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§ 1. Introduction

Let P be a principal fibre bundle over M with group G and with projection

π : P -> M. By definition of a principal fibre bundle, G acts on P on the right.

We shall denote this transformation law by p

p(u> s) = u s EL P for any u £Ξ P and sGG.

Given a continuous map /z of a topological space M' into M, let h~1(P) be

the set of points (#', «) of Λf x P such that 7r(w) = h(x'). Define the projection

π' of h~ι(P) onto ΛΓ and the right translations by G as follows;

τr'(#', « )=* ' ,

The principal fibre bundle h~1{P), thus obtained, is said to be induced by h. The

map h of k~1(P) into P defined by

'j u) — u

is a bundle map in the sense that it commutes with the right translations by G.

A principal fibre bundle P is universal relative to a space M\ if every

principal fibre bundle over M1 with group G can be induced by a map h of Mf

into M and if two such induced bundles are equivalent if and only if the maps

are homotopic. It is well known that, if M1 is a manifold and G is a compact

Lie group, then there exists always a universal bundle P [7].

From now on, we assume that every bundle P is differentiate P and M

are differentiable manifolds and the projection π is differentiable and the struc-

ture group G is a Lie group (not necessarily connected).

Let P' be a principal fibre bundle over M* with group G and with pro-

jection 7r'. Let h be a bundle map of Pf into P. Assume that there is given
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an infinitesimal connection in P, which will be defined by a β-valued linear differ-

ential form ω on P with the following properties (β is the Lie algebra of G)

C2].2)

(ω. 1) ω(u s) = s~1s for any s £ TS(G) and « e P ;

(ω. 2) ω(ΰ 5) = s^ωWs for any sGG and ΰe T(P).

Let ω' be the differential form on P' induced from ω by h, i.e.,

ωf = ω ° £/*,

where d/? is the differential of h.

It is easy to see that the form ω' satisfies the conditions (ω. 1, 2), hence

defines an infinitesimal connection in Pf. The connection in Pf obtained in this

way is said to be induced from the connection in P by h.

Naturally arises the following question. Let P be a universal principal fibre

bundle relative to a manifold M1. Given any connection in any principal fibre

bundle Pf over Mf with group G, does there exist a connection in Pt from which

the connection in P' is induced by a bundle map h of P' into P? The purpose

of the present paper is to study this question in the case where M1 is an im-

bedded Riemannian space and P1 is the bundle of orthogonal frames over M'.

Suppose that M1 is an ^-dimensional Riemannian space imbedded in the (n + k)-

dimensional Euclidean space. In the study of characteristic classes, Chern [1]

and Pontrjagin [6] considered the natural map h (the generalization of Gaussian

spherical map) of M1 into Mn,k (the Grassmann manifold) and the induced

homomorphism h* of H*(Mn,k) into H*{M'). Their results will be understood

better if the problem is studied in the following two steps: (1) the relation

between the canonical connection in the bundle of Grassmann P«, k and the Rie-

mannian connection on Mf and (2) the relation between the canonical connec-

tion in Pnyk and the invariant Riemannian connection on Mn,k, This paper

deals with part (1), and part (2) will be studied in another paper.

2> If G is a Lie group whose multiplication law is given by Φ : G x G-> G, then T(G)
(the set of all tangent vectors to G) is also a Lie group whose multiplication law is the
differential δφ of 9>. And G is considered as a subgroup of T(G). The Lie algebra of G
can be identified with Te(G) (the set of all tangent vectors to G at the unit e). The
differential όp of p gives the transformation law of T(G) acting on T(P). The notations
in (ω. 1,2) should be understood in this sense. For the detail, see [5].



INDUCED CONNECTIONS AND IMBEDDED RIEMANNIAN SPACES 17

§ 2. Universal bundles

Let Rn + k be the (n + k)-dimensional Euclidean space. Taking a point o in

Rn*k as origin, we identify Rn + k with the (n + k)-dimensional vector space. A

frame at o is a set of ordered vectors eu - - . - , en+k at o which are orthonormal.

Then there is a one-one correspondence between the set of all frames at o and

the orthogonal group O(n + k) in n + k variables. If w/0 is a particular frame

at of the correspondence is given by

s(wo)<—>s s e 0{n •+• ft).

Let Mn,k denote the set of all w-planes through the origin of Rn+k. If Rn

is a fixed 73-plane and Rk is its orthogonal complement, then we may identify

where O(n) is the orthogonal subgroup leaving Rk pointwise fixed and Oik) is

the orthogonal subgroup leaving Rn pointwise fixed [7]. The manifold Mn,k is

called the Grassmann manifold of w-planes in (w-f k)-space.

Remark. Our notation for the Grassmann manifold is slightly different

from the one in Steenrod's book [7H.

Let SO(r) be the rotaion subgroup of O(r) and define

fiϊn,k = SO(n + k)/SO(n) x SO(k),

which will be called the Grassmann manifold of oriented ^-planes in {n-\-k)~

space.

Then Mmk is the simply connected two-fold covering of Mn,k>

Let

Pn,k = O(n + *)/{l> x O(*), P«,fe = SO(n + Λ)/{1> x SO(ft).

The action of O(Λ) X {1} (resp. SO(n) x {l}) on 0{n + k) (resp. SO(n-i- ft)) on

the right induces the action of O(n) x {1}) (resp. SΌ(n) x{l}) on P«,jfe (resp.

Pn,k) on the right, hence Pn,k (resp. P«,^) is a principal fibre bundle over Mnik

(resp. Mn,k) with group O(Λ) (resp.

§ 3. Canonical connections in Pn, k and Pw, ̂

Let o(τ2 + ̂ ), o(n) and o(A) be the Lie algebras of O(n + k), O(n) and O(ft)

respectively. Since the algebra 0(71 +ft) is semi-simple and compact, the so-
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called Killing-Cartan bilinear form on o(n + k) is definite.

Let mn,k be the orthogonal complement to o(n) 4- oik) with respect to the

Killing-Cartan bilinear form. Then

o(n-hk) =o(n) +o(k) 4- mn,k,

adis) mn,k = π w for any 5 G Oin) x Oik).

Let θ be the left invariant o(w + #)-valued linear differential form on O(n + k)

defined by

s"15 for any 5 G Tsiθin + k)).

Let ω be the oin)-component of β relative to the above decomposition of the

Lie algebra oin+k). We shall show that this o(w)-valued differential form ω

on O(n + k) induces an o(w);valued differential form on Pn,k which defines a

connection in Pn,k. Let sf be any element of TAO(k))f where 5' is an arbitrary

point of O{k). Then

θ(s s') = (ss'Γ\s P) = s'-'is-'s)s'{s'-1s')

because both s'1^ and s'"1!' are considered to be in the Lie algebra o(n + k)

and the product of two elements in Te(O(n-\-k)) (where e is the unit of the

group) corresponds to the sum of corresponding two elements in the Lie algebra

o(w + A). Since s'~V is in o(k) and all din), oik) and mn,k are stable by adis1)

and furthermore the elements of oin) are pointwise fixed by adis'), we obtain

ω{s P) =ω{s) for any 5 e TiOin + k)) and s' e T(O(*)).

Therefore ω induces an O(Λ)-valued linear differential form on Pn,k, which we

shall denote by the same letter ω. Now we shall show that the form ω satis-

fies the conditions iω. 1, 2) in Section 1. Let u&Pn,k and ί ε W O U ) ) . If

s'G O(τ2-f- )̂ is a representative for u> then

This proves Condition iω. 1). Let ΰ G TiPn,k) and s G O(w). If s ; G TiOin + A))

is a representative for ΰ, then

0(S's) = is'sΓ'is's) = Γ V V s = s'1d(P)s9

hence
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ω(ΰs) = s~1ω(ΰ)s.

Ws call the canonical connection in Pn,k the connection defined by the form ω.

Now we shall find the structure equation for the canonical connection. Let -η

and C be the o(&)-component and the m^-component of β respectively;

By a similar argument for ω, we can prove that the mM,fe-valued form on

O(n + k) induces naturally an mw,fe-valued form on Pn,k, which we shall denote

by the same letter C. From the equation of Maurer-Cartan:3)

dθ= -γlθ, 01

it follows that

^ 1 Γ Ί 1 Γ Ί 1 Γ , r-Λ 1 Γ> , Ί 1 ΓΛ ΛΊ

dn — — -~-\_ω, ωj —κ-\Jl, VJ — o Lω + vjy ζ j — ^ L C , ω + 77J —o~LC, CJ,
Δ Δ Δ Δ Δ

because

If we compare the o(n)-component of both sides, then we obtain

1 1
dω = —?rLω> ω-J —FΓLC> O i ,

Δ Δ

where [C, Cl is the o(w)-component of [C, C] (we shall see later that lC, O

has its values in o(n) -ho(k)).

Hence the curvature form Ω of the canonical connection is given by

We can apply the same reasoning to Pn,k'> starting from θ, which is the

restriction of θ on SO(n + k), we define similarly the forms ώ, y and C. We

have also the following structure equation of E. Cartan:

dω — £ Cω, ω\\ — 2 ^ 1 ,

§ 4. Natural coordinates in P w , & and P w, A?

We take an orthogonal basis for Rn + k in such a way that the elements of

O(n) and Oik) can be expressed respectively as follows:

3> lθ,θ] will be understood as follows:
[0,0] (s. 5') = [0(5), 0(3')] for any s, s e
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\ o hi V o I

where h and In are the identity matrices of degree k and n respectively. Then

the elements in the Lie algebras o{n) and o(k) are expressed respectively as

follows:

IA 0\ /0 0\

I 0 0 /' \ 0 £ /'

where A and JB are skew-symmetric matrices of degree n and k respectively.

Let matrices (v%) and (wt)t (a, b-ly . . . , w + W, be elements in the Lie

algebra o(n + k). Then the Killing-Cartan bilinear form Φ on o(n -f k) is given by

An easy calculation shows that the subspace mn,k of o(n + k) consists of the

matrices of the following form:

\ 'C 0

where C is a matrix of (k n)-type.

Now we shall prove the

PROPOSITION 1. There is a natural one-one correspondence between the

points in Pn,k and the matrices with the folloiving properties : 4 >

y\ . . . y \

yΐ ...yl Έyfyf = <
O = l

yΐ+k. . .ynn+"

Proof. By adding k columns, a matrix of above type can be completed to

an orthogonal matrix, which gives an element of Pn,k by the natural projection

map of O(n + k) onto Pn,k. The element of Pn,k obtained in this way depends

only on the initial matrix (y?) and is independent from the choice of k columns

added to it. Because, if both

A B \ / A F \

C Z ) / a n \ C G I

4 ) In this paper, the indices a, b run from 1 to n-\-k and /, / run from 1 to n.
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are orthogonal matrices, then

A B \-γ A F \ ( Ά *C \/ A F \ i In O

C D I \ C G )~~\'B *D ) \ C G / \ O 'BFΛ-'DG

Now it is easy to see that the mapping thus defined gives a one-one corres-

pondence between the matrices (yf)'s and the points of Pn,k

Therefore we shall take (yf) as coordinate functions of Pn,k (observe that

they are not independent from each others, however they are valid throughout.

Pn,k). We shall express the canonical connection in Pn,k in terms of these

natural coordinate functions. The left invariant form on O(n + k) is given by

the following matrix

where the yf§ are the natural coordinate functions on O(nΛ-k). Hence the

differential form ω defining the canonical connection in Pn,k is given by the

matrix (ωj) defined by

The same result holds for Pn,kl first of all, we note that Proposition

1 holds for Pn,k. (We complete (yf) to a proper orthogonal matrix by adding

k columns, which is possible for k ^ 1.) Then the rest of argument is perfectly

the same.

PROPOSITION 2. The forms for the canonical connections in Pn,k and Pn,k

are given by

ω) = ΣyΐdyJ ωj =

where the yfs are the natural coordinate functions on Pn, k and Pn, k.

§5. Riemannian connections

Let M1 be an ^-dimensional Riemannian space and P' the bundle of ortho-

gonal frames over Mf. If M' is non-orientable, then Pf is connected and if

M1 is orientable, P' has two connected components and to choose one of them

is to choose an orientation for Mf. Now we shall define an i?"-valued linear

differential form θ' on Pf. Let ΰ be any vector tangent to P' at u and % its
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projection on M', i.e., if πf is the projection of Pf onto M\ then dπ'(ΰ) - x. Since

u is an orthogonal transformation of Rn onto T*1M'), u'\x) is an element of

Rn. We define

Remark 1. The form 0' gives the structure of soudure in the tangent bundle

T(M') and is called the form of soudure [2], [5]. The definition of θ' in terms

of local coordinates is given in [3J

If we choose an orthogonal basis for Rn

f then θf is a set of n real valued

linear differential forms θ'\ i = l, . . . , n. Then the Riemannian connection in

Pf (or on MO is a connection in Pf defined by an ΰ(?z)-valued linear differential

form α/= (α/j) such that

dθfi = - ΣV}.

Remark 2. The Riemannian metric is parallel with respect to any connec-

tion in Pf. The above condition implies the so-called torsionfreeness. It is well

known that there is a unique connection with above property.

§ 6. Imbedded Riemannian spaces

Let Mf be an ^-dimensional Riemannian manifold imbedded isometrically in

the (n + k)-dimensional Euclidean space Rn+k. Let u be any element of P1 it

is an orthogonal frame at a point x oί Mf and can be considered as an ortho-

gonal transformation of Rn onto Tx(Mf) sending the origin of Rn into x. Let

Vx be the ?i-plane in Rn+k which is parallel to Tx{Mf) and passes through the

origin o of Rn+k and let uf be the orthogonal transformation of Rn onto Vx cor-

responding to u. Considering i?" as a fixed subspace of Rn + k passing through

the origin o, we extend u' to an orthogonal transformation w* of Rn+k onto

itself. Let v be the image of u* under the natural projection of O(n + k) onto

Pn,k' Then it can be proved, by a similar method as in Proposition 1, that υ

depends only upon u and is independent from the choice of w*. We shall de-

note by h the mapping of P1 into Pn,k sending u to v. From the definition of

%, it follows immediately that % is a bundle map of P' into Pn,k.

If M1 is orientable, we take the connected component of the bundle of

orthogonal frames over Mf corresponding to the orientation and denote it by

P1, Then Pf is a principal fibre bundle over M' with group SO{n), which may
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be called the bundle of oriented orthogonal frames over M'. In the same way

as above, we define a bundle map h of P' into Pn,k.

We shall now introduce a coordinate system in Pf as follows. Let xι, . . . ,

xn, xn + 1, . . . , xn + k be a Cartesian coordinate system in Rn+k such that x\ . . . ,

#n form a coordinate system for the fixed subspace Rn. Let

Then the #/s form an orthogonal frame in Rn at the origin o. If & is an ele-

ment of P\ then

u(βi) = l*Σxf(d/dxa)x i = 1, . . . , w,
α = l

where # = ;:'(«) and the Λ;?'S have the following property:

We shall take (xa ΛΓZ- ), where a, b = 1, . . . , # -h k and 2 = 1, . . . , n, as a coordi-

nate system in P'} even though these functions are not independent on Pf. With

respect to this coordinate system, the form of soudure θ( can be expressed as

follows:

To prove this, we shall show first the following

PROPOSITION 3. We have

Y,xa

}x)dxh^dxa onF.

Proof, Let ΰ be any vector tangent to P1 at u. Set

λa = dxa(δπ'(ΰ)).

Then

Since dπ'(ΰ) is tangent to Mf at x = π(u), it is a linear combination of

. . . , u(en). Hence, if uf = xj(u), then

or
1^? for some real numbers μ.
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Then

= Σ%*4 dxb(δπ'(ΰ)) =

= Σ UjU&U* = Σ uU = r =

This completes the proof of the proposition.

We can now prove that the above defined form O' = (θfl) is the form of

soudure that is, we shall show that

Using the same notations as in the proof of the proposition 3, we have

u(ϋ'(ΰ)) = uCΣθ^ΰ) eι) = Σ(*faA?)U)

Let ω = (ίoy) be the form defining the canonical connection in Pn,k. Then

the linear differential form ω' = (ω1)) defining the connection induced from the

canonical connection by h is given as follows in terms of the coordinate system:

This follows immediately from Proposition 2 and from the fact that

xf(u) =yf(h(u)) for any M £ P ' .

We claim that the connection defined by ω' is the Riemannian connection

onilί'. In fact

dθfi + Σ ωj Λ θ'j = Σdxai A rf#α + Σ (xίdxf) A (^έfe6)

= Έdx? A ^ β - Σ (dxfx?) A (^ΛΓ 6 )

= Σdxf A ^ α - Σ Λ f A ^ α = 0 (Prop. 3).

A similar argument holds for Pn,k if Mf is oriented.

THEOREM I. Let M' be an n-dimensional Riemannian space imbedded in

the in-f k)-dimensional Euclidean space and let h be the natural bundle map

of P1 (the bundle of orthogonal frames over M1) into Pnik. Then the connec-

tion in P1 induced from the canonical connection in Pmk by h is nothing but

the Riemannian connection on M1.

If Mf is oriented, let h be the natural bundle map of P1 (the bundle of

oriented orthogonal frames over M1) into Pn,k. Then a statement similar to

the above one is true.
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§ 7. Hypersurf aces

Consider the case where k-1 and M' is oriented. We shall identify Pn,i

= SO(n + l) with the bundle of oriented orthogonal frames Q over the ^-dimen-

sional unit sphere Sn in the following manner. Let Rn be a fixed ^-plane in

Rn + ι and R its orthogonal complement. Let z be a unit vector in R (or a point

in R with unit distance from the origin). Then for each s G Λ , i = SO(w4 l),

sz is a point on the unit sphere S", and s(i?") is an w-plane in i?w + 1 parallel to

the tangent space Tsz(Sn). Hence 5 defines naturally an orthogonal transfor-

mation of Rn onto Tsz(Sn) and s can be considered as an orthogonal frame

(oriented) over Sn at sz. It is easy to see that this correspondence is a bundle

isomorphism between Pn,ι and Q and that it is nothing but the inverse of the

bundle map h, applied to a particular case where M' = Sn. Hence the canonical

connection in Pn,ι corresponds to the Riemannian connection in Q (or on S")

(See Th. 1.) From this fact and from Theorem I, follows the

THEOREM II. Let M' be an n dimensional Riemannian manifold imbedded

in the (71-f 1)-dimensional Euclidean space and let h be the natural bundle map

of P' (the bundle of oriented orthogonal frames over M') into Q (the bundle of

oriented orthogonal frames over the unit sphere Sn). Then the connection in-

duced from the Riemannian connection on Sn by h is the Riemannian connec-

tion on M1.

Remark. For the geometrical interpretation of Theorem II, see [4].
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