is slightly more
general as the coefficients of the operators A;(x, D) are only assumed to be
“s-smooth”.

Since v is a solution to the elliptic system (x % ), the previous theorem
shows that we have the estimate

0%v

Ca(OC)

sup
¢ 1<571(vo) la|=k

2
< / (¢, )2 AN ¢,
B(0,r1(y0))

where i, = Const - py - max (supgers [|det)||, supgers Hd?ﬂH), pr = card{a |
la] = k}, and Const is a universal constant. For the following norms
computed in the Hermitian vector bundle (®*L’, ®*h), equipped with the
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' o0 (0:¢") a0 0:¢")
(¢, 17 = [o(¢!, ¢ [P e 22,

we get the estimate
0%v
3

/|<~||s;n(yo> (;k ¢

< / [o(¢’,¢")||? 2P ED=00LD gr ¢/, ¢,
B(0,71(y0))

2
(0’ C”) dC”

and also, thanks to Lemma 0.6.2,

3) /
<1< 371 (o) |az:k

< Cl / 1o, CMI2 dA(C, ¢,
B(0,7r1(yo))

2

0%v dc"

o'

(0,¢")

2C supy [li©(L")]| depends only on the growth of

where the constant C';/ := e
the curvature of L'.

It remains to infer from the estimate (3) for v an analogous estimate
for w. If 2z is the variable on U C X, and ( is the variable on V' C T} X,

the change of variable ( = v (z) implies the following estimate for u
(4) lullZ vrmy <% Cv lullsy, U cCU,

where 4 = Const - py, - sSupi<i<k HdéwH, Const being a universal constant.
I33%

Proposition 0.5.2 has alieady given an estimate for the norm of the
differential of the exponential map ¢, and implicitly for the differential map
of ¥. The formula for 4; would also require an estimation of the growth
of the differentials of order < k of ¢. It is clear that Suplgglék HdéwH is

S

bounded above by a constant depending only on the radius r1(yg) of the
ball on which we are working. These are standard calculations that can
well be left to the reader.

We are now in a position to conclude that the constant Cﬁk) in the state-
ment of Theorem 0.1.4 depends only on r, on k, on E, and on supq, |[iO(L)]].
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A standard argument (see [Dem00, 4.8, p. 12]) shows that the restriction
imposed at the beginning of Section 0.3 on the singular set ¥ = {s =
0, A"(ds) = 0} of Y to be empty, is superfluous.
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