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FOURIER COEFFICIENTS OF SIEGEL CUSP FORMS
OF DEGREE TWO

YOSHIYUKI KITAOKA

Our purpose is to prove the following

THEOREM. Let k be an even integer > 6. Let
f(Z2) = 325 a(T)e(tr TZ)
be a Siegel cusp form of degree two, weight k. Then we have
aoT) = O(T "1y for any e > 0.

This was announced in [3] where we put an assumption on estimates
of generalized Kloosterman sums. Here, we give a complete proof with
a proof of that assumption.

Every cusp form of degree two, weight 2 > 6 (2 = 0 mod 2) is a linear
combination of Poincaré series [1,4]. Using their rather formal Fourier
expansion given in [1], we prove our theorem.

Notation. By Z, @, R and C we denote the ring of rational integers,
the field of rational numbers, the field of real numbers, and the field of
complex numbers, repsectively. H denotes the upper half-plane of genus
two:

H={Z=X+iYe M(C)|Z =2 ImZ=Y > 0).

We set I' = Spi(Z) = (M e M(Z)!MJIM = J} where J = ( ) 1 ) A=

{Se My(Z)I'S = S}, and A* = {S = (s;;) € My(Q)|s:: € Z, 28,, = 28,,€ Z}. e(Z)
means exp(2riz) for a complex number z.

§1.

In this section we prepare two arithmetic lemmas.
Let Ce My(Z), |C|+ 0. For P, Te A*, we set
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K(P, T; C) = 3 e(te(AC™'P + C~'DT)),

where D runs over {De My(Z)mod C4]| C D el'} and A e M(Z) is any
matrix such that (C D> el If IV =DmodC4, and (‘é D’) eI, then

we have A’ = Amod AC. Hence a generalized Kloosterman sum K(P, T'; C)
is well-defined. One of our aims in this section is to prove

ProposiTioN 1. Let Ce My(Z), |C|+#0 and C = U"(C‘ C)V", U, Ve
GL(2, Z), 0 < ¢,|¢,. Then we have

K(P, T; C) = O(cici™ (e, ©)7)  for P, T'e 4%,

where ¢ is any positive number and t is the (2, 2)-entry of T[V]. Moreover
K(P, T; C) = K(T, P; *C) holds.

Lemma 1. Let C = ("* C), ciles ¢ > 0 and C = FH where F = (f‘ f),
2 2

H = (hl h2>’ filfes Bilhs, fis By >0, (fy, hy) =1, For integers s, t with sf,
Fthy=1, we set X, = sf,F', X, = thyH-'. Then (‘é g) eI if and only

if (HA HB — X'AD\ (FA FB — XJAD) el
X2D '\ H XD :

Proof. We note that <‘é g) e M(Z) is in T if and only if ‘AD — ‘CB

= 1,, and *AC, ‘BD are symmetric. The “only if”’-part is proved directly.
The *“if”’-part follows immediately from

A = X,(HA) + X(FA), D = H(X,D) + F(X,D) and
B = 2X,X;’AD + X.FB — X,'AD) + X(HB — X'AD).

LemMmAa 2. Let C, F, H, X, and X, be those in Lemma 1. The mapping
D mod CA — (X,D mod FA, X,D mod HA) from {D mod CA|( ) eI} to
{DmodFA|( )eF}X{DmOd HAI(I*I ’lk))el’} is bijective.

Proof. The mapping is obviously well-defined. Suppose that X,D, =
X,D, mod FA, X,D, = X,D, mod HA, then we have X,D ¢ FA, X,D ¢ H/A where
D = D, — D,. Hence D = H(X,D) + F(X,D)e C4 follows from FH = HF
= C. Conversely suppose (F D)’ <* 5 el We set D = HD, + FD,.
Then X,D — D, = F(th,H"'D, — sf,F lD)eF/l and X,D — D, = H(sf,F-

— th,H'D,)) e HA imply the surjectiveness of the mapping if (C D) € F
To show (C D eI we have only to prove that C-'D is symmetric and
(C,D)e M, (Z) is primitive. The first follows from C-'D = F-'D, + H™'D,.
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If a prime p does not divide ¢, = f,h,, then C is in GL,(Z,). If p|h,, then
rk((C, D) mod p) — rk(((f‘h‘ 0), (h 0)1)1 + FDZ) mod p) - rk(((h‘ 0), FDz)

mod p) = rk((H, D,) mod p) = 2. Similarly for p|f,, we have rk((C, D) mod p)
= 2. Thus (C, D) is locally and hence globally primitive.

LemMa 3. Let C, F, H, X, and X, be those in Lemma 1. Then
KPP, T;C)= K(P[X,), T; F)K(P[X], T; H) holds.
Proof. Suppose (é 5) e I'. Then we have
tr(AC-'P + C'DT)
= tr(X,HA + X, FA)F'H-'P ++ F'H-(HX,D + FX,D)T)
= tr(X,HAF-*H-'P + F-'X,DT) + t«(X,FAF'H'P + H-'X,DT)
= tr(X,HAF-(X,F + X,H)H'P + F-'X,DT)
+ to(X,FAF-'(X,F + X,H)H'P 4+ H'X,DT)
= tr(HAF-'P[X)] + F'X,DT) + tv(FAH'P[X] + H-'X,DT)
+ tr(X,HAX,H-'P + X, FAF-'X,P).

Moreover we have X,HAXH ! = th,AX H"' = AX X, = sf;th,AC-'c 4 and
X FAF'X, = sf,AF'X, = AX/ X, e /.

Thus tr(AC-'P + C-'DT) = tr(HAF'P[X,] + F~-'X,DT) + tr(FAH 'P[X]]
+ H-'X,DT)mod 1 follows for P, T'c A*, and then Lemmas 1,2 complete
the proof.

LEMMA 4. Let p be a prime and 0 < e, < e, Then we have
K(P1i(P" ) = 0o, o7)
p 2
where t is the (2,2)-entry of T.

Proof. Put C = (p“ peg), D-— (g; Zﬁ)- Since (g 2‘)) e [" if and only

if C'D is symmetric and (C, D) is primitive, C*'B e’ if and only if
d3 = pez—-hdz and (i) e = € = O; (11) €, = 07 ) > 0’ p/rdh (lii) 0 < e < €,
pidd, or (iv) 0 < e, = e, pi(dd, — dj.

Dmod C4 is equivalent to d, d,modp*, d,modp®. Suppose that

* This proof was suggested by Prof. Y.-N. Nakai.
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(C"; ;‘)) el and ‘AC is symmetric, (A‘D — 1)C-'e M(Z) for A e MZ).

Then we have (‘é (4D~ DC'I) eI since A'D — {(A'D — 1)C-}'C=1,,

AY(A*'D — 1)C"'} and C'D are symmetric. Set P = <pp/‘2 %/2>, T =
2 4

( tzt/12 t;{ 2) e A*. When e, = ¢, = 0, the lemma is obvious. Suppose e, =0

< e,. Then we may suppose D = (8 2) (d mod p*, pYd). Denoting by d

an integer n which satisfies nd = 1 mod p*?, we can take g iiq) as A.
Thus K(P, T;C) = 3. e((dp; + dt)p™*) is an ordinary Kloosterman sum

¢ mod pe2
1d
and the lemma holdsp in this case. Suppose 0<e < e, Let d be an
integer such that d(d,d, — p-d?) = 1 modp* and set A = d(_f} —P“'“dz).

2 1

Then *AC is symmetric and (A'D — 1)C-'e M,(Z). Hence we have

KP,T;C)= >, eddpp* —dp,p* + d,p,p*)

d1,dg mod pe1
d4 mod peé2
pldids

+ dit,p~ + dit,p~ + dit,p=®).
Set & = d,d, — p=~d? then dj = 1mod p* and d, = d,0 + p* “d,d? mod p*
where d,d, = 1 mod p*. Then K(P, T; C) equals
e(dltlp_el + dit,p~ + Elpxp—“ + atdghp—h)-

d1,de mod pe1
pldr

>0 e({(dipy — peodyp, + p***d,dip)d + dit,d}p=*)

& mod pe2
20
= O(p*™**"(t,, p*)'"),

since the last sum on 6 is an ordinary Kloosterman sum.

Suppose 0 < e, =e, =e. Set § =dd, — d} and let d be an integer
such that dé =1modp’. Then we can take d(_g‘ —%) as A. Thus

2 1

K(P, T; C) equals

o )e({d(d4p1 — d,p, + d1p4) + dit, + dit, + d4t4}p_e) =2+ 2,

1,d2,d4(pe

F2¢]
where d, in Y| is supposed to be p|d, and d, in %, is supposed to be ptd..
We have X, = O(p*~'**(t,, p?)'*) quite similarly to the case (iii). Now we
estimate 3,. We define integers d,, d,, 6 by d, = d,0,, d, = d,9,, (6,5, — 1)
= 1 mod p°; then ¢ = d:d mod p°, and 3, equals
>, e{odfd.p, — p. + 8:p) + (Bt + t. + 8,8)d:}p0),

d2(p€) 81,04(pe)
plds pf(8104—1)
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where d, is an integer such that d,d, = 1 mod p®. Hence we have

22 = O( s ?L.—‘ , eﬂ(axtl +t + 54t4’ pe)l/z)
MGk

_ o(pe/z > )40, 0.0

8,0, # 1 mod p* })
x = §,t, + t, + 9,5, mod p°®

Set p* = (&, p°). If s = e, then the lemma holds trivially. Hence we assume
s<e. Set t, =up*’, (u,p) =1. Since x=4t + ¢, + 5,t, mod p° implies
x = 6,t, + t, mod p*, we have

x = 6;t, + t, mod p* })

2, = O( e/ x, p°)'/* {51,
Z ta Y% =(x — 0., — Lh)p~*mod p°~*

= O(pefzosz_é pleor (Zi]) {4, modpe](?,t, 4 ¢, = vp®~* mod p*})
i<e v(p
plv

= O(p*** 2 p~"*4{6, mod p*, vmod p*|p{v, 4.t + ¢, = up*~* mod p'}) .
<i<e
If ord, ¢, ord, t,>>s, then we have
2'2 — O(pe+s Z p—i/2+e+i) — O(p53/2+s/2) .
5
ford,t >s, a, = ord, £, <s, then d,¢, + £, = vp*~* mod p* implies a, = ¢ —
and v =t,p~*mod p*~*, and hence
22 — O(pe+s—(e—ag)/2+e+(e—a2)-(s-a2))
—_ O(pSe/Z+a2/2) — O(p52/2+s/2).
If a, =ord, t, <s, a, = ord, t, < a,, then 4,t, + ¢, = vp°*~* mod p’ implies a,
=e — i and Lp~* = vmod p™~*, and hence
2’2 — O(pe+s—(e—az)/2+e—ag—(a1—a2)+e-(3—111))
— 0(p55/2+u2/2) —_ O(p53/2+s/2) .

Suppose a, < s, @, > a,, then §¢, + t, = vp*~* mod p*, pfv imply e — i > a,
and §,(t,p~*) = (vp*~t — L)p~“mod p*~*. Hence we have

2‘2 —_ O(pe+s Z p—i/2+i+e—-(s-al))

0<i<e—ay

j— O(pe+s+(e—a1)/2+e—s+a1) —_ O(pt‘ye/2+a1/2) —_ O(p55/2+3/2) .

Thus we have completed a proof of Lemma 4.

The former of Proposition 1 follows easily from Lemmas 3,4 and
KPP, T; U'CV-"Y) = K(P['U], T[V]; O).

The latter is proved as follows:
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KPP, T;IC) = >, e(tr(AC'P + C-'DT))

D mod CA

= 3 e(tr(D'C-'T + ‘C-1*AP)),

D mod C4

and (‘é S) eI if and only if (ﬁg /4) €T Suppose (‘éf g:) el (=12
and D, = D, mod C/, then we set D, = D, + CS, Se /. (‘é" I*)2> ((1) ?) =
(‘éz D*1) implies A, = A, + SC for some SeA. Thus D, = D,mod CA
implies ‘A, = ‘A, mod ‘CA. Hence we have

KP,T;C) = y m%jm e(tr(*DC-'T + ‘C-'*AP))

— K(T, P;'C).
For G = (gij) e A* we set e(G) = (g, 8, 281). Set

s={(a)

For a fixed natural number n we define an equivalence relation ~ in S

by the following:
()~ (5) 1 (2) = ()

for an integer w prime to n. Set S(n) = S/~, then another aim in this

b,deZ,(b,d):l}.

section is to prove
ProrosiTioN 2. For Pe A* we have

2 )(P[x], n)” = O(n'*«(e(P),n)'”)  for any ¢ >0.

zreS(n

LEmMA 5. Let m, n be relatively prime natural numbers and P e A*.
Then we have

5@l mn” < (3 PlE,m (3 (P ).

x€ S (mn) yES(n)
Proof. The mapping x € S(mn) — (x € S(m), x € S(n)) is injective. From
(Plx], mn) = (P[x], m)(P[x], n) follows the lemma.
Hence we have only to prove Proposition 2 when n is a power of a
prime p.

LemMA 6. Let p be a prime and e a natural number.
Put S = {(Z) b,de z, (b, d,p) = 1} and
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(8) = (3) 7 (3) = (%) moar

for an integer w(# 0mod p). Then we have
2. (Plxl, p)* = > (Plx], p)”.

2€S8(p?) xeS'/=

Proof. The lemma follows immediately from the following fact:

(b,d,p) =1, then there exist B,DecZ such that B=bmodp?, D=

mod p°® and (B, D) = 1.

155

if
d

If Ve M(Z), p}|V|, then we have V(S'/=) = S'/~. Hence we may

assume

(i) P=("" ) 0<a<a pruy
(i) P= 20(1}2 1/12), a>0 (p=2), or

(i) P= 2«(1‘/’2 1(/)2), >0 (p=2).

It is easy to see that we can take as S/~

n (nmod p°), (7 (pin,nmodpt,t=12---,¢e).
1 D

Set S(P,p%) = >, (Plx],p?)'”* and P = (p i P 2/2>. Now we prove
x€ S(pe)

p./2 p,
Proposition 2.

(1) Suppose that P is of type (i) and a, > e.

In this case &(P,p°) < p“(p® + o(p*) + - - + (1)) = O(p*").

(2) Suppose that P is of type (1) and a, <e.

B, pY=p B G sty
L)ES(@e)

—_ pa1/2 Z (n2 + vpag—al’ pe-al)i/Q

n(pe)
pin

+pa1/2 Z (pzn2 + vpaz-al’pe—al)lﬂ

n(pe—1)
+ pa1/2 Z Z (nZ + vpag-a;+26’ pe—al)l/Z .
1<t<e n(pe—t)
n

If a, = a,, then

&(P,p) = p™* 3, (0 + v, p* )" + putret + p™t 3 o(pt)
n(p€)

1<t<e
pin

— pa,/z Z (nz + U, pe—a1)1/2 + 2pa;/2+e-l .
)

n(pé
pin
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If a, < a,, then

&P, p%) = p™p(p) + p"F 2. (P'n* + vp™m, prre) s o pret
Hence we have only to prove the following lemmas.

Lemma 7. > (0 4+ v, p°~4) 2 = O(ep®) = O(p***9) if a, < e.

n(p®)
in
LEmMMA 8. > (p™n® + vp®~, pt-a)2 = O(p*+9) if a, < a,, a, < e.
n(pe=1)
Proof of Lemma 7. If p is odd and (—v/p) = — 1, then Lemma 7 is

trivial. Suppose that p is odd and (—v/p) = 1, then there exists an integer
g€ Z, such that g + v=0. If n* + v=0modp, then there exist me Z},
s >1 such that n = + g 4+ mp°’. Then we have p*|(n® + v) since n’> + v
= p(+ 2gm + m*®®). Thus we have

Z (n2 + U, pe—a1)1/2 — Z (nZ + U, pe—al)l/z + Z 1
n(pe) 7(p®) n(pe)
pin pin,n2+9=0(p) pin,n2+v0(p)

<22 2 (Pp)*+p°

1<s<e m mod pe—¢

pim
=2 2. pTe(p)+2 3. pe(pt) + pf
1<s<e—ay e—a1<s<e
= O(ep*) .

Suppose p = 2. If v = 7mod 8, n* + v == 0 mod 8 for odd n, and so Lemma
7 is obvious. Assume v = 7mod 8 and take an integer ge Zy¥ such that
g+ v=0. Let n be an odd integer and n=g+ 2'm (r>1,2}m).
Since n® 4+ v = 27*(gm + 2""'m?), we have
S 0,2 = S @gm b m), 27 55 (@ gy
nz(?;) m(ﬁ'ﬂ:l) 2<r<e m(g;ﬂ:”)
— Z (2277,, 2e—-a1)1/2 + Z 26—7‘—1(27‘1'1, 20—0,1)1/2

n(2e~1) 2<r<e
2|n

—_ Z 2e~2—r(22+r’ 2e—-a1)1/2+ Z 2e—r—1(2r+l’ 2e-—a1)1/2

1<r<e-1 2<r<e

0(e2?) .

I

Proof of Lemma 8. Suppose a, > e, then we have

Z (p2n2 + vpag—al, pe—al)l/z J— Z (p2n2’ pe—a1)1/2

n(pe—1) n(pe—1)

— Z 9g(})e—l—7‘)(p2+2r,l)ez—tz,,)l/z

0<r<e-~1
= O(ep°) .
Suppose a, < e, then
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(p2n2 + vpag—al, pe—a1)1/2

n(pé=1)
— Z gO(pe—l—r)plﬂ‘ + Z p(ae—al)/z.
0<r<(az—a1~2)/2 r=(az—-a1-2)/2
m(pe—1-7)
pim
(mz + v’pe—-az)l/z + Z SD(pe—x—-r)p(az—al)/z

(ag—a1-2)/2<r<e-1

=0(p)+ 21 peri(m’ + v, pe)”

r=(az—~a1—2)/2
m(pe—1-7)
pim

= O(ep°) + p“*~*”?O(ep*'") by Lemma 7 (e — 1 —r>e — a,)
= O(ep?) = O(p***?).

(3) Suppose that P is of type (ii).
If a > e, then G(P, 2°) = O(2**"*) follows as in case of (1).
Suppose a < e. Then we have
. J 1 1/2 AV
= 5, (o(f, )
=22 3 (2} + xx, + x5, 2792
(E)esan

— 2(1/2 # S(ze) — O(2a/2+e) .
(4) Suppose that P is of type (iii).
Similarly to the above we may suppose ¢ < e, then we have

S(P,2) = > (2%, 29)*

X
Mesao

=2,@n2)"+ > >, (2**'n, 2"
n(2€)

1<t<e n(2¢—¢)
2in

—_ Z S0(22—3)(2:1.+t’ 29)1/2 + Z 2e—t—l(2a+£’ 2e)1/2 + (2a+e’ 2e)1/2
0<t<e 1<t<e—-1
— O(e2a/2+e) .

Thus we have completed a proof of Proposition 2.

§2.
In this section we give a formal Fourier expansion of Poincaré series
[1]. Let & be an even integer > 6, and Qe 4*, @ > 0. We set

(M, Z) = |CZ + D| for M = (‘é g) el = Sp(Z), ZeH,

and (o) = {(12 S)

SeA}cF.
0 1,

We define Poincaré series g(Z, @) by



158 YOSHIYUKI KITAOKA

> eltr QMLZ3)j(M, Z) %, ZeH.

MET1(co)\T"

It is known ([1], [4]) that any cusp form is a linear combination of Poincaré
series. Hence we have only to prove our theorem for Poincaré series.
Let § be a complete system of representatives of I'(co)\['[/["\(c0), O(M) =
{Se A1M(12 1S)M'1 e Fl(oo)} for MeT.

2

LeMMa 1. y(co)MT'(0) = U Fl(oo)M(lz i) (disjoint).

Sed/6(M)
Proof. It is obvious.
Thus we have

8(Z, Q) = 2, etr @ M(Z+ S))j(M, Z + S)™*.

Meh Sed/e(M

Setting HM,Z)= 3, ) e(tr Q- M(Z + SH)j(M, Z + S)*

Sed/86(M
= 3 MM, Te(tr TZ),

A*¥3T 20

we have

WM, T) = J  H(M, Z)e( — tr TZ)dX,

X mo

where X = z‘ 3;2 is the real part of Z and dX = dx,dx,dx,, If we set

22 @) = 5 a(T)e(tr TZ), then we have
A*¥3T>0
«T)= S WM, T) for 0< Te A*.
MeEY

Now we determine b, (M) explicitly.

LEMMA 2. M = <‘é g) e b is parametrized by C and D mod CA.

A B
CD

(12 ?)M (12 ?) - (*c CSQ*—{— D)'

This implies immediately Lemma 2.

LeEmmA 3. As {M: (‘é S) eh|C = 0} we can choose {(tU U")IUG

GL(, z)} and 6(M) = A.

Proof. For M = ( ) and S, S,e 4, we have
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Proof. 1t is trivial.

LEMMA 4. As {M = (‘g g) ehirk C = 1} we can choose
ES *
M - U_;(CX O)tV U_l(dl d2> V._;) (S] F
00 0 d,

Ue {(* :) e GL@, Z)}\GL(z, 7), VeGL@, z)/{((l) j) e GL(, z)}

c>1,d,==+1,(,d)=1, d,d,modc
and 0(M) = {Se/I[S[V] (O O)} for the above specialized M.
Proof. Let M — (A B) with 1k C = 1, Set C = U“‘(S‘ g)tv, U Ve

cD
GL(©, Z), ¢, >1. We can take Uc {(* *) e GL(, z)}\GL(z Z) and Ve

GL(, Z)/{((l) Z) e GL(, z)} since (* *) (0 g) (1 0) 4 (0 3) Set D =
U“(Z1 dz) V- Since C'D is symmetric, we have d, = 0. The primitive-

3
ness of (C, D) implies that (8‘ 8 %‘ 32) is primitive. Hence d, = + 1, and
4,

(¢, d) =1 hold. Dmod CA4 is equivalent to d,, d, mod ¢, since

cA = U"(Cl 0)‘V/1= U—’(C‘ 0>AV" — U_l{(c,sl Clsﬁ)‘asiez}v-l.
0 0 0 0 o 0/

1 tD —'B 1, S\as1 * *

From M- = (—”C ‘A) follows M<02 12)M = (—CS‘C 1+CS‘A)‘
Thus (M)> S is equivalent to CS(— :C,*A) =0 and so CS = 0. Since
CS = 0 means (C‘ 0>S[V] = 0, we have completed a proof of Lemma 4
except the uniqueness of U, V, ¢, d,.
Suppose C= U;‘(S‘ 8)!1/,: U;1<8‘ 8)»1/2, D— U;1<d g)vl - U;1<d g,) Vi
where U, V,, - - - are supposed to be representatives. Comparing elementary
divisors of C, we have ¢, =¢,. Set U= UU;!, 'V=1'V,'V! then

U((c)‘ g) (0 o) V holds and this implies U = ( :) and hence U, = U,

U=1,. ((1) 8) = (1 0) V implies V = <(1) :) and then V, = V,. Thus
, = d/ holds.

Lemma 5. As {M = (‘é g) NYE= 0} we can choose
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{(*C ’1*)) eI'||C| # 0, D mod CA}

and 6(M) = {0}.

Proof. The former follows from Lemma 2. The latter follows from

(= Casie o) o= 0):

§3.

Hereafter we fix 0 < @, T e A*, and we assume that 7T is Minkowski-
reduced without loss of generality since a(T) = a(T[U]) for Ue GL(2, Z)
(a(T) is a Fourier coefficient of g(Z, @)). In this section we estimate

> (M, T),
ey e
rk =<1

First, suppose M = (tU U")’ Ue GL(2, Z), then we have

H(M, Z) = e(tr Q- M(Z)) = e(tr Q['U1Z)
by Lemma 3 in Section 2. This yields >, A(M,T)= O(1). Next we

w-Ghes
consider the case of tk C = 1.
X *
LEMMA 1. Let M = (U"((c)‘ g)‘V U"(ﬁ‘ %)V"‘) eI, where U, Ve

GL(2,Z), d,= £+ 1,¢, > 0.

Set P = ( ) 1;;/2) = Q[U], S = (872 s;/2> — T['V-Y and a, denotes
2 4 2, 4

an integer such that a,d, = 1modc,. Then we have

h(M, T) — (___ l)kﬂ\/—t?t—ﬂle“—k/Zap,,“lT[Wz—a/‘b‘;lﬂc;—m
X e({as,d; — (a.dip, — s)do}[c, + (a,p, + dis)c, — d,p,s:/(2c;5.)
X Jk—a/2(47“/i T(|Qllcis)) ,

where 6 is the Kronecker’s delta function and J is the ordinary Bessel
function.

Proof. At first, we suppose M = (tU U_1>Mo(‘V V“)’ where M, =

,ad —bc=1, ¢>0. Then (M, T) equals

o0 O
OO
HOOQO

0
1
0
0
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I H(M, Z)e(—tr TZ)dX
X mod 1

- ST eltr @ M(CZ + SY)i(M, Z + S)~*e(—tr TZ)dX

X mod 1 SeA/6(M)
= {3 eltr QUUI-MIZIV] + SIVINi(M, ZLV] + S[V) ™
X e(—tr TZ)dX .

Setting W= X + iImZ[V], X = <§1 ;2) we have by virtue of Lemma 4
2 4

in Section 2,

B, T) = [ et QUUI- MK W) (M, W)he(—tx T['V-TW)AX

x4 mod

: _ ((aw, + b)(cw, + d)! * .
Since M(W) = < wicw, + d)~* — (cw, + d)'cw? + w4)’ j(M,, W)
= cw, + d where W = (qui g:), we have

MM, T) = j‘:l’;ﬁiﬁf e<p1{a/c —c o w, + C_ld)—l} + pwec ' (w, + ¢ 'd)! + pw;
— pw, + c'd)'wi — sw, — sw, — sw,)(cw, + d)~Fdx,dx,dx,

= 8,, e(malc) L,en e(—pic(w, + c'd)™' — s,wy)(cw, + d)~tdx,
X LGR e( — p,(w, 4+ c'd)'w} + {p,c™'(w, + c'd)! — s, }w,)dx,.
Since we know
LGR e(aw? + pwy)dx, = e( — Fl4a) 2 - Wila for «, e C (ma > 0),
setting @« = — p(w, + ¢7'd)™!, B = p.c(w, + ¢ 'd)"' — s, we have

WM, T) = v/ 26,5 "c "e( — $,p./(2cs,))e((pra + s,d)[c)( — 1)~
x [ e(— s Tlw, = sie| Qi) (w,fi)*++#dx,

It is easy to see

I e( — aw, — bwr)(w,/i) "+ *dx; = 275(1)/&)3/4—”:’];:-3/2(47“/55)
z1ER
for a, b > 0.

Thus we have
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B, T) = 3 Z|QE75,, | P45 e-e( — p.s(es))( — D"
X e((p:a + 31d)/c)Jk*3/z(47“/| T|Qllcsy) .

Now we come back to the general case.

Let C = U“(S‘ 8)4/, D= U-‘(d‘ 52) V-1, Then C = ((1 “jﬂ*)u)‘l

4

¢, 0\, ({1 —dd “Yd, 0\yr, _{ b Dpf2
X(o O)V,D_(( % ‘)U) (o‘ 1>V hold. If we setP—<p2/2 1;4)

= Q[U], S = (33/12 s;f 2) = T['V-'] as in the statement of Lemma 1, then

t//1 —dd, _ (p: — p,dd, + pd;
we have Q[ (< dj )U)] _( p2d4/222—p4d2 2 p,).

Applying the former, we have

MM, T) = & 2| Q" -*5,,,,,| T[*~**s; e — 1)
X e(— (pd, — 2p.dy)s,[2¢is)e((p; — p.ded, + puda, + sidy)c)
X Jyo(4n/ [ T|[@]/c8,)
= (= ¥ 2a|QP*45,,, | T~ *sy e
X {e({a;s,d; — (a.d,p. — s;)d,}/c, + (a,p, + d.s)]e; — d,p.s./2¢.8,)
X i _5(4n | T Q)/c:8)) -

Hereafter M e Yy is supposed to be parametrized by U, V, ¢, d,, d,, d,
as in Lemma 4 of Section 2. From Lemma 1 follows

| 2 MM, T)| < 8, T 57 1(s,, ¢)Per |- ye(da| T1[@lcis)) ],

dg mod ¢3

since Zd e((an? + bn)/c) = O((a, c)'/*c'’).

7 moa ¢

Since U is parametrized by the second row up to sign, we have

22 2 MM T 2 )5@[@,“1Tl"’z““"sz""’(&, c)

U dimodcr dz2 moder
(dpye1)=1 U4
dy=+1

X |Je-ydav/[ T Qlfcis))] 5

ES *
where we set U =
U, u)’

LT pr-2isg 2 o(s,, e) |y g4/ | T|[Qlfeis )]

since the number of solutions u to Q[u] = s, is O(s)). V is parametrized
by the first column and s, = T[—z“] for V= (vl v2>_ Thus we have
1
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2. | 25 WM, T)]
U,V dymode¢; dg mod ¢y
(dyye1)=1

dg==%1

T2 5 Am, Tym(m, )|, os(4xy | T([Qlfe,m)),

where A(m, 1) = # {(%)| @y v) = 1, 7[%] = m}.
We prepare the following

LemMA 2. Let t, m be natural numbers. Then

5 (m, V¢ = O@rm-+)
1scst/m

(m, )2 2~* = O(f1~*m*=3+¢)
c>t/m

and J,_y,(x) = O(min(x*~*?, 1/+/'x)) for x > 0.

Proof.
(m’ C)I/ZCI/Z << Z Z rl/Z(sr)l/Z

Igcest/m rim sst/mr
=2.r >, s"< [Z r(tfmr)” L (¢fm)” 2,17 = O(t/m)"m’) .

rim sst/mr

Z (m’cl/2c3/2—k < Z Z r1/2(rs)3/2—k

e>t/m rim s>t/mr
— Z r-k Z g3k & Z rz—k(t/mr)S/Z—k L (t/m)5/2~k Z r-iz
rim rim

rlm s>t/mr

= O(@t/m)*"* *m®).
The estimates for the Bessel function is well known.

From Lemma 2 follows

c,zz:1 (m, cx)llzle—a/z(‘lTM/l Ty Q|/c,m)]

< ;/ (m, Cl)l/z(@m/\/lT—‘lﬂ)m + ; (m, 01)1/2(4/Wclm)k_3/2
a<vIT|/m a>viT|/m

e (m/\/lT_l)lﬂlTlaﬂm_B/“s + (\/[Tl/m)k—a/zlT[5/4—k/2mk—5/2+5

<< lTll/Zm—h»s R
Thus we have 3, AWM, T)| L | T} i A(m, Th)m=*+*, We assumed
Mgy m=1

rk C=1

that T is Minkowski-reduced, then T 3» m(T)1, holds where m(T) =

min T[u]. Hence we have

0£ueZ?
i A(m, T)m-3/2+2e < Z T[u]-a/uze & m(T)-a/uzs Z (ui + ug)-a/uaa

<< m(q")—a/zua — 0(1).
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Hence we have

| . MM, T)) = O(T ).

rk C=1
§4.
In this section we estimate > h(M, T).

Mep
1C1#0

LeMma 1. Set P(n) = {(‘c’ 3) € GL(2, 2)|b = 0 mod n} Then

(Ce M@0l 0} = {U-(® 02)V-*

Ue GL(2, Z), Ve GL(2, Z)/P(cz/cl),}
0<ecle,

and GL(2, Z)[P(c,/c,) corresponds bijectively to S(c,/c;) in Section 1, by the
mapping V — the second column of V.

Proof. Set V = (5’ 32) ¢ GL(2, Z). Then
3 4

<Cl >V-1 — IV|< U, — Uzcl/cz)<cl )
C — vG/c, 2 Gy

holds, and so ("* cz) V-ie GLE, z)("‘* c) if and only if Ve P(cc).
2
C") {11 Uu Vi € GL(23 Z)r O < cllCZy

/
Suppose that C = U;l(cl C)Vl—l — U2-1(Cl
2 2
0 < ¢}|c; and that V;, V, are representatives in GL(2, Z)/P(c,/c;). Comparing
elementrary divisors, we have

. 1 1
—¢ (=12 and GU - )V-IV.
‘ ¢ ) an ’ ( CZ/CI) ( cle, o
This implies V;'V, e P(C,/C). Hence V, = V, and so U, = U, hold. The

second assertion is obvious.

Let M = (‘é g), [C] # 0. By Lemma 5 in Section 2 we have

WM, T) = jX  HQM, Ze(— tr TZ)dX

— f ST e(tr @-M(Z + SY)i(M, Z + S)*e(— tr TZ)dX

X mod1l Se€4d
= |C|*e(tr(QAC™! + TC~'D))
x 3 e(— tr{Q'C(Z + S + C-'D)~*C
X modl Se€4

+ T(Z + C'D))|Z + S + C-'D[*dX
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(since M(Z> = AC-* — 'C-{(Z + C-'D)-'CY)
= |C[ *e(tr(QAC-" + TC-'D))

% j e(— te(QIC11Z + TZ)|Z| *dX .
X
For positive definite matrices P, Se GL(2, R) we set
J(P, S) = j e(— tr(PZ-' + SZ))|Z|*dX .
X

Then it is known ([1]) that

J(P, S) does not depend on Im Z, and
J(P, S) = | R|f-**J(P[R""], S[!R]) for Re GL(2,R).

For a positive definite matrix P, we denote by +/ P a matrix A such that
A*= P, A > 0. Then we have, for P, S > 0,

J(P, S) = | P[*-*J(1,, S[v P))
- ile"le[\/?] |k/2—3/4J(~/S[~/—P], \/S[«/P])
= [P S (VS PY)

where we set J(P) = J(P, P) for 0 < Pe GL(2, R).

Since J(P[F]) = J (P) for every orthogonal matrix Fe GL(2, R), J(P)
is determined by eigen-values of P.

It is easy to see that for 0 < Se GL(2, R)

T((4m)"'8) = 22m) 4|2 S|4, (4718,

where A,(M) is a generalized Bessel function defined in [2], and it is
known

Aceas47891278P 7 = 2 [ I (6t) oL — £l

for S = (sl sz) > 0.

Thus we have, for s, s, > 0,

J((Sl )) — 9-ig-t f [T Jooudrsd) (1 — #)-2ds
Sy 0¢=1,2

Hence we have, for M = (Z 5) el, |C|+0,
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h(M, T) = 277~ QP*~+#| T~ C|[-**e(tx(AC~'Q + C-'DT))
X jl ﬂ Jk—3/2<47l'sit)t(1 — B®)-'ndt ,
0i=1,2

where s, s, are eigen-values of ¥T[vQ[C ], and so

2 WM, T) = &| T C|""K(Q, T; C)

D mod C4

1
X I T Je-se(dmst)t(1 — *)~2dt,
04=1,2

where ¢ = 2-'z7¢|@Q["-** and K(Q, T; C) is a generalized Kloosterman sum
defined in Section 1 and s,, s, are positive numbers such that s? s} are

eigen-values of T-Q['C-']. Since T = <i‘ :) is supposed to be Minkowski-
2

reduced, we have T Z t)’ that is, there are constants, «,, £, such that
2

T> x,(t‘ t), T< xz(t‘ t). If A>0, B> B, >0, then tr AB = trv/ABYA
2, 2,
> tr/ABWA = tr AB, holds. Hence we have tr T-Q['C-'] = tr T[C-']-Q
et )] and (7-Qre (4, )iC
2 2.
follow s} >{si, si s, where s, s; are eigen-values of (t‘ 2:>[C . Set P =
2

T-Q['C™'], then tr P<1 implies s} + 5;<1 and si < 1, s 1. tr P <2|P|
implies (s} + s)/sis3 <2 and si > 1, s> 1. If trP>1 and tr P > 2|P|,
then we have either s} > 2/3, s§ < 2 or sf < 2/3, s> 1/3. Since J,_,.(x)
= O(min(x*-*2, 1/+/'x)), we have

. From these

lPIk/2—3/4 lf tr P < 1 ’
f [T Jiosp(dast)t(l — £)-'2dt| < {(P| if tr P< 2|P|,
0i=1,2
lPIk/2—3/4(tr P)d-®7  otherwise .

Thus we have

S B, D] < T, I
D mod C4
| P [ra-ss iftrP<1,
% lPl—l/& iftrP<2lP"
'Plk/2—3/4(tr P)(l—k>/2 otherwise .

where C = U-(“ o)V U, VeGL@® 2), 0<cle, and P = T-Q['CY,
and v is the second column of V.
Fix 0 < ¢|c, and Ve GL(2, Z) and let v be the second column of V.
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We suppose that A = T[V(C1 c>_lU,] is Minkowski-reduced for U, ¢
2,

GL(?2, Z). Set C = U-'U(% c V-1, then |T-Q['C']| = |Q||A| X |A| and
tr(T-QI'C~']1 X tr(T-1,['C~']) = tr A[U]. Thus we have

2. L D TP eifer™ (e, TDF(A),

UEGL(2,Z) D mod C

where

)= T AP A

UeGL(2,Z) UEGL(2,Z)

tr ALU]<1 tr ALUI 4]

+ 2 |A[E A A[UDCOR.
UEGL(2,Z)
tr AfUI>1
tr A[UT> 4]

LEMMA 2. Let A® > 0 be Minkowski-reduced. Then we have
f(A) & m(A)"‘max(l, IA!)(S—k)/2+slA|k/2—5/4—e ,
where m(A) = min A[x].

0#zeZ2

Proof. Set A — (‘g ‘;) Since A in Minkowski-reduced, A;((“ c),

|A| = ac, m(A) < a, a < c, and we have only to prove Lemma 2 for H =
(a c) instead of A. First we estimate #{Ue GL(2, Z)|tr H[U] € 1}. For

U= <Zl Zz) e GL(2, Z) and ne Z, it is easy to see
3 4

tr H[(l '{’) U] = a(u + ud{n + (wu, + wu,) (Wi + ui -1
+ c(uf + ud) + a(ui + ud)".

Hence tr HU] € 1 implies ¢ < c(ui + u)) € 1 and a(ul + ud)(n + *)* < 1.

For relatively prime numbers u,, u,, we fix U = (Z :;), U = (Z ;) €
3 4 3 4

GL(2,Z) with [U]=1, |U|= — 1. Then any element in GL(2, Z) is

uniquely decomposed as (1 ’{')U or (1 7{) U’ for ne Z. Thus we have

${Ue GLE, 2)|tr H[U] € 1} € ( z):l t{neZ|(n +*)Q < e+ u)'}
ul+ul<c—1

< T+ )
(ug,uq4)=1
ui+uj<e—1

< Z a~1/2m-1/2+e<<a—1/zc—1/2—e.

mege—1
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Thus the first sum in f(A) is O(a*2-c*?-3/4-¢) if ¢ € 1, or 0 otherwise.
From (@ <)c € 1 follows

ak/2—5/4ck/2—5/4-—em(A)£ max (1’ !Al)(&-k)/Z+e]AIk/Z-S/{-s)-l
max (1,[A)EI L 1.

Next we estimate #{Ue GL(2, Z)|tr H[U] < |H}}. trH[U] < |H| implies
w4 ui€a, (n+ ¥ (@l + ud)'. Similarly to the first sum, we have

${Uc GLE, 2)|tr HIU) < [H]} < 3 mielm)™ < cra.

w2+ u € aimplies 1 € a < c¢. Thus the second sum in f(A) is O(a'***c'*)
if 1 € a or 0 otherwise. From 1 < a < ¢ follows

@' ec(m(A) max (1, | A)@-07+e| A3/t
x (ac)3/2—k/2+s max (1’ |A|)(k~3)/z_\g << 1.

Lastly we estimate the third sum in f(A). Set
X= 5 At A[UYSS",

UeGL(2:2)
tr A[UI>1
tr A[U> | 4]

Then
X << (ac)k/2_3/4 Z (tr H[U])(l—k)/Z
UEGL(2,Z)
tr H{U]>max(1,|H]|)

< = Vickr- Z (tl' B[U])(l—k)/z ,

UeGL(2,Z)
tr BLUJ>max(a—1,¢)

where we set B = (1 d)’ d = cla (=1). Hence we have

X ar et 31 (@4 w)iR 55 g, ty t, ty w0,

(us,ug)=1 U U2 N

where g(n, u,, uy, uy, u) = {n + (Wu; + wu,) (1 + ui)_l}z + (@ + ud)?+ d, u,
u, run over relatively prime integers and for given u,, u, we take integers
u,, u, such that wu, — w,u, = + 1 and |(w,u; + wu) (Wi + ud)*| < 1/2, and
n runs over integerr such that g(n, u, u,, u,, w,) > max(e?, ¢)(u? + ud).
(GL(2, Z) is parametrized by u,, u,, u;, u, and n.) It is easy to see

g("‘y ul’ uz, u‘s’ u4) :-J\ nZ + d’
since |(w,u; + wu,) (W3 + ui)'| < 1/2 and d = 1. Hence we have

XL amfetst 50 (ug + ud)"0" 30 358N, tyy Uy, Uy, 1) 0

(us,ug)=1 UL, UL N

& Q- 1Vick-3A Z (ug + ui)(l—k)/zz (n2 + d)(l-k)/Z,

(ug,us) =1
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where n € Z must statisfy n’ + d > max(a™?, ¢)(ui + u?)-!. Hence we have

X < - Vick2-m Z mu-nrzte Z (n2 + d)(l—k)ﬂ .

m=1 n2+d»max(a—1,¢)/m

We prove

Y = Z (n2 + d)(l—-k)/Z — O(al—k/Z).

nezZ
n2+d=a(>0)

If d = «, then

Y= Z (n -+ d)(I—L)/E & da-ore + Z (n2 + d)(l_k)/g

<& da-mr + Jvo; (x2 + d)(l—k)/zdx & da-mnre + di-kr
0
& di-# é alFe

If d < @, then, denoting by m the least positive integer n that satisfies
n* + d = a, then we have

Y=2 Z (n2 + d)(1-k)/2 = 92 Z {(n + m)z + d}“"‘)/z
nz0

nzm

g é(nz + a,)(l-k)/z K Qe

We note max(a!, ¢)/max(a, c™') = c/a = d. Hence we have

~1/4,Kk/2~3/4 (A-k)/2+eJ1-k/2
L a e m

m2max(a,c—1)

+ Z m(l—k)/2+s(max(a-—l’ C)/m)l-k/z}

m<max(a,c—1)
& a~1/4ck/2-3/4{max(a’ c—l)(s—k)/2+edl—k/2 + max(a*‘, c)“"/zmax(a, c—1)1/2+e}
 a*max(1, ac)C-BEE(ge)rr-si-e
= m(Ay max(L, [A)e-0me| A

Thus we have completed a proof of Lemma 2.
Lemma 2 implies immediately

Lemma 3.

UeGL(2,Z) D mod CA

2 crrn(a] () )

>< max(l, lT!(Clcz)—z)(is-—k)ﬂi-&cli—k+2£c§/2—k+3€(cz, T[v])l/z s

where C = U“(c‘ C)V", 0 < cle, end v is the second column of V.
2

Now we can prove our theorem.
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25 AT < 25 2 | Ty

cilez VEGL(2,Z)/P(ce/e1) UEGL(2,Z) D mod cilce VEGL(2,Z)/P(ca/c1)

X m(T[V(C’ >_1])Emax(1’ lTl(clcz)—z)(a—k)/2+ec§-k+2:cg/2—k+35(cz, T[v])l/z
&)

<< [TIk-—Z—E/Z Z Z: max(l’ |T|(clcz)—2)(3—k)/2+s

cilez VEGL(2,.Z)/P(cz/e1)
- 3/2 -
X et e ey, TV,

where we used m(T| V(% )7]) <|7[v(% )]

= Zl + 22’
where 2, (resp. 2,) is a partial sum such that (¢,c,)* = | T'| (resp. (c,c.)* < |T)).

S |TF 5 e S defe, T

VE€GL(2,Z)/P(ce/c1)

1/2

»

(e 21T
LNT2er 20 P 45 (cyfe) (e, /c,, e(T))'
(1ot 21T

& IT}k—«2—~e/2 Z ci—2k+3en5/2-k+3s(e(T)’ n)x/z .

C1y7
eInz VT

Sinee M were(T), R < 3L T (e

nza rle(T) sza/r

— r3—k+35 85/2—-k+35 r3~k+35 alr T/2-k+3¢e
> o 3 < 33 vl

rle(T) szZalr

= -k Z roe — O(e(T)eav/z—k+3e) ,

rle(T)

we have 2'1 << lle—z-s/z Z C?_2k+3ee(7')£(’\/l17‘—l/02)7/2_k+3$
— lT!k/z-x/nee(T)s Z 01—2-35 — O(ITIE/2—1/4+2£) .

22 << l le—2—5/2 Z ] T](3—k)/2+5cl—scz—3/2 Z (CZ’ T[v])l/2
cilea VEGL(2,Z)/P(ca/c1)
(c1c2)2<|T|
L|Temeeer 50 e fer e (ele)  (efe,, e(T))*
(c;c:;yz[ﬂ

— lle/2—1/2+s/Z Z ci—l—sn~—1/2+s(n, e(j"))l/z .

C1,M
cAn< VT
Since ST nT e, e(TH)Y < 3 >0 (sr)yV/2eps?
n<B rie(T) s<B/r

—_ Z rs Z S—1/2+£ << lz(;‘) re(‘B/r 1/2+¢

rle(T) s<B/r

— PR 3 = OTY ),

rle(T)

we have 22 & lle/2—1/2+€/2 Z Cfl_se(T)e(\/lTT/C%)l/2+s
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- lle/2~1/4+ee(17)e Z cl—Z—Ss — 0({TII¢/2—1/4+25) .
c1

It is easy to see that > h(M, T) is absolutely convergent with minor
changes. Thus we have completed a proof of our theorem.
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