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POINCARE TYPE CONDITIONS OF THE REGULARITY

FOR THE PARABOLIC OPERATOR OF ORDER a

MASAYUKI ITO AND MASAHARU NISHIO

§ 1. Introduction

Let Rn+1 = Rn X R denote the (n + l)-dimensional Euclidean space

(n ^ 1). For Xe Rn+\ we write X = (x, t) with x e Rn and t e R. In this

case, Rn is called the #-space of Rn + ί = Rn X R.

For an a with 0 < a < 1, we write

dt

where ( — Δ)a is the fractional power of the Laplacian — Δ = — ] [ ] — —
3 = 1 OX j

on the x-space. In the case of a = 1/2, L(1/2) is called the Poisson operator

on i?w+1.

First we shall examine some properties of the elementary solution Wia)

of L(α). By using the reduced functions with respect to W(a\ we shall

show the existence of swept-out measures with respect to W{a). By using

swept-out measures, we shall give the notion of the regularity for boundary

points of an open set in Rn+1.

The purpose of this paper is to give a Poincare type condition for

the regularity of boundary points of an open set in Rn + ί.

Our main theorem is the following

THEOREM. Let Ω be an open set in Rn+1 and X a boundary point of Ω.

If there exists a non-empty open set ω in the x-space whose a-tusk T{χ\ω)

at X is in CΩ, then X is regular for the Dίrichlet problem of L{a) on Ω.

For a n l = (x, t) e Rn+1 and an open set ω in the x-space, the α-tusk

T(χ\ω) of ω at X is defined by

Tφ(ω) = {(x +py,t- p2a); yeω,0<p<p0]
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with some pQ > 0.

For the heat equation, E. G. Effros and J. L. Kazdan [3] discussed

a similar Poincare type condition of the regularity.

§2. Superparabolic functions and the Riesz decomposition

Let Cκ(Rk) denote the usual topological vector space of all infinitely

diίferentiable functions on Rk with compact support (k ^> 1). For 0 < a < 1,

we recall the fractional power (— Δ)a of — Δ on the x-space Rn; (— Δ)a is

the convolution operator on Rn defined by the distribution — Cn)ap.ί.\x\~n~2a,

where \x\ denotes the distance between x and the origin 0 in Rn and

Cn,a = - 4aπ~n/2Γ((n + 2α)/2)/Γ(- a\ that is,

p.f. |*|—2°(φ) = lim f (φ(x) - φ(ϋ))\xYn-2adx
5 i 0 J \X\>δ

for every φ e Cχ(Rn).

We denote by (gt)t*o the Gaussian semi-group on Rn, namely gt(x) =

(4πt)-n/2 exp(- \x\2/4t) (t> 0), and g0 = ε. Here we denote by ε the Dirac

measure at the origin of Rk for every k >̂ 1. Put

•J. exp(-

10 t£0,

where X = (x, t) and x ξ denotes the inner product on i?\ By means of

the Fourier transform, we see easily that Wia) (resp. Wia)) is the elementary

solution of Ua) (resp. LM), where W{a)(x, t) = Wia)(x, - t) and Z>> = — 3/3ί

+ (— Δ)a (see for example [4]). Let (oΐ)^o be the one-sided stable semi-

group of order a on R+, where R+ denotes the semi-group of all non-

negative numbers. Then for any t > 0 and x e Rn,

(2.1) W*Kx91) = Γ gs(x)dσ"t(s) > 0
Jo

(see [1], p. 74), | W(a)(x, t)dx=l and W(a)(x, t) is a decreasing function of

loci. Put

then we have easily

W(α)(x,0 = \x

LEMMA 2.1. ψα(ί) = O(t) as 11 0.
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Proof. Let v be the uniform measure on the unit sphere {x e Rn

\x\

{

I = 1} with dv = 1. Denoting by v the Fourier transform of v, we have

Ut) = (2π)-κ/2 f exp(- t\ξf)ύ(ξ)dξ, lim ψ.(ί) = 0
J Rn ί 1 0

and

= (2*)-"/2 f ( - ι?r
dt

Γ ί ( - If Γ» exp(-s |

for ί > 0 (see (2.1)). Let φ e C%(Rn) satisfying 0 ^ φ ̂  1, supp[0] C {x 6 R";

\x\ < 1} and ^ = 1 on a neighborhood of 0, where supp[$5] denotes the

support of φ. For any s > 0, we have

. * v

* v(0)

Since 0 £ supp[(^(x)|jc|~TO"2α) * v] and J^ s vanishes uniformly outside any

neighborhood of 0,

lim(φ(x)\x\-n-2a+2)*(Jgs)*v(0) = 0.

Therefore the function |f|2αexp(— s\ξ\2)ΰ(ξ)dξ of s is bounded on (0, oo),

so that (dldt)ψa(t) is bounded on (0, oo), which shows Lemma 2.1.

Let (Pί(α))ίΞ>o be the convolution semi-group whose infinitesimal generator

is equal to - Da) (see [7]υ); then

P ^ * u(x, t) = f ^->(x - y, s)α(y, ί - s)dy
J Rn

for every we Cκ(Rn+1), where Cκ(Rn+ί) denotes the usual topological vector

space of all finite continuous functions on Rn+1 with compact support.

For a non-negative continuous function φ(t) on (0, oo), we put

1) Evidently — L<β) is a generalized Laplacian, that is, for any φeCκ(Rn+1) with
Φ^O and Φ(0)= max
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For a sequence (φm)Z=ι i n Cκ((0, oo)) with φm ̂  0, φmdt = 1 and with

supp[0m] c ((m + I)" 1, m'1), we shall often use the sequence (W{fm))Z=i.

We say that such a (φm)Z=i is an approximate sequence of the Dirac

measure.

DEFINITION 1. A non-negative function u on Rn+ί is said to be super-

parabolic of order a if the following two conditions are satisfied:

( 1 ) u is lower semi-continuous on Rn+ί and u < oo a.e..

( 2 ) For any s^O, u^Pia) α o n Rn+1.

We denote by Sa (resp. Sα,c) the set of all superparabolic (resp. all

continuous superparabolic) functions of order a, and by Sa (resp. Sa, c) the

set of all functions u with ύ e Sa (resp. & e Sα,c), where ώ(x, ί) = u(x, — t).

For a non-negative Borel measure μ on i?n+1, we denote by Wia)μ

(resp. Wia)μ) the function defined by the convolution Wia) * μ (resp. W(a) * μ)

and call it the Wia)-potential (resp. the W{a) -potential) of μ.

Remark 2.2. ( 1 ) l e S α > c and for ueSa, u is locally integrable.

( 2 ) The condition (2) in Definition 1 is equivalent to u >̂ W^j * w for

every 0 e Cκ((0, oo)) with ^ :> 0 and | φdt = 1.

( 3 ) If W(α)μ < oo (resp. W{a)μ < oo) a.e., then W(a)μ e Sa (resp.

# ( α ) μ e SJ.

We denote by Ma (resp. Ma>c, Ma and Mα,c) the set of all positive Borel

measures μ with W(a)μ e Sa (resp. W(a)μ e Sa, c, W(a)μ e Sa and W{a)μ e Sβf c).

For a Borel measure μ and a Borel set A, we denote by μ\A the Borel

measure defined by μ\A(E) = μ(AΠi?) for every Borel set E.

LEMMA 2.3. For u e Sa, we have

Γ ί u(x, t)\x\-n-2adxdt < oo
J a J |j;|^l

/or euery j^niie interval [a, b].

Proof. Let 0 e Cκ(Rn+ι) with 0 ̂  0 ̂  1, φ(X) = 1 on {X = (x, ί) |x\ £ 1/2,

α <: t<L b] and with φ(X) = 0 on {Z = (x, ί); |x| ^ 3/4}. Since for any

X = (x, t) e Csupp[$,

supp[(L(αV)+] c: suppf^]. On the other hand for any open ball B con-
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taining supp[0],

f
JB

= lim(ϊ u

where Pί"> is defined by \fdP™ = f / ( - X)dPί"'(X) for every fe Cκ{Rn")

Hence

oo > f u(LMφ)*dX^{ u{Ua)φ)-dX

^ f f u(x, t)(cn,a f ^(y, ί) |* - ^|-n-

^ 2-TC-2«Cw β f Φ Γ ί M(x,i)|x|-n-
J 12/1 ̂ 1/2 J α J | a ? | ^ i

which shows Lemma 2.3.

LEMMA 2.4. ( 1 ) Sa and Sa^c are convex semi-lattices by uΛv(X) =

min(u(X), υ(X)).

( 2 ) Let ue Sa and let (φm)Z=i be an approximate sequence of the Dίrac

measure. Then W{fm) * w e S Λ ) C and W{fm) * w | w with m f oo.

( 3 ) Let u,ve Sa and ω be an open set in Rn+\ If u^v a.e. on ω,

then u ^ v on ω.

Proof. The assertion (1) is evident (see Definition 1). Since W$m) is

finite continuous, Lemmas 2.1, 2.3 give W{fm)*ue Sβ t c. Since (W(

(^)(Z)dX)^=1

converges vaguely to e as m->oo, we have the second part of (2) (see

Definition 1). The assertion (3) follows from (2).

LEMMA 2.5. For ueSa, the family (u ~ P'a)*udx) of positive
\ S Js>0

measures converges vaguely as s \, 0, where dX denotes the Lebesgue measure

on Rn+1. Denote by μ its vague limit. Then

[ uL(a)φdX= ί φdμ
JRn+l JRn+i

for every φe C%(Rn+1).

Proof. For any φeC%(Rn+ί) with ^ 0 , we take r>0 with supp[^]

C {X; \X\ ^ r}. For (x, t) e Rn + 1 with \x\ ̂  2r and any s > 0, Lemma 2.1

shows
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^ 1 f wι.Kx _ yί s)φiy, t + s)dy
s J

for some constant C. The Lebesgue theorem and Lemma 2.3 give

(2.2) ί u Z>V dX = lim f I T P ^ ' * u~ φ dX.
J SΪO J S

Hence yH-Ξl—s *u dX) converges vaguely as s [ 0 and we get
\ s /s>o

[uUα)φdX= [φdμ

for every φe

The above positive Borel measure μ is called the associated measure

of u.

Remark 2.6. Let μ 6 Ma. Then the associated measure of Wia)μ is

equal to μ, because J ^ ^ j P ί ^ J L ^ ί L == 1 [ py * μdP (see (2.2)).
s s Jo

LEMMA 2.7. Lei u e Sβ, (MOT)S=I
 α sequence in Sa, μ the associated

measure of u and μm the associated measure of um(m ^ 1). If lim,,...,,, um = u

a.e. and if there exixts veSa such that for any m ^ 1, um < v, then (μ)Z=ι

converges vaguely to μ as m—>oo.

Proof. For any φ e Cκ(Rn+i) with 0 ^ 0 , Lemmas 2.3, 2.5 and

f v\L(a)φ\dX< oo give

[ φdμ= [u Ua)φ dX = lim um Lia)φ dX = lim ί φ dμm ,
J J m-oo m-»oo J

which shows Lemma 2.7.

LEMMA 2.8. Let u be a non-negative continuous function on Rn+1. If

u — Ps

Cα> * u for every s > 0, u is constant.

For the proof, we use the following

LEMMA 2.9 (Choquet-Deny [2]). Let σ be a positive Borel measure on

2) f* P\a) * μdt is a positive measure defined by Γ \φd(P{

t

a) * μ)dί for every φ e Cκ(Bn+1).
Jo J Q J
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Rk (k JΞ> 1) with \ dσ = 1 and h a non-negative Borel function on Rk.

Assume that Rk is generated by supp[(τ] as a group and that h%a = h on

Rk. Then h has the following representation:

h(x) — exp(a-x)dv(a) a.e.

with some positive Borel measure v on Rk.

Proof of Lemma 2.8. Let φ be a non-negative continuous function on

(0, oo) with compact support and with φ(t)dt = 1. Then u = P(

s

a)*u give

u = Wla

φ]*u. Applying Lemma 2.9 with σ — W[a

φ], we see that there exists

a positive measure v on Rn+ί such that

u(x, t) — exp(α x + bt)dv(a, b) a.e.
J Rn + l

By Lemma 2.3, we have

x + bt)\x\~n-2adxdv(a, 6)<co ,ί ί
J Rn + l J |Λ;|

so that supp[p]c{0}χi?. By using u = P{

s

a)*u for every s> 0 again, we

conclude that u is constant.

PROPOSITION 2.10. Let ue Sa and the associated measure of u. Then

u = Wia)μ + c on Rn+ί

with some constant c ^ 0. Furthermore if for any positive Borel measure

v on Rn+\ u — W(a)v = a a.e. with some constant α, then v — μ and a = c.

Proof, For a positive integer m, we put μm = μ\B(0,m), where B(Q,m)

denotes the open ball in Rn + ι with center 0 and with radius m. For

φ e Cχ(Rn+1) with φ^O and for any s > 0, Lemma 2.5 gives

(£
so that

ϊuφdX-

Hence
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Thus u >̂ Wia)μn a.e. By Lemma 2.4, u >̂ W{a)μm. Letting ra->oo, we obtain

u ^ W{a)μ. Put

h=u- W{a)μ on {Xe Rn+ί; W

Then Remark 2.6 gives

(A - P<a)*h)φdX = (JpiΛ)dτ)*h*(L^φy(O) = 0f

for every s > 0 and φeCκ(Rn+1). Hence A = P{

s

a)*h a.e. For any ψ e

Cx((0, oo)) with ψ ^ 0 and with ί ψdt = 1, A = W$*A a.e. and (W(

(#*Λ)

= P ^ ^ ί W ^ ^ A ) on iP1*1, so that Lemma 2.8 gives W$*h = c with some

constant c ^ 0, that is, A = c a.e., which gives u = W(α)μ + c a.e. Lemma

2.4 leads to u — W{a)μ + c, which shows the first equality. By Remark

2.6, we obtain the second part of this proposition. Thus Proposition 2.10

is shown.

COROLLARY 2.11. Let ueSa and μ e Ma. If u<L W{a)μ, then u is the

Wia)-potential of the associated measure of u.

§ 3. Reduced functions and swept-out measures

For ueSaiC and a compact set K in Rn+\ we put

Q^uiX) = inf{ϋ(X); υ e Sa, v ^ u on K}

and

where Q^}w is the lower regularization of Q^u, namely for a function υ

on Rn+ί^(X) = liminfF_xu(Y). Furthermore, for weS α and a set A in j?n+1,

we put

R(fu(X) = sup{i?^u(X); u e Sα>c, u ^ u and ADiΓ: compact set},

Q(fu(X) = inf{i?iα)w(Z); A c ω: open set}

and

We say that R^u and R^u are the reduced function of u to A and the

outer reduced function of u to A with respect to L(α), respectively.

For a set A in i?n + 1 and for ueSa, the reduced function R^u of w

to A and the outer reduced function R^u of u to A with respect to &a)
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can be defined analogously. For all the results for L(α) in this paragraph,

the analogies for L(α) hold.

Remark 3.1. Let ω be an open set in Rn+ί and u e Sa. Then we have:

( 1 ) ω is redusable, that is, R(

ω

a)u = R(

ω

a)u.

( 2 ) R(

ω

a)u = u o n ω.

LEMMA 3.2 (G. Choquet, [6] p. 34). Let (fdiei be an arbitrary family

of functions on Rn+\ Then there exists a countable subset Io of I such that

for any lower semi-continuous function g, g ^ flQ implies g <L fΣ. Here for

a subset J of I, we write fj(X) = infίe jfi(X).

LEMMA 3.3. Let u be a positive and locally integrable Borel function

on Rn+1 and assume u ^ P(

s

a) * u for s > 0. Then u e Sa, u = u a.e. and for

any approximate sequence (φm)Z=i of the Dirac measure, (W$m)*u(X))Z=i

converges increasingly to u(X) with m—>oo.

Proof. Take an approximate sequence (φm)Z=i of the Dirac measure.

The semi-group property of (P(

s

a))s^0 shows that P ^ * M ^ P ^ * M on Rn+1 if

0 < Si < s2, so that (W[a

φ

}

m) * u(X))Z=i is increasing. For Xe Rn+\ we choose

a sequence (Xk)ΐ=i c i?w+1 convergent to -X" satisfying u(X) = lim^^ w(

Then for any m ^ 1,

M(X) ^ liminf (Wg^ * M(Xfc)) ^ W ( ^ HC U(X) ^ W(%, *

For any ζ5 e Cκ(Rn+ί) with ^ ^ 0, the Fatou lemma gives

[ uφdX £liminΐ [ u-(W[;l^φ)dX = liminf [ (W\;l^u)φdX £ [uφdX,

so that u^u a.e., that is, u — u a.e. Since ^*-X\mm^

and w is lower semi-continuous, we have

\imini(W[?m)*u(X)) ^ u(X) on i?w + 1.

Thus we have

) lim(W(w,*iί(X)) = lim(W|;ί,,*ι*(Z)) on
m-»oo ??ι->co

This gives u e Sα, which shows Lemma 3.3.

3) For a sequence (μm)m=i °f Borel measures and a Borel measure μ, we write μ=

if (^»I)TO=I converges vaguely to μ as m-^ oo.
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Lemmas 3.2 and 3.3 give the following

Remark 3.4. For ueSa and any set A in Rn+\ we have:

( 1 ) R?u = l im m _ B?>(W$m) * u\ R<?u e Sβ, 2&>κ 6 Sβ,

( 2 ) i?iα)w is a W{a)-potential if A is relatively compact (see Corollary

2.11) and R^R^u = Λ^w if A is open (see Remark 3.1).

In general, a closed set F is not always reducible, that is, R^u Φ

R^u for some u e Sa. But we have the following

LEMMA 3.5. Let F be a closed set in Rn+ί and ueSa. If u is con-

tinuous on a neighborhood of Fand if limxeFy x^ u(X) = 0, then R(

F

]u = Rφu.

Proof. For any δ > 0, we choose a compact set KdF such that
u ^ δ on F\K. Then we have

Rgu ^ R{

F

a)u < R{

F

a)u £ Rgu + δ on Rn+1,

so that it suffices to show that R^u = R^u for every compact set K C F.

Let i; e Sa with u ^ w o n K Then for any δ > 0, continuity of w on some

neighborhood of K shows that i; + δ ̂  S ^ M on Rn+ί. Letting ^->0 and

taking the lower regularizations, we obtain R^u ^ R^u on Rn+\ that is,

R(κ}u ^ i?χ}^, which shows Lemma 3.5.

For μ e Ma (resp. μ e Ma) and for a set A in i?ra+1, Corollary 2.11 shows

that R^W{a)μ (resp. R^W(a)μ) is a W(α)-potential (resp. W{a)-potential).

We denote by μ'A (resp. μ") the associated measure of R^W^μ (resp.

R^W{a)μ). We say that ^ (resp. μ'J) is the inner W(α)-swept-out (resp.

W(α)-swept-out) measure of μ to A.

PROPOSITION 3.6. Let A be a set in Rn+ι and μβMa. Then

Proof. Let (ωw)~=1 be an exhaustion of Rn+ί. By Remark 3.1, there

exists a positive measure vm with ϊί^l = W(α)pm. Then we have

f dμA = lim f. # ( α ^ m d ^ = lim f W< ψAdvm

^ lim f Wlβ>μdι>u = lim f # ( α )vmίfy = f d/i.

PROPOSITION 3.7. Let ueSa and let A be a set in Rn+\ Then the

support of associated measure of R^u is in A.
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Proof, By the definition of RA

a)u, Lemma 2.7 and by Remarks 3.5, 3.4,

we may assume that A is compact and that u is a continuous Wia)-

potential. Put u — Wia)μ with μ e Ma and let (ωm)^=1 be a sequence of

relatively compact open sets with ωm+1aωm and with Π L i ^ r o = A. Since

W{a)μ'ωm <; W{a)μ for all m and since Lemmas 3.3 and 3.5 give limBl^00(Wr(a)/iiJ

= VF(a)μ^ a.e., we obtain /^ = w^l im^^ μ'ωm (see Lemma 2.7). Hence it

suffices to show supp[μi] C ω for every open set ω in Rn + \ Suppose that

there exists a point Xo e CωΓ\ supp[μl]. Let (Vm)^=1 be a sequence of open

sets in Rn + ι with V.dCώ, V^7cV m and with Γ\Z=iVm = {XQ}. We put

i"m = i"ilrm. Then

Ψ ^ μ l ^ W^(μί - μJ + ^ ( α ) W : on 2P + 1

and

W(α)(μ: - μ J + ^ ( β ) (μ j : = W ( > on ω .

Hence

V ( % = W ( α )(μj: on i?w + 1 ,

so that

l imWW^/J d^) = ΰmWw^/J ^ r a ) = W^εXo on C{Z0} ,

which contradicts the unboundedness of W{a)εXo on a neighborhood of XQ.

Thus Proposition 3.7 is shown.

PROPOSITION 3.8. Let μ e Ma and v e Ma. For a set A in Rn + \ we have

ΪW^μ^dv - \w{a)μdvfl and W^μ'A{X) = \w{ahf

γ,A{X)dμ{Y),

where we denote by εγ and by eY}A the Dirac measure at Y and its inner

W(a)-swept-out measure to A. In particular if A is open,

Proof. First we assume that A is open. Let (ωw)~=1 be an exhaustion

of A. Then Proposition 3.7 and Remark 3.1 show that

(β)/ώ dv = lim [w^μf

ωmdv = lim ί W^vdμίm = Urn f Ψ^v'idyl^
m-*oo J m-*oo J w-»co J

Let A be an ar bitrary set. By the definition of inner W(α)-swept-out
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measures and Lemma 3.3, we may assume that A is compact, μ e Mat c and

that veMa,c. Take a sequence (βTO)£=i of relatively compact open sets

with Ωm+λdΩm and with Πm=iβm = ^ By Lemma 3.5 and the above

result, we have

\w^μ'Adv - lim [wwμ'Omdv = lim f W^v^dμ = ί Ψ^v"Adμ.

In particular, we have W™e'TtΛ(X) = W ( α )ε^(Y). Hence

= J
This completes the proof.

By Remark 3.4, (2) and Proposition 3.8, we have the following

COROLLARY 3.9. Let ω be an open set in Rn+\ Then the mapping

Ma a μ-*μ'ω is positively linear, and for any μ e Ma and any positive measure

v with v <̂  μ'ω, we have v'ω — v.

Proof. It follows immediately from Proposition 3.8 that the mapping

μ-*μ'ω is positively linear. By Remark 3.4, (2) we have (μ'ω)'ω — μ'ω9 so that

by Proposition 3.8, for any XeRn+1,

= 0.

Since W{a)εγ ^ W{a)ε'Yyω, we have W{a)εγ = W(β)fiyfβ^-a.e. as functions of Y,

so that

j - 0,

that is,

W^v = W'aVω,

which gives v — vf

ω.

PROPOSITION 3.10. Let μeMa. Then we have:

( 1 ) For two sets At and A2 in Rn+1 with Ax C A2, we have μAί ^ μM

on Int(Ai), where Int^A^ denotes the interior of Ax.

( 2 ) For a set A in Rn+1 with \_ dμ = 0, we have μA = μ.
J CA

Proof. (1): Choose φ e C%(Rn+ί) with φ ̂  0 and supp[$ c I n t ^ ) . Let

Λ be the real Borel measure such that φ = W(a)λ. Then we have
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because suppU+] c Int(Ax) and W{a)μAl = W{a)μAi on Int(A).

By using Proposition 3.8 and Remark 3.1, (2), we show (2) in the

same manner as in (1). This completes the proof.

PROPOSITION 3.11 (the domination principle). Let Ω be an open set

in Rn + \ ueSa and μeMa with supp[μ] c Ω. Put

E={XeΩ; u(X) - R&u{X) ^ W™μ{X) - W'^μUX)} .

// μ'E = μj then u - R{

c

a)

ΩU ^ W<"μ - W{a)μ'CΩ on Rn + 1.

Proof. Since μ is a sum of positive measures with compact support,

we may assume that supp[μ] is compact. Let ω be an open set with

ω D CΩ. Then

u + R(

ω

a)WMμ ^ R&u + W{a)μ on EUω .

Let v be the associated measure of R{clu and put Rfyu = W{a)v + c with

c :> 0, Then suppM c CΩ, so that

R{clu + W^μ = c + R%ω(W{a)v + W{a)μ) ^u + Rίa)W^a)μ on Rn + ί ,

because u — c + R(

ω

a) W{a)μ ̂  0. Since Wia)μ is continuous in a certain

neighborhood of CΩ and vanishes at the infinity, Lemma 3.5 shows

u-

which shows Proposition 3.11.

PROPOSITION 3.12. Let ωι and ωx be open sets in Rn + ί with ωlΠ~ω2 = Φ

and μ e Ma. Then μ'ωχ = &UJ- + (μ'^J^.

Proof. Let (ωljTO)Ξ=1 be an exhaustion of ωx and put μx = μίίΌω^ and

μ'm = (i"i) i,Λu^ Since s u p p [ ^ | J C ω^ C ω19 by Proposition 3.10, (2), μ'm\ωχ

= (i"mLX, so that

On the other hand, by Corollary 3.9, we have (μX^^ = μu so that
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0*i)£iu«*fc = i"i Since w*-limw_/4 = {μXιΌω2 by Lemma 2.7, it follows that

k) ^ liminf W ^ ( ^ | J < W

Thus, /ij = (μX, and hence μ'uχ = (/4Uβ,X = ^ + (/i^u-J^X, which shows

Proposition 3.12.

COROLLARY 3.13. Let Ω and ω be open sets in Rn + 1 and μ e Ma. Then

Proof. By Proposition 3.8, we may assume that supp[μ] is compact.

Let (ωm)Z=i be an exhaustion of ω. By Proposition 3.6, we may assume

that ((/ιX)ίn< »uri^))m=i converges vaguely to some measure v. By the

definition of inner VF(α)-swept-out measures, we have v = (μΩ\ω)Ω = μ'Ω\ω (see

Corollary 3.9). Proposition 3.12 gives

(i"ίU)ίn(««uci^Γi) ^ (i"ol.)fln«* o n ωm .

Letting m-^oo, we have

μ'o\» ^ (i"flL)fln« o n ω

Hence Proposition 3.6 shows μ'Q\ω = (/ii|Jinft).

PROPOSITION 3.14. Lβί β 6e ατι opβw set in Rn + \ T the projection of

CΩ to the t-axis and Xo = (xQ, t0) e Rn+\ Let M be the connected component

of TΌ{tQ} satisfying toe M and put tγ — supM. If SXQΛΩ Φ εXo, then

supp[eiOffl]=) Ω Π (RnX ( ί 0 ,O).

For the proof, we use the following

LEMMA 3.15. Let μ, v e Ma and XQ = (xQ, Q e jRn + 1\supp[v]. Suppose

that Wia)μ^Wia)v on Rnhl and that supp[/i] c {(x, t) e Rn + 1; t < t0}. If

Wia)μ(Xd = W{a)v(Xύ), then suppM C {(x, t)eRn+1;t^ Q and W^μ = W^v

on {(x,t)eRn+1;t>t0}.

Proof. Since W{a)(μ - v) ̂  0, W{a)(μ - v)(X<>) = 0 and since W{a)(μ - v)
is of class C°° in a neighborhood of XQ,

| W 0 ι ^(-Xo) = 0
ot

and

0 = L^>W<β>0ί - v)(X0) = - C n , J W< Hμ - v)(αr0 - Λ to)\y\-n~2a dy
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Then we have W{a)μ{x, tQ) = Wia)v(x, t0) dx-a.e., so that for any s > 0 and

for any x e Rn, we have

s) = J W^(x - y,

^ W^fo ί0 + S) .

Therefore W ( > = W{a)v on {(*, 0 e Rn+1; t > tQ} and v = 0 on {(x, t)eRn+1;

t > £o}> which shows Lemma 3.15.

Proof of Proposition 3.14. Put

s = sup{Z ^ ίo; supp[ε^0,J Π (Rn X {φ ^ ^}.

Then Lemma 3.15 yields s > t0 and

Suppose that 5 < tx and β|Ί(i?n X (5, 00)) φ φ; we can take a non-

empty open set ω in i?re and a positive number <5 > 0 such that tΰ < s — δ

and

Put vδ = eχO|f luZ)i |^. If vδ = 0, then Proposition 3.12 gives ε^Ojβ = ε̂ o>

so that Lemma 3.15 shows that ε'x^Ω vanishes on Rn X (s — <5, 00), which

is a contradiction. Hence vδΦθ for every sufficiently small δ > 0. By

Lemma 3.15, there exists sf > s such that

W ^ - W(α)^iί2 on Rn X [s', 00).

Since Proposition 3.12 shows supple + V^Q] d Rn X (— 00,5], for any

s <Ct <Cs\ we have

0 = W(a)vδ(0, sθ - W^v'δ)Ω(0, sθ

= f (W^vlx, t) - W^v'δίΩ(x, t))W^(- x, s' - t)dx .

Since W(β)^ ^ P F ^ ί ^ on Rn+\ Lemma 2.4, (3) shows

W(a)vδ ^ ^ ( α ) ^ , β on Rn X (5, 00 ) .

We may assume that (vδ/ dvΛ and (v\ Q/ dvδ) converges vaguely
\ / J /δ>0 \ ' / J /δ>0

as δ->0. Put
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v „ w*-lim (vδ / dvλ and 1/ — w*-lim( v'δ Ω / dvδ);
δϊo \ I J J ίio \ ' / J /

then Proposition 3.12 gives supp[i/] C Ώ ΓΊ (Rn X [tOf s]), W{a)v Ξ> Wia)v' on

Rn + ί and W{a)v = W(«V on i?n X (s, oo). Since suppM C i?π X {s}, W(α)L = 0

on ί B χ ( - o o , s ] . Hence W{a)v = W(α)^ on JSn + 1, which implies i> = i/.

But this contradicts supp[y] C CΩ and supp^7] C Ω. Thus Proposition

3.14 is shown.

§ 4. L(α)-regular points and a Poincare type condition

As in the classical potential theory, we define L(α)-regular points for

Dirichlet problem.

DEFINITION 2. Let Ω be an open set in Rn + ί and XQedΩ. Then X,

is said to be regular for the Dirichlet problem of L(α) on Ω if

PROPOSITION 4.1. Let Ω and Ωf be open sets in Rn + ί and Xΰ e dΩΠdΩ'.

If there exists a neighborhood V of Xo such that Ω Π V = Ωr Π V and if XQ

is regular for the Dirichlet problem of L{a) on Ω', then Xo is so on Ω.

Proof. Let U be an open neighborhood of Xo with U C V. Then

w*-lim^eΛ,2r-xoe^,^/lϋr — εχo- ^ o r a n y XεΩ, Lemma 3.5 and the domination

principle of W{a) (Proposition 3.11) show

Let (Xm)Z=i be an arbitrary sequence in Ω with l im^^ Xm = Xo.

Since dεχmfCΩ<. 1, it suffices to show w*-limm_>ooe^mt<7ί? = ε 0̂ in the case

that (ε'χmycΩ)Z=i converges vaguely. Put μ = w^-lim ,̂̂ ^ e m̂> c β . Since for

any non-negative /e Cκ(Rn + 1), W{a)(fdX) is finite continuous and vanishes

at the infinity,

f W«hxJdX = lim f f "»(C«

^ lim f W^(4atCa) fdX = f W^

Therefore W(a)εXo = W(a)μ a.e., so that Wia)εXo = # ( α ;//, which gives μ =

This shows that Xo is regular for the Dirichlet problem of Ua) on Ω.
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PROPOSITION 4.2. Let Ω be an open set in Rn+ί and Xo = (x0, QedΩ

such that for any neighborhood V of Xo,

F n f l ί l {(x,t); t<U}Φφ.

Then the following four conditions are equivalent:

( 1 ) XQ is regular for the Dίrίchlet problem of L(a) on Ω.

( 2 ) For any u e Sa, R(

c

a)

Ωu(XQ) = u(X0).

( 3 ) There exist u e Sa and {(xm, ίm)}£=i C Rn+1 such that tm<t0,

.,^ tm = t0, Rfyu(xm, tm) Φ u(xmi tm) and that R{

c

a)

Ωu(X0) = u(X0).

/
 ε

X , CΩ
 =

Proof Proposition 3.8 shows for any μ e Ma, R^W{a)μ(XQ) =

ί Wia)μ de£Of CΩ, so that (2)<->(4) holds.

(l)->(3): Choose feCκ(Rn+1) such that / ^ 0 and that / > 0 on a

neighborhood of Xo. Then W{a)(fdX) is a required function. In fact, since

W{a)(fdX) is finite continuous and vanishes at the infinity, we have

lim f
reβ,r-Jo J

lim f W^(fdX)dεl CΩ =

so that Proposition 3.8 gives

lim R&W<

γeΩ>γ-+Xo

Since

Q&W"(fdX)(Y) - W^(fdX)(Y) on

we have

Assume iy(α)(/^X) - BggW^ί/dX) on Rnχ(t,tQ) with some ί < U and

denote by f the restriction of / to Rn X (ί, ί0). Then Propositions 3.8, 3.11

show

on

which contradicts Proposition 2.10. Thus (3) holds.

(3)->(4): By Proposition 3.7, u — Rfyu is lower semi-continuous on

Ω. Furthermore for any δ > 0,

{ l e β ; α(Z) > R^u(X)} Π (i?n X (ί0 - a, « ) ^ ^ .

In fact, if u(X) = ΛggM(X) on βfΊ(i?n X (ί0 - δ, t0)), Ua)u = 0 on flΠ
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(Rn X (to — δ, t0)) (in the sense of distributions), because Lia)(R^u) = 0

on Ω, and hence for any (x, t) e Ω Π (Rn X (*0 — δ, Q),

(u - R&u)(x + y, t)\y\-^ady = 0,

that is, u — R{cl u on Rn X (ί0 — ,̂ ί0) (see Lemma 2.4, (3)), which contra-

dicts (3). Hence we can choose μδ e Ma such that μδ ψ 0, supp[μδ] c i 3 Π

(RΛ X (t0 — δ, t0)) and that u — R^u^W(a)μδ on a certain neighborhood

of supp[μδ]. Then Proposition 3.11 gives

u — R{CQU 2> W(α)//δ — W{a)μδ,CΩ on l ϊ n + 1 ,

so that by Proposition 3.8, and the assumption that u(XQ) = Rfyu(XQ),

W(a)εXo = Ty<αJe^Oi cfl ^-a.e.,

which implies W(α)εXo = W^(α)εχ0,ci? on Rn X (— oo, t0 — δ) by Lemma 3.15

for L(Λ). Therefore let <5->0; then Proposition 2.10 yields

which shows (4).

(2)->(l): Let (Xm)Z=i be an arbitrary sequence in Ω with limm_00Xm

= Xo. To show ^Λim^^εx^ca = εXo, we may assume that ( 4 , J ; s i con-

verges vaguely. Put v = w^-lim,,,̂ .. ε̂ TO, c f l. For any μ e Mat c whose support

is compact, we have

f W^vdμ = lim f

so that W(α)v ^ W^^xo a.e., that is, W{a)v = W{a)εXo, which shows v =

Thus Xo is regular. This completes the proof.

For any (x, t)eRn+ι and k e R, we set

rίβ>(x, ί) - (2fc

Remark 4.3. Let M e Sα and k J ? and put v(X) = w(τiα)Z). Then

ueS Ω .

We shall prove the following main theorem.

THEOREM. Let Ω be an open set in Rn+ί and XQe3Ω. If there exists

a non-empty open set ω in Rn such that a-tusk T{jp0(ω) of ω at Xo is in
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CΩ, then XQ is regular for the Dirichlet problem of L(α) on Ω.

Proof. We may assume that XQ is the origin 0 of Rn + \ By Proposition

4.1, we may assume that

T^(ω) = {(px, -p2a); x e ω, 0 <p < oo}.

Put

V={(x,t);- 1 < * < 1 , | * | < 1 } ,

D = V\T{

o

a)(ω) and Dk = VkΠD (k: integer).

By Propositions 4.1 and 4.2, it suffices to show that 0 is regular on D

For any δ > 0, we can choose a positive integer k such that

(4.1) supί dε'lcB<δ,
IGF J CVk

because for any l e f l , ε'£tCB — εx = L^ίW^^.ci? — W^(α)£χ) in the sense

of distribution, that is,

(4.2) e'lcn = Cn,a(jΛn (W^εAy - z, t) - W^ε'lcD(y - z, t))\z\'n~^

in CD. Put

M l ( X ) = f rfε^c5,
J CF

β = sup dε^, c S ,

and

I/2(X) = β f dε", c S z ^ + (1 - β) f dε^, t,CD-k-χ

Then β < 1. In fact, we take a sequence ( X J ^ c y ^ Π D such that

lim dε'χmfCD — β. We may assume that (ε^m, cs)m=i converges vaguely to
m-oo J CF ^

some v € Mα as m -> oo and that (Xm)Z=i converges to some point X^ ==

(xβ, O- Then
on

Since the family of the density of εXf cB (X e D) with respect to dX is

uniformly bounded on every compact set in CD (see (4.2) in this proof),

we have
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W{a)εXoo = WMv on CD and ( dv = 1.

Assume that β = l; dv <. liminf™^ dεί c5 = 0 and hence supp[i/|
Jv Jv ' Λ

Since for any λ e Ma, W{a)λ'CD- is continuous on D, the function Wia)λdεXfCB

of X is continuous on D (see Proposition 3.8), so that the mapping

DB X-+εχtCB is vaguely continuous. Therefore Proposition 3.14 gives

Xoo e V_i 0 3D, because if Xw e D, then v = ε ^ , ^ , which contradicts

supp[v] C CV and Proposition 3.14. By Lemma 3.15, Wia)εXoo = Wia)v on

{(x, ί ) ; ^ < M Proposition 2.10 gives v = eZoo, which contradicts suppM

C CV. Thus β < 1.

Let (φm)Z=i be an increasing sequence in Cκ(Rn + 1) such that 0 ̂  0m ^ 1,

l i π v ^ φm = 1 on CV and that 0W = 0 on V_lβ We write φm = W(αUm with

some signed measure Λm. Then

f f f dε'l cB)dε'l cnzςzi Y) £ Km ί W(ΛUς, CD dε'l c^τx ,

where ^ , c 5 = (λiYCD — (faYcs- Since Corollary 3.13 gives

\£χ,CD-k~i)CD — £X, CD-u-iW-ic-i ~Γ \£χ, CD-k-1\cV^k^1/CD )

we have

f WM&, en de'l cπz^x = f W^λm d(e'l Cήz^) = 0 .

Let (φm)Z=i be a sequence in Cχ(Rn + 1) such that 0 ̂  0m ^ 1 and l i m m ^ φm{X)

= 1 on CV and = 0 on V. Since 0W = W{a)λm with some signed measure

λm, by Proposition 3.8, we have, for Xe V_k_u

Uι(X) - lim f φm dε'l en = lim f f ^m dε?. cD dεx, cΈZiIi

I I I dίε - \cίε (
Irv i - \ I rv ' I t — —

«/ Lf V —k — \ \J Li V /

< U2(X) < βuάτ&iX)) + (1 - β)δ .

Thus we obtain inductively

limsup ux(X) ^

which gives
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lim u,(X) = 0 .

By Proposition 3.14, we can choose fe Cκ(Rn+1) such that 0 ^ / ^ 1,

supp[/] C.CV and that

u(X) = ^f(Y)dε'lcB(Y) > 0 o n ΰ .

Take φ e Cκ(Rn + 1) such that supp[0] c A φ ̂  0, Int(supp[$)lΊ{(x, 0; *<0}

Φ φ and that W{a)(φdX) ^ u on supp[$. For any open set ω Z> CD, we

put ω0 = {X; 0(X) > 0} Uω. Let (ωm)Z=i be an exhaustion of ω0. Then we

have

= Km f
m-*oo J

^ lim ί udeίί... = lim f (f/«βίί,oaW.JY) = «

By Lemma 3.5, we have

W ^ d X ) ( X ) - W^(φdXγCD(X) ^ M(Z) on Rn+i

which implies

lim WM(φdXYCD(X) = W(a)(φdX)(0).
xeΩxo

Hence

(see, for example, the proof of (l)->(3) in Proposition 4.2). By Proposition

4.2, (3), 0 is regular for the Dirichlet problem of Ua) on D. This com-

pletes the proof.
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