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1. Introduction

Let 8 be a semi-simple Lie algebra over an algebraically closed field K of

characteristic 0. For finite dimensional representations of Q, the following im-

portant results are known

1) H1^, V) = 0 for any finite dimensional fl space V. This is equivalent to

the complete reducibility of all the finite dimensional representations,

2) Determination of all irreducible representations in connection with their

highest weights.

3) WeyΓs formula for the character of irreducible representations [9].

4) Kostant's formula for the multiplicity of weights of irreducible represen-

tations [6],

5) The law of the decomposition of the tensor product of two irreducible

representations LI].

Harish-Chandra [3] studied the infinite dimensional 9-spaces with dominant

vectors, and established 2) and 3) for such spaces. The lacking of the complete

reducibility 1) necessitates the study of Extg(£7, V). A. Hattori determined the

structure of flΉfl, V) =Extg(jβΓ, V) for an irreducible β-space V with a dominant

vector [4]. To study the general case we need more. If U is finite dimensional,

we have

Ext^C/, V)=HHQ, Hom*(ί7, V)) = &(*, U*® V)

where Z7* is the contragredient representation of U, so that we are led to the

study of U*<g)V, a special case of 5). Theorem 1 of § 2 concerns with the

structure of the tensor product. It follows from this theorem together with a

generalization of Hattori's result (Theorem 2) that Extg(Z7, V) =0 for certain

U and V (Theorem 3 of § 3). In § 4 we obtain a formula for the multiplicity

of weights in case 0 = §1(3, K).
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2. Tensor product

Let 9 be a semi-simple Lie algebra over an algebraically closed field K of

characteristic 0, 6 a Cartan subalgebra and / the rank of 8. Let Δ be the set

of roots associated with ί), {ai, . . . , cci) the set of the simple positive roots

relative to some ordering and J+ and Δ~ the sets of positive and negative

roots, respectively. We write

n+ ~ Σ 8<χ, n- = Σ 8-α and p = -«- Σ α,

where 8tt is the root space corresponding to « e i .

Let VA be the representation space of 9 with a dominant weight A and MΑ

the set of the weights of F Λ . VA has following decomposition into the weight

spaces

where tm(μ) are non-negative integers.

Let V\ be another representation space with the decomposition

Vx = Σ VxOO, z> = A - Σ m(v)au
veΛλ

where w,U) are non-negative integers. We consider the tensor product of the

representation spaces VA and Vx.

THEOREM 1, V= VA® Vx has a sequence of §-suqspaces

(0)= FoCFiC . . . c F M c

such that i) UF, = 7 it) for each i = 1,2, . . . , F/W Vi is a representation space
i

with a dominant vector and Hi) the highest weight of Vi+jVi is of the form

ΛΛ vu vi^Mx. If in particular Vx is finite dimensional, then the sequence con-

sists of a finite number of terms.

Proof. We can decompose V into the following form

V = Σ V(ω), ω = Λ + Λ - Σ /«(ω)α, ,

where V{ω) = Σ VA(μ)® Vχ{v) and /, (ω), i = 1, . . . , / , are non-negative inte-
μ + v = ιυ

gers. Put po = λ. Next, let Vι be the 8-subspace of V generated by

VA^ VK(Λ), vfχtΞ VΛλ), and consider the factor space VIV^ W\ Let
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W1(ω), ω = μΛ v, v*vo or μ*Λ, be the decomposition of Wι into the weight

spaces. Let Λ-\- vι = Λ-f λ — SwίUi)**/ be a maximal weight in A1 = {/4 + ^;

I'sM- {z>o}}. It is clear that W1(Λ + v1) is finite dimensional. Let {w\, . . . , wpt}

be a base of W\Λ + vι). Let £/} be the Q-subspace of W1 generated by w\.

Then there is a α-subspace V2 of V such that U\ = F2/ Fi. Let U\ be the subspace

of V/Vo generated by ιv\ (mod F2). Then there exists a subspace F3 of V such

that U\ = Vo/V2. Similarly we get subspaces F4, - . , T Î+A of F. In consider-

ing A2 = {Λ + v; v e M - U, ẑ i}} by the same manner, we get subspaces VΊ+^+i

c c V1+pι+p3. By repeating this process we get a sequence of subspaces

of V.

(0) = VoC V^c c F « c

It is clear from the construction of the sequence that Vi+i/Vi has a dominant

vector and its highest weight is of the form Λ + v, v^M\ (i = 1, 2, . . . ) . To

see V* = U Vi coincides with F, it is sufficient to show V(ω) c F r for all ω.
i

V(<o) is spanned by following vectors,

where αr, / ? , . . . , r, α', β', . . . , 7' are positive roots, ?-*, £-<?, . . , e-r, e-*>,

e-p,9 . . . , ^-T' are non-zero vectors corresponding to αr, ft . . . , r, α;, j9', . . . ,

r ; respectively, a, bt . . . , c, a\ b\ . . . , cf are non-negative integers and Λ -f A

- (βα + Z>/9 + + cr + a'ct' -f '̂j9' + c'rO = ω.

Case 1. ω = yi4-ẑ , v^ Λfλ. It is clear that F r contains such vectors, i.e.

Case 2. , - *ΣU(ω)ai$Mi and there exists ^ e ^ such that ω>Λ + pj\.

Let vj^Mi be the minimal weight such that Λ±vjx>ω.

i) The case α'α'-f +cV = Σw/.(^,)α, . By assumption on jΊ we have

e-6e
a-*'eίf «ίV»'λ = 0 for 5 = α, /9, . . . , γ. Therefore

From this we have V(ω)cV*.

ii) The case ./Ί = 0.

βίβ eίr(f>A®t>i) =*-*

Therefore
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iii) The case Λ.+ λ-{(a-l)cc + bβ + + cγ• + a'a1' +

We may assume that if ωi>Λ + vjι9 V(ωχ)c.Vx and that cZVeip - - eίrvA® e-Λ

ealof # ' ei'γ'V\GVx. From the equality,

-etϊei, ίί

we have F(ω)cF".

iv) The general case. By i), iii) we can assume that eίΛ eiτ

• £?ί'τ> ̂ le y* if ΛΓΛ + zγ is smaller than ace + + cr or #'α:' + 2;r'

is greater than αV-f +c'r ;. From the same equality as in iii) we get

V(ω)aV\

Case 3. There exists no weight VJ<ΞMX such that ω>Λ-\rvi. Let vjt be a

minimal weight such that Λ \-vjt>ω.

i) The case a'a'Ί- +c'r' = Σ f l i d ^ α ί . This case is treated similarly

as case 2, i)

i i ) T h e c a s e Λ + λ - { ( a - l ) a + b β + ••• + c r + β ' α ' + ••• + c ' r ' } ^ Λ + vj\.

By case 1 and 2, W ω O c f for all ω-^yl + ^v Therefore the result comes

from the same equality as in case 2, iii).

iii) The general case. By use of i), ii) the proof is similar to case 2, iv).

Finally, if Vλ is finite dimensional, then

the length of the sequence ^ Σ d i m V(Λ -f v) < °°.
V6=A/λ

This completes the proof of Theorem 1.

3. ExtHn VA)

The factor spaces in Theorem 1 are not necessarily irreducible. Therefore

we need to extend Hattori's result to such a space.

THEOREM 2. Let V be a representation space of G with a dominant vector

and λ its highest weight. Then

Hι(Q, y ) = tK, λ= -at

*0, otherwise.

Proof. Let C be the Casimir operator of V. First we assume that
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Let vx be a dominant vector. We have Cv\ = kvχ, k^K Therefore Cυ = kυ for

all t e V, so CV = V. It follows that Hn(G, V) = 0, n = 1, 2, . . . , similarly as

in the irreducible case. On the other hand if V is irreducible and J?1! fl, V)*?0

it was shown by A. Hattori that λ = - *ι for some i and that HHQ, V) = if. But

his proof in [4] does not need the irreducibility. This completes the proof of

Theorem 2.

THEOREM 3. Let Vx, VΛ &£ ffoe representation spaces with dominant weights

λ, A respectively, and assume that Vλ is finite dimensional. If there is no simple

root oci such that Λ-f ca^M\, we have

Extί^Vx, V Λ ) = 0 .

Proof. Let Vt be the contragredient representation space of Vλ. The set

of the weights of V* is { - μ μ&M\}. By Theorem 1 there exists the follow-

ing sequence of 9-subspaces of V* ® VΛ,

(0)= VoCVαC CV M = V>T0VΛ,

such that Vi+i/Vi has a dominant vector for each i and its highest weight is

of the form A-μ, μ^Mx. By our assumption, Λ — μ*t — au, i = 1, . . . , / , for

any μ^Mλ. Hence we have fl^ίβ, V |M/V, ) = 0 by Theorem 2. By the half

exactness of H\ we have ffHα, V*® VΛ) =0. Namely

Ext^(Vλ, V Λ ) ^ ^ 1 ! ^ Homx(Vχ, V Λ ) ) ^ / / 1 ^ , V λ *®V Λ )=0.

4. The multiplicity of a weight

In this section we consider the multiplicity of weights of an irreducible

infinite dimensional representation with a dominant vector for 9 = §ί(3, K) .Let

{ocu a2} be a fundamental system of the roots with respect to a Cartan sub-

algebra tj. Then ϊj is spanned by Haι, HΛz and the roots are ±ocu ± a*,

± (aι + cc2). Let ea be a non-zero vector contained in the root space 0α of a.

Let FF be the Weyl group of fl. W is generated by Si = SΛl and S2 = S«2, where

Soc4. are given by

SΛiiμ) ~ μ — 2{μ, oci)ou/(ai> ad,

where ^0 is the real vector space spanned by J, and W={1, Slf S2, S2S1,

S2SiS2}. Let ifufz) be the dual base to the base {2aπ/Ui, αi), 2α2/

2, ^2)} of 5o, i.e,



216 HIROSHI KIMURA

2(<xi9fj)/ai, ai) = dij.

Let Λ = £IΛH-C2/2 be a highest weight, where the a are the integers and

put λ* = σ(λ + p) - p for a^ W> where p = -«- Σ α =/i + /*2. Then
^ a>0

i ? Λ = λ - (d + l)αi - (ci + c2 + 2)cc2

c2 4- 2)αri

Let £7(8) be the universal enveloping algebra and J\ the left ideal gener-

ated by n+ and.-ff-Mff), ifeί). We study the structure of U(Q)/Jλ= F λ .

LEMMA 4.1. Let V1 be a %-subspace of V\ tυith a dominant vector and λ1

its highest weight. Then λ>λf and there exists a^W such that λf = λa.

Proof. The first part is trivial. Let 7λ and X\> be the characters of V\

and F λ ' respectively. By the definition of the character ([8] Expose 18)

Therefore, by ([81 Expose 19, Theorem 1), there is O<Ξ W such that

a(λ + p) = ;/ + p.

This completes the proof of Lemma 4.1.

LEMMA 4.2. For any λσ such that λ>λ0, there is one and only one sub-

space F λ σ .

Proof. If λo-λy this is trivial. Therefore we may assume that λ>λn.

(1) The case d + l > 0 , c 2 -hl>0. For any a^ W, <;#1, ^ σ < / . For λ* we

consider the following vectors,

We can easily verify the relations
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eatVio = 0, l = 1, 2.

Therefore

so that there exists a subspace Vχo with the dominant vector vχσ.

(2) The case c2 + l < 0 , f i + c 2 + 2 > 0 . OΪΞW such that λa<λ are Si, SZSU

Si&Si. If <ί = Si or S2Si we can construct F λ σ from ι>λσ in (1). If <τ = SiS2Si,

in the expression of vχσ

, . _ / ί + l Ci + Cj+2 Ci+l

Ci4-c2 + 2 - r > 0 for kr*0, because eiι£i+7eίιϊϊ is a linear combination of

elements

*ί£-VΛ+

2

C 2 f 2"V_ ( α i + α 2 ), r = 0.1, . . . , c i + £?. + 2 .

And we can verify the relations

*β,tfλ σ = 0 . 1 = 1 , 2

Therefore there exists a subspace Vλσ with the dominant vector vχa

(3) The case ci + K O , ci + c 2 -f2>0. The proof is similar to case (2).

(4) The case C i + l X ) , Ci 4-̂ 2 + 2 ^ 0 . There is only one element a = Sx

such that λn<λ. Therefore there is the subspace VχSι with the dominant vector

vx8ι.

(5) The case c2-f l > 0 , ci + 22 + 2 S 0 . There is the subspace VλS2 with the

dominant vector #λS2.

(6) The case C\ + l > 0 , c2-f 1 = 0. Â  <Λ foranyc ^ l , S2 and λSi = λsιSί, λs^

= Asxs2sx. Then there are the subspaces 7λ/Sl, Fx^^i with the dominant vectors

^si» vχ8l8ι respectively.

(7) The case c 2 4- l>0, Ci-hl = O. The proof is similar to case (6).

(8) The case c i- f l^O, c2 + 1^0. There is no element <;e W such that

λo<λ.

Next we shall show that Vιa is unique for λo< λ. Write λa = λ — Sw/α/

where τw, are non-negative integers and

iΓr^αΓr^-(ct1+«2) where

Vα is a dominant vector if and only if
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«βli>β«0 (i)

^2^σ = 0. (ii)

We can verify that the coefficients {kr) satisfying (i), (ii) are unique for <;.

This completes the proof of Lemma 4.2.

LEMMA 4.3. Let P(μ) be the number of ways in which μ may be partitioned

into a sum of positive roots. Let λ = ci/i4-c2/2, where a are integers, be the

highest weight of an infinite dimensional representation of 8 with a dominant

vector and mχσ(μ) =dim Vχσ(μ), where Vχa is an irreducible Q-space. Then

Proof. In the decomposition to the weight spaces

it is clear that

dim Vλ(/*) A

First we shall prove that any subspace V of V\ is the union of subspaces with

dominant vectors. If F = Vx, then this is clear. So we assume that V^ Vχ.

Then

V^^VΠV(μ) and VnV λU)=0.
μ

Put X F = U F λ o . We consider V/XV= F'. Let v be the maximal weight of V
rλσcr

and v(p)(τnod ιV) a non-zero vector belonging to v. Let Vl be the subspace

of V generated by z/(z>)(mod V). The characters of Vλ and V\, are equal.

Therefore there is -σ&W such that v = λ0. Write

eaιυ(λa) = Σ t i r e ™ ϊ [ ι - r e ™ l ~ r e r - { « ^

Then hi = ~ hi for all r. On the other hand if λa>λXi then by the construction

of vχσ we have Vλa z> F λ τ . Therefore

where any Λσ is a maximal weight in the set (λx \ Vλτ c V).

(1) The case c2 + l<0, ci + c2 + 2>0. In this case λ>λ8χ>λRt9χ and >l>
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s^ When 1V=V\8ι, Vxa^ or F*Sl52<Sl there is no element v(λσ). If

*v= VλSίU Vχs2sίt then the vectors of XV belonging to the weights λSιSι + ccu

λatst + cc* are eZι

Λιe
c*ϊft+1 ecl2i, eίιϊt

Ct+1 eel£ respectively. From this we obtain

that hr * -hi for some r if hr, hi are not zero for all r. Therefore υ(λo) = Vχα

and V=XV.

(2) The case ci+KO, cι + c2 + 2>0. The proof is similar to case (1).

(3) The case ci + lX), ci + <?a + 2<0. λo such that λσ<λ is λSι. Therefore

the result is trivial.

(4) The case r2 f l > 0 , cι + c2 + 2<0. The proof is similar to'the case (3).

(5) The case Ci+l>0, c2 + l = 0. λ>λSι>λ8^ If V = Vλl> then

e(tlv(λ8isι) =0.

Therefore Λ ¥ l ) e F λ ¥ l

(6) The case c2 + l>0, ci + l = 0. The proof is similar to case (5).

(7) The case cι + 1 ^ 0, c2 + 1 ί 0. There is no A such that Λβ < λ. Therefore

Vχ is a simple 9-module.

Now we consider a composition series, and we obtain

This completes the proof of Lemma 4.3.

THEOREM 3. Let 9 *e 8ί(3, K). We assume that σ(λ + p)*λ + p unless σ = l.

Then we have

Proof. (1) The case ci-fl>0, c2H-l>0. This is Kostant's formula.

(2) The other case. We may easily examine that

Σ Sg(*)= |1, r = 1

By these relations and Lemma 4. 3, we have

Σ
λSλ-

Σ mλτ{μ) Σ Sg(tf)

= Σ
λ
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This completes the proof of Theorem 3.

Finally we consider the case that there is σ( # l ) e P Γ such that σ(λ + p) =

λ + μ. By Lemma 4.3,

mλ(μ) = P(λ - μ) - Έmxoiβ)-

(1) The case ci-f l>0,

(2) The case c2 +l>0, ci-f c2-f 2 = 0.

(3) The case cx + 1 > 0, c% + 1 = 0.

mλ(A*) = P U - A<) - J P U * - A*)-

(4) The case (?i + l = 0, c2 + l > 0 .

mι(μ) = P(λ- μ) - Piλ*- μ).
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