L. Ein and 1. Sols
Nagoya Math. J.
Vol. 96 (1984), 11-22

STABLE VECTOR BUNDLES ON QUADRIC HYPERSURFACES

L. EIN anp I. SOLS

§0.

Barth, Hulek and Maruyama have showed that the moduli of stable
rank 2 vector bundles on P? are nonsingular rational varieties. There
are also many examples of stable rank 2 vector bundles on P®. On the
other hand, there is essentially only one example of rank 2 bundles on
P!, which is constructed by Horrocks and Mumford. We hope the study
of rank 2 bundles on hypersurfaces in P* may give more insight to the
study of vector bundles on P‘. In this paper, we establish some general
properties of stable rank 2 bundles on quadric hypersurfaces. We show
the restriction theorem (1.4), (1.6), the existence of the spectrum (2.2), and
the vanishing theorem (2.4), are also true for the stable rank 2 reflexive
sheaves on quadric hypersurfaces just as in the case when the base
variety is P”. Though the methods to prove such results are similar to
those we use for projective spaces, there are some technical difficulties.
We should also mention that we shall always assume the base field is
characteristic 0 and algebraically closed, and we shall use the definition
of stability introduced by Mumford and Takemoto.

§1.
We let @, be a nonsingular quadric hypersurface in P**!. There is
the following incidence correspondence:

XL vycau e
(1.4) ”l
Q:

where Y is the subvariety in G(1, 4), which corresponds to the set of lines
in @,. X is the corresponding universal P'-bundle on Y. It is not hard
to check that X a conic bundle over Q..
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LEmMmA 1.1. Let xe Y and L = q~'(x). Then
D0l = Op1) .
Proof. There are the following exact sequences:
0—> I/I}, —> D)l —> 23, —> 0
and
0—> p*Q%.nle —> Pl —> Q% /0, —> 0.

Because I,/I3 = 30, and A°Q'Q,.|, = Op(—3), it is easy to show 2%l
= (0,(1) by Chern classes computation.

DerFiNuTOoN 1.2 (Mumford-Takemoto). A reflexive sheaf E of rank r
on @, is stable (respectively, semistable) if for every proper subsheaf F
(1 < rank F < rank E — 1),

e(F)- Cl(@hﬂ-))’“l < c(E)- cl(0Qn(1))n_l ’
rank F rank £

(respectively, <).

ProposITiON 1.3. Let E be a semistable reflexive sheaf of rank r on
Q.. Suppose that E;, the restriction of E to a general line L, is isomorphic
to ®7_, Opsa) witha, < a, < -+~ < @a,. Thena,,, —a, <1(A<i<r—1).

Proof. The proof is fairly standard ([6]) and we shall merely give a
sketch. We shall use the notations in the diagram 1.A. Suppose a;.; —
a, >1. It is easy to construct a sheaf F C p*E of rank i such that
F|, = ®}.,0(a;) and p*E[F|, = G|, = @]-,..:0(a,).

Let U < @, be the open set where E is locally free. There is a set
V < X such that F|, and G|, are locally free. By the universal property
of Gr(E;,), there is a morphism f: V— Gr(Ey)

vV o X
P
U c &

such that G is the pull back of the universal quotient bundle. Since
2%l = F® G*|, and a,,, — a; > 1,

af: f*Q%. vl —> ol = 0,(1)
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(Lemma 1.1) is the zero map. So df = 0 therefore f factors through p
and E will have a subsheaf F’, with the property F’|, = ®i_, 0,(a,), which
contradicts the fact that E is semistable.

ProposiTioN 1.4. Let E be a semistable vector bundle of rank r on
Q.. Suppose Ey, the restriction of E to a general hyperplane section (conic),
is isomorphic to @i, Opa,) with a, < a, < --- <a,. Then a,,, —a, < 1.

Proof. The proof is similar to the proof of Proposition 1.3. We shall
leave it to the readers.

CoRrOLLARY 1.5. Let E be rank 2 semistable rank 2 vector bundle on
Q., such that I°E = 0,, (respectively, £’E = 0,(—1)). Then E,, the restric-
tion of E to a general hyperplane section (conic), is isomorphic to Op, @ Op,
(respectively, Op(—1) @ Op(—1)).

Let [@,], [L], and [P] (quadric surface, line, and point) be the gen-
erators of HYQ,, Z), H(Q,, Z), and H*Q,, Z) respectively. There are the
following relationships: [@,]* = 2[L] and [Q.]-[L] =2[P]. If F is a co-
herent sheaf on @, the Chern polynomial of F is of the form 1 4 c¢;(F)
[Q.Jt + c(F)[LIE + c,(F)[P]#t. Often we shall simply call c¢,(F) = ¢, the
Chern classes of F.

It is not hard to show the following Riemann Roch formula:

X(F) = #(2c} — 3ce, + 3c;) + 3(c} — ¢) + 4&c, + rank (F) .

If rank (F) = 2, there are the following congruence relationships:

(a) ¢, =0, then ¢, = ¢; (mod 2)

() c¢; = —1, then ¢, = 0 (mod 2).
If E is a rank 2 reflexive sheaf on @, then as in [7] one can check that
¢;(E) = number of points where E fails to be locally free.

THEOREM 1.6. Let E be a rank 2 stable reflexive sheaf on @Q,(n > 3).
Then E,, the restriction of E to a general hyperplane, is again stable.

Proof. By tensoring E by 0, (f) if necessary, we may assume that
A*E is either 0,, or 0, (—1). We shall work out the details for the case
AE = 0,,. Since the proof of the other case is similar, we shall omit it.

We consider the following incidence correspondence. First we’ll
show h%E;) = 0.
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P(Tpuis(—1)y,) = X —L5 presx

g
Q.

For n > 4, this will show that E, is stable. Let a be the integer such
that R(E (a)) =0 and A (E (e — 1)) =0. Suppose ¢ <0 and we shall
derive a contradiction. Because q.p*E(a) + 0 and torsion free, there is

the least integer ¢ such that A%q,p*E(@) ® Opu+:(f)) = 0. We can construct
the following exact sequence:

0—> O0x(—a, —t) —> p*E —> I,(a,{) —> 0.

(We are using the notation 0,;(—a, —?) for p*0,,(—a) ® ¢*Ops+1(—1t).) By
the universal property of P, (E), there is a map f: X — Z — P, (E) such
that f*Op&(1) = Ox_4(a, t) and f*D% 50, = Ox-,(—2a, —2t). According to
Propositions 3.1 and 3.2 in [5], these are the following diagrams:

0 —> f*Qpmygn ——> P¥EQ f*¥Opp(—1) ——> f*Opimy —> 0

o | |

0—> ‘Q}Y/inl/ —ép*Tan(——l) ® @P(T(—m('_]-)lv > 0[1 >0
where U= X —Z. Also

00— 0y —> 0y ® Qps(V)|y —> LoDy —> 0

l J" I

0 Oy > Ey(@ ——> I;,(2¢) —> 0

where ranky >1 and Z, = Z N H. However, Hom (2%.(1)|s, I,,(20)) =
Hom (2%.(1) |, 04(2a)) = H(Tp.(2a — 1)|;). If a <0, then H(Tp.(2a — 1)|5)
= 0. So we may assume a = 0. Since H'(Tp:(—1)) = H(Tp.(—1)|3), any
section of Tp.(—1)|y is either nowhere vanishing or vanishing at one
point. If n >4 and dimZ, > 1, then + = 0 and we have a contradic-
tion. On the other hand, if Z, = ¢, E; = 20,. In this case, H'(E (m))
= 0 for all m. Therefore H'(E(m)) = 0 for all m. Since H'(E(—1)) =0,
the restriction map Hom (20,,, E) — Hom (20, E,) is surjective. Hence
H°(E) + 0, E is not stable. The remaining case is when n =3 and Z,
is a simple point. In this case, ¢(E) = 1 and A'(E,(m)) = 0 for m = —1.
Therefore H(E(m)) = 0 for m < —2. From the exact sequence, 0 — E(?)
—Et+1)—E,;(t+ 1)—0, we find A'(E(—1)) < 1. Since h(E) =0 and
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R(EL) =1, h(E(=1)>1 Then A'(E(-1)) =1 and A'(E(m)) =0 for
m>0. Thus H°(E(l)) - H°(E,;(1)) is surjective. There is an exact
sequence HYE(1)) ® 0,, — E(1) > F -0 with dimsupp F < 0. Let C be
the zero set of a general section of E(1). Then C has at most finite
number of singularities. The extension, 0 — 0,, — E(1) - I;(2) — 0,
is given by an element in Ext'(I,(2), 0p,) = Ext? (0,(2), 0,,) = H%w(1)).
Furthermore, C is not contained in any hyperplane, deg C =3, and
h'(I;) = 1. So C has two connected components and one of the com-
ponents is a line L. But A%w. (1)) = 0. This contradicts the fact E is
reflexive, hence it can only fail to be locally free at finite number of
points. So far we have shown A"(E;) = 0. It remains to show that E,
is stable when n = 3. By Proposition 1.3, we may assume the restriction
of E to a general line in either rulings is isomorphic to Up, @ Op,. If
there is an injective map g: Oy(a, b) — E, with ¢ + b > 0 and k%0 4(a, b))
= 0, then we may assume a¢ > 0 and b <0. Then the restricting g to a
general line in the second ruling, we get a nonzero map 0p.(a) — 20p,
which is a contradiction. So E, is stable.

§2.

Let E be a rank 2 stable reflexive sheaf on @, with c(E) = 0, c(E)
= ¢,. We shall show that there is a vector bundle s# of rank ¢, on P,
which we shall call the spectrum of E, such that A(E(m)) = h°(A#(m + 1))
for m < —1. This is analogous to the results of Barth, Elencwajg, and
Hartshorne ([3] and [7]) about the spectrums of stable reflexive sheaves
of rank 2 on P’. The methods to prove this result are similar to those
given by Hartshorne in [7]. We shall need the following tachnical lemma.

Let 0,,(1,0) and ,,(0,1) be the line bundles associated with the
rulings. In general, we write 0g(a, b) for 0,(a, 0) ® 0,0, b).

LemmA 2.1. Let E be a rank 2 vector bundle on @,.

M= ﬁ}z HY(E ® 0ps(m))y,) -
Suppose N = M be a graded submodule. Let n, = dim N, where N, is
the graded component of N in degree t.
(1) (a) If E is semistable and A’E = 0,, (respectively, 0,(—1, —1))
then n, < n,,, for t < —2 (respectively, —1).
(M) If n,#0, then 1 + n, < n,,, for t < —3 (respectively, t < —2).
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(2) If E is semistable and A*E = 0,, (respectively, 0,(—1, —1)), and
n_; # 0 (respectively, 0 < n_, < h'(E(—1))), then 1 4+ n_, < n_, (respectively,
14+ n., < ny.

(3) Suppose E is semistable and A’E = 0,, (respectively, 0,(—1, —1)).
If n,, + 0 and 1 + n,, = n,,., for some t, < —3 (respectively, t, < —2), then
there is a nonzero element s H%0,,(1,0)) or H0,(0, 1)) such that x-N,,
=0 for m <t,+ 1 where xec H(0,,1,1)) and s|x. Furthermore, if ye

H(0,,1,1)) is not divisible by s, then N, LN N,.., is injective for m < t,+ 1.

Proof. (1) (a) Suppose H is a general hyperplane section of @,
defined by an element xe H%0,,(1)), such that Ey = Op @ Op. (Corollary
1.5). There is the exact sequence 0— E() — E(t + 1) — E (¢t + 1) — 0.
Since h(E(t + 1)) = 0 for ¢t < —2, the map N, —> N,,, is injective and
n, < Ny

(b) We shall prove (b) by induction on the length of N. If n,., <
3 + n,, (t < —3) then by the bilinear map lemma ([7], Lemma 5.1), there

is an element xe€ H%0,,(1)), such that N, *LN,H is not injective. Let
C be the conic defined by x.

Because N, LN N, .. is not injective, h%(E (¢t + 1)) + 0. There is the
exact sequence:

® HYEAJ) 2, ® H'(EG — 1) —> & H(EG) -

Set U=Im (@) N N(—1) and V = Im (x|y_y). Then there are the follow-
ing exact sequences: 0 > U—>N(—1)—»V—->0and 0 -V —-N - N/V-—0.
We notice that V is also a submodule of N. Furthermore, U, = §6-*(V,)
for t < 0.

Case 1. Assume C is nonsingular. Then E; = Op.(a) ® Op.(—a) with
2t + 2+ a>0. Also it is easy to check that dim U, + 2 < dim U,,, if
U;#0 and j<1. Now dimU, + dim V,,;, =dim N, and dim U,,, +
dim V,,, = dim N,,,. By (a), dim V,,; < dim V,,,. Thus dim N,,, > 2 +
dim N,. (2.1.1.A)

Case 2. Assume C = L, + L, (union of two lines). There is an exact
sequence

(2.1.1.B) 0—E,(t)—E,(t+1)—>E, (t+1)—>0.
In this case, it is possible 6-'(NV,,,) & HYE.(t + 1)). So we can only
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conclude dim U,,, > 1 + dim U,. Hence dim N,,, > 1 4+ dim N,. The proof
for the Case, A’E = 0,(—1), is similar and we will omit it.
@ In,+3>n.,, then we can find an element 0 = xe H(0,(1))

such that N_, —LN_, is not injective. Let C be the conic defined by x.
Case 1. Assume C is nonsingular.

Then E|; = Op(a) ® 0p(—a) with a > 2, because A (E (—1, —1)) # 0.
We consider the following diagram:

0 0

Lo

E(—1)—— E(=1)

L

0—> E —> E —>0p(—a)—>0

Lo

0—> Opa) —> E;, —> Op(—a)—>0

I

0 0

Since E is stable, then E’ is semistable and A%E) = 0. Furthermore
AE" = 0,(—1). There is the following exact sequence

® H'Opa + 20) —> @ H(E(—1 + ) —> @ H(E'®) .

Set A = (V) N Imd and B = Im («|y). Then B is a submodule of H'(E’(%)).
There are the following exact sequences:

0—A,—>N,—>B ,—>0
and
00— A.,—> N_,—> B,—>0.
dimN; = dimA; +dim B,,; (for i= —1 and —2). Also dimA_, > 2 4+

dim A_, and dim B, > dim B_, (Lemma 2.1 (1) (¢)). Thus dim N_, > 2 +
dim N_,.

Case 2. Assume C = L, | L,.
Since A%(E (—1)) # 0, either E|; = 0,(1) ® O,(—1) or we may assume
E,=0,()®0,(—-a) with a > 2. In the case E;, = 0,(1) ® 0,(—1), the
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argument given for the case that C is nonsingular will also work here.
So let us assume E,, = 0,(a)® 0, (—a) with a > 2. Without losing

generality, we may assume 0p,(L,) = 0,,(1,0). We consider the following
diagram:

E(—f, 1) — E(_f, —1)

» 4
0—> E  —> E@0,—1) —>0,(—a—1)—>0

4

0—> 0,(a—1) —> E, (0, —1) —> 0O, (—a —1)—>0

0 0

There is the exact sequence
HYOu(a — 1+ 0) ——> @ H(EX(—1 + 1) > H(E) .

Set A =NNImé and B’ = Im«|y. Then

0—> A ,—>N,—> B ,—>0

0— A", —>N_,—> B,—>0.

Since E} = 0p(—1) @ 0p(—2) for a general hyperplane section H, dim B,
< dim B;. Also dimA’;, > 1+ dim A}, Thus dim N_, > 1 4 dim N_,.

(8) Using the same notations as in the proof of 1 (b), we see C =
L + L, 211A).

Also dim V,,, =0 (Lemma 2.1 (1) (b) and (2)). So N, = U, for j <
t, + 1. Then the section se H%0,,(1,0)) which define L, will have the
desired property.

THEOREM 2.2. Let E be a stable reflexive sheaf of rank 2 with c(E)
= 0. (respectively, —1) on @, Then there is a unique set of integers
{R}ic1,2,..re0 (respectively, {R.}i_1s,....c,-1) called the spectrum of E with the
following properties: Let # = @, Op(k;). Then

1) (a) hY(Q,, E(£)) = h'(# (£ + 1)) for £ < —1 (respectively, ¢ < 0).
(b) R(E(0)) = (A (L + 1)) for £ > —2.
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(2) (a) If an integer k > 0 is in the spectrum, then 0,1, - - -, k are also
in the spectrum.
(b) If k<0 is in the spectrum, then —1, —2,---,k are also in
the spectrum.
B) >k = (—c; + ¢)/2 (respectively, —c,/2 — ¢, + 1).
(4) If E is a vector bundle, then {—k, — 1} = {k;}
(respectively, {—k, — 2} = {k,)).

Proof. (1) Let @, be a general hyperplane section of @, defined by
x € H%0y(1)), such that E,, is a stable vector bundle (Theorem 1.6). Let
M = ®; H'(Ey(j)) and NS M be the image of @, H(E(j)) under the
restriction map. For ¢ < 0, there is the following exact sequence,

0—> H\E(£ — 1)) —> H(E(®)) —> N, —> 0.

So dim N, = h'(E(£)) — h'(E(£{ — 1)). We are looking for the set of integers
{k;} satisfying (a) and (b). Condition (a) can be expressed as h'(E({)) =
Ds—t1 (B + €+ 2). SodimN,=>._,.1=4#{k;, > —¢ —1}. Since

dimN, —dim N,_,; >0 for £ < —1

(respectively, £ < 0) by Lemma 2.1, it is possible to find those integers
k, satisfying condition (a). Furthermore those k; > 0 (respectively > —1)
are determined by (a). For (b), let R be the kernel of
W .
@ HYE() —> @ HAE(G + 1) .
J J
For £ > —2, there is the following exact sequence

0—> R,,,—> H¥(E(¢)) —> H¥(E(/ + 1)) —> 0.

So dim R,., = h*(E({)) — h*(E(¢ + 1)). Furthermore R is a quotient module
of ®,H'(Q,, Ey(¢)). Now condition (b) can be expressed as h*(E(4)) =
D kic—tos — (B — £ —2) for £ > —2. dim R,,, = h*(E({) — h*(E(¢ + 1)) =
> ic—e-s 1 = #{k;, < —¢ — 3}. Since dim R,,, — dim R,,, > 0 by the dual
formulation of Lemma 2.1 (a), we can find integers {k;} satisfying (b).
Those integers k, < —1 are uniquely determined by (b). If ¢(E) = —1,
then we have two determination of #{k;} = —1, we have to check that
they agree. (i.e., dim N, — dim N_, = dim R_; — dim R;). But this is clear,
because dim N, + dim R, = dim N_, + dim R_, = h(E,,(—1)) = h'(E,,). Now
dim N_, + dim R_, = #{k;} = h'(E,,(—1)) = c, (respectively, ¢, —1). So
there are ¢, (respectively, ¢, — 1) integers in total.
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(2) This follows from the fact that if N,#0 and ¢ < —2, then
dim N,,, — dim N, > 0 (Lemma 2.1.1 (b) and (2)). Similarly by the dual
formulation, if dim R,,, #* 0, then dim R, — dim R,,, > 0 for ¢ > —1.

(8) Finally the proof for (3) and (4) are similar to the proof given
in Propositions 7.2 and 7.3 in [7]. We shall omit it here.

THEOREM 2.3. Let E be a stable rank 2 reflexive sheaf with c¢(E) =0
(respectively, c(E) = —1) on Q,. Let {k}..,...., (respectively, {k}ii,...,c;-1)
be its spectrum.

(a) If k> 1 (respectively, k > 1) occurs in the spectrum, then 1, ---, k
— 1 occur at least twice (respectively, 0,1, ---, k — 1).

() If k< —2 occurs in the spectrum, then k -+ 1,-.., —2 occur at
least twice in the spectrum.

Proof. (a) Let @, be a general hyperplane section of @, defined by
an element 4, € H(0,,(1)), such that E,, is a stable vector bundle. Let
N < @, H(E4(j)) be the image of @, H'(E(j)) under the restriction map.
If for some t (1 <t<k—1) occurs only once in the spectrum, then
dimN_,_, — dim N_,_, = 1 by the construction in Theorem 2.2. By Lemma
2.1 (3), there is an element se H%0,(1,0)) such that xN, =0 for m <
—t — 1 for any xe H%04,(1,0)) where s|x. Let 4,e H%0y(1)), such that
4, is independent from ¢, and 4,y is divisible by s. Let m, be the smallest
integer such that H'(E(m,) # 0. Consider V = span{¥,, 4,} and the
multiplication map «: V® H'(E(m,) — H'(E(m, + 1)). Consider the fol-
lowing diagram:

0

l

0 HY(E(my))

l ls

HY(E(my) 2> H'(E(m, + 1))

Lo

4y
Nmo Nmo+l

Since 4,-N,, = 0, £, maps H'(E(m,)) into the image of ¢,, So dimIma =
h'(E(m,)). By the bilinear map lemma, ([7], Lemma 5.1) there is an element
4y e V, such that

H(E(my) —%> H(E(m, + 1)
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is not injective. Let @, be another general hyperplane section of @,
such that E,, is stable and 4;| Q; defined a nonsingular conic. By the same
argument, there is an element s’ € H%(0y(1,0)) such that if xe H(0y(1))
is divisible by s, then x-N/, = 0 for m < —t — 1, where N’ is the image
of @; H'(E(j)) in @, H'(E,(j)). Consider the following diagram:

0

|,

4
0 —> Ker ¢, —> HY(E(my)) —> HE(m, + 1))

| =
A

4 14
Nmu —> Nmo+1

Since 4; defines a nonsingular conic, ¢; is not divisible by s’ and 4;: N/,
— N/, ., is injective (Lemma 2.1 (8)). Now Zjox, is injective but r,¢} is
not injective, which is a contradiction.

COROLLARY 2.4. Let E be a stable rank 2 vector bundle on Q, with
¢(E) = 0 (respectively, c(E) = —1). Then h'(E(£)) =0 for £ < (—cy/4) — 1
(respectively, —c,[4).

Proof. Using Theorem 2.2 and Theorem 2.3, we see it will be sufficient
to show S={-k—-3, —-k—2, k-2, k-1, —k—1,---, -2, —2,
—-1,0,1,1,---,k,k, k + 1} is not spectrum of a stable rank 2 vector bundle
on @, Suppose for contradiction that S is the spectrum of E. Then
c(E) = 4k 4+ 4. Also hW'(E(—k — 2)) =1 and A (E(—k — 1)) = 4. So the
map H%0,,1)) ® H(E(—k — 2)) > H'(E(—k—1)) is not injective. Let x¢
H%0,,1)) such that

HYE(—k — 2)) —=> H(E(—Fk — 1))
is not injective. Let @, be the corresponding hyperplane. Since
R~k — 1) #0,  A(E) =1+ @k+2) + (k+ 1.

On the other hand, A E(—1)) = 2k + 2) + (k + 1)* from the spectrum.
By considering the exact sequence HE) — H(E,,) — H'(E(—1)), we see
hE) + 0 which is a contradiction.

Remark. The following example will show the bound given in
Corollary 2.4 is the best possible. Let Z be two disjoint conic in Q..
Using Z we can construct the following extension,
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0 —> O, —> F(1) —> I,(2) —> 0

where ¢(F) = 0 and c,(F) = 2. Let Y= Y, ][] Y, where Y, is the zero set
of a general section of F(m) and Y, is a curve of the type 2m — 1, 2m — 1)
on a nonsingular quadric. Using Y we can construct the following
extension:

0 > 0 > E(m) —> I,(2m) —> 0

where E is a rank 2 bundle with c¢,(E) =0 and c(E) = 4m. Also
h(E(—m)) = h'(I,) = 1.
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