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THE LOW DENSITY LIMIT

IN FINITE TEMPERATURE CASE

L. ACCARDI AND Y. G. LU*

§ 1. Introduction

The low density limit in the Boson Fock case has been investigated in [1]

where also the physical meaning and their motivations have been explained (cf.

also [0]). From these papers one knows how the number processes can be obtained

from a quantum Hamiltonian model via a certain limit procedure.

But the physically more meaningful case is the one in which the initial state

of the reservoir is a finite temperature rather than Fock state. The present paper

is devoted to do this case.

In the present paper, our physical model and essential assumptions are same

as ones of [1] (except the Fock state). We consider a "System + Reservoir" model

described by a system Hilbert space Ho and a (one particle) reservoir Hilbert

space Hi, the system Hamiltonian Hs\ the (one particle) reservoir Hamiltonian A,

and the associated one particle reservoir evolution

(1.0) S ? : = e x p ( - itA)

which is a one parameter unitary group on B(Hi).

Let be given, on the CCR C*-algebra over Hi (cf. [11]), a gauge invariant

quasi-free state (p{z) with fugacity z2, i.e. for each / e Hi,

(1.1) (p(z)(W(f)) =

where H is a self-adjoint operator which, will be supposed in this paper, com-

mutes with A and W{f) is the Weyl operator with test function/. Moreover up

to GNS-construction one can write the left hand side of (1.1) as

<0g, W{f) 0Z>
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where the Weyl operators act on a Hilbert space fflz and Oz is a cyclic vector for

the Weyl algebra. For any Hilbert space $?, we shall denote F{^€) the Fock space

over $t.

As in [1], we consider the situation in which the interaction between the Sys-

tem and Reservoir is of the form

(1.2) V := i(D®A+(g0)A(gl) - D+®A(gl)
+A(go))

and the time evolution in the interaction picture is defined by

(1.3) Ut:= eitH\ e'itHtot

where

(1.4a) Hit := Ho ® 1 + 1 ® dr {- A)

is called the free Hamiltonian and

(1.4b) Htot:=Hfr+V

the total Hamiltonian.

A simple computation shows that the time evolution U(t) is the solution of

the following ordinary differential equation

(1.5) ftUt = iV(t) - Ut

and where

(1.6) V(t) : = eitHfrVe~itH{r

Now, as in [1], let us suppose that

1) #o and gi have disjoint spectrum sets, i.e.

(1.7) <£o, S? gl> =0, V ^ G R

2) the rotating wave approximation:

(1.8) eitHo D e-itHo = e-
it{m'm) D, for some co0 * o>i.

These two conditions have rather good physical explanations and under them,

the same arguments as in [1] (or [0]) imply that (1.6) can be rewritten as

(1.9) V(t) = i(D®A+(Stgo)A(Stgo) - D+®A(Stgl)
+A(Stg0))

where St is a unitary group satisfying

(1.10) Stgo = S? e-iio»g0 Stgi = S? eitwi
gi.
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In this paper we shall directly start our research from (1.9) and in certain sense

forget the motivation of this assumption, i.e. starting from (1.9), we investigate,

purely mathematically, the low density limit. Of course one of physically meaning-

ful case of our study is the one with the conditions (1.7) and (1.8). Moreover, we

shall suppose that the unitary group {5j f eR commutes with A; there exists a non-

zero subset K of Hi such that g0, ft e K,

(l.ll) f \<f, S,g>\dt< oo, v / , g<=K
*J R

</, Stexp(-pnH)g>\dt

R

and for each f, g ^ K, the series

f
J RR

has a positive convergence radius.

With the condition (1.11), one can define a Hilbert space {K, (*|*)} in same

way as [1], where, for e a c h / g ^ K,

(1.12) (/I*) : = / <f,Stg>dt.
J R

Inspired by [1], in this paper we shall investigate the limit

(1.13) lim < u <g> W (z fTz2 Sufdu) 0Z, Ut/Z2v ®w(z(T '* Suf'du) $z >.
z^O \ J S/z* I \ Js'/z2 /

It will be proved that the limit (1.13) exists and is equal to

(1.14)

where the scalar product in (1.14) is meant in a Fock quantum Brownian motion

in the sense of [1] (cf. also [0]) and U (t) is a Markovian cocycle satisfying a quan-

tum stochastical differential equation (q.s.d.e.). More precisely, the main result in

the present paper is the following:

THEOREM (1.1). For eachf, f, gOfgi e K ,u, v e Ho, D e B(H0), S, T, S\

Tf G R, t > 0, if t ^o, ̂ "I satisfy the condition

(1.15)

g,gf<={go,gi,e

î  /ow; density limit (1.13) wwfs anrf t5 egwa/ to (1.14) «;̂ r̂̂ , C/(0

ion o/q.s.d.e.

(1.16) U(t) = 1 +

+ Z)2(e) (8) diVsfe, gs) + (D3(e) + D£ < ft-.,<r>&» ® Ids] C/(s)
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mH<,®r(L2(R) ®{K, ( - I - ) ) ) and

(i) Wis the vacuum o f T ( L 2 ( R ) <8> (K, (•{•)));

(ii) Nt(g, g'):= N(xiM® I g> <g'\);
(iii) For any operator T on L2(R) ®K, N(T) denotes the number operator

generated by T characterized by the condition

eitN{T)W(%)W= W(eitT%)W, V £ e L2 (R) ® K

for T self adjoint, and extended by complex linearity to arbitrary T.

(iv) Di(e) D2(e) and D3(e) are given ty (6.80), (6.81) and (6.65) respectively.

Remark. Since in the Hilbert space T(L2(R) <g>K), the set {W{% ®f)W\

X e L2(R), f ^ K} is a total subset, we know that the linear functions

can separate (bounded) operators. Therefore the Theorem (1.1) gives a stochastic

process as the low density limit of the time evolution of the original Hamiltonian

model.

§2. Preliminaries

In this section, some preparations will be done for the following sections.

LEMMA (2.1). For each f\ f e K, S, S', T, T e R,

J *T/Z2 rr'/z2

Sufdu, z \ Suf'du)
„ „ S/Z2 ^ JS'/Z2

= < Xis.ri.Zis'.n > L2(R) ' J R < /, S^/r > rf^.

One can find the proof in [1].

LEMMA (2.2). For each n^Ny {/JjU c if, {Sk, Tk)Ui c R, ( J : J * - I c R,

( rTi/z* \ / rTn/z2 \

xxi I &/irf«) •••W[xnz I Sa/«dM <P,>

(2.2) = < V,

and i^e convergence is uniform for {xk, Sk, Tk}"^i in a bounded set of R, where, ¥

is the vaccum ofT^ViR) <g> (K,(-\-))).

One can find the proof in [1].
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Denote H{ the conjugate Hilbert space of Hi, i.e.

(2.3) e:Hx • Hu c{Xf) := Xc(f)

(2.4) <c(f),c(g)>l:=<g,f>

then, H[ is a Hilbert space. It is well known that up to a unitary isomorphism

(2.5) ®

(2.6)

for each f ^ Hi and

(2.7) 0Z = 0 ® 0'

where $, 0' are the vaccum vectors in F(Hi) and r{H\) respectively and

and

- 1 _ . 1 2exp(-

exp(-Mff) Z = .

Moreover, we have

(2.10) A(f) =

So up to a unitary isomorphism:

(2.11) A+

= A+(Q + f )A(Q + g) ® 1 + Z(A+(Q + f) ® A+(Q- g)

+ A(Q + g)®A(Q-f))+z2\®A(Q-f)A+(Q-g).

By the CCR, the last term of the right hand side of (2.11) is equal to

z2 1® \A+(Q-g)A(Q-f) + <Q~f, Q~g>]

therefore the right hand side of (2.11) can be rewritten as
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(2.11a) A+(Q+

+ z2(l®A+(Q-g)A(Q-f) + <Q~f, Q~g>)

= :Ao(f, g) +z(A-1{f, g) +Al(f, g)) + z2A2(f, g) + z2A-2(f, g).

Our starting point of this paper is, as in [1], the iterative solution of (1.5):

(2.12) ut=± (-iy P d h - - r~ldtnVdd'-vitn).
«=o Jo Jo

Now, we want to show what is the difference between the Fock and non-Fock

cases.

In (2.11a), the term A0(f, g) is similar to that in the Fock case and the term

z2A±z(f, g) will, roughly speaking, not play any important role. In the term

z\A-i(f, g) +Ai(f, g)J, if there exists some A(Q~ g) acting on W\z /J//,2

Q-Sufdu} or w(z Isw£Q-Suf'du), since Q- = zQ~ and Q~ tends to c •

exp ( — -*•£//) as z-+ 0, we shall get so "many" z that the term will go to zero. But

the new situation is not the same as that in the Fock case: there it is not possible

that all the operators are "used" to produce scalar products, but here is possible.

For example, in the case of n = 2, we can get the following term

(2.13) A(StlQ + go) ®A(Q . St&) 'A+(St2Q + g0) ® A+(Q - St2gi).

From it one can get the following term.

(2.14) < Q + go, St2 _ t2Q + £o > • < Q - gu Q - St2.t2gl >,.

So in the low density limit, the following term will be obtained

(2.15) lim / dh I dt2 < Q + g0, Sl2-nQ + go>-<Q-guQ- Stt-hgi
Z-+ 0 J 0 J 0

lim f'/Z* dh f'1 dhz2 (Q + go, St2-nQ + go > • < Q ~ gu Q ~ Stt-hg
z^O J 0 J 0

lim P dh f° dt2<Q + go, Sl2Q + g0>-<Q~ glt Q~ S*gi >,
2_0 J 0 J -ti/z2

= P dh f° du < go, Sugo > •<e-^»gl,Sue-irmgi>.
JO J —oo

In the case of n > 2, one gets similar terms.
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§ 3. The collective terms and negligible terms

The section is devoted to distinguish the collective terms from the negligible
terms. First of all by (1.20) and (1.7), for each n e N, £ e {0,1}" up to a unitary
isomorphism,

(3.1)

= (A+(StlQ +

+A(SnQ

+221 <g> (A + (S ( 1 Q~f t - . U ) ) i4 (Q

+(S t eQ + gt(»>)A(.StnQ + #_.<„>) ® l + 2 ( A + ( S ( B O + g,M) ®A+(Q

+ A(S,.Q + ft-.

Stng,(n)) + <Q-glM, Q~&_.<„> >

Expanding the right hand side of (3.1) and using the notations in the right hand

side of (1.20a), one can write (3.1) to

(3.2) 2 iWS*i&u>, S*itfi-.u>) • • -iWSfc&tt), S^,- ,^)^ ^ i " ' * ' 1 .
ffe{0,±l,±2}»

In order to write (3.2) to a more clear form, let us label Ai by 1 < ii < * * • < ik
< n\ A-i by 1 < i[ < * • * < i'w ^ n\ A2 by 1 < i{ < * * * < ii'" ̂  w and A-2 by
1 < i'i < • • • < z'fc''' ^ w, then the terms Ao are naturally labeled by the indices
set (1,.. . , n}\(i*}J-iU (QLiU (iXiU (iDKi). Thus (3.2) is equal to the
following expression

(3.3) Z 2 2 Z ""£*' S

A" r=0

) 5 h ^ _ , ( 1 ) ) . . •A1(S,,lgs(M, &^i-

ge(ii'), St., gi-e(ii'))
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Ai(Sttkge(ik), Stugi-s(ik)) ' * 'A-iiStrrged'k'), St,». gi-e(i'k

A2(Str',ge{i%"), Str;.. gl-e(i%")) ' ' ' A0 (Sfn gs(n)Stn gl-E
k'"

Ft < Q " geWk"), Q " gl-e(i'h") X
h=l

n n—k n—k—k'

= 2 2 2 2 2 2

n-k-k'-k"

2

+ gl_ta)).. .A(St,, Q

• • -A+(St, Q + ft(rt)) •

S,,,. Q + ft«v>) • • -A+(S

® A(Q - StngtUl)) • • -A+(Q ~ St^-euv) •

A(Q ~ S(, gi-e<m)A+(Q ~ S,,gs(i'\)) • • •

A(Q~ &..gt(M) • • -A+ (Q ~ Stl, ft_,«v)) •

A(Q ~ S^ft-,(ff»)) • • -A+(Q ~ S,rrgtu*»
k"r

I! < Q'ged'i'h Q~ gl-eii'i')>t

where, In denotes those terms satisfying K' = 0 and II« denotes those terms satis-

fying ft" > 1.

Now, we write I» and II« in normally ordered form. Then, one has

LEMMA (3.1). For each n e iV, £ G {0, 1}W,
« «-£ n—k—k'

(3.4) R = 2 2 Z S 2 2

2 2 Z
{«*}jL1c{i,...,«}\({i*}{.1 u {/*}Jli u{«njl'[)

2 z*+r
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m'

St,t Q + gi-e(Pk)f Sttt Q + ge(Qh) > ' I I < Styt Q + gl-eiP'h)> St,t Q + ge(q'h) >
h=l

II A+(S,aQ
ae{l,...,«}\({/*}J.1U{i'*}Jl1 U{iT}Jl'[ U {«*>E-i>

n
ae{l,...,w}\({i;}Jl1U «*'>*-[ U {/>*}?„!

I! (Q~ Stxgeip't), Q~ St,.gl-e
h = l

n A+(Q - s^!-£(«)) • n

the sum for all 1 < pu • • • ,/>w, />i, • • •/>«' <

a) fo}r-i u {̂ ;}̂ i c {i,...,w} \({ar=i n {Ciirro;
(ii) \{ph)UU {p'Jtil =m + mf;
(iii) ^ < qh for all fe = l , . . . ,m and />i < qh for all /z = 1,..., m!\

and ILip1;,• • •,p'm) means the sum for all 1 < pi',' • • ,pm < n satisfying

(o {p-}fi\<z{ihn=u
(ii) I {/>;'}&; I = m/7;
(iii) />;' < ^ for all h = 1 , . . . , m /r.

Profl/ Notice that the indices {i'h'}kh=i label only scalar product terms which

can be thought as "normally ordered", therefore, we can assume, without loss of

generality, that k"' = 0.

By (3.3) and the definition of K (JC = 0), one has

(3.5) E = Z 2 if 2 ^ + r

C»(2,
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<8» 2 0.(3, m")(A*•••)«'-«")-(A•••)«-»"»

where, C»(l, m), Cw(2, m') and Cw(3, m") are the products of some scalar pro-
ducts; (A+- - •)(„-*-*'-«) is the product of the creators which is a n — k — k! —
rn's elements subset of

(3.6) {J4+(S*Q +&<«>); a €= {1,- •• ,«}\({iJ t 1 U {QU

whose complement is used to produce the scalar products; (A+ • • •)(*'-»') is the
product of the creators which is a k' — m's elements subset of

(3.7) U ^ f t Q &<*>)}
whose complement is used to produce the scalar products. So, m < n — k — k'
and mf < k\ For each fixed m, one can use the set iq^t^i c {1 , . . . , «} \ ({4}*=I

U Uhlh^i) to label the set of creators

(3.8) [A+(StaQ
+g£{a)); a e {l,...f»}\({f*}U U {fUf-i)} \ (A+- • •)(»-*-*'-«).

Without loss of generality, we can suppose that

1 < qx < • • • < qm < n.

For each fixed m\ one can use the set {qh}fLi c: {rjf=i to label the set of
creators

(3.9)

Without loss of generality, we can suppose that

1 < q\ < - - • < qm, < n.

For each fixed m, rri, 1 < ^i < * * • <qm < n, 1 < q[ < • • • # « ' < « , there is a m

+ mns elements subset of annihilators

(3.10) {A(StaQ
+g£{a)); a e {1 »}\«Ji.1 U

which is used to produce scalar products with

(3.11){A+(StaQ
+g£{a));a(E {l,...,n}\Uh}Li U {fh}Li)}

If we label the subset by {ph)T=i and fy>/J/?Ii respectively, then, 1 < pi,...,pm,
P'u...,pm> ^ n; W f . ! U {p;}JLi c {l,...fW} \ {QU and | {̂ )5f=i U W^ =
m + m\ Moreover, m + mr < n — k'y i.e. w! < n — k! — m. So, we obtain the fol-
lowing
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(3.12) R = £ 2 "Z

Z Z Z

Z ^*+*'
(Pi,'",Ptn,Pl,»;Pm>)

m m'
I ! < St,t Q + gl-e(Ph), Stu Q+gs(qh) ) * I ! < St» Q+gl-eip'*), StA Q+ge(q'h)

h=l h=l

n
as{i,...,»(\({i»){.1 U (i

n
II A(StaQ + g^

ae{l,...,n}\(«i)JL1U (̂ *}JLi U <̂ *>Ki)

® E C«(3, m*)(A+- • •)«'-„")• (A- • •)<*-«.»).

Similarly, we can deal with

(3.13) Z C O , m")(A+-' •)(*--*-)• (A- * •)<*-*->

and get that (3.12) is equal to

Jfc'Ajfc

(3.13a) Z Z Z / f
m"=0 \<*qi<...<qin"<%v P'[,"*,Pm"

w
11 < Q " Stfigelp'fr, Q " St,-t ge(q'{) >*

n ii+(o-s^i-ete,)- n A+(

Combining together (3.12) and (3.13a), one finishes the proof.

As an appication of this Lemma, we can easily obtain the following

COROLLARY (3.2). For each n e N, e e {0,l}w, / , / ' e X, T, S, r , Sr e R,

/ rT/z2 \ ( rr/z2 \

(3.4) <W[z Q + Sufdu)0F<g>W[z2 Q-Sufdu)$c
F,
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dtij dt2'- dtM'
o J o J o

'Wlz I Q+Suf'du)0F® W[z2 I Q-Suf'du)0<F >
\ J S'/z* I \ J S'/z* I
n n-k n-k-k'

= 2 2 Z 2 2 2
{ * * } * - 1 u {**

2
m'=0

Z Zk+k' / dh dt2'" dtn

I!n ( StPk Q + gl-e(Pk), Sttt Q + ge(qh)> ' H ( Stt-t Q + gl-e(p'h), StPi Q + geift) )

f*T/z2

k'-m' n &<„,
n—k'—m—mf-k"'

Z Z
m"=0 l<q'{<...<q

du

Z n < QStvgsiM, QSttgi-tw >

-̂"1'0 n fr/Z2 du < Q-SB/, Q

2(*'-") II fr/22 ̂  < Q-Sug^a),
Js'/2

kr"

El
k

Zlk" El < Q'geiik"), Q~gl-eur) X

/ rr/22 \ / rr/z2 \

<W[z Q+Sufdu) 0F® W[z2 / Q-Sufdu) 0l
Ff

\ J S/z* I \ J S/z* I

W[z Q+Suf'du) 0F® W(z2 I Q-Suf'du) 0C
F>.



THE LOW DENSITY LIMIT IN FINITE TEMPERATURE CASE 37

COROLLARY (3.3). For each n e N , £ e {0, 1}W, / , / ' e A, T, S, T, Sf e R,

(3.15)
S/Z*

Q+Sufdu) 0F <g> ̂ ( z 2 r / 2 2 Q-Sufdu) 0C
F,

I \ J S/Z2 /
rt/z* rf rtn-i

I dk \ h d h - - - I dtnVn
Jo Jo Jo

T /Zl Q+Suf'du) 0F ® w(z2 fT/Z2 QSuf'du)
'/z* I \ Js'/z2 I

n n—k n—k—kr

< 2 2 E S 2 2

2
m=0

E
aii.iiuuiiJLjUunJl'i:

k' f\n-k-k'-k'"-m)

2

* = 1

m-m>-m>') f"*2 f'1 ftn~l

Jo Jo Jo

I ! (StPk Q + gi-e(pk), St<kQ + gs(gh) ) I ' I ! I (Stai Q + gl-e(ah), StBh Q + ge(/3h) >

m

(Q ~ ge(ik'), Q ~ gl-e(i'k') ) e\ ' U I < Q~ Stpi! ge(p'h')> Q ~ St,v gi -e in) "> c I
h = l

w(z fTZ2 Q+Sufdu) 0F <8> w(z2 fTZ2 Q-Sufdu) 0C
F,

\ J S/Z2 J I \ J 5/22 J I

PF (8) w ( z 2 f T Z 2 Q-Sufdu) 0F
\ JS'/z* I

where, here and in the following,

(3.16) Ci : = max f°° | <PG, StPF> | ^

\
S/Z2

( rr/z2

\ J S'/z*

Ci: = max
F=f,f';G=go,gi;P=

and

(3.17) fn:=\{qh)t:i{J{qh}fLl\

(3.18) {0h}fml = {q'Jfo U ({qDtWiq'HnU).

Moreover, {a>Mi=\ is chosen in the following way:
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(3.19)

With arguments similar to those of the proof of Lemma (3.1), one can get the

following

LEMMA (3.4). For each n e R, e e {0,l)w,

(3.20) IIS = 2 2 2 2 , "2 2

2 m 2 m

{«*}JL1c{i,...,ii}\({/»}{.1 u {i'h}
k
h'ml u «* }Jl'i

< S/,. 0 + gi-s(PH),Suk Q + ga(QH) > ' I ! < S ^ Q + gi-E(p%),St,% Q +

n

J.1 U {f^Jl'j

E El < Q " StP%g£{fh),Q~ Sttgi-eifo ><

h=l

k"r

z™" Ft

n
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( £ )
ae(ii'k}l'ml U {<*>S-i>\<^'>*-i u <«*>*li>

where, Tl'(pl,...,pm,p{,...,p'm') means the sum for all 1 < pi, ' * * ,pmi pi, ' ' • ,p'm> ^ n

which satisfying

(i) {/>*}?.i u { ;̂}r:i c a «}\({*%>siiLKOTIui/nri) ;

(ii) |{^}JLiU^i}J!li| = m + m';
(iii) ph< qh for all /z = l,...,m andp'h < qh for all h = l,...,m';

and 2(fi,...,f^, p'{,..-,p'd"), means the sum for all 1 < />i,...,/V, ^ 1 ' , . . . , ^ ' " ^

r=1 u y;}d c {fjjt
(ii) I {#}f-i U {/;}f:i| =d ' + d"\

(iii) / , < ̂  for all h = l,...,d' and ft < ft for all h = 1, . . . ,^ .

COROLLARY (3.5). For eac/i « e N, £ e {0,l}w, /, / ' e if, T, S, r , S' e R,

(3.21) \<w[zl Q+Sufdu) $>F®W[z2\ Q-Sufdu) ®C
F,

\ J S/Z2 / \ J S/Z2 /
I dh dt2--- dtnlVn-

Jo J o J o

'W(z Q+Suf'du ) ® F ( 8 ) W[z2 / Q-Suf'du }0F>\

« «-A n-k-kf

< 2 2 2 E 2 2

n-k-V-V" "'A(«-*'-*"-*'"-*>

2 2 2
m=0

2 2 2 . 2
. . . < ^ ^ ^ (Pi,-••M'Ji,

d+d"+m+m/'

I I I (Stai Q + gl- e(cxh), Stek Q + getfh) >
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Q2(n-m-m'-d'-d") . Z2(n-m-m'+2k"+k+k'-2df-2d")

jjl l< Q ~ gi - e«r>, Q ~ #.«n > I • fi l< Q ' S* gt<a, Q " Sv. gi - . ^ XI

< w(z fT/ZZ Q + Sufdu) 0F 0 w(z2 (T/Z2 Q - Sufdu) 0'F,
\ J S/Z2 / V J S/Zl I

W (z r/Zi Q + Sufdu) OF®w(z fT/z2

\ JS'/z2 I \ J Sr/z2

where,

(3.22) d: =

(3.23)

with

(3.24)

§4. The limit of the collective and the Negligible terms

In the section, we shall deal with the limits

(4.1) ljm < W(z fT/Z2 Q + Sufdu )0F®W(z2 [*'" Q ~ Sufdu ) &„,
2^0 \ J S/z* I \ J S/z* I

dh I dt2--- \ dtn\*n-
o J o Jo

• W (z fT/Z2 Q + Sufdu ) 0F <g> W (z2 fT/Z2 Q - Sufdu ) 0'F >
\ J S'/z2 I \ Js'/z2 I

and

(4.2) lim < W (z fTZ2 Q+Sufdu ) 0F <g) W (z2 fT" Q~Sufdu ) 0F,
z-0 V J S/z2 I \ J S/z2 I

J *t/z2 rn rtn-i

dh / dt2'" I dtnOi-
0 Jo Jo

Q + Sufdu ) 0F (S> W [z2 / Q ~ Sufdu 0l
F >

S'/z2 I \ J S'/z2 r

for fixed n ^ N.

First of all, we have the following

LEMMA (4.1). For each w ^ N , 0 < m < n, 2 < qx < • • • < qm < n, 1 <

pu'"ypm ^ n — 1, ph < qh, h = 1,..., m,

(4.3) X dti din n
+ f \ I j.n-m m /*oo

V ) I * 7^)1" L
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as z—» 0.

The proof is similar to that of the lemma (3.3) of [1].

LEMMA (4.2). For each w e N, 0 < m < n, f, g e K, 2 < ft <

< n, 1 < pi,...,pm ^ n — I, ph < qh, h= 1,..., m,

• < q»t

(4.4)

as z->0.

= 0(1)

Remark. Lemma (4.2) is not a direct corollary of Lemma (4.1) because in

(4.4), the operator Q+ depends on z.

Proof. By the definition, one has

So,

(4.5)

Ql = (1 + z2e-¥Hyl =

z'2m f dh--- f""ldtnf[
Jo Jo / ,= 1

dtn

Applying Lemma (4.1) to (4.5), one finds a majorization of the left hand side of

(4.5) by

(4.5a) ± z*K ,JZ\

Combining together this and the fact that if the series

tz"an, an>0,n=l,2,...

has a positive convergence radius, then for any m ̂  N, the series

tzn(an)
m, an >0, »=1,2,...

n=l

also has a positive convergence radius, the proof is ended.

THEOREM (4.3). For each n e N,

(4.6) lim < f
0

Q + 5M/rfw ) 0 F <g> PF fz2 T^" 2 0 " Sufdu ) &(
F,

I \ J S/Z* /

J *t/z2 rti rtn-i

dh / dh-- \ dtnJR-
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• W(z fT/!l Q + Suf'du) 0F® W(z [*'" Q~ Suf'du) 0!
F> = 0.

Proof. In (3.21), one has
rt/z* rn rtn-i

(4.7) Z2in+k+k'+2k"-2d'-2d"-m-m') I tfl ^ . . . I fa
J o •/ o *^ o

d+d"+m+m'

II I < Stat Q + &(«»), S^ Q + gi- ) I

Jo Jo

d+d"+m+mr

I! | < Q + ge(ah)> Stt^ Q + gi-e

By definition, 1 < ^i < • • • < pd+d"+m+m' < n, so applying Lemma (4.2) to (4.7),
one gets

(4.8) 2-2<M+m>+*+4»).22ik+k>+2k»+r-4>) r dt ftldt2'- r^dtn
Jo Jo Jo

d+d"+m+m'

11 I \ Q+gs(ah), StBk.tak Q+gl-£(Bh) ) I
h=l z>

<zmf+k"+J-dr)'O(l).

Notice that df < K and in II«, k? ^ 1, so, the right hand side of (4.8) goes to zero

as z—* 0.

In the following we shall consider the limit of the right hand side of (3.14).

The first step is to show that we need only to consider the situation in which

there are the same number of A-\ and A\, i.e. k — k'.

THEOREM (4.4). In the right hand side o/(3.15), if k =£ k', then

J
%t/z2 rti rtn-i

dh / dt2~- I dtno J o J o
m m

II I <StH Q + ft-,^, S,,. Q+ft,W) > I • IT I <5,,. Q + g ! - t f a t ) . S,,. Q+gl(M > I = 0 .

Proof. With the change of variables

(4.10a) z% c-t,, j = l n

one has

(4.10) z2^M'-m'-m-2m"). » df fa. . . fa
Jo Jo Jo
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m m

I ! I ( StPkQ + gl-e(Ph), St9k Q + ge(qh) > I * El I < Stak Q + gl-e(ah), &* Q + ge(0h) > I
h=l h=l

= z-Z(m+m).z2Uc+k'-m'+m-2m»). T dh Pl
 rffe. . . C'^fa

Jo Jo Jo
m m

I ! I < O + gl-s(Ph), S^^ Q + ge(qh) > I * n I < Q + £l-e(a*), 5 ^ ^ Q + ge(ffk) >
h=l

By the defininion one has {jSJiJti Pi (tfJ/JLi = 0 , therefore

rt rn rtn-i m
(4.11) z'2(m+m)' I dh / rffe--- / * n n I <Q + gl-e(Ph), St^

•JO Jo Jo /,=i 22

fi

By the definition (3.17), we obtain that

(4.12) m>mr

so,

(4.13) k + ^ + m - m! - 2m" > k + K - 2m\

If k ± k', then 2mf/ < 2{k A k') < k + kf and this implies that the right hand

side of (4.10) is less or equal to

(4.13a) zM>-2m». 0 ( 1 ) < z . o(i)

and goes to 0 as 2—• 0.

Our second step is to show that with the condition k = k\ one needs only to

consider the situation in which the projection on the conjugate Fock space of all

A±i are used to produce scalar products in the normally ordered form, i.e. in the

notations of Corollary (3.2), m" = k (= kf).

COROLLARY (4.5). If in the right hand side 0/(3.15), k—kr and w!f < k, then

(4.9) is true also.

Proof. In the present case, by repeating the proof of Theorem (4.4), one finds a

majorization of the quantity in the left hand side of (4.9) by

(4.13b) zk+k>-2m> . 0 ( 1 ) = z2.0(i)

this ends the proof.

Theorem (4.4) and Corollary (4.5) show that in the following we need only to

consider the limit of
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[n/2]

(4.14) R(lf z, t):= 2 2

n-2/fc

2 2
k'"=0 l <*"'<... <i£,,<n

<**">*-[ n (Uh}k
hml U {«*}{.!) =0

kA{n-k-m-kr")

Z Z

rf*! I dtf- I *»
0 */ 0 J 0

I I < Sf,. Q + gi-e(Ph), Stqk Q + gs(qh) > * I I < Stpi Q + gl-e(p'h), St* Q + ge(q'h) >
h=l h+1

Z2 du (SUQ + / , S,aQ +
2

du<SuQ + f, StaQ + g£(a)

A: k ' "

Z n < 0 " Staged,.), Q~ StAgi-e(H)) >. * I ! < Q~ ge(i7), Q ~ gl-eii%") >̂
aeS ' A + l A l

0F ® W{z*fy,7 Q

where, for each (u, u)J=i, ih < ^ , A — 1,...,A:,

(4.15) 5; := ( ( J G ^ : U> < t i , A = 1,...

Remark. In the sum 2 1 <»;<<*;^« , the conditions u < in, h =
{*/,}JJ=1O ( i ;}S- i= 0 ; i * < i i , / i = \,...,k

l,...,/c dues to on the conjugate space, all operators are used to produce scalar

products (m" = k), so all creators should be to the right hand side of annihila-
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tors.

Stating from (4.14), our third step is to show that those terms in the right

hand side of (4.14) in which w!r < k tend to zero, i.e. one needs only to consider

the terms in which the projection on the Fock space (not only the conjugate one) of

all A-i and A\ are used to produce scalar products in the normally ordered form.

THEOREM (4.6). In the right hand side of (4.14), if m" < k, then the quantity

(4.16) Z2(n-m-m>). tf I tf . . / ft
Jo Jo Jo

m mr

El I < StPt Q + gl-eiPkh St,t Q + geiqn) > I * I I I < Shi, Q + gl~e(p'h)> St* Q + ge(q%) > I

I! I < Q- S^g^u Q- S«tgi-tlto > I
h = l

tends to zero as z~~* 0.

Proof With the change of variables (4.10a) and since the product

(4.17) ft I < St« Q + ft-.w), St* Q+ge(A) > I

is less than or equal to

(2 !*> I-bill)"'

we know that the left side of (4.16) is equal to

zXk-m'Kz-2^.\ df I dt j dtnYl\<Q + gi-^hhS^Q+geW>\
Jo Jo Jo /,=1 Z2

tl\<cQ-ge^)f St^tQ-gi-em > I• 0(1).
h=l 2

Notice that the sets of indices {tfj$?=i and {iJJUi are disjoint and by (4.2), the

quantity (4.18) becomes to

and it tends to zero if mf < k.

Remark. The proof of Theorem (4.6) can not give the conclusion that m — k

because iqdfU C {ih)
k
h=i are NOT disjoint.

Theorem (4.6) shows that {q'h)fU = {ih)h=i therefore

(4.19) limKd, z, 0 = HmIJ(2, z, t)
z-+0 z^O
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[tt/2]

lim Z Z Z
i k

{ih}k
kmln{i'h}k

hml=0;ih<i'h,h=l,'~,k

n-lk

2 2
£'"=0 l</V'<...<

n-2k-k"

2

. / dhl dtf- I dtn
Jo Jo Jo

m k

I ! (Stp> Q + gi-e(Pk). Stqk Q + ge(qh) ) * I ! ( St» Q + gl-e{p'h), StA Q + ge(i'h) >
h

0 f T/Z2 du<SuQ + f, StaQ + gBia) >
/ ; } { U « * ' } J U {ff*}?) S / 2 2

SUQ +f, StaQ + ft(a, >

r/"2 dw <StaQ + gl-Bia). SUQ +f

n
Ft <O"ft«n, Q~gi-e«n>c

( rr/z* \ I rr/z2 \

z Q+Sufdu)0F®W[z2 \ Q- Sufdu)0'F,
Wlz Q+Sufdu)0F®wlz2 Q-Suf'du)0F>

\ J S'/z* I \ J S'/z* I

where, Z(^lt...,wi,-.-.pufok
hml) means the sum for all 1 < pu ' ' ' ,pm,pu ' * * fpk ^ n

which satisfies
(i) te*>r-i U {p'h}U c {1 n)\({QLi U {iDC'd;
(ii) lWr.iUWi.i| = » + *;
(Hi) ph < qh for all h = \,...,m and/>i < i'h for all h = \,...,k.

Our fourth step is to show that we need only to investigate the situation in

which

(4.20a) p h = qh- 1, h = l,...,m
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and

(4 .20b) PH = i n - 1 , h = l , . . . , / c .

THEOREM (4.7). For each m, k, those terms of right hand side of (4.19) in which

either (4.20a) or (4.20b) does not hold will tend to zero as z—> 0.

Proof We should prove that if there exists a h = l,...,m, such that qh -~

ph > 2 or a h — 1,...,£, such that th — p'h ̂  2, then,

ft/2* ft\ ftn-i

(4.21) zHn-k-m). / dt » dt I dt
J o J o •/ o

n I <&« Q+gi-s<ph), St,, Q+gt(u, > i • n I <s«tt Q+gi-eM), stli Q+ge(i'» > I — > o.
/ t = l

The fact {qh)f=i 0 (iJJUi = 0 implies that the function in (4.21) is made of

type II terms in the sense of [1] and therefore the same arguments as those of the

proof of Lemma (3.3) imply the Theorem.

Theorem (4.7) shows that

(4 22) limRU, z, t) = limR(2, z, t) = limR(3, z, t)
2-0 2-0 2^°

[n/2]

: = lim Z Z Z

«-2A:

n-2k-kr"

JV/22 /•f! /'fn-!

* 1 I dt2'" \ dtno */o Jo

s n <o-s, l,ft(h>)> o-&.ft_,((S)>£
CTGS'* A = l

m A:

IT (St,^ Q + gl-e(qh-l), Stqt Q+ge(qh) ) * I II <&,w Q + ̂ 1-6(^-1), 5/,., Q + ge(i'h)
l

'2 rfw < SUQ + / , S(aQ + ftte) >
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T /z2n fT
f
 / Q g , r

II < 0 " ft«n, 0 " gi-eW) >i
h = l

< W (z JTJ* Q + SM/dw)0, (g) W (z2 f™1 Q ~ Sufdu)<PF,

W (z fr/" Q + Sufdu) 0F®W (z2 fT/Z2 Q ' Sufdu) O'F >

where {th - D U 0 (QLi = 0 dues to {/>*}JUi c {l,...,w} \ {QUu Uh -
D?-i 0 UH - 1, Q t i = 0 dues to {/)Jf=1 c U,...,»} \ {QS.1 and I {/>*}?.i U
{/>*}*=i I = w + ft.

Remark. In (4.21), we consider the integral of the function

m k

I ! I < St,t Q + gl-s(Ph), St,k Q + g£{qh) > I * I ! I < Stp'hQ + gi-eM), St., Q + ge(i'k) > I
h=l h=l

but not of the function

(4.24)
m k

El I < St,t Q + gl-s(PH), StPh Q + gs(qh) > I * I ! I < Q ~ St,a(h) ge(to,»), Q ~ Stt. gi-e(i'h) >^ I

this is due to the fact that if in (4.24) ph = qh — 1 for any h = l,...,m but there

exists a h ^ {1,...,A:} such that iG(h) < in ~ 1, the limit

(4.25) Iimz2in-k-m) ["** dh f^dtz'" (^ dtn
z—0 JO Jo Jo

n
h=l

in̂
= 1

Q ^), Q~Sti'hgi-e(t'h)

may be not zero. For example, n = 4, k = 1, m = 2, ii = 1, Zi = 4, #i = 2, <7i =

3, then, (4.25) becomes

J-//22 rt\ rt2 rt3
dh I dt2 dt3 dt4

_ _ o J o J o J o

(SnQ+gi-eiDiStzQ+gett) >

(St3Q+gi-e(3),StAQ+geU)}

f2Q+#i-e(2),St3Q+ge(3) ) I

0"S/lft(1),0"5/4J
ri_e(4) >/
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dti I dt2 I (Q+gl-ea),St2Q+ge(2) > I
_ _ 0 J-ti/z*

I dt3\ (Q+gi-e(2),St3Q+gs(3)y
J -tl/z2-t2

/ dt4 I (Q + gi-e(3),SuQ+geU) > I * (Q " ge(l),Q 'Sn+t3+t2gl-s(4) >< |.

We shall prove that this kind of limit exists and is, usually, not equal to zero.

Our fifth step is to prove that as £—> 0 only those terms can remain, in which

the set of indices {ih,i'hiX=\ satisfies

(4.27) ii<i[< "' <ik<H

THEOREM (4.8). In the right hand side of (4.22), those terms in which (4.27)

does not hold mill tend to zero as z—> 0.

Before proving the theorem we first prove a lemma:

LEMMA (4.9). Suppose that f ^ Ll(R+) and is bounded and rn> 3, then

(4.28)

^2^+D rdti... rtm~i
dtmf(i^A)f ( k - f m - i ) . f j / ^ - y

•^o Jo z2 Z2 *=i Z2

for mf < rn—2, where, 2 < qx < • • • < qm' < m — 1.

0

Proof U qi > 2 or qm' < rn — 1, by the boundedness of / the left hand side

of (4.28) is less or equal to

J *t rtm-i f — f m' f — /

dW * * / dtmf(!sL-f1) • II / & 2
qh~l)

o Jo zl h=i Zz

where C is a constant. It is clear that (4.29) is a type II term in the sense of [1],

therefore by the same arguments as those of the proof of Lemma (3.3) in [1] (4.28)

follows.

Now, suppose that

ft = 2 qm' = m - l .

Introduce the connected decomposition

{qJti = {qnHU U {<7*}f=*1+i U * ' ' U {<7*)5?:*,-1+i

characterized by the following properties:

(i) qx = q2 — 1 = * * • = qXx ~ (xi — 1) , • * •, fo-i = qx*-i+i — I = " ' = qm
r

— (mr — Xy-X — 1);

(ii) qn + l< qxl+u • • •, qXv., + 1 < qXy.l+i.
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Then, similarly to the proof of Lemma (3.3) of [1], one has

(4.30) z~2(m'+1) P <#!•
Jo

)df

where, since qm
r — vn ~ \, then,

L)f (tm ~f
2

m'1) • ft / &

dt

With the change of variable

(4.31) (tm- h)/z2 = sm

the right hand side of (4.30) is majorized by
dti' - I dtqi-i I dtqxi+

o J o J o

0 X » - l

and this vanishes as z~> 0.

-tl/Z*

of Theorem (4.8). It is enough to show that if either there exists a

h = l,...,/r — 1, such that

(4.33)

or there exists a h = l,...,k — 1, such.that

(4.34)

then,

(4.35)

-i n {»* + !,• • • , * ;+ ! -1}

lim z
2i"-k-m) • f'/z2 dh f" dt2- • • f""1 dt» ft

2—0 J 0 J 0 JO h = l
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ft t^ Q + ft-e(,i-D, St< Q + ft(,i ft = 0.

We shall prove (4.35) separately distinguishing 4 cases,

(i) There exists a h — l,...,/c — 1, such that

(4.36) - 1} = 0 .

In this case, denoting by ho the minimum h satisfying (4.36), since ih < i'h and

i'h £ {ih}
k
h=i for any h, we have

(4.37)

and therefore

(4.38)

iho-i

J
mt/z* rti rtn-i

dh I dtz~- dtno Jo Jo
m
n\<S,^Q + gl-tiqt-».SlnQ + g , w » \ '

ft I <S,,.., Q + gi-,1,%-1), S,, Q + gsM > I ft \<Q - &„&(„,, Q ' S^gi-eu*) >, I

< Cn • z2(n'k'm)• f'/z2dh f'1 dt2--- f""1 dtn
Jo Jo Jo

m
I I I (St,^ Q + gl-e(qh-D,Stqh Q + gs(qh) > I *

h = l

11 I <Sf,w Q + ^r
1_£(i),_i), S^4 Q + g£(j'h) )

I < Q - &,„&(,..,, Q - &ftift-e(lio) >J = : / n d , 0

where, Cw is a constant. Now, we shall show that /«( l , t) goes to zero as z-*0. In

the following, we denote {ih)h=i U {^J?=i as {q^f^i- By (4.36), one knows that

(4.39) iih, ih ~ l}*6u,...,*o,...,*> H (Uo + I,-"-,t*o+i - 1} = 0 .

Moreover, with the change of variable (4.10a) and enlarging tho-i to t, one finds

that

(4.40) jn(l,t) = Cn' z-m+mK ftdtiftldt2"
Jo Jo

m

I ! I < Q + gl-eiqh-l)> St,k-tu-! Q+ge(qh) >

Ft I < Q + £i-e(ii-i), S M ^ Q+ge(t'H) >



52 L. Accardi and Y. G. Lu

I ( Q gs(ih0), Q Si*.-*.*. gi-eli%0) >Y|
z2

<Cn-z-m+m)- / < & • • • \ d t k - v I dth0--- dtn
Jo Jo Jo Jo

m
I ! I < Q + gi-e(qh-l), Stu-tu-l Q + g£(qh) > I *

h = l z>

I ! I < Q + £i-e(f*-l), Str.-tq-l Q + ge{i'h) >
h=l,-",fio,"',k z2

K Q " £e(u0), Q~Stto-tiu gl-eU'hp) y< I-

Putting

(4.41)

and

(4.42)

Then,

(4.43)
/ * / / * / •«• -1

Jo Jo

n I < 0 + £l-£G8*-l), St,t-t,t-l Q + ge(PH) > I *
* = 1 22

S^rSzl Q + gs«h0) ) I * I ( Q " S"s«*0), Q " 5 ^ -

Applying Lemma (4.8) to the right hand side of (4.43), we know that term goes to

zero as z—• 0.

(ii) There exists a h = l,...,/r — 1, such that

(4.44)

In this case, denoting by ho the minimum h satisfying (4.44), then since u

< ih for any h = 1,...,&, we know that not only ^0
 G (u0 + 1,* * V*0+i ~" 1) but

also i'ho-i e Uho + 1," * ',1*0+1 — 1), i.e.

(4.4D) ^ho—1 ^ "ho ̂  *ho— 1 ^ ^*o*

Considering the piece i'ho-u' * '>i*o, one gets (4.43) again. This implies (4.35).

(iii) There exists a f e = l,...,k— 1, such that

(4.46) = 0.

In this case, 4+i < i'h, considering the piece ih,' *' ,i'h, one gets (4.43) again,

(iv) There exists a h = l,...,/r — 1, such that
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(4.47)

In this case, since ih < i'hyh— l,...,/c, we can write (4.40) as

(4.48) «y>*-*+i PI U'h + l,'-,h+i - 1} > 2

therefore there exist h\, h2
 e ih + l,...,/c} such that

(4.49) ir
h <ihl <ikt <i'k+i

considering the piece ihlf'' *,^1+i, one gets (4.43) again.

From the above arguments our proof follows.

Summing up, we know that as z—* 0 the limit of I« is equal to the limit of the

following quantity:

(4.50)
in/2)

IJ(4,z, 0 : = 2

n-2k~k"

2
m=0

v: Q

tc'"=o
}J.1U U'h}

k
hml)=0

Z2(n-k-m). Ct/Z
 dt ftldt2'" (tn~ldtn

Jo Jo Jo

k

I! I ( Q ~ Stnge(ih),Q~Stl.gl-e(i'h) >̂

k

...„ _., tu W + ge(qh) / ' 11 \dti%-i V + gl-s(Vh-l), •>

du < SUQ +/, StaQ +
/ * } * . ! U {/*'}*-[ U {«*}?«!

area, .
I!

J.! U UH'}^ U {^*-1}JL
U {/*-1>J.I S V * 2

du . e ( a ) , SuQ+f

rr/Z2 \ / fr/22 \

Q+S«/d«)(PF® ^[z 2 I Q-Sufdu)0(
F,

J S/z* I \ J S/z2 /
/ rr/z* \ i rr/z* \

W[z \ Q + Suf/du)0F<g)Wlz2 I Q- Suf
/du)0F>.

\ JS'/Z2 I \ JS'/Z2 /
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Now let us investigate the limit. In order to do this we shall first prove two

Lemmata.

LEMMA (4.10). For each m e N,

(4.51)

c Ll(R) and bounded, the limit

lim
Z-0

P dh-" r dtm^f, (
JO Jo

tm+l~tl )fm+dtm+l~tm

Z
)fm+dtm+ltm)

Z

exists.

Proof. With the change of variables

(4.52)

we have that

(4.53)

+1 - th)/z
2 u h = l,...,

J 0

= p dh-- r dt2f2(t2) r
JO J -tl/Z* J -tl/z2-t2

r dtm+iMtm+1+• • • + t
J -t/z2-t2-'"-ttn

Moreover,

(4.54)

h-l

= : M(rn, z, t).

M(m, zu t) - M(rn,z2, t)

— / dti"' \ dt2f2(t2) I
I J o J -n/z\ J -n/z\-t2

f °
J_ 2 dtm+ifi(tm+i H hf;

/•f ro ro
- dh"- dt2f2(t2) I 2

*/ 0 •/ -h/^i ^ ~t\/z\-t2

I 9 dtm+ifi(tm+i H t-^X/w+lUm+l)

rt I r-/i/^i . / ro \w-i
I <tti / , rffe /2(fe) •( max I /» * ) sup / ( O

J*( I r-ti/z? , . / fO \m-l

* i / . *21/2(^2) I •( max / | /* |df ) sup | / ( O
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as zu z2—* 0. Therefore by the Cauchy principle the proof is finished.

LEMMA (4.11). With the above symbols and assumptions

(4.55) limM(m, z, t) = V dh f° dt2f2(t2)'- f° dtmfm(tm)
Z—0 J 0 J -oo J -co

J_oo dtm+lfm+l(tm+l)fl(tm+l H 1" fe) •

Proo/.

(4.56)

+

n,z,t)- rdh r dhf2{h)--- r dtm+ifm+1(tm+1)Mtm+1+---+t2)
JO J -oo J -oo

— I rf^i * * * I dt2f2(t2) I dtzfsits) * • •
I J o */-r -^ -t\/z\-t2

f° 2 dWi (U+"* +
r̂  /*o ro

J o 1 J -oo 2 2 J -oo m + 1^m + 1 mH

+ Cm\ dh \Mt2)\dt2
I J o */ - r

J*/ /*o ro /*o

a^i I dt2f2(t2) I dt3f3{t3) j dUf4
0 J-T J-T J -t\/z\-t2-tz

/ 2 dtm+ifi(tm+i ~r ' ' ' H~ t2)fm+i(tm+i

rt ro ro
— I dh I dt2f2(t2)'- I dtm+ifm+i(tm+i)fi(tm+l +

* / 0 «^ —oo %J —oo

I /*f /*0 /* —fi /z 2 -

+cMi r ^ ! f"i/z2\f2(t2)\dt2
\ J 0 J -T

+ C
I rt ro

/ dh /
I •/ o •/ - r

n/z2,

T \f2(t2)\dt

dh / I dh

+ Cm I Jl dh J°_T I/2(fe) I dh f°_T\ f3(t3) dh
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r-ti/z2-t2 tm

I I fm+l(tm
%/ —T

dt,m+l

+ I / o ' dh f_T dt2f2(t2) • • • f ° r d t m + l f m + u t m t j i ( t m + 1 + • • • +t2) -

- I V dh f ° dt2f2(t2) ••• f dtm+lfm+i(tm+l)Mtm+l + • • •+t2)
I J 0 J —oo J -oo

where,

(4.57) C m :=( max f° \fh(t)dt\ \V max sup | fh{t) \ \J l)

For each 17 > 0, we take T such that

(4.58) max f~~T\fh(t)\dt<r)

then,

(4.59)

M ( m , z , t ) - f dh f° dt2f2(t2)--- f°
JO J -00 J -00

lim
z-0

this shows the validity of (4.55).

Using the two Lemmata, we can make our sixth step:

THEOREM (4.12).

limE=
0

In/2] n-2k

E

(4.60)

with

(4.61)

M(e,ih,

(x\s. T\

:= f° rfV
• / —00

.. dtqm... dtt'k''' dtn

IT,
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i'h-ih-l

gl-e(ih+a),St,k+a+1 geUh+a+l) > (ge(ik), St«+--- + t,t+l

Moreover, denoting

(4.62) {jS*}f-. U U,

= m - 2 (i'h- h - 1)
h=l

(4.63)

then {J8/,}ALI /ia5 /"/î  connected decomposition

(4.64) {&}f-i = WlU U {i8*}?.n+1 U • • • U{&}!•-„-,+!

tte quantity Nis,{ih+i, ?*}*=o, {9*}*!=i) is defined by the following expression:

(4.65) I! (/lft<a))-Xls.ri(W
ae(l,-",»>\((ii,(*){.1U((i">JE'."iU («»)?.!>

n (ft-.to)i/')-zis'.T'i(w

n

^ . j+ i - l ) (gl-s($rx) I/O

Proof Using Lemma (4.11), the proof of the lemma (3.4) in [1] and dominated

convergence, it is enough to show for each subset Rz of R, and £, rj ̂  K,

(4.66)

In fact

(4.67)

and

(4.68)

So,

(4.69)

limim f < 0 + $, StQ + r]> dt = lim f <?, S,ij
-+Q J Rz z^O J Rz

I J Rz

</sj

dt.

z^e-i"1)-1 = Z z2ne-¥
W = 0

L
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f° < f, Ste-^n
J —oo

=z2'O(l)

3. The uniform estimate

Having investigated the low density limit term by term, the present section

will be devoted to study the uniform estimate.

Applying (3.24), (3.25) to (3.22), it will be obtained that

(5.1) \<w(z [T/Z2 Q+Sufdu)0F® w(z2

S/Z2

rt/z* rti rtn-i

/ dh \ d h - - \ dfc,(R + IIS)-
Jo Jo Jo

T'/z* \ / rr'/z* \

Q + Suf'du)0F® W [z2 / Q- Suf
/du)0i

F> <
'/Z2 I \ JS'/Z2 I

n n—k n—k—k'

< E 2 E E E
k=0 l<JK--.<u^« r=0 i<(;<...<4^« *"=0

n-k-k'-k"

E
k'"=0

E
m'=0

E
d'=0

d _

E S(rf'-rf)!
d"=Q d=0

- ,ad+d"+m+m'1<&1<" •<0d~+dn+m+m'<n 1<

C2(n-m-m'-d'-d") . z2(n-»-m'-d'-d"+*'+*") . ['"* dtx C'dtt'" f" dtn
J 0 *̂  0 •/ 0

^ f f + m I < P&.^- . tw, , PSt,£e<0k) > I

^ (2 fT * Q+ Suf'du)0F®W(Z2 [T /Zl Q ~ Suf'du)0F > |

where, the factor (d' — d) is due to the fact that all the elements in

being chose freely and P = 0+ or 0~.
In the following, for each n ̂  N and £ e {0, l}n, we denote the left hand side
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of (5.1) by A(ny e, t) then, one has

THEOREM (5.1). For each n e N,

(5.2) 4 (» , £, t) <n5 - Sn max (| |^| |5 +

where, oz{V) tends to zero as z~^> 0 and || ̂  ||I is defined in (1.15).

Proof Put

(5.3)

then,

Pge, StPge

f(t):= 2 max
£€{0,1} P=0+/~10

f(t)dt= X max(5.4)

this is controlled by

(5.5) 2 • \\g\\2
s + oz(l)

for £ small enough. Moreover, / is a bounded symmetric function, therefore using

Lemma (9.1) of [0] to the quantity

n-m-mf-d'-d"+

Jo Jo

d+d"+m+n
we find that

(5.6) 4(n, £ , 0 ^ 2 2 2
n-k-k'

2

n-k-k'-k"

2
*>J-i

„_*_*'_*"_*"' *' A(n-k''-kn'-km'-m) k'^(k+k") k"A(k+k"-d') df

2 2 2 2 2
W=0 w /=0 rf'=0 d"=0 d=0

V 2n~k~k"' (df d) ! • £2(»-m-w'-fir-rf") . ̂
• <8d+d"+m+m' < n
,...,«}\({jA}*_1 U {ii">J-i)

fn-d-d"-m-m'
g\s + 0,(
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where,

ci := 1 + max I | <g6, StQ'F> \ dt
ee{O,l};Q' = -±PH,l;F=f,rJ -°°

Notice that the set
it) \m IJ l / / l w ' IJ it)'} ̂ ' IJ (^ r } ^ r

labels the annihilation operator which are used to produce scalar products, there-

fore we should have at least m + mr + df + d" creators, but each fixed time cor-

responds to two operators, this implies that

(5.8) m + mf + d' + d" + m + tn' + df + d" < 2n

i.e.

(5.8a) m + m! + d' + d" < n

therefore,
/ jr J\ f . ,,2(n-m-m'-d'-d") . ~2(kr+k"+d-dr)
\U CL) \ C\ Z

(n- d- d" - m-m')\

(d'- d)\ • c!{n-m-m'-d'-d")

(n- d' - d" -m-m' + (d' - d))\

r2(n-m-m''-d''-d")

Moreover, the sum
n-lc-kr-kr'-krrr k'/\{n-k'-k"-k'"-m) k'^ik + k") k"^(k+k"'-d') df

Z E E 2 E
m=0 m'=0 d'=0 d"=0 d=0

is less than w5 and
n n—k n—k—k'

(5.10) £ Z 2 2 2 2

^*">*-ln"'*>A-lU{l'*>Jli U {/*}J1'1) = 0

£ 2»-{i) if (»-k) "V (n - k
kr

k') n-kT" (n

= £ 2--*(j) 2? (w p *) - r h - krk)

-
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= t 2-*(") 2? (n ~k) (5/2)-*-*'
A:=0 N / C / * ' = 0 N ^ 7

Z 2w'*ft) (7/2)*-* = 2 ft) 7W"* = 8W
k=0 N ' w A:=0 N A / /

so the proof is finished.

THEOREM (5.2). For each r e {0, ± 1 , ± 2 } , a e {0,1},

/*r/22 \ / /T/22

: / Q + Sufdu)0F® W[z2 I Q~ Sufc
J S/z2 I \ J S/z2

'dh f'ldt2--- f""1 dtn(¥n+ !¥„)•
J 0 •/ 0

' ̂  (̂  / L T ° + S w^d w) ®F®w{z2 J] /Z2 Q ~ Suf'du) 0F > I <

< n6 • 8W max (|| * || s + o 2( l ) ) 2 W^-w .

Proof. The proof is almost the same as ones of Theorem (5.1) and the differ-

ence is only replacing

4.n—d~—d"—m—mf

(n- d-d" -m-m')\
by

t
n—d—d"—m—mf — \

(n- d-d" -rn-tn'-l)!

§6. The low density limit and its properties

In the section we shall

i) prove that the limit (1.13) exists and formulate its explicit form;

ii) find a differential (or integro) equation satisfied by the limit (1.13).

THEOREM (6.1). For each g0, gu e K, t > 0, D e B(H0) satisfying (1.15),

and eachf, f G K, S, T, S', T", G R, u, v e //Q, ̂  /ot̂  density limit

(6.1) lim < M <g> W (z rr /"2 5w/rfw ) 0z, Ut/Z2V ®w(z[T '** Suf'du ) 0Z >
2-*0 \ J S/z2 I \ JS'/z2 /

exists and is equal to

(6.2) Z S <M,DB(i,-Ao,)t/>
«=0 ae{0,l)
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[n/2] n-2k

Z 2 2 2
k=0

n-2k-l

2

J 0<tn-l<---<ti'k"'<tqm<-.'<tql<---<ti'l<---
• dtqm *

ri <g.w, gi-w> <W (XIS.TI ®fW, W (xis'.r
h=l

where, M (a, ihy t*, {#*}2U}, h = l,. . . ,m and N(e9 Uh+uQh-o, WJ^=i) are defined

in (4.61) and (4.65).

Proo/.

(6.3) < a ® ff (z fTZ Sufdu ) 0Z, Ut/Z2V ®w(z[T /Z2 Sufdu
\ J S/z* I \ Js'/z*

oo

~~ Za ZJ \U, JJeil) JJe(n)V /

z, I dh ldt2-- dtn
JO JO Jo

A+(Stlge(»)A(Stlgl-ea)) ' ' 'A+iStngeinMiSt^-e^V <g> W(zf^ Suf'du) $z >.

By the uniform estimate,

(6.4) \\m<u®W[z\ Sufdu) 0Z, Ut/Z2V ®W\z\ Sufdu) &z >
2-0 \ J S/Z2 I \ JS'/Z* /

= E Z <w, DBa)'-D£(n)U>
n=0 ae(0,l}

S/z2

\ /^r/z2 / * f l /•;„_!

Sufdu) 0Zf / dfx / rffe--- I dtn

/ Jo Jo Jo

Applying Theorem (4.12) to (6.4), we finish the proof at once.

This theorem shows that for each u, v ^ //0, there exists a G(0 ̂  i/0, such

that
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= lim < u ® W [z \
z->0 \ J S/z2

(6.5) (u,G(t)>

cdu) 0Z, Ut,*v ®w(z [*"'" Suf'du) 0Z~>.

For each z > 0, defining

(6.6) <u,Gz(t)>

:= <u®w(z fT/Z2 Sufdu) 0Z, Ut,*v ®w(z f1""* Suf'du)
\ J S/z2 I \ J S''/z2

then

(6.7) < u, G (0) > - lim< u, Gz(0) > -

WT/z2 \ / /TV22

Sufdu) 0Z, v®W[z\ Suf'diA
- „ 5/22 J I \ JS'/Z2

= <u, v> < PF(xiS,n0/)?P*, ^ ( z i s ' . r i ® / ' ) ^ ) .

So,

(6.8) u, G(t)> = l i m < « , Gz(t)> = <«, G(0)

-j- < M, Gz(s) > ds.
0 LZO

Moreover, for each z > 0, n G N,

(6.9)
/ fr/z2 \ /*5/z2 /•n /•/„_!

<u®W[z\ Sufdu) 0Z, / rffi dt2'" I din
\ J S/z2 I JO JO Jo

v (h) •••v(tn)v®w (zf^2 Sufdu) 0Z>\ =

\ rs/z2 rt2 rtn-i

Sufdu) 0Z, dt2 dt2"' dtn
I Jo Jo Jo

r/z2 \

r/z2 Suf'du) 0Z

S/22

^F(s/z2)y(fe)--T(«(;®If

Hence from Theorem (5.2) follows that

d
(6.10)

A
ds

u, Gz(s)> -= Z <u<S)W[z Sufdu) 0Z,
u>o n=l \ J S/z2

J *s/z2 rt\ rtn-i

dti I dt2'" I dtn(-i)
nV (h) --

o Jo Jo

w(zfT/Z2 Suf'du) 0Z>
\ Js'/z2 /



64 L. Accardi and Y. G. Lu

n - l Z2

V(s/z2) f""dt2 f'2dty f""1 dtn(-i)
n-lV{t2)---V(tn)

Jo Jo Jo

1 rr/z2 \

v® W[z Sufdu) 0Z>
\ JS'/Z2 /

=-~(u®W[z Sufdu) 0Z, V(s/z2)Us/Z2V®W[z\ Sufdu)02>.
Z2 \ J S/z2 I \ Js'/z2 I

Moreover, by expanding V to the sum of the products of creation and annihilation

operators according to (1.15) and (1.10), we find that

(6.11) 4~(u, Gz(s) > =\<u® w(z fT/Z2 SuQ+fdu)0F
as 2 \ J s/z2 '

®w(z2f^Q-Sufdu)0<F>

Z DA '

z • A+(Ss/z2Q + gt) ®A+(Q- Ss/z*gl-$) + z • A(Ss/z2Q + gl.s) ® A(Q '

+ Z2\ (8> (A+(Q Ss^i-t) A (Q ~ Ss/Z*ge) + <Q~ge,Q- gl--e

Tz2 SUQ + f'du)0F<S)W(z2 fT /Z2 SUQ~ f'du)
S'/Z* I \ JS'/Z2 /

Now our first step is to deal with —\z. We split —\z into a sum of two
z2 * z2

terms, one of them corresponds to the case of the creator A+ (Ss/z
2Q + ge) acting on

the coherent vector W (z f s/z2 SUQ + fdu) 0F and the annihilation operator

A+(Ss/z
2Q + gi-e) acting on the coherent vector W (z J I'fcl SUQ + f'du)QF\ the

other one corresponds to the case of the creator A+(SS/Z
2Q + ge) acting on the

coherent vector W (z f s/z2 SUQ +fdu)0F and the annihilation operator A+(SS/Z2Q +

g"i-£) commuting with the operator Us/& i.e.

(6.12)

-T L = S < Dtu (8) W (z fTz2 SUQ + fdu) 0F®W (z2 fTz2 Q ~ Sufdu) 0l
F

Z2
 £e{0.1} \ Js/z2 I \ Js/z2 I
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X T/z2 rT'/z2

( SuQ+f,Ss/z
2Q + g£y dU'J 2 < Ss/z

2Q + gl-e, SUQ + / ' > dU'Us/z2

v <g> W (z f*/* SuQ + f'du)0F®W (z2 f*'* Q ~ Suf'du)0C
F > +

+ Z < D?u <g) W [z J^Z2 SUQ + fduj 0F®W (z2 j ^ 2 Q ~ Sufduj0C
F

£G{O,1>

ir ( suQ+f> s*»*Q + ft > du'

s'/z2
- Suf'du)0F>

It is obvious that

(6.13)

limL(a)= E Xis,ri(s)(f\ge) •Xis',Ms)(gl-e\n<D?u, G(s)> a.e.

Moreover denoting for each n ^ N,

/ rr/22 \
X £2 Q- Sufdu)0F,

\ J S/z* I

SUQ + ffSs/Z2Q + g£ ) dw I ( SS/Z2Q + gi-e, SUQ + f ) dw
S/z2 J S'/z2

[""dh f n d t z " - f ' n " d t n V ( h ) • • • V ( t n )
J 0 J 0 -J 0

SuQ + fdu)0F<g) W\z2 \ Z Q~ Suf'du)0Fy
"/z2 I \ JS'/z2 I'S'/22 / \ JS'/Z''

then the limit lim^-okCw, ^) exists.
In order to obtain the limit

(6.14) liml*(6)

we need the following

LEMMA (6.2). The limit

(6.15)

lim Z < Dtu ®wiz fTz2 SUQ + fdu) 0F®W (z2 fTz2 Q ~ Sufdu) 0C
F,

2-0 £€{0,i} \ JS/Z2 I \ Js/z2 I
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\ SuQ+f/du)0F®W[z2 I Q-Suf/du)0i
F>

exists.

Proof. By the uniform estimate (Theorem (5.2)), it is enough to show that for
each n e N,

(6.16)

lim E < Z)£
+w ®w(z fT/Z2 SUQ + fdu) QF®W (z2 f ^ Q ' Sufdu)0F,

z-+0 e e {0,1} \ J S/z* I \ J S/z2 I

J *s/z2 rtn-i i r

dti~'Jo dtnj(-i)"[l<S>A(Ss/^Q + gi-t)<S>l,V(h)'--
v ® W (z fT /Zi SUQ +f'du) <PF<g)W (z2 {T ^ Q ~ Sufdu) Q

exists.
Denoting the limit (6.16) by

(6.17) lim/(«, z, s)
z-+0

let us prove the lemma by induction.

First of all,

(6.18)

<De+u®W[z / SuQ + fdu)0F®W[z2 I Q-Sufdu)0F,
\ J S/z2 I \ J S/z* /

* dUD <8> j [ Z * Q + ft_.) ® 1,

(A+(StlQ + g,a))A(ShQ + ft-«(i>) (8> 1 +

h Q + ft-,U))

+z2 l ® ( < Q " Sh&(1), Q- Shft_(I, > + 4 + ( Q - Sftft-.(1,)il(0 - S,

^® w(z fT/Z2 SuQ+f'du)QF®w(z2 [r'Zt Q-Saf'du)0!
F>

: = / i ( l , z, s) + / 2 ( 1 , z, s) + / 3 ( 1 , 2, s) + / 4 ( 1 , z, 5).

Notice that / 3 (1 , z, s) = / 4 ( l , 2, s) = 0, now let us investigate the first two
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terms.

(6.19) / i d , z,s)= E < DiivD+u, v >

W(z f™ SUQ +fdu)0F, f"" dt^\A(Ss»xQ + gi-t), A+(StlQ +

( rr/z2 \
A(StlQ + ft-.(i,) W (z J s , ^ S«Q + /'rf«j 0F >

<W[z Q-Sufdu)®(
F, W[z2 Q-Suf'duWF>t

\ J S/z* I \ J S'/z* I

2 < S(I(? + ft_a,fS«O + / ' > du

<w(z fT/Z2SuQ + fdu)0F, w(z fT'/Z2SuQ + fdu)0F>
\ J S/z* I \ JS'/z* /

<W[z2 I Q-Sufdu)Oc
Fi W[z2 \ Q- Suf

fdu)Oc
Fyc.

\ J S/z2 I \ J Sf/z2 I

With the change of variable

(6.19a) h - s/z2 = Si

the right hand side of (6.19) becomes

(6.20) 2 <De
+

(1)D£
+u,v>

£,£(1)<={O,1}

ro rr/z2

I dsi <Q + gi-E, SSl Q + gen) > I < Ss.+s/ztQ + gi-£(i), 5MQ +/'> dw
•/ —s/z2 J S'/z2

<W[z Sufdu)0z, W[z I Suf'du)0g>.
\ J S/z2 I \ JS'/z2 I

Again with the change of variable

(6.21) u ~ Si - s/z2 = v

(6.20) becomes
2 (D+mD+u^}

£,£(1)6(0,1}

(6.22a)
ro r(T'-s)/z2si

I dsi <Q + ft-e> 5Sl C + g£{l) > / < 0 + ft-ed), & Q + / '> rfi;
*/ -5/^2 ° J ° J (5'_5)/22_5l

( rr/z2 \ / rT'/z2 \

z \ Sufdu)02, W\z I Suf'du)0z>
J S/Z2 I \ JS'/Z2 /
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which tends to

(6.22) Z < D£
+

a)D£
+U, V > r dSi <gl-e, SSlgsa) > (&-«!> I / ' ) ' XIS',T>)(S)

Moreover,

(6.23) Ml, z,s) = £

SUQ + fdu) OF®W (z2 (*'* Q " Sufdu) 0<F,
I \ J S/z2 I

T /Z2 SUQ + fdu) 0F®W(Z2 r /Z2 Q ~ Sufdu) <

= Z <D£
+

a)DB
+u,v>

Suf,

With the same change of variables (6.19) and (6.21), one knows that the right

hand side of (6.23) is equal to z2 - 0(1) and tends to zero.

Assuming that the limit (6.16) exists for n, let see the situation in n + 1. By

the same arguments as in (6.17), one can write J (n + 1, z, s) as a sum of

Ji(n + 1, z, s) and J2(n + 1, z, s), where

(6.24) Mn + 1, z, s) := 2
£,£(l)e{O,l}

/Z2 SUQ + fdu)0F®W(z2 (T/Z2 Q~ Sufdu)VF,

i

dt J * Z > ®

+ ft_.(1)) <g> 1 V(t2) • • -V(tn+l) (-i)n

v®W[z\ SuQ+f'du)®F®W[z2 \ Q-Suf'du)0<F>
\ JS'/z2 I \ JS'/z2 /

\ u Q + f ) F [ \

S'/z2 I \ JS'/z

and

(6.25) J2(n + 1, z, s) := S
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S/Z2
SUQ + fdu)$F®W(z2 fTz2 Q~ Sufdu)Q'F,

I \ J S/Z2 I

dt"+lDt + Sl-e), A+(StlQ +

v <g> W (z [T'/Z2 SUQ + fdu) 0F®W (z2 fT/z2 Q ~ Suf'

In (6.25), we apply the creator A+(Q~ Stlgi-ea)) to the coherent vector

T/z1

W \ JS/

and change of variable

(6.26) h~s/z2=\tr

one finds that the module of J2(n + 1, z, s) is less than or equal to

T/Z2 SuQ + fdu)0F
S/Z2 /

(6.27)

<8> W (z2 fT/z2 Q ~ Sufduj&F, f° dt' <Q + # _ „ St>Q +
\ J S/Z2 I J -S/Z*

Z2 I < Q " Suf, Q " St'-s/tfgi-ea) )e I dt2'" j dtn
J S/z2 Jo Jo

v®w(z[T/Z2 SUQ + fdu) ®F®W (z2 fT ^ Q - Sufdu) 0'F

= z2' 0 (1) >0.

In the formula (6.24), the term [A(SS/Z2Q + gi-e), A+(ShQ + gEa)l is equal to the

scalar product < Ss/zzQ + gi-e, StlQ + gea) ) and the operator

1 ®A(SnQ + ft_t(U) <8> IV(t2) • • • V(tn+1)

is equal to the sum of the following two terms:

(6.28a) V (t2) '"V (tH+i) 1 ®A(StlQ + gi-s(v) 0 1

and

(6.28b) [1 ®A(StlQ + gi-ed)) ® 1, V(t2) • • -V(4+D

therefore
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(6.29) / i ( « + l,z,s)= 2

< D+ u <g) W (zfT/Z
2
2 SUQ + /rfw) 0F®W (z2 J** Q ~ Sufdu) <

(v ih) • • • VO,+1) 1 <8> A(SnQ + ft_(1)) (8> 1 +

S'/z2
SaQ + /'rf«) 0 F ® FT (z2 fr ^ Q - Sufdu) 0'F >.

By applying the annihilation operator A(Stl Q + gi-ea)) on the coherent vector

/ rr/z* \
W(z I SuQ + fdu)0F

\ J S'/z* I
the first term of (6.29) becomes

(6.30)

<D?a)De+u® W[z SuQ + fdu)0F®W[z2 Q' Sufdu)0Ff

\ Js/z2 ' \ Js/z2 j

J *s/z* rtn J

dti' ' • I dtn+l — \ Ss/zzQ + gl-e, StiQ + gea) )
0 J 0 &

(-i)nV(t2)---V(tn+1)z r/22 <StlQ + gi-ti», SuQ + f>du
*J S /z*

T
i/ ̂  SUQ + fdu) OF®W (z2 r''" Q ~ Suf

With the change of variable (6.26) and using Lemma (6.3) of [2], (6.30) becomes

(6.31)

E < DAuDfu ®w(z fT/Z' SUQ + fdu) 0F®W (z2 [*'* Q ~ Sufdu) 0'F,

f° dt' <Q + &_„ S,'Q + gsa) > fS/Z2 dtf- f" dtn+lV(t2) • • • V (4+i) (-»)"
J -s/z* Jo Jo

<Q + & „ ,Q + gsa) > f f f
-s/z* Jo Jo

Js/z2 ^ St'+s/z2® + Si-eau SUQ + / ' > du

v® W(z fT/z2 SuQ + f'du)0F 0 w(z2 fT/z2 Q~ Suf'
\ J S'/z* f \ Js'/z2

Thus the conclusion of Section 4 and the fact that
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f ° dt' <Q + g,-e, St'Q + gtlu > fT "* < Sr+a/«.O + tfi-«u>, S»Q + / ' > dw
*/ -5/22 J s'/22

/

O

^ <#' (gl-e, St'ged) > X[S',2"](s) (^i-e(i) I / ' ) , a.C

shows that the limit of (6.30) exists.

Similar arguments show that by induction the limit of the second term of

(6.30) exists.

Summing up we finish the proof.

LEMMA (6.3).

(6.33)

lim 2 <D£
+u®w(zfT/Z2SuQ+fdu)0F®w(z2fT/Z2Q-Sufdu)0c

F>
2-0 £S{0,l} ^ J S/Z* I \ J S/Z2 /

T/Z2 SUQ + f'du) ®F®W(Z2 (T /Z2 Q ~ Suf'du) OC
F > = 0.

'/Z2 I \ JS'/Z2 /

Proof. By the uniform estimate (Theorem (5.2)) it is enough to show that

for each n ^ N,

(6.34) 2 < D?u ®w(z fT/ZSuQ + fdu) ®F®W (z2 f^** Q ~ Sufdu) 0Fi
£ { 0 , i} \ J S/z* I \ Js/z2 I

f°/Z2 dti- • f^1 dtn(-i)
n[l ® 1 ® A(Q - Ss/Z2gB), Vfjtx)' • -V(tn)]

v®W (zf*'* SUQ + fduj 0F (8) W [z2 J] /Z2 Q ~ Sufdu) &F > > 0,

The left hand side of (6.34) is equal to

(6.35)

e,e(l)e{0,l}
Z < D£

+
a)De+U ®w(z fTZ SUQ + /<*«) ̂ F ® ̂  (>?2 f^' Q ~ Sufdu) 0e

F,
DelO.1} \ ^S/z2 / \ Js/z* I

J *s/z2 rtn-i _ I

dti' ' ' I dtn(~i)n~1\Z (Q~Ss/z2ge, Q~Stlge(l)yc
o Jo \

1 ® A+{QStlgi-tli)) <8>lV(t2)~ -V{tn)

+z2<Q~ Ss/Z2gs, Q- Shgi-ea) >t V(t2)---V(4)

+z2<Q- Ss/z2ge, Q~ Stlgl-ea) >, [l <8> 1 ® A(Q' Stlg$w)V(h)-~V(4
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The first two terms of (6.35) are both equal to

(6.36) z2 - 0(1) >0

and moreover the same arguments as those in the proof of Lemma (6.2) show that

the third term of (6.35) is z2O(l) , therefore we end our proof.

We can obtain more from the proof of Lemma (6.2), in fact the proof shows

how does get the limit (6.14). Now let us realize it.

By definition

(6.37) h(b) = E E
«=1 £e<O,l>

< Ds
+u ®w(z [T/Z2SUQ + fdu) QF®W (z2 [*'" Q " Sufdu) <Z>K

\ J S/02 / \ J S/Z2 I

rs/z" rtn-i rr/z'
I dh- •• dtn < SUQ + / , Ss/z2Q + gt>du

Jo Jo J S/z2

~{-i)n [l ® A(Ss/ziQ + gi-e) <S> 1, V(h)-- • V(tn)]

v®w(zfT/Z2 SuQ + f'du)<I>F®w(z2 r/Z2 Q-Suf'du)0!
F>.

By Lemma (6.2), the fact that

(6.38) f ^ < SUQ + / , SS/Z2Q + g£ > du > XisMs)' ( /I ft), a.e.

and an argument similar to the one used in (6.24), ... ,(6.30), we know that the

limit of h(b) is equal to limit of

(6.39)

F ® W (z2 fTz2 Q ~ Sufdu) &F,
\ J S/Z* I

j-e, Sf'Q + ftd) >

(-i)n fS/Z2 dt2- ' ' P dtn+iV(tz) ' ' -V(tn-i)
Jo Jo

x fT /Z* < Sf+,,*Q+gi-ta), SuQ+f > du
S'/z2

v® w(zfT/Z" SuQ+f'du)0F®w(z2 fT/Z2 Q-Suf'du)0F>.
\ J S'/Z2 I \ JS'/Z2 /
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2 2 w (z

Xis.n(s) •
/*tn ro
/ A»+i / dt'

• / 0 • / -5/22

»)"

v<8)w(zfT'" SUQ + f'du) T/Z2 Q- Suf'du)
s'/z2 I

Using Lemma (6.3) of [2], we know that the limit of (6.39) is equal to the limit of

(6.40)

2 2 < DimDtu ®w(z fT/22SuQ + fdu) 0F 0 W (z2 f™' Q " Sufdu) 0'F,

X\S.T\{S) • (f\ge) fjt' (gl-£, Sfgta)>

T/z2 SUQ + f'du)0F®W(z2 fT/z2 Q- Suf'du)0'F
'/z* I \ J S'/z2 /

*SUQ + fdu)2 E
«=1 e,e<l)e<o,n

(f\ge) j dt' (gi-e, St>ge(D>
%J — oo

i rs/zi rtn

-i\»± \ / / ^ . . . I dtn+i[l®A(Ss/Z2Q+gl-E{l))®:
J o

2 SuQ + f'du\0F®W\z2 J ^ Q~ Suf'du)0l
F)

\»D}u ®w(z [T/Z2SuQ + fdu)0F ® W(z2 fTz2 Q ~ Sufdu)0'F,
\ J S/z2 I \ J S/z2 I

XlS.Tl(s) • (f\ge)X\S',T')(gl-eil)\f')(gl-e\g6a))-

US/Z2V ®W\z\T/Z SUQ + fdu) ®F®w[z2 fT /Z2 Q ~ Suf'du) &F >
\ J S'/z2 I \ Js'/z2 I

2 <
e,e(l)e{o,U
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££{0,1}

1

+ S < DteDfu ®w(z fTZ2SuQ + fdu) OF®W (z2 (*'* Q ~ Sufdu) 0C
F,

seio.ll \ Js/z* I \ Js/z2 I

0 * ( / I ft) (ft-e I ft-e) - [1 ®A(Ss/z2Q + ft-e(l)) ® 1, C/s/̂ ]

v<g)w(zfT/Z2 SUQ + /'rf«) <5F ® fF (*2 fr X"2 Q " Sufdu) 0F >.
\ •• Sf /z^ I \ %) Sr/z^ I

As z—> 0, the first term of the right hand side of (6.40) goes to

(6.41)

2 (DB\a)D?u, G(s) > Xis.n(s) • ( / I ft)Xis',r](s)(^-ea, | f)(gi-t I &<
( ) { }

and the second term of the right hand side of (6.40) is of the same type as h(b).

The only difference is the new factor (gi-e\ gea))-. So by repeating the same

arguments about Iz(b) on the second term of the right hand side of (6.40), we

obtain the following result:

LEMMA (6.4).

(6.42) lim \z(b) = Z 2 Z < De
+D2<H) DS^Dtu, G(s) >

z - ^ 0 £€{0,1} «=0 cre{0,l}»

(gl-s I gad))- * tel-ff(l) I ̂ (7(2))- (gl-a(n) I ft) -

XlS,Tl(s) ' (f\ge)X[S>,T'](s) ' (gl-e\f)

+ S S Z < Dt-eD&n) DZ{l)D?u, G(s) >

£€{0,1} « = 0 (7€{0,l}«

(^l-£ I gad))- ' ( £W(1) I ga(2))- ( gl-ff(n) I gl-e)-

XIS.T)(S) • ( / | f t )Xis ' , r i (5) * (ft I / ' ) .

Proo/. By the above arguments, one has

(6.43) lim h(b) = 2 <D?a)D?u,G(s)>
°

XlS,T](s) ' (f\ge)XlS'.r)(gl-ell) I D ( gl-e I ft(l))- +

SuQ + fdu)&F
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\XIS.T)(S) • ( /I ge)(gl-e

T/z2 SUQ + f'du) 0F®W (z2 [T'Z% Q

tu, G(s)>x[s.n (s)

S < De\2)D?a)De+U, G(S) > (^ i_ , | &<
e,e(l),e(2)e{0,l}

*-*° e,e(l),e(2)e{0,l}

/Z2 SuQ+fdu)0F <g) ̂ ( ^ 2 fr/"2 O " Sufdu)0<F,
£2 / \ Js/^2 /

W *T'/z2 \ I rT'/z2 \

SuQ + ffdu)OF®W[z2 \ Q-Sufdu)0c
F>

Iterating, we obtain that

(6.43) limL(6) = Z <D?a)D}u, G(s) >
z^° e,e(l)e{0,l>

XlS,Tl(s) ' ( f\ ge) (gl-e\ ge(l))-XlS',T')(s) (gi-ea)] f)

£,e(l),e(2)e{0,l}

e,e(l),£ (2) ,e(3)e{0,l}

l-£ I gs(l))-' (gl-e(l) I ̂ r£(2))-*(^rl-£(2) I ge(3))-

- ' (ft-e(l) I &(2))-
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( /I ft) • X[S'.T'](s)(gl-e(n)\f)
where, £(0) : = e.

We split the right hand side of (6.43) into two terms according to

(6.44a) e(n) = a

or

(6.44b) e(n) = 1- a

then the right hand side of (6.43) is equal to

(6.45) 2 2 <D?DE\n-v DtvDfu, G(s) >

l-£ I ̂ £(1))- * (^Tl-S(l) I £s(2>)- (^1-6(1.-1

= E S
£(={1,0} n=0 .

(ft-fi I ft(l))-' (ft-cr(l) I ft(2))- * '
X[S.T](S) ' (f\ge)'XlS',T'](s)

+ 2 2 2 <DlLeD}iH) • • • •
ee{l,0} » = l CT€{0,1}W

l-£(«-l) I gl-e))-

{»DZu, G(s)>

(gl-a(n) I ft))-

tu, G(s) >

ft

where, (7(0) : = e. This finish the proof of (6.42).

LEMMA (6.5).

(6.46)

Proof.

I
2-0 Z

(6.47)

Z
w(z2 [T/Z2
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® A+(Ss/z2Q + &) (8) A+{Q - Ss^gi-e) Us/Z2

/Z2 SUQ + /'</«)#F ® W (z2 fT "* Q ~ Suf'du)0C
F >

^ ( z l SuQ + fdu)0F® W[z2 I Q-Sufdu)0(
F,

\ J S/z2 I \ J S/z* I

2 z2 fT/zZ < SUQ + f, SS/Z*Q + gs>du-

v®w(z fT/z2 SUQ+ f'du) 0F®w(z2 fT /Z2 Q ~ Suf'

= z2 • 0(1) >Oa .e .

LEMMA (6.6).

(6.48) limIVz= 2 (D+u, G(s) >
0 ££{0,1)

Proof. It is enough to prove that the quantity

(6.49)
/ rr/z2 \ I rr/z2 \

u®W[z SuQJrfdu)0F®W{z2 \ SUQ~fduWF,
\ J S/z* I \ J S/z* /

W(z,s):=

v®W\zl SuQ + f'du)<I>F®W{z2 SuQ-f'du)0

tends to zero (a.e.) as z—* 0.

Since the integral

(6.50) f'dsIVCz, s)
J o

is a term of type II in the sense of Section 3 {kff — 0), one gets that

(6.51) lim f dslV(z, s) = 0.
z—0 J 0

By the uniform estimate, we obtain

(6.52) 0 = f'dslimlVte, s).
Jo 2-0
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This result and the positivity of lV(z,s) concludes the proof.
Our next step is to investigate the limit

(6.53) l im-III, .
z-*0 Z

By definition
(6.54)

— III, = - 2 (D+u® w(z fT/ZiSuQ+fdu)0F®w(z2 (T/Zl Q- Sufdu)$<F,

1 ® A(SS/2*Q + ft_.) <8> A(Q - Ss/Z2g$) • Us/Z>

v®W\z\ S»Q + fdu)0F®W[z2 Q-Suf'du)0F>

where, one can write the product

1 ® A(Ss/z*Q + ft-,

to a sum of four terms:

(6.55) Us,Mtl ® A(S^tQ + ft-.)

2Q + ft-.) <8> 1, t/,/

2(? + ft-.)

Respectively, —IIÎ  can be written as a sum of four terms, namely

(6.56) IIL(a) + IIL(b) + IIL(c) + III,(b)

where,

(6.57a) I I L ( a ) : = - E <D?u<g)W(z SuQ + fdu)OF®
Z ee{0>1} \ Js/z2 I

( rT/z* \

W(z> Q-Sufdum,
\ J S/Z2 /

Us/* 1 ® A(SS/Z2Q + ft.,) ® A(0 " S^f t )

v®W[z\ SuQ+frdu)0F®W[z2 \ Q-Suf'du)0F>
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(6.57b)

SuQ+fdu)0F0W[z2 Q~ S«fdu)0'F,
I \ J S/Z2 I

i / cT/z<l

2 <D?u ® w [ z \ u Q + f ) F 0 [
S/Z2 I \ J S/Z2

v<g> w(z [Tl* SUQ +f'du)<DF(g) w(z2 fT/Z2 Q- Suf'dii)O'F>

(6.57c)
i / rr/z2 \ { rT/z* \

111,(0) : = - E Wiu ®W[z\ SUQ +fdu)0F®W[z2 Q~ Sufdu)0'F,
Z £S{O1> \ J S/Z2 I \ JS/Z2 I

E W i ® [ \ UQ + f ) F ® [
£S{O,1> \ J S/Z2 I \ JS/Z2

A(Q - Ss/z'gi-t),

v®W [z\ SuQ+rdu)<I>F®W[z2 \

andad
i / rr/z2 \

(6.57d) I I I , ( d ) : = A S <A + M <8> P F * / SuQ+fdu)0F®
Z £e (0,l} x -'S/z11 /

^Q + ft-.)

v®w(zf T'/Z2 SUQ + /'rf«) 0 f <8) P7 (z2 (T/Z2 Q ~ Sufdu) 0'F >.
\ J S'/z* I \ Js'/z* I

f
S'/z

For the four terms we have that

LEMMA (6.7).

(6.58) III,(a) = z2 - 0(1) >0.

Proof. In the right hand side of (6.57a), applying the two annihilation

operators on the coherent vectors and we obtain that

(6.59)

HI,(a) = -7 S <D£
+u ®w(z [ ^ SuQ+fdu)0F ® W(z2 (*'* Q ' Sufdu)0F,

Z ee{0,l} ^ J S/z* I \ J S/z2 I

J *T'/z2
< Ss/zzQ + gi-s, SuQ + f > du •

S'/z*

z2 fT/Z < Q- Ss/z2ge, Q- Suf >,du
J SWz2
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v ® W (z {T/Zl SuQ + f'du)®F®W (z2 fT/Z2 Q ~ Suf'du)0'F >
\ J S'/z2 ' \ J Sr/z2 I

<Q~ Ss/Z2ge, Q- Suf >,rfw
S'/z2

<D?u, GAs)>.

This gives (6.58).

LEMMA (6.8).

(6.60) IIL(b) =z2- 0 ( 1 ) ^ 0 .

Proof. In the right hand side of (6.57b), apply the annihilation operator

A(Q~ Ss/z2ge) on the coherent vector

W
/ /T'/z

[z2

one finds that

(6.61) IIL(b) = 2 z2 fTz <Q ~ Ss/Z2ge, Q ~ Suf >< du
£€{0,1} J S/Z2

Dtu Z2 SuQ + fdu) OF®W (z2 fTZ2 Q ' Sufdu) Qc
Fy

T/z2 SuQ + fdu)0F® w(z2 [T/Z2 Q-Sufdu)0F>

This formula and Lemma (6.2) imply (6.60).

LEMMA (6.9).

(6.62) IIL(c) >0.

Proof. This Lemma is a direct result of Lemma (6.3).

Our next goal is to obtain the limit of IIIz(d)

LEMMA (6.10). For g0, gi, t satisfying the condition (* ) , the limit

(6.63) lim [
z-*0 J 0
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exists and is equal to

(6.64) S [' dto<u, D3(e)G(to)>
£e{0,l} J 0

where,

(6.65) Z)3(e):= S 2 Z W W • 'Arm f° rfsi--- f° dsk <gi-B, S8lg<,a)>
k=l <7e{0l}* ^ - ° ° ^ - ° °k=l <7e{0,l}*

\£i-a(l), SS2ga(2) / ' ' ' \gl-a(k-l)> SSkgi-a(k) / ' \gs, SSk + ...+ siga(k) /•

Proo/. With change of variable

(6.66) s/*2 = ft,

one gets

(6.67) f'nh(d)ds = ̂  E
^ 0 Z se{0,l}

<Dtu ®w(z fT/Z2 SUQ + /rf«) 0 F (8) ̂  (^2 fr/"2 Q - Su
\ J S/z* I \ J S/z*

ds[l ( g) ( Q g ,

T/Z2SuQ + f'du) $F®w(z2 [T ̂  Q ~ Suf

/ rT/z2 \ I rr/z* \

®W[z\ SuQ + fdu)0F®W[z2 I Q'SufduWF,

"*2 dtoz[l ® A(St0Q + gl-e) ® i4(Q " Stoge), Ut0]

T/Z2 SUQ + f'du) 0F®w(z2 fT /Z2 Q ~ Sufdu) 0C
F >

S'/z* I \ Js'/z2 /

= Z X <D£
+u®w(z fT/Z2 SUQ + fdu)$>F®W(z2 fT/Z2 Q- Sufdu)&F,

£G{0,l}n=0 \ JS/Z* I \ Js/z* I
rt/z2 rto rtn-i

( - i ) " z dto I d h - - dtn
Jo Jo Jo

x [l <g> A (St0Q + # _ ) <8) A((? - 5,^.), VUi) • • -V(tn)]

v®W[z\ SuQ + fdu)0F®W[z2 / Q- Sufdu)0F>.
\ J S'/Z2 I \ JS'/Z2 /Thus by the uniform estimate, we can exchange the order of the limit of z~* 0 and

the sum over n €= N.

Notice that for any operators A, B, X,
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(6.68) AB = BA=> [AB, X] = [A, [B, X]]

therefore

(6.69) [l <8> A(St0Q + gl-e) <8> A[Q ~ S»gt), Vft) • • • V(t»)\

= t
-S*gt), V(tk)]V(tt+1)---V(tn)]

= 2 2 [l (8) A(S,0Q + ft_.) (8) 1, V (*0 •
L

+ z2l ® 1 ® A + (Q~ Sttgi-«k))A(Q' Stkgs(k)))] V(tk+1) •••V(tn)\.

Respectively, the right hand side of (6.67) becomes

(6.70) S 2 < D?u <g)W(z fTz2 SUQ + fdu) OF®W (z2 V* Q ' Sufdu) &C
F,

se{0,l}«=0 V JS/z2 I \ Js/z* '

(-i)*-l*f"K* dto £ dtx-- fQ
nl dtnt E < 0 " StQg9, Q ~ StkgE{h) >e

[l®i4(S,oO + ft-.)®l, Vitd'-Vih-dz' l®A+(StkQ+gi-ew)<8)l\

i)--V(tn)v®w(z [T/Z2 SuQ + fdu)0F®w(z2 [TZ2Q

e{0,l} n=0 ^ ^5/22 / \ JS/z*

rt/z* rto rtn-i
(~i)n-lz\ dto \ dti-~ I dtn

Jo Jo Jo
n

(0Q + ft_.) (8) 1

(2 r r / " SUQ + /'rfw) 0 F (8)
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+ 2 2 < Dtu <g> W (z fT/Z2 SUQ + fdu) ®F®W (z2 fT/*2 Q ~ Sufdu) 0'F,
£S{O,1} «=0 * J S/z2 I \ J S/z2 I

dh--- f""1 dtn t 2 fl <8> A(St<>Q + gt-t) <8» 1,
^ O A=l s(*)e{0.1} L

(8) 1®A(Q-Stog£), z2l (8) l®A+(Q-Stkgl-£{k))A(Q-Stkg£(k))]

SUQ + /'rf«) <ZV ® ̂  (^2 f r *2 0 " SM/r

S'/z* I • \ JS'/z2

Moreover, the third term of (6.70) is a type II term in the sense explained in

Section 3 (k" > 0), so it goes to zero as z—> 0. The second term of (6.70) corres-

ponds to the situation in which there exists some ph or pi (here, it is 0) such that

qh > ph + 1 or q'h > p[ + 1.

Therefore this term tends to zero as z—* 0.

Now let us consider the first term of (6.70). In the language of Theorem

(4.8), £o is some t\ and tk is some U, therefore we know that one needs only to con-

sider the situation

ii < i[ < i2 < i2 <"<ik < i'k

and the limit of the first term as z —• 0 is equal to

(6.71)

2 E lim < Diu <g> W[z I SuQ+fdu)0Fi8>W{z2 Q~ SufduWF,

i-iy-lz P /z2dt0 r d h - - - f""1 d t n t s < o - stoge, Q- sttg,M >,
* / 0 "Jo ~r° k=l <T(«e(0,ll*

A(St0Q + ft_.), A+(S(1Q + ̂ (U)i4(S f lQ + ̂ - ^ D ) • • •

1Q + ^- f fa- i , )^+ (5 / t (? + ^ i - ^ , ) ] ® 1 V(/*-i) • • -V(tn)

T /Z2 SuQ + f'du)0F <S> W (z2 (T '* Q ~ Suf'du)QF>.

By Theorem (4.8), we know that one needs only to consider the case in which the

operator

(6.72) [A(S,0Q + gl-e), A+ (StlQ +
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A+iSt^Q + gatk-uWiSn-iQ + gl-a(k-l))A+(StkQ - gl-a(k))}

is replaced by its pure scalar product term

(6.73) < StoQ + gl-Bf ShQ + gad) > ' < StlQ + gi-a(l), St2Q + ga(2) > * *

* * * \ Stk-iQ + gi-cr(k-l), StkQ + gi-a(k) /

therefore one has

( 6 7 4 ) lim f l l

= Z Z lim < Dtu ®w(z fTZ2 SUQ + fdu) $>F®W (z2 V* Q ' Sufdu) 0l
F,

«=0 ee{0,l} 2-0 \ Js/z2 I \ J s/z* I
rt/z* rto rtn-i n

i-iy-'z2/ dt» dh--- dtnz s < Q- stoge, Q- stkga(h) ><

U ° Jo J ° k = \ £(/c)e{0,l}*

Dad) * * -Z)c7(*) ® 1 < StoQ + ft-e, S,XQ + ^

* \ StiQ + gi-(T(i)f St2Q + ga(2) / ' ' '

' ' ' \ Stk-iQ + gi-a(k-l), StkQ + gi-a(k)

V (tk+i) '-V(tn)v®w(z[T/Z2 SUQ + fdu) $>F®w(z2 T ^ Q ~ Sufdu

In the right hand side of (6.74), changing the order of sum for w = l , 2 , . . . and k=

1,..., n and with the change of variables

(6.75) z2th U ( * , A = 0, 1,..., A

we obtain that

(6.76) lim ftlllz(d)ds= S Z Z lim
^•^0 ^ 0 ft = l £€{0,1} (7€{0,l}* *->°

D}lt)---D}a>D?u® w(z [*'" SUQ + fdu)0F® w(z2

z'2H f dt0 f" dh--- f'"1 dtk < SWX*Q + & _ „ S,1/z2Q + ̂ (1, >
Jo Jo Jo

\ Sti/zzQ + £l-(7<l)> St2/z
2Q + 5"(j(2) ) ' ' ' \ Stk-i/z*Q + gl-a(k-l), Stk/z^Q + gl-a(k)

2 (-»)"-* / dtk+1--- dt»V(tk+l)---V(tn)
=k J0 Jo
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SuQ + rdu)0F®W[z2 I Q-Suf'du)&F>.
S'/z* I \ JS'/zZ /' S'/z*

In the right hand side of (6.76), with the change of variables

(6.77) 5, := (th ~ th-0/z\ h = l,...,/c

and applying Lemma (6.3) of [2], we find that

lim ftlllz(d)ds= Z £ S C dto
z^° J ° k=l £(={0,1} ase{0,l}k J °

ro ro
I dsi''' I dsk \ gi-e, SsiQ + gad) y

* / —oo %) —oo

\ ^"l-o-(l), 5 S 2 Q + ̂ (T(2) ) ' ' * ( gl-a(k-l)> SSkQ + gi-<T(k) ) ' ^ gey

lim < AxV) • • -Z)Ai)A+« ® J7 (z fr/"2 SW0 + / dw)0 F ® Ŵ  ( ^ f ^ Q ~ Sufdu)0e
Ff

^-0 \ Js/z2 I \ Js/z2 ^ /

(z2 fT/Z2 Q ' Suf'du) $>F >
\ J Sr/z2 IS'/z* I \ J Sr/z

= 2 2 2 r *o < W<« • • -DJaiDfu, G (to) >
£<={0,l} ft=l o-eiO.l ^ °

ro
J -oo

\ gl-a(l)t SS2Q + ga(2) / ' ' ' \ gl-cr(k-l), SSkQ + gl-aik) / ' \ ge, SSk+.**+siga(k) /

this ends the proof of (6.64).

Finally, combining together (6.7), (6.9), (6.11), (6.12), (6.13), Lemma

(6.2)-Lemma (6.10), we get the following

THEOREM (6.11). For any t, g0, gx satisfied the condition (1.15),

(6.79) <«, G(t)> = (u, G(0)> + 2 I ds
£{0,1} ^ 0

\Xis.n(s) • zis'.ri («) • (ft I/O ' (/I ft) <A+(£)«, G(5) > +

(/I ft) • (ft-. I/O • <A+(£)w, G(5)> +

+ < (D3(e) + A <^£, e>*ft-

where, Z>3(£) defined by (6.65),

(6.80) Di(e):=D,+
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(gl-e I gad))- * (gl-a(l) I #7(2))- ( gl-a(n) I gl-e) -
and

(6.81) D2(e) := S 2 AAd) £W)A

(ft-elftr(l))- * ( gl-a(l) \ ga(2))- (gl-a(n)\ge)-

where, a(0) := e.

§ 7. The quantum stochastic differential equation

In the section, we consider the quantum stochastic differential equation

(q.s.d.e.)

(7.1) U(t) = l+ 2 P fA(£) ® dNs(ge,gi-e) +

+ A(£) (8) rfiV.to, ft) + CDs(e) + A < ft.,, ^ - ^ f t > ) ® Ids] U(s)

on flo® r ( l 2 ( R ) ® (K,(- | -))) , where, iV is the gauge process and

(7.2) M ( # , ^ ) :=Ns(xio.si ® l^> < ^ l ) .

A(e ) , A(e) and A(e) are defined in § 6. By [11], we know that the q.s.d.e. (7.1)
has a unique solution U (t) which can be obtained by iterative.

Proof of Theorem (1.1). Theorem (6.1) has shown the low density limit (1.13)

exists. Now, we shall prove that it is equal to (1.14). Clearly, (1.14) is continuous

for u, v e Ho, so one can write it to

<u,F(t)>

where, F (t) £ Ho. Hence one has

(7.3) <u, F ( 0 ) > = <u®

Moreover, by (1.16)

(7.4) < « > [
se{0,l} J 0

/.te'., ft) + (ft(e) + < ft-., «-i*Hft > ) <8> Ids)

x t/(s)»(g) ^(xis-.ri ®f')W>.
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Apply the theorem (4.2) of [11] to (7.4), one obtains

(7.5) < u , F ( t ) > = < u , F ( 0 ) > + S [ ' d s

• (ft I/') • (/I

(/I ft)--

+ < (D3(e) + A <ft-.,

Since (7.5) has unique solution, so (7.8) has a unique solution. Therefore,

<u,F(t)> = <« ,
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