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SOME RESULTS ON HARMONIC ANALYSIS ON COMPACT
QUOTIENTS OF HEISENBERG GROUPS

HISASI MORIKAWA

Heisenberg group H,,.,(R) of dimension 2g + 1 is a real nilpotent
group defined on R X Rf X R? by the law of composition

%oy %, %) 0 Voo 3,9 = (X + Yo + X9, 2+ 5, x+ 9),

which is isomorphic to the unipotent matrix group

1 &,:+,8, ¢
1 c
’ . (e, &5y ¢; € R, 1<1,j<9) -
1 ¢
1

" H,,.(Z) means the discrete subgroup of integral elements, and L*H, e+1(Z)\
H,,.,(R) is the L*>space of the quotient space

H,, . (Z)\H,;.(R)
with respect to the invariant measure

dx,didx = dx,d%, - - - df dx, - - - dx

-
The right action of H,.,,(R) induces a unitary representation p on
LZ(H'Zg + I(Z)\Hzg + I(R)) :

0(¥os 3, ¥)P(%o, &, %) = (0, £, %) © (Y0, 7, 5)) -

For each non-zero real number 2 H,.,,(R) also acts on the usual L*
space L(R®) as follows

1Yo, 3, V(@) = exp Caadv =1 (y, + INfE + ¥,
(f©) e LAR%),  (¥y 5,9) € HyulR),
Since Lebesgue measure is invariant with respect to translations, ¥, is a
" Received March 16, 1984.
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46 HISASI MORIKAWA

unitary representation of H,,.,(R).

In the present article, for each theta function 9(z|z) of level n, we
shall construct a transformation

oy LX(R®) —> LZ(H2g+1(Z)\HZg+1(R))

such that

) Leof)s ¢olle)y = {fis > (1, fo € LA(R?))

ll) ¢8 o Xn(yo’ 5” y) = P(ym 5’7 y) ° ¢8 ((yo’ 5}’ y) € H2g+1(R))
¢, is actually given by

¢9(exp (ﬂnm (Ez.tg))ej) (an 52:7 x)
= (2zny/ —1) V' exp (znv/ — 1(xz'x + 2x'x — 2x,))

.<2n,-nv -1+ %)js(rm + x7).
%

Choosing the canonical basis of theta functions
.9<n>[“é n](r]z) (@ e Z5nzs, n= 1),

we denote by ¢™ [aén] the transformation

LX(R*) —> L*(H,;((Z)\H,; .«(R))

associating with theta function 3‘“[%"] (z]2) and denote

Ho [40] = g || @@, e = oo |0 @

Then the decomposition of the unitary representation p is given by

o) - (g e[

acz8/nz8
n21

® <ae§?,nzg;’“”_)m> ® (u;,,,)??gngc exp (2znv/ —1(k'% + k‘x))) )

The invariant subspaces H™ a/n , H™ a/n (@ € Z4/nZ¢, n>=1) are in-
0 0
dependent of the choice of 7z, and H™ [a(/)n] = exp (2ra'R)H "‘)[8].

In the next article, we shall be concerned with an application to
quantum mechanics.
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Notations.

Z., = {non-negative integer},

Z5 = {j = Uy - JdlJs € Zzo},
=i+ - +Je

j +e = (ju t '9ji—l’ji + 1:ji+l, o ‘,jg),

(2xn¢_ P _a_)j - (2nn¢‘ x4 _?T)j‘- . (2nm/‘ “x, +@>"’
0% 0x, 0%,

(x4 0+ 2) =(n+ 6+ 2)" (e 4+ 22"
n n n
§1. Equivariant isomorphisms of L*(Rf?) into L(H,,.,(Z)\H,,..(R))

1.1. First we choose a complex symmetric g X & matrix = 7" +
+ —17" with positive definite imaginary part z”/, and fix ¢ once for all.
A system of complex coordinates is introduced,

(1.1) z2=%+ xt, Z=RX%+ xz.

Real and complex coordinates are related as follows

3 a8 . @ 3 9 3
1.2 = —— — — = JE— T .
(1.2) % oz ez ax ez | ez
s 0 3 3
1.3 AN R W, DA
(1.3) T Gl e

Let us recollect the definition of theta functions. An entire function
f(2) in z is called a theta function of level n with respect to r, if it
satisfies

(1.4) fz+ b + br) = exp(—rnv—1(b'b + 22'b))f(2)
(6, b) € Z= x Z%).
The space O of theta functions of level n is a vector space of
dimension né with a basis consisting of theta series of level n

@a5) 9» [aén] (z]2) = dexp (nnm ((Z + —Z—) 7t <Z—|— -Z—) + 2z (Z + %)))

tez

(a € Z#/nZ%).

A function ¢(u, 2) in 2g complex variables (u, 2) = (u,, - - -, U, 2, - - -, 2,)
is called an auxiliary theta function of level n (with respect to 7), if it
satisfies,
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i) o(u, 2) is a polynomial in z whose coefficient are entire functions
in u.
i) o+ b,z+ b+ be) = exp(— v =1(bc'd + 22'b))o(u, 2)
(b, b) ¢ z= x z*).
In the previous article” the author proved that the space @™ of aux-
iliary theta functions of level n has a basis consisting of auxiliary theta
series of level n,

16 9» [“(/)”](f\u, 2) = (2nnmu + %)’ 9 [“(/) ”] (c|2)

= @rny/ =1V 3] <u + £+ S—)j

tc28

cexp (s =1((6+ LYot (04 L) 5 22(+ 2)))
(a € Z5[nZ5, j € Z8)).

A mixed theta function of level n (with respect to ) mean a real
analytic function ¢(%, x) in (%, x) such that

i) (&, x) is a polynomial in x whose coefficients are entire function
in complex variables z = & + xr,

i) o+ b, x + b) = exp (— any/ = 1(be'h + 2 + XD B)p(F, 2)

(b, b) € Zz x Z¢9).

It will be shown soon that the space O, of mixed theta functions
of level n (with respect to z) has a basis consisting of mixed theta series
of level n,

an e ["é ”](f\x, & + x0)
= (2,—;n«/_:i)”l eeZ:zg<x + £+ %)J
-exp mﬂ((g + 7‘;_) r"(K + %) + 2(% + xT)t(z + %)))
(@ € Z¢|nZ%, j € Z5,n>1),

which are the specializations of auxiliary theta series with respect to
(u, 2) — (%, & + x0).

1.2. Let us introduced a family of real analytic functions

1) See [31.
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;'n) [aén] (z| %y £, X)

= (2any/—1) ' exp (znv/ — 1(xc'x + 2%'% — 2x,))9 [a{) n](r\x, £+ xt)

=exp (—2an+/—1x) >, <x+g+_‘l)
n

1cz8
(om0 oo ) rae(es 11.2)
n n n
(a € Z8|nze,j ¢ Z5, n > 1).

ProrosiTION 1.1.

a8 4[]l 22 = exp @av=a)g | ¢ |(¢la 2 9 (0,0, 2)),

e A [ O A RN Rl [ [CEE
(b, b b) € HypulZ), a € Z5[nZ%, j € Z%, n=1).
Proof. (1.8) is an immediate consequence of the definition of

w [a/n] (z|%, %, ¥). For each (b, b, b) in H,,,,(Z) we have
<n> [a/ n] ((by, b, b) o (x,, %, %))
o [“/n](b 4 %+ b'a, b+ & b+ )
= exp (2any/ —1(b, + x, + b'x)) 3] ( +b+ 4+ g‘>j
tez8 n
-exp(nnx/———l ((x +b+ 4+ —;)Tt(x +b+ 4+ %)
2%+ 5)‘<x‘+ b+ ¢+ %)))

() [aén] (z]xy, X, ).

Proposition 1.1 means that ¢} [a/ n] (r] %5, &, %), ¢ [a/ n] (z|%,, x) are
real analytic functions on the quotient space H,,.,(Z)\H,,.,(R).

1.3. Lie algebra §,,.,(R) of left invariant vector fields on H,, (R)
has a basis
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ox, 0%, ox; ox, =
such that
(D, D,] = [D,, D]] = [D,, D,] = [D,, D,] =0

(D, D] — {D" ¢=5
0 i+k).

TuroreMm 1.1.

(110) Dyt _“(/) " (e 2, £, %) = 2eny =14 [“(/) ”] (] % &, %) ,

1) D |7 el £ ) = 2any =g, [ ] el 5,9,

(L12) D (“é'f (2|20 &, %) = i, [“(/)”] (c %, £, %)

+ 2V —1 pz; Tonp e, [“(/) n] ()%, £,7%)
A<i<g ac ZénZs je Zs,n=1).
Proof. From the definition of ¢{» [a(/)n] (z]x, %, x) it follows
L N [GERE )

_ i{(gnnm)-|j|
ax,
-exp (zny — 1(xz'x + 2&%'x — 2x,))9 [a(/) n] (z]x, & + xr)¥

— 2rny/ =1 [“é ”] (] %0, %, %),

D | "] el 2 )

= aa‘ {exp (— 2rny/ —1x;) 3 (x + 4+ %)j

X tcz8

cexp(and =1((x+ ¢+ L) (x4 0+ L) 42w (x4 0+ L))

= 2zny/ —1 exp (—27nv —1x) > (x + ¢+ £>JM
¢ n
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exp<nn~/——<<x+€+ ) ‘<x+€+%>+29‘5‘<x+5+%)>)
— 2en/ 1 ¢, [“/ n] (c| %, £, %),

Dt¢§")[ ] (7%, %, x)

I

o
(o
o (zw_—l((w e (xr o4 2) 2w (x4 04 2))))

= exp (= 2eny=1x) 33 L (x + 0+ 2)
tcz8 n

){exp (— 2zm«/_—_ix0)lezzjg(x + 4+ %)i

+ 27rn\/j(— x +pzz:17ip (xp+ 4 +*(;L) + 5&1)<x Tét %>j}
exp(m/—((er 0+ ) ‘(x+ ¢+ 1) + 23%‘<x + 0+ %)))
— jig®., [“/ ](t|x0, %, %) & 2zny/ =1 Z¢§"+’e, [a/ n] (c] 215, %) .

CoROLLARY 1.1.1.

1.13) ( Zi] ﬁ ) () [a(/)n](r]xo, %, %) = jip™e, [aén] (z]xy, &, x),

(1.14) (DD, = 3 2uDD,) g [ 7] el 2, )

= 2rnv —1j.6 [a/ n] (r|x, %, x) .
1<i<g ac Z&nZ4, j ¢ Z%. n=1).

These are direct consequences of (1.11), (1.12).

CoOROLLARY. 9{ [a/n] (z|x, & 4+ xt) (@ € Z¢/nZ%,j € Z%,, n=1) are lin-

early independent.

Proof. For each é € Z%/nZ# we have

19;_70 [a/n] <T|x, £+ _(.i_ -+ x‘[)
0 n
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= (2any/=1)7! > (x + ¢ + %)j

en (e D) 2) e (e 2)
= exp (2zm _d_’;a_) He [a(/) n](r[x, £+ x7).

Hence by virtue of (1.10), (1.13), (1.14) and the above relation we conclude
the linearly independence of

T M [CEER
= (2rny —1)"" exp (zny — 1 (xr'x + 2&°x — 2x,))9 [a(/) n](z-}x, £+ x1).
Denote

H™ [a(/) n] = the completion of the vector space
spanned by ¢ [a(/)n](flxo, £,x) (e Z%)

H™ [a{) n] = the complex conjugate of H™ [a{) n] .

THEOREM 1.2. Hﬁ’” [a(/)n], Hﬁ"’[a(/)n] are irreducible invariant subspace

of LX(H,,.(Z)\H,,.,(R)) with respect to the unitary representation p:

P(ym ¥, y)¢(x0a £, x) = B((x, X, x) o (Yo, 3, )
such that

H(">[a(/)n] = exp (27ra‘3”c)H(">[g] ,

o0, 0,0 = exp (= 2y =T3¢ (ser["]),

0(%,0,0) = exp 2znv —1y)é (gﬁ eH™ [a(/)n]) X

Proof. Theorem 1.1 states that the Lie algebra representation dp of
5.¢(R) Ipreserves Hﬁ"’[a(/)n], H£n>[a(/)n] and
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dp(D)g = — a% ¢ =2mv=1¢ (peH [a{)n])’

do(D)F = -éz;qi ——2my=1g  (semr[""]).

Since ¢ ["(/)"](fi %y, &, %) = exp 2ny =1 a‘a’&)¢§”)[g](r|(xo, £, %) (0, 0, a/n)), we
complete the proof of Theorem 1.2.
1.4. Let L*(R%, u?) be the L*-space of R¢ with respect to the measure
n(d§) = exp (—2zngr"8)d¢,
where n > 1.
LemMA 1.1. The transformation
(1.15) f(&) —> exp (— zny —1&8)f(£)
is an isomorphism of Hilbert space L*(R¢, u(?) onto L*(R®).
Proof. Since r — 7 = 2¢/—17”, we have

[, exp (—any=Tec'e) exp v =1er9)f0) de

- J , €XD (= 2anse " OF (OO de .

Hence the transformations (1.15) is an isomorphism of L*R, p{) onto
L¥(R®).

Since the set of monomials {&'|je Z%,} is a basis of L*(R%, x¥), the
set of functions {exp (xnv —1¢&7'€)&|j e Z%,} is a basis of L*(R®).

LeMMmA 1.2.

(1.16) f B e [“(/) ”](f | %y, £, X)g™ [c{) ’"] (c| 20, %, ) dx,didzx

g+1(ZN\Hag+1(R)

. yI*¥ exp (—2zny’"'y) dy (n =m, a = Cmod n)
R
0 otherwise.

Proof. Let us first integrate on fibers

<¢“‘) [a/ ](T | %o, &, X), A [C/O m](T | %4, X, x)>

- J Hyg+1(Z)\Hg+1(R) i [a(/)n] (@] %0 & X9 [C/ ](z‘/x %, x)dx,didx
2g+1 g+1
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=¢,uez£’ Izg\Rg jzg\kg {jzg\k exp (— 27“/_—_—1(— o+ m)x")
: dxo(x +¢+ %)j(x + ¢ + %)k
(s os (e D)l s e+ 5))
-exp 27:«/_;_1(3‘:(— n‘(é - %) + m‘(ﬂ’ + %)))}da‘cdx .

This means that

<¢;n) La(/)” (c] %y, £, %), ¢;;">[°/Om ](rlxo, z, x)> =0 (n#m),
<¢§n) :a(/)n: (T!xo, £, x)’ () Cén](t_'xo, £, x)> =0 (a % ¢ mod n)
R (CEE N g [CENEO)

=, f (x + ¢+ 3)j+kexp -27rn<x + ¢+ -a—>r"<x + ¢+ i)dx
tez8 ) 28\28 n n n
= Ing yi+E exp (— 2rnyt’ty)dy .

LemMmA 1.3. The transformations of L*(R?, p) onto H (,,)[aén] given by

(1.17) &> P [“(/)”] tlxi 2 (jezs,

is an isomorphism of Hilbert spaces.

This is an immediate consequence of Lemma 1.2.
We define unitary action of H,,,,(R) on L*(R) by
(1.18) Xo(Xo, £, X)f(§) = exp (— 2any/ —1(x, + 2*E)f(E + %) .
THEOREM 1.3. Let ¢™ [a(/)n ] be the transformation of L*(R?) onto

H™ [a(/)n] given by
(1.19) e [“(/)”] (exp (en —1&c€) £%)(xy, £,70)

= ;”[“(/)”]mxo, 50 (jezsy).
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Then ¢™ [a(/)n] is an isomorphism of Hilbert space L*(R?) to Hilbert space

H™ [a(/) n] such that

(1.20) o0 3.0 e 37| 7] = 90| 47| o135, 9
(¥0, 5,3 € H,,.(R),
(1.21) e [“(/) n] — exp 2y =1 a‘a‘c)p(O, 0, %)w[ 8 ] .

Proof. By virtue of Lemmas 1.2 and 1.3 ¢§n)[a(/)n] is an isomorphism

of Hilbert spaces. Let us prove the equivariance of ¢£m[a(/)n]. From the
action

Xo(%,, &, X)(exp (rn/ —1&7'€)E7)
= exp (—2anv/ —1(x, + x'€)) exp (znv —1(& + D)€ + R))(E + %),

we have

d,(Dy)(exp (xnv —1§7) &)

_ _aix (4% & X) — 1)(exp (xny/ = 1£7'8) &%)
= —2rny —1exp (zny/ —1&7'8) &,

d1,(D;)(exp (zny —1£7'€) &%)
= —2rny —1¢&,exp (zny/ — 1 £748) &7
= —2rny/ —1exp (xny/ —1&0'8) &1+,
(D) exp (xnv —1£1'6) &)

= exp (nnv —1 Sz-‘g)(%rnv -1 (i rip§p>§f + jiEj—et>
p=1
= 2rv/ -1 5; 71y €Xp (i —1£c'8)&7*°p + j, exp (zny/ —1&ct8) &/
Hence by virtue of (1.10), (1.11), (1.12) we have

(6] 7] - @ (Do )&’ exp (e =T e, 2, )

— 2nny/ =14 [“(/) n] (c|x, % %)

= dp(D)p" [a(/)n] (&’ exp (zny —1&2t8))(x,, &, x)
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(0[] - ar.(— Do)ce’ exp (anv =T e w2, 2
P s P [“é”](sfw exp (xnv/ —1£e9)(x,, £, %)

S | ;@si[“(/)n](flxo, 2, %) = dp(D)qS‘")[a/n](z']xo, z, %)

— (4D 52 71]) & exp eny =T 00 5, 9,
<¢<n> [‘1/ n] od xn(ﬁi))(zg, exp (any — 1&248))(x,, %, X)
= ji¢§">[a(/) n](gf “¢iexp (anv — 1£06))(x,, &, x) + 2any/—1 i_: Tipf” [a(/)n]

-(§7*p exp (znv — 1 £2°€))(x,, X, X)

g
= Jj, 2"’5,[“/"](11%, &%) + 2y =13 v, g.'gep[“(/)”](qxo, £, %)

— dp(D)gs” [“/ "] (] %, %, %)

= do(D) = 4| “I"](& exp amy =T ge)(w £, ).

This means
dp( 2D o g [a(/)n] — g [“(/)n] 0d,,
and thus
ol-1Do ¢(n,[a/n] e [a(/)n] o, ,
where

o4 D, 2,2) = o 2, 9( T 7))

§2. Decomposition of unitary representation p

2.1. An irreducible unitary representation p, of H,,,,(R) is charac-
terized by a real number 2 such that

Pl(y(b O, O)¢ = exp (—'27[2‘/—'—_1'3’0)¢

provided 2% 0. If 2= 0, then it is characterized by a pair (&, k) € R X R®
of vectors as follows
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0.:(Yor 9, V)¢ = exp 2oV —1(K'9 + k'y)g .
For each integer b, and ¢(x,, %, x) in L*(H,,,(Z)\H,,.(R))
(%o, £, %) = $((by, 0, 0) o (x,, X, X)) = ¢((x,, &, %) 0 (b, 0, 0))
= 0i(by, 0, 0)p(x,, £, x)
hence for every irreducible factor p, of p, 4 must be an integer.

LemmA 2.1. Let ¢(x,, X, x) be a real analytic function on H,,,(Z)\
H,,.(R) such that

i) exp 2rnv —1x)d(x, %, x) is independent on x,,

i) (Di - i Tipﬁp)¢(x0, £0=0 (<i<g)
Then

Y(&, x) = exp (—zny/ —1(xc'x + 28'% — 2x))d(x,, £, X)

is a theta function of level n in z = & + xt with respect to t.

Proof. For each (b, b, b) in H,,,(Z) we have

exp (—any —1((x + b)c'(x + b) + 2(& + b)(x + b) — 2b, — 2x — 2b'x))
< ¢((bo, b, b) o (%o, &, %))

= exp (—any/ —1(bz'b + 2(% + x7)'b))
-exp (—any —1(xc'x + 2%'x — 2x,)) (%, &, X) .

Hence we have the difference relation:
V(& + b, x + b) = exp (—rny/ —1(be'b + 2(& + x0)'b) (%, %) .
From the relation

a d N\ 0
T— — — =(c—7)—,
0x 0x 0Z

in order to prove (3/aZ )y (%, x) =0 (1 < i < g), it is sufficient to show

( a-%)x[r(a’c,x):O.

T
0x

g
(Bl -2 —z2)

=1 = 0%, ox; 0x,

(exp (—rny/ = 1(xz'x + 2&'x —.2x,)))P(%,, &, X)
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+ exp (—any —1(xc'x + 2%'x — 2x0))<f ripﬁp — Di>¢(x0, %, x)
p=1

=0.

Hence (%, x) is an entire function in z = £ + xr satisfying the difference
equation for theta function of level n, and thus (£, x) must be a theta
function of level n.

THEOREM 2.1. Let H (n)[a(/)n] be the completion of the vector space

spanned by {¢§"’ [a(/)n](ﬂxo, £, x)|je Z‘;o} and H (n)[a(/)n] be the complex conju-

gate of H (,,)[a(/)n]. Then H (n)[a(/)n] and H (n)[a(/)n] are irreducible invariant
subspaces of L(H,,,(Z)\H,,.,(R)) such that

(2'1) P(yo: 0’ 0)¢(x0: x, x) = exp (“27"“/:_1 yo)¢(xo, x, x)
P(yo, 0, 0)¢(x0: %, X) = exp (-’27”“/—__1 yo)‘ls(xo’ %, x)

w o).
(se "
and the decomposition of p is given by

@2) LAH,,.(2)\Hi 1 (R)
(g lTDe (g 7))

( @ Cexp@iv/—1('% + k).

(B k)c28x28

The invariant subspaces

H<">[a(/)n] = exp (27ra‘5[:)H(")[ g] , H<">[a(/)n] = exp (—2na‘3‘c)H(">[ g]

are independent of the choice of z.

Proof. Since the space A of real an analytic functions on H,,,,(Z)\
H,,.(R) is dense in L*(H,,.,(Z)\H,,.,(R)) and 4 is invariant for D, ﬁi, D,
(1< i< g), ie. for the action of H,,,,(R), it is sufficient to decompose A.
Let W be an irreducible invariant subspace of 4 such that p(y,, 0, 0)¢(x,, %, x)
= exp (—2znv/ —Ly)d(xy, £, %) (yo€ R, ¢ W). If n =0, then there exists
(B, k) e Z# x Z# such that

W = Cexp @av—1(E'% + k'x)).
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If n is negative, we replace W by W. So we may assume that n is a
positive integer. Let v be a §,,,,(R)-module isomorphism of H (")[a(/)n] NA

onto W, i.e., a linear isomorphism satisfying

Dyov =voD, D,ov=yvoD, D,oy=yoD, 1£igyg).

Since H (m[a(/)n] N A contains the element ¢ satisfying

(D= Lo Vcimzn=0 aszizo.

There exists an element ¢,(x, £, x) in W such that
g

(D=5 eub)pra e =0 a=ize).

p=1

From ¢y(x,, £, X) = p(x,, 0, 0)$,(0, &, x) = exp (—2zanv/ —1x,)$,(0, £, x) we see
that ¢y(x,, £, x) satisfies the conditions in Lemma 2.1, and thus

Bo(%y, &, x) = exp (znv —1(xc'x + 2&'x — 2x)) > aDS(n)[b(/) n](r]o‘c + x7)

vcz8/nz8

with constants «,. Hence

(%0 £, )€ D H(,,)[b(/)n] — H™ |

be28/nZ8

On the other hand W is spanned by 13’¢0( J € Z%,), and thus

we @ mofbi].

vez8/nz8 0

From the relation

AL+ o)
= exp <2nm<d‘x + %d‘a )¢§~”) [a(/)n'](r[xo, £, x)
(@Ge Z8|nZs, je Z5)
we observe that an element ¢ in

&) H""[b(/)n] belongs to H("’[a(/)n]

vcZ8/nzZ8

if and only if
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¢(x0, 2+ é—, x) = exp (271: xf—:i(d‘x + %d‘a ))¢(x0, %, x)

n

(Ge ZtnZe).
On the other hand @;ez¢/nz¢ H(")[b(/)n] are independent on the choice of
7, hence each H (,,)[a(/)n] is independent on the choice of r. From (1.18)
we have

H‘"’[a(/)n] = exp 2y ——la‘a‘c)H("’[g] .

CoroLrLary 2.2.1. For a non-zero integer n, p, means the irreducible
unitary representation such that

0.(¥0, 0, 0)p = exp (—2znv' —1y)¢ (¥, €R),
then the multiplicity m,.,, of p, in p is given by
2.3) m,.,, = |nlf.

Proof. The space of theta functions of level n is a vector space of
dimension n#, hence by virtue of Theorem 2.1 we have (2.3).

2.2. Using Hermitian polynomials we shall first construct an orthogo-
nal basis of L(H,,,(Z)\H,,.,(R)) associating with r, and define a natural
unitary representation of Sp,(R) on L*(H,,,,(Z)\H,,.,(R)).

Hermitian polynomials H,(v) in one variable v are defined by the
generating function

(2.4) exp (— (s* — 2sv)) = i VE"TH"(U),

n=0 N!

which satisfy the orthogonal relation:

° g, 20T (n=m)
2.5) I " HOH, (e dv = { ; o
Forjz(jlr ""jg)ezéo and x=(x1, --~,xg) we denote
(2.6) H](x) = Hj:(xl) “on ng(xg)

then Hermitian polynomials in many variables satisfy the orthogonal
relation



HEISENBERG GROUPS 61

Q191 j 1zl =k
0 (J#h.
Since ¢” = (1/24/=1)(r — %) is positive definite, we can define the unique
square root 4/ 7. The composite functions
Hxv2x7")  (jeZ4)

satisfy the orthogonal relation:

2.7 Lg H,(x)H (x) exp (—x'x)dx ={

(2.8) .[Rg H (xv/2r7")H (x+/217”") exp (— 2rnxc” x)dx
21i1j1 .
. J =k
_ {zgw G UP
0 (G+4k.

THEOREM 2.2. Putting
29  HP [“(/) ”](T 1%y, £, %)

- 2 gy 3 (x4 ¢+ L))
217112/ 1 tez8 n

. exp (nn¢—1((x 44+ i)z‘(x+ ¢+ i) + 2:)%‘(36—{— {+ i))
n n n

(acZ¢/nz¢, jeZs, n=1),

we obtain an orthonormal basis
{Hgm[“(/)”](ﬂxo, z, x)|jezs_;o} of H<">[“(/)"] .

Proof. From the orthogonal relation for H,(xv2z7z”) and Lemma 1.2
it follows the orthogonal relation

H [a(/)n] (c| x,, %, %) HE [“(/) "] (c| %, %, %)dx,didx

jHegH(z»\Hng(m
B {1 (=5
0 (#hk.
CoroLrLaRrY 2.2.1. L*H,,,(Z)\H,;.(R)) has an orthonormal basis

©2.12) {Hgm [“(/) ”](ﬂxo, %, %), HP l“(/) "'](T| %y, £, %),

exp 21/ —1(E'% + k'x))|a e Z5|nZ?,
jezs, n=1, (h k)engZg)},
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such that

@18 Hp| |15, 5 0 = exp @av =T HP | (12 2,94 (0,0, 2)).
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