ON UNIT GROUPS OF ABSOLUTE ABELIAN
NUMBER FIELDS OF DEGREE pq

HIDEO YOKOI

In this note, we denote by @ the rational number field, by Eq the whole
unit group of an arbitrary number field 2 of finite degree, and by 7o the rank
of ES, where generally G* for an arbitrary abelian group G means a maximal
torsion-free subgroup of G. (NxiEx)* is shortly denoted by NZEx and
(G: : Gy) is, as usual, the index of a subgroup G in G,.

We first prove the following lemma.

LEMMA. Let ¥ be a free abelian group of finite rank n, and G be a subgroup
of ¥ such that for a rational prime number 1, G. contains the group ¥ consisting

of all the I-th powers o of « in F. Then, for an arbitrarily given basis (e, . . .,

en) of ¥, G has the basis (w,, . . ., wn) of the following form:
Sy e e e e i=1...,s (s=20)
;] — S ..
wi EMHSZIJJ ........ i:S"l“l,...,n,
J=1
where a;; ave rational integers with 0=a;; <1l and (r;, . .., na) s a suitable
permutation of (1, ..., n).

Proof. By the elementary divisor theory, there exist a basis (/3 . . ., f»)
of F and a basis (&, ..., g«) of G such that we may write (g1, ..., @)
=(/f1, ..., fa)L, where L is a n x n diagonal matrix with diagonal elements
eivi/ei (i=1,...,n—1). By the assumption, however, all the /-th powers of
the elements in F are contained in G, so we have e;= -+ =es=1, sy = * * *
=en =1 for some integer s (0<s=un). We express this basis (fi, ..., fa) of
F by using the basis (e, ..., e;) of F:

(fi, oo )= (e, oo, )T,

where U is an unimodular matrix of degree n.
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We now consider the s x s minor determinants which are contained in the
first s rows of V=U"" Since V is unimodular, the greatest common divisor
of these minor determinants is equal to 1. Hence in these minor determinants
there exists a minor determinant which is prime to I. Let 7, ..., 7s be column

indices of it. Namely, let the minor determinant

lvm,... y V1jg

Usjiy « « oy Usj,

of V= (vi;) be prime to I. Let

V11, ce ey Ui

Vs 1, esoy Usn

Wsir1, « ooy Wst1n

.

Wy, «o., nn

and consider the s X s minor determinants which are contained in the Jj-th,

., Jsth columns of Vi. Then the minor determinant with row indices
(1, ..., s is equal to the corresponding minor determinant of V and the
minor determinants with other row indices are obtained from those of V by
multiplying some powers of /. Since the greatest common divisor of the s X s
minor determinants which are contained in the ji-th, ..., jsth columns of V
is equal to 1, the greatest common divisor of the corresponding minor determi-

nants of V; is also equal to 1. Hence there exists a # X #» unimodular matrix

W such that the ji-th, . .., j--th columns are equal to those of V;.
Consider the matrix
s n-s

Then the ji-th,..., j-th columns are obtained from those of UV by

multiplying /. Let P be a # X n matrix corresponding to a permutation
(1,...,s,s+1,...,n

jl,...,js, Koo oo, ¥
we have

)- Then, since UV is the unit matrix of degree =



r——
[ I 0
1
Taking the determinants of both sides, we have |X|= +1, iie. X is an uni-

modular matrix of degree n—s. Hence we have

s s
r—t— s
I ; ; l
Lo LA
I o0 1
PrUfo wp| 1. =] - ,
1 Tty i1
. 0 ix 0 i
1 ' |
where A = (a;;) is an integral s x (n —s) matrix. Moreover, let a;j = — lb;; + aij

with the smallest non-negative residue aij mod. / and set B= (4;;). Then the

product

' )
is the matrix transforming the basis (e, ..., ex)P=(ex, ..., €x,) of F into
the basis

s —~——
1 :
1 : " I B
EPRERY 1]
(g, ..., 80 WP| 1 777777777777 1 """ =(01, « .., 0n)
o ‘x|l o i
' 1

of G, where (i, ..., ms) is a permutation of (1,..., n). This basis (o,

., wn) of G has the required properties of our lemma.

TueoreM 1. Let K/Q be a cyclic extension of degree I, where | is a prime
number, and denote by 2 its subfield of degree | and by (ei, . . ., &) @ System

of fundamental ynits of 2. Then, there exists a system of fundamenrtal units



76 HIDEO YOKOI

(Ei, ..., Erp) of K with the following properties:
eﬂi: A:W.,,,j,,,' o s v s e e s w e Z=]., e,
I SV | ) PR S R
i=1
Relative fundamental unit - - - i=7rq+1, ..., 7x,

where H; are relative units, ai; are rational integers with 0= ai; <1, (7, . . .,
mry) 1S a suitable permutation of (1, ..., 7o) and n is a rational integer with
0= n=<ro which is determined by K.

Movreover, the unit index (Einheitenindex) Qx" of K is equal to 1"*™" and

Qx(ES : NijoEx) =1"2

Proof. First we suppose that K is real. Then, since the unit group E3
and the norm group Ni,qEx satisfy the condition of lemma, there exist a basis
(wi, ..., wry) of NijoEx and a system of units (Fi, ..., Ery) in Ex corre-

sponding to the basis {w;} such that:

! .
ehyt e e e i1,

Nijo i = exgMLeZ « o v o v o v o cd=m4], ..., 70,

2=1
for some rational integer # with 0<#n < 7o and for rational integers a;; with
0<a;<l Here (m, ..., nmrg) means a suitable permutation of (1, ..., o).
In particular, for ¢=1,..., n we may take e., as E;. For other i=»n+1,

n
., 79, Hi= E4e;} TT ex ) are relative units, and so we may write E;, by using
j=1

the relative units H;, in the form E;= l\/ en 11 e29H;.  On the other hand, it is
j=1

evident that {E;} forms a system of fundamental units of K together with rela-
tive fundamental units.

In case of imaginary number fields, / is equal to 2 and 2 is a real subfield.
Then any fundamental unit ¢ of £ is always that of £, and so the unit index

Qx of K is always equal to 1.

1) H. Hasse defined the “Einheitenindex” Qx for imaginary number fields in his book
“{ber die Klassenzahl abelscher Zahlkérper” and for some real number fields in_his work
“Arithmetische bestimmung von Grundeinheit und Klassenzahl in zyklischen kubischen
und biquadratischen Zahlkdrper”, Abh. Deutsch. Akad. d. Wiss. zu Berlin, Math.-Naturw.
K1, Jahrg. 1948, Nr. 2 (1850). For the real absolute abelian extension, H. W. Leopoldt
defined it in his work “Uber Einheitengruppe und Klassenzahl reeller abelscher Zahl-
kérper”, Abh. Deutsch. Akad. d. Wiss. zu Berlin, Math.-Naturw. Kl., Jahrg. 1953, Nr. 2
(1954),
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TureoreMm 2. Let K/Q be a cyclic extension of degree pq (p and q are
distinct rational jm'me numbers), and denote by 2 and 24 two subfields of rela-
tive degree (K: Q,)=p and (K : 2,) =q respectively, and by (ei, ..., erg,)
resp. (i, . . ., 7rg,) a system of fundamental units of 2y resp. Q4. Then there
exists a system of fundamental units (i, . .., Er.) of K with the following

properties:

57\:1' .',,,A'.*A;f_ﬁi e e e e e =1, ..., n,
EanEﬂ:J.H} s s e s vd=n41, ..., T,
E; = ‘On'z-rg,, : 'u'M:M' et s md=rg, 41 ..., 7o, m,
q b, .
L-,Q,,Hﬂ" s e rd=rgtm4l L, o+ 7o
Relative fzmdamental unit. - - i=7rg,+ro,+1, ..., 7%

where H; are relative unils, aij, bi; are rational integers with 0 < a; <p, 0 < bjj
<q (71, oo, o)), (7, o oo, mrg,) are permutations of (1, ..., 7g,), (1, ...,
ro,) respectively and n, m, are rational integers with 0 =n <rq, 0= m=rq,
which are determined by K.

Moreover, the unit index ( Einheitenindex) Qx of K is equal to p'% ™"+ g"%™ ™

and Qx(ES, : N£jo,Ex)(E§, : N¥io,Ex) =p"% « g%,

Proof. First we suppose that K is real. Then, since Eg*;w Nﬁ/ngK and

ES,, Nio,Ex satisfy respectively the condition of lemma, there exist a basis

(€1, . . ., Erg) of NioEk, a basis (1, ..., Try,) of NijoqEx and a system
of units (£, . .., Erg,+ry,) in E¢ corresponding to the bases {&;} and {%;} such
that
Egl e e e e e =1, .., m,
Nk i =& = .
I\/QpE; €y emneaz] e e e e e i=7’l+1, e, ”91»

7/,‘/‘-_,,9” AR S i=7’gzp+ 1, . e ey 7’9‘,+m,
Nyjo, Ei = Yi-ry, = .y
gt T ISy T b .
_rupIIn‘J o Z=7’szp+7n+1,...,7’gp+'l’gq,

where aij, b;; are rational integers with 0 <a;; <p, 0<bij<q and (m, ...,
mrop)s (7, o .., mg,) are suitable permutations of (1, ..., 7g,), (1, ..., 7a,)
respectively.

In particular, for 1<i< n resp. for 7o, <i < 7o, +m we may take e, resp.

Nntiorgy, AS Ej, and for all other i we may take £; such that
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{NK/Qqu =+ 1, Ngjo, Ei=%; i=n+1, ..., 79,

N Ei= £ 1, Nxjo, Ei = Tirg, i=7o,+m+1, ..., ro,+ 70,

Qg
For, if Nk, Ei= 117" i=n+1,..., 7o) resp.
2=1

Qp .
Nxio, Ei = ] /% (i=rq,+m+1, ..., 7o, +72,)
i=1

and gy —px=px' —qy' =1 for some rational integers xij, ¥:;, % %', v, ¥', then
rQp '

7Qq . , , .
Ei=E® "1 7% resp. Ei=E? 77" 11 5779 satisfy the required conditions.
7=1 =1

Ty

n m
_ ais . - b
For such E;, Hi=FEFfe; T 2% (n <i < rg,) resp. H;=E§-’77,‘:‘,-H177,.',” (70, + m
=1 3=

< i< 7g,+ 70, are relative units, and so they are written in the form

e T m
PEENES &0H;  resp. Ei= W/ 7o Lot Hi.
=1 =
Ou TQq

Finally, if for any unit E of K, Nk,E= = Il € and NgE= + H1 VE
=1 =

f'Qp rQq )
with rational integers #;, y;, then H=EI1 E;*T1 E7}/; is a relative unit of K,
i=1 j=1

and so the unit E is written, by using the relative unit H, in the form
pr 7Qq

E=T1EFIL E7 .;H Therefore, the above obtained {E;} forms a system of
i=1 2=1

fundamental units of K together with the relative fundamental units and it is

evident that the equation

Qx* (B, : NZo,Ex)(EG, : Ni0,Ex) =p %+ g’
holds.

Next we suppose that K is imaginary. Then either » or ¢ is equal to 2,
and so if we put ¢g=2, then p is odd prime and 2, is imaginary quadratic and
£, is real. The relative units are roots of unity and the relative norm Nx/o,¢
of a root of unity ¢ in 2, generates the whole unit group Eg, except the case
of 2,=Q(V-3) p=3.

For any basis (1, ..., &¢,) of Nio,Ex, there exists a system of units
(Ei, ..., Erg,) of K such that Ngo,Ei=7%i, Nxig,Ei=1 (i=1,..., ro,), and
they are written in the form E;=V&;H;, where H; are relative units and so

roots of unity. Such a system of units {E;} forms a system of fundamental
units of K.

Example 1. If we assume in Theorem 2 that K isreal and p =2, ¢=3, we
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may take ¢ {», '} and {H, H'} as a system of fundamental units of 2; 2. and
a system of relative fundamental units of K respectively, where »' resp. H'
means a conjugate of y resp. H? Then, we may consider the following 15
types of system of fundamental units of K:

Qx System of fundamental units of K

1 {e 9 v, H H)
3 {NeHH', 7, v, H, H'}, {N<H'H"*, 4, v/, H, H'}
4 {e, V9, N7, H, H'}, {e, VyH, \y'H', H, H'}
{e, \nH, \0'HH', H, H'}, {e, \yHH', \w'H, H, H'}

12 {NeHH', Vv, V7', H H'), {NeH'H'*, Vo, V', H H'}
{NeHH', \yH, v0'H', H, H'}, {NeH'H"*, V1H, \y'H', H, H'}
(VeHH, N, \{HH, H, H'Y, {(NHH", N7i', N1HI, H, H')
{NeHH', \nHH', \i'H, H, H'}, {NeH'H'*, \yHH', N1'H, H, H'}.

THeorReM 3. Let K/Q be a real and non-cyclic abelian extension of degree
I, where 1 is a prime number. Denote by 2; (i=1,...,1+1) I+1 subfields
of degree | and by {eij} (j=1, ..., 7o) a system of fundamental units of 2.
Then, there exists a system of fundamental units {E;;} of K with the follow-

ing properties:

£ {Ein;i' e e e e e =1L 041 5=, ..,
ij = R
l\/siuj‘i H Eg::tts' ° 'l=1,...,l+1; ]=ni+1s---1r9£»
s=1,...,01+1
t=1,...,n§
where ast are rational integers with 0= ax <1, (zi, ..., mrg,) are suitable
permutations of (1, ..., rg;) and ni are rational integers with 0= n; < rqg,

which are determined by K. .
.

> (ro;—ni)
Moreover, the unit index (Einheitenindex) Qx of K is equal to li=1 ,

l+1
+1

2 ro;
and so the product Qu I1 (ES; : N0, Ex) divedes the power li=1 Q, but they are
i=1

different in general.

Proof. For a fixed system of fundamental units {e¢;} of 2i, we consider
the following 7x X 7« matrix A = (@;) with integral coefficients corresponding

to a system of fundamental units (Ei, ..., £r,) of K. Namely, if the relative

%) Cf. the latter work by H. Hasse in 1).
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rQi
norm Nyso,E, of E, is = IT<f# with rational integers b,,:;, then we put b,

=ay, i-nasn+; (v=1, .. .J,—;’K; i=1,...,1+1; j=1,..., ro;). The matrix
corresponding to a second system of fundamental units (Ej, . .., E;,), obtained
from (Ey, ..., ErK) by an unimodular transformation U, is UA. Therefore,
in a similar way as in lemma, we may show that there exist a system of
fundamental units {E;;} of K and @ system of suitably rearranged fundamental
units {ei~;;} of 2; such that the corresponding matrix A = (as) is normalized in
the following manner:

For a rational integer m with 0 < m < 7%,

1o v v e e e e e s s=1, ..., m,
ass:-{
I+ v v v v oo e e s s=m41l, ..., 7,
0aa<l -« =« =+« o o« vs=1,...,m; t=m+1,..., 7,
asg=0+ + ¢« + « « « « « « - . for all other pairs (s, t).

On the other hand, since K is real, the relative units of K are only =+ 1.
rQ;
Therefore, if the relative norm Ny, E of an unit £ in K is =+ Hs?}'”, then
=t
E'Mlei® = +1, and so E is written in the form E= + VII ef-’}-"'. Hence, we
€ J £ 2

may write the above system of fundamental units {E;;} of K in the form

£ {i:e;n]i"""°"i=1,...,l+1§j=1,...,n,‘,

i = S
il\/e;nji e, - - - di=1,...,1+1; j=m+1,..., 7o,
8=1,...,1+1

1,.00,mg

L)

141
where >\n; =7x — m.
=1

s . m 2 (rey—n)
Then the unit index @Qx of K is equal to I =[li=1 . The product

l+1
Qx * IT(ES, : Nio,Ex) is not necessarily equal to /"% but it is a factor of I"%.
=1

Example 2. In particular, we assume that in Theorem 3, /=2 and denote
by ¢ (i=1, 2, 3) a fundamental unit of subfield 2; respectively. Then, there

exist following 8 possible types of normalized matrix:

1 2
(1.1) ( 1 ) (2.1) < 2 )
1 2

1 1 1 1
(3.1) ( 1 ) (3.2) ( 1 ) (3.3) ( 1 )
2 2

DD b
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1 11 111
(4.1) ( 2 ) (4.2 ( 2 > (4.3) ( 2 )
2 \ 2 2 /.

Here, the field of type (1.1) does not exist, but there exist infinitely many fields
of any other type.”
Furthermore, I’¥ is always equal to 2°, and for the system of fundamental

units of K, unit index Qx, etc., we have the following tableau:

1+1 1+1

Type System of fundamental units Qx II (ES; : N¥/o,Ex) QxI1(ES; 1 Nyo,Ex)
£=1

i=1

(2.1) {e1, e, e3) 1 2° 28
(3.1) Ve, Ve, &) 2 2 2
(3.2) {Veres, Ver, e} 2 1 2
(3.3) {Veres, Veres, e} 2 1 2
(4.1) Ve, e, e} 2 2 28
(4.2) {Verer, e, €3} 2 2 2°
(4.3) {Vereres, 2, e3) 2 1 2

In case of imaginary number fields, / is equal to 2 and then 2, is a real
quadratic field and 2, £2; are imaginary quadratic fields. Therefore, the funda-
mental unit of K is either ¢ or v e, where ¢ is a fundamental unit of 2; and
¢ is a root of unity in K such that V¢ & K, and so the unit index Qx of K is

equal to 1 or 2.
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3) Cf. S. Kuroda, “Uber den Dirichletschen Koérper”, J. Fac. Sci. Imp. Univ. Tokyo,
Sec. I, Vol. IV, Part 5 (1943).

T. Kubota, “Uber den bizyklischen biquadratischen Zahlkérper”, Nagoya Math. J.,
10 (1956),








