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APPLICATION OF THE 7-FUNCTION THEORY OF
PAINLEVE EQUATIONS TO RANDOM MATRICES:
Pvi, THE JUE, CyUE, cJUE AND SCALED LIMITS

P. J. FORRESTER AnD N. S. WITTE

Abstract. Okamoto has obtained a sequence of 7-functions for the Pv1 system
expressed as a double Wronskian determinant based on a solution of the Gauss
hypergeometric equation. Starting with integral solutions of the Gauss hyper-
geometric equation, we show that the determinant can be re-expressed as multi-
dimensional integrals, and these in turn can be identified with averages over the
eigenvalue probability density function for the Jacobi unitary ensemble (JUE),
and the Cauchy unitary ensemble (CyUE) (the latter being equivalent to the
circular Jacobi unitary ensemble (cJUE)). Hence these averages, which depend
on four continuous parameters and the discrete parameter N, can be charac-
terised as the solution of the second order second degree equation satisfied by
the Hamiltonian in the Py theory. We show that the Hamiltonian also satisfies
an equation related to the discrete Py equation, thus providing an alternative
characterisation in terms of a difference equation. In the case of the cJUE, the
spectrum singularity scaled limit is considered, and the evaluation of a certain
four parameter average is given in terms of the general Py transcendent in o
form. Applications are given to the evaluation of the spacing distribution for
the circular unitary ensemble (CUE) and its scaled counterpart, giving formulas
more succinct than those known previously; to expressions for the hard edge
gap probability in the scaled Laguerre orthogonal ensemble (LOE) (parameter
a a non-negative integer) and Laguerre symplectic ensemble (LSE) (parameter
a an even non-negative integer) as finite dimensional combinatorial integrals
over the symplectic and orthogonal groups respectively; to the evaluation of
the cumulative distribution function for the last passage time in certain models
of directed percolation; to the 7-function evaluation of the largest eigenvalue in
the finite LOE and LSE with parameter a = 0; and to the characterisation of
the diagonal-diagonal spin-spin correlation in the two-dimensional Ising model.

§1. Introduction and summary

1.1. Setting and objectives
This paper is the last in a series devoted to a systematic account of
the application of the Okamoto 7-function theory of Painlevé equations to
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the characterisation of certain averages in random matrix theory. The 7-
function theory applies directly to random matrix ensembles defined by a
probability density function (PDF) of the form

1 N
(1.1) 6Hw(g;j) T (=)
j=1

1<j<k<N

where the weight function w(x) is one of the classical forms

e Gaussian
x%e™* (z>0), Laguerre
(1.2) way =4 " @ .
z*(1—z)” (0<z<1), Jacobi
(142%™, Cauchy

The symbol C, which in (1.1) denotes the normalisation, will be used
throughout to denote some constant (i.e. quantity independent of the pri-
mary variables of the equation). The PDFs (1.1) can be realised as the
joint eigenvalue distribution of Hermitian matrices with independent com-
plex Gaussian entries for the first three weights of (1.2), and by a stereo-
graphic projection of random unitary matrices for the Cauchy weight (with
n = N) (see (1.16) below). The underlying matrix distributions giving rise
to (1.1) are invariant with respect to similarity transformations involving
unitary matrices, and for this reason are termed matrix ensembles with a
unitary symmetry or simply unitary ensembles (not to be confused with
unitary matrices). The name of the weight function is then prefixed to
the term unitary ensemble. In this work our interest is in the Jacobi uni-
tary ensemble (JUE) and the Cauchy unitary ensemble (CyUE). We will
see that the Cauchy unitary ensemble is equivalent to the circular Jacobi
unitary ensemble (cJUE) in which the eigenvalues are on the unit circle in
the complex plane. The averages of interest are

1, z;€(—o0,s
(1.3) En(s;p): <Hx oos]s—xz)> XEZ_)W]:{ l (. ]

0, otherwise

and

(1.4) <llf[1 s —xp) >
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(in the latter, for p ¢ Z a suitable branch must be specified).
For N =1 (1.3) and (1.4) read

S oo

(s — ) w(z)dx, Fi(s;p) = / (s — ) w(z) de.

—00

(15) Bulsi) = /

— 00

A fundamental fact is that as a function of s, and after multiplication by a
suitable elementary function of s, these functions satisfy a classical second
order linear differential equation (Hermite-Weber equation in the Gaussian
case [29], confluent hypergeometric equation in the Laguerre case [30], and,
as will be shown below, Gauss hypergeometric equation in the Jacobi and
Cauchy cases). In the Okamoto 7-function theory of Py [53], Py [55] and
Py [54], these same linear differential equations respectively characterise
the first member of an infinite sequence of 7-functions (the zeroth member,
as with the random matrix averages (1.3) and (1.4), is unity). The gen-
eral Nth member of the 7-function sequence is characterised by the fact
that its logarithmic derivative satisfies a second order second degree dif-
ferential equation. Furthermore the Nth member can be written explicitly
as a Wronskian determinant and we have shown in the Gaussian case in
[29], and in the Laguerre case in [30], that the Wronskian determinant is
just a rewrite of the average (1.3) (or (1.4) as appropriate). This way we
have been able to characterise (1.3) and (1.4) in terms of the solution of
second order second degree differential equations from the Painlevé theory.
Béacklund transformations of quantities associated with the Hamiltonian
formalism of the particular Painlevé system have also allowed us to char-
acterise these quantities in terms of difference equations related to discrete
Painlevé equations. In this work we will show that the same strategy allows
(1.3) and (1.4) in the Jacobi and Cauchy cases to be characterised similarly.
Scaled limits of these averages can then be characterised as solutions of lim-
iting forms of the differential equations. Applications are given to the exact
evaluation of eigenvalue spacing distribution functions, probabilities of last
passage times in directed percolation models, and the diagonal spin-spin
correlation of the two-dimensional Ising model.

1.2. Definition of averages in the various ensembles
In the Jacobi case the explicit form of (1.3) and (1.4) is

~ 1 S
(1.6) E(s;a,b,p) = - /0 dxy xf (1 — ;pl)b(s — )M
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S
X / dey 2% (1 —zn)b(s — zn)! H (z1, — z;)?
0 1<j<k<N
1 1
= SN(a+“+N)E / dry 29(1 — sxp)P(1 — z)H - -
0

1
x/ dey 2% (1 — szn)P(1 — )" H (z1, — 7;)*
0

1<j<k<N

1 1
(1.7) Fj{,(s;a,b,,u) = 5/ dxy x§(1 —:vl)b(s—;pl)ﬂ...
0
1
< [ oy -ans—ant T] o
0 1<j<k<N

while the explicit form of (1.3) and (1.4) in the Cauchy case is

s—xl s (s —xzn)H
. . don 2 IN)T
(1.8) B (sim, 1) C/ dl ) /OO $N(1_’_$?V)n

H (f’fk - 333)2

1<j<k<N
1 [ (s —xp)H /°° (s —xzy)H
09 R =g [ dnfggee [ de e
X H (.I‘k — .CL‘j)Q.
1<j<k<N

A single quantity which combines both (1.6) and (1.7) is

(1.10) EN(s a,b, ;&) == / 5/ dzy z$(1 —1‘1) (s —xp)H--
1 1
X (/0 —§/ d:):Nx?V(l—:vN)b(s—:vN)“ H (z) — x4)°.

1<j<k<N

Similarly, a single quantity which combines both (1.8) and (1.9) is

s—xl)

(1L11) BV (sim 5€) = —/ —5/ dx1 =
A e T e

1<j<k<N
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As will be revised in Section 5.1, the power series expansions in £ of (1.10)
and (1.11) are quantities of relevance to conditional spacing distributions
in the corresponding random matrix ensembles.

The integrand in (1.11) requires 7 to be real for itself to be real. How-
ever, if we write

(1422 (1 +d2) 7" (1 — iz) 7",

where 77 denotes the complex conjugate of 7, then the integrand remains
real for  complex, giving a meaningful generalisation of the original Cauchy
ensemble [14]. Doing this, and setting n = 11 + in2 we can generalise (1.11)
to read

(1.12)  EF (s (m,m2), 155€)
L [T (s — 21)
T (/_OO 5/5 >dx1 (1 + daq)m+in2 (1 — gz )m—inz

X (/Z —£ /500>de a +Z’$N)ngii;zfi\7)_um]v)m—m2 H (z1, — )%

1<j<k<N

It was remarked below (1.4) that for (s — x;)* to be well defined for
i ¢ 7 a definite branch must be specified. For s real a natural choice is
that (s — ;)" is real for 7; < s and (s — x))* = e ™|z, — s|* for 2; > 5. In
particular this shows

~ 1 1 1
(113) E}{[(S,CL, bayﬂf) = _</ _6*/ )d$1 CC(II(]. —l‘l)b|8—$1|“"'
C 0 s

([ e [awasa-antis—ant T Gr-a

1<j<k<N

where £* :=1 — (1 — £)e”™* and similarly for (1.11) and (1.12).

In the opening paragraph it was noted that the Cauchy ensemble results
from a stereographic projection of the eigenvalue PDF for random unitary
matrices. To be more explicit, following [71], consider the ensemble of
random unitary matrices specified by the eigenvalue PDF

N
1 .
(1.14) 51_[|1+2l|2“’1 I |-z =" 6 el-nn]
1=1 1<j<k<N
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In [71] this was referred to as the circular Jacobi ensemble with unitary
symmetry, and denoted ¢cJUE. When w; = 0 (1.14) is realised by random
unitary matrices with the uniform (Haar) measure and is then referred to
as the circular unitary ensemble (CUE), while (1.14) with w; = 1 gives
the eigenvalue PDF of (N + 1) x (N 4+ 1) CUE matrices with all angles ¢
measured from any one eigenvalue (taken to be § = 7). Making the change
of variable

(1.15) e = , x =tan

(note that § = £ corresponds to  — +00) shows

N
(1.16) H[l—i—zl\%l H ’Zk—zj"2d91“'d91v

1<j<k<N
N(N+2w1) H H |2
1—|—x N |z — ap|*dxy - - day,
= 1<j<k<N

thus specifying the relation with the Cauchy unitary ensemble. A general-
isation of the cJUE eigenvalue PDF (1.14) is the PDF

N
1 ‘
(1.17) c Hew291|1 + 7|2 H |2k — 2%, 2 =€, 6, € [—m, 7).
=1 1<j<k<N

Under the change of variable (1.15) this transforms into the PDF

N

1 1 9

— : 4 : 4 Tk — T4

C ll_Il (1 + Zml)lerzwngN(l _ Zml)wlfzwngN 1§j1<_£§N| .7|
which corresponds to the generalised Cauchy probability density in (1.12).
Consequently, changing variables according to (1.15) in
(1.18)

N
E]C\‘f](¢7 (WLWQ),,U/;g) = <H(1 _ €X(7r d)ﬂ)) w291|61(ﬂ'*¢) _ 619l|M>CJUE'
=1

and making use of (1.16) and the analogue of (1.13) for Ef\‘,] shows

(119)  EY(6; (wi,w0), ;")
1

(XWE ( (N—i—wl—l-,u/Q W?) Mag)‘

s=cot ¢/2'
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The second Jacobi ensemble integral in (1.6) shares the feature of the
Cauchy ensemble integral (1.11) of being related to an average in the CUE.
This is done using the integral identity [24]

1 1 N
(20) [Cane et et = ()

0 0 sin e

1/2 4 1/2 , , ,
% / dxq 627rzex1 . / dzn eZmexN f(_627rm1’ e _627”231\1)
-1/2 -1/2

valid for f a Laurent polynomial, and making use of Carlson’s theorem.
One finds

(1.21)
N N
MN(0,0) (a/,b’)/g R
_ 14 — VAT TS a’+b 1%
<l1—[1(1 tw) >JUE My (a',b) <l1—[1 “ 1+ (1+t2) >CUE

where o/ = N +a+b,V/ = —(N + a) and

1/2 1/2 N oo
(1.22) Mpy(d', V) ::/ dx1~~-/ dxn Hzl(a 7b)/2|1-|-zl|a o
~1/2 ~1/2 ey

2 . 2w
X H |z — 2|, 2z =€ ™
1<j<k<N

(note that the left hand side of (1.21) corresponds to the second integral in
(1.6) after interchanging p and b). The normalisation (1.22) results from
the Jacobi ensemble normalisation

(1.23)
1 1
Jn(a,b) ::/O dxlsc‘f(l—azl)b--‘/ode:c‘]lV(l—a:N)b H (z—x5)%

1<j<k<N

Both (1.22) and (1.23) have gamma function evaluations,

=

(1.24) My (a,b) = ?

(a+b+1+7)T(2+7)
(a+1+H)Cb+1+7)

o

<

=

ot 1400 +14 T2+ )
(1.25) JIn(a,b) = T(a+b+1+N+j) ’

[
Il
o
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with the latter following from the Selberg integral [62], and the former by
applying (1.20) to the evaluation (1.25).

The Jacobi average (1.10) and the circular Jacobi average (1.18) (which
according to (1.19) is equivalent to the Cauchy average (1.11)) admit various
scaled N — oo limits. There are three distinct possibilities in that the
limiting averages can correspond either to the soft edge, hard edge or a
spectrum singularity in the bulk. The averages at the soft and hard edge
have been studied in our previous papers [29], [30], giving rise to Py and
Pyr transcendents respectively, and will not be discussed here. Instead,
attention will be focussed on the scaling to a spectrum singularity in the
bulk. This results by replacing X +— X/N in (1.18), making a suitable
choice of the constant C, and taking the N — oo limit. The problem with
C can be avoided by taking the logarithmic derivative with respect to X,
leading us to consider the scaled quantity

d
(1.26) u(X; (w1, wa), 15 §) Jim X y

N
< log (TT(1 =€ x{y o)1+ 214N — )
=1

CUE

(d/dX is multiplied by X for later convenience).

1.3. Summary of the characterisation of the averages as
Painlevé o-functions

Previous studies [65], [35], [72], [12] have characterised E}I\,(s;a,b, w=
0;¢) in terms of the solution of nonlinear equations related to Pyr. The
nonlinear equations obtained have been third order [65], [35] and second
order second degree [35], [72], [12]. By the work of Cosgrove and Scoufis
[16], these equations are equivalent, and are in fact examples of the so called
Jimbo-Miwa-Okamoto o-form of the Py differential equation,

4
(1.27) K’ (t(l - t)h”)2 + (h’[2h (2t - DI+ b1b2b3b4)2 =TI + 5.
k=1

This fact is most explicit in the work of Borodin and Deift [12] who have
shown that

d ~ 1
(1.28) U(t) = —t(t — 1>£ log E}]V(l —t;b,a,0; f) + b1 bot + 5(—1)1[)2 + b3b4)
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with
a+b b3:a+b, b4:a—b
2 2 2

satisfies (1.27). The quantity (1.11) in the case u = 0 has been similarly
characterised. In particular, we know from [71] that

(1.30) o(s) = (1+ SQ)d%’ log Egy(s; (a+ N,0),0;¢)

satisfies the equation
(1.31) (14 s%)%(0")? +4(1 + s%)(0”)* — 8sa(0”)? + 402 (o’ a2)
+8a’s00’ + 4[N(N + 2a) — a®s*](

To relate (1.31) to (1.27), change variables t — (is +1)/2, h(t) — 5h(s) in
the latter so it reads

4
(1.32) h’((l + sQ)h”>2 + 4(h’(h — sh') — ib1b2b3b4> H (I + %) = 0.

With
(1.33) h=0—a%*s, b=(—a,0,N+a,a),
(1.32) reduces to (1.31).

In this paper we generalise the Py o-function characterisations (1.28)
and (1.30). Consider first the Jacobi case. In Proposition 13 we show that

. ~ 1 - d ~

with
- 1

(1.35) b= (%(a+b) +N, %(b— a), 3

satisfies (1.27) (the quantities e4[b] and es[b] are defined in Proposition 1).
This characterisation can be made unique in the cases & = 0,1, when we

(a—i—b),—%(a—i—b)—]\f—u)

have the boundary conditions

(136) OX(6:,b.450)  ~ (4[] + Nyt +0O(1)
t|—o0

~ 1 ~
(1.37) UN(ta,b,1) ~ —5ealb] = N(a+p+N)

) N
+<e’2[b]+N(N+a+u)+bN ot )

— |t
a+p+2N
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((3.12) and (3.11)). Also, when p = 0 with £ general we have

O (t50,5,0:6) = ehlbe + sealb] ~ (= 1’1

T(a+b+N+DI(b+N+1)
AU t)br(N)F(a TN+ D0 +2)

(1.38)

where p’(t) denotes the eigenvalue density in the JUE. Regarding the
Cauchy case, in Proposition 15 we show

(1.39) USY (8 (1, 0), j:€) = (1) 2

Zlog (241 2ERY (8 (n,0), 1:6) )

with

satisfies (1.32). Proposition 15 in fact contains the characterisation of the
more general Cauchy average (1.12). It follows from this and (1.19) that

MN(WI — twy + ,u/2,w1 + twy + /J/Q)
My (w1, wr)

(1.41)  EJ (65 (w1,wa), ;&%) =
¢ 9
cexp{ =3 [ (U9 (cor ()i €) + iehlb] - ealb)
, 0
— (éy[b] + Np) cot 5) LNWﬁMdQ}

(eq. (3.25)) where USY (t; (1, 7m2), 11; ) satisfies (1.32) with
b= (N —n,ing,m,—p+m—N).

The scaled limit ¢ — X/N, N — oo of the logarithmic derivative of
(1.41) is essentially (1.26). This gives rise to the differential equation [55]

4
(1.42) (th{)? — (hy — thi, +2(h H By, +vg) =0

(cf. (1.27)) where

(1.43) v1+vyt+vg+u, =0
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satisfied by a particular auxiliary Hamiltonian Ay in the 7-function of Py .
We show (Proposition 19) that the scaled average (1.26) is such that

2

. W w
h(t) = ulit; (wi,w2), p5 ) + 7t + 2w+
satisfies (1.42) with
~ ~ ~ - o~ iwg .
(1.44) 01 =p, O = —p, I3 =w, U4 = —w, Vj :=vj + —, W= wi +iws.

2
82. Overview of the Okamoto 7-function theory of Py

2.1. The Jimbo-Miwa-Okamoto o-form of Py
The sixth Painlevé equation Pyp reads

o =3ty e Gy L
q¢—1)(g—1) Bt A(t—1)  dt(t—1)
At E o )

It has been known since the work of Malmquist in the early 1920’s [43] that
(2.1) can be obtained by eliminating p from a Hamiltonian system

_l’_

, 0H , OH

2.2 _ 94 _ o7

In the notation of [41] the required Hamiltonian can be written

(23) t(t—1)H =q(q—1)(q—t)p* — [aulg — 1)(qg — t) + a3q(q — t)
+ (ag — 1)qlg — 1)]p + az(on + az)(q — t),

where the parameters ag, ..., a4 in (2.3) are inter-related by
(2.4) g+ a1 +2as +ag+ag =1

and are related to the parameters «,...,d in (2.1) by

1 1 1 1
(2.5) o= Qa%, B=—za, y==a3, 0= 5(1 —ad).

One sees that the Hamiltonian can be written as an explicit rational
function of the Py transcendent and its derivative. This follows from the

fact that with the substitution (2.3), the first of the Hamilton equations is
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linear in p, so p can be written as a rational function of ¢, ¢’ and ¢t. The
sought form of H then follows by substituting this expression for p in (2.3).

After the addition of a certain linear function in ¢, the Hamiltonian
(2.3) has the crucial feature for random matrix applications of satisfying
the second order, second degree differential equation (1.27).

PROPOSITION 1. ([38], [54]) Rewrite the parameters cv, ..., a4 of (2.3)
in favour of the parameters
1 1
b1==§(a3%-a4% bz==§(a4-a3%

(2.6) . .
b3 = 5(0&0 + a1 — 1), b4 = 5(040 — Q1] — 1),

and introduce the auxiliary Hamiltonian h by
1
(2.7) h=t(t—1)H + €,[b]t — 5eQ[b]
1
= t(t — 1)H + (b1bs 4 b1bs + bgby)t — 5 Z bibr,
1<j<k<4

where 69- [b] denotes the jth degree elementary symmetric function in by, bs
and by while e;[b] denotes the jth degree elementary symmetric function
i by,...,bs. The auxiliary Hamiltonian satisfies the Jimbo-Miwa-Okamoto
o-form of Pvyi, (1.27).

Proof. Following [54], we note from (2.3), (2.2) and (2.6) that
(2:8) ' =—q(g —1)p* + {b1(2g — 1) — ba2}p — b1,

or equivalently

(29) qla— DK +88) = (st~ 1)+ (b120 ~ 1)~ ) ala — V.

.9) that a differential equation for h will result if
— 1)p in terms of h and its derivatives. For this
.7) and (2.8) that

) =
We see from (2.8) and (2
we can express ¢ and ¢(q
purpose we note from (2

(2.10) b th' = g(~' + éh{b]) ~ (bs + ba)a(g — Vp — eslb]

while differentiation of this formula and use of the Hamilton equations shows
(2.11) t(t—1)h" = 2q(e}[b]h'—e5[b]) —2q(g—1)p(h’ —b3bs) —e1[b]h' +es[b].

The equations (2.10) and (2.11) are linear in ¢ and ¢(¢ — 1)p. Solving for
these quantities and substituting in (2.9) gives (1.27). [
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The 7-function is defined in terms of the Hamiltonian by

d
(2.12) H= alog 7(t).

In terms of h, it follows from (2.7) that

(2.13) h=t(t— 1)% log<(t - 1)65[b}—%eﬂblt%@[b}f(t)).
2.2. Backlund transformations and Toda lattice equation
Backlund transformations

T(b;q7p7ta H) = (Ba q,p, £7H)

are birational canonical transformations of the symplectic form. Thus the
Hamilton equations are satisfied in the variables (b;q,p,t, H). Because
there are particular T possessing the property

(2.14) TH = H\bHTb,

Béacklund transformations allow an infinite family of solutions of the Py
system to be generated from one seed solution.

Okamoto [54] identified the affine Weyl group Wa(Dil)) as being re-
alised by a set of t-invariant Béacklund transformations of the Py system
(if Bécklund transformations altering ¢ are permitted, a realisation of the
affine F reflection group is obtained [54]). The group Wa(DZ(ll)) is generated

by the operators sg,...,s4 obeying the algebraic relations
(215) (SiSj)mij = 1, 0 < i,j < 4
where
12 3 2 2
21 3 2 2
(2.16) [mw] = 3 31 3 3
2 2 3 1 2
2 2 3 21

The entries m;; are related to the Dynkin diagram for the affine root system
D,
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Figure 1: Dil) Dynkin diagram.

Thus for ¢ # j, (0 < i < j < 4), mi; = 2 if the nodes i and j are not
connected, while m;; = 3 if the nodes are connected. An equivalent way to
specify the algebra (2.15) is via the relations

si=1 (0<i,j<4)

(217) SZ'S]' = SjSZ' (’L,j 75 2),
(sis2)® = (s28:)° =1 (i #2).
The operators sg,...,S4 are associated with affine vectors aq,...,ay

(g + a1 + 202 + a3 + a4 = 1, with the o’s regarded as coordinates) in a
four dimensional vector space such that s; corresponds to a reflection in the
subspace perpendicular to «;, and thus s;a; = —«;. The action of s; on the
other affine vectors is given by

(218) SZ'(Oéj) == Oéj - oziaij
where A = (a;;) is the Cartan matrix

2 0 -1 0 0
0 2 -1 0 0
(2.19) A=|-1 -1 2 -1 -1
0 0 -1 2 0
0 0 -1 0 2

(the off diagonal elements in (2.19) are obtained from those in (2.16) by
replacing all 2’s in the latter by 0’s, and all 3’s by —1’s). As first identified
by Okamoto [54], the operators s; are t-invariant Bécklund transformations
for the Py system with action on the parameters specified by (2.18).

It remains to specify the action of the s; on p and ¢. For this purpose
the most systematic way to proceed is to make use of recent work of Noumi
and Yamada [50] (see also their subsequent work [51]), who give a symmetric
formulation of the Béacklund transformations for Painlevé type systems. In
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[oy) a1 a2 a3 Q4 p q

s0 —a ai az+ag as on =% q

s1 ag —ai az+aq as Qg P q

s2 || aotaz | aitas —az | aztaz | autaz p q+ %
$3 ap [e%1 az+as —Qs [e71 - ,10%31

S4 ap [e%1 az+ay as —Qyq P—%

r1 [e51 ap (o) (e 71 as - % ( 3%1 ) t
T3 as a4 az ao ai —1{aptaq] H

Table 1: Bécklund transformations for the Py; Hamiltonian (2.3).

the general formalism of [50], the action (2.18) has as its counterpart the
action

(2.20) mm:ﬁ+%%

where U = [u;;] is the orientation matrix defined by

0 0 1 0 0
0 0 1 0 0
(2.21) U=|-1 -1 0 -1 -1
0 0 1 0 0
0 0 1 0 0

The key points are that (2.17) is realised by (2.20) with the f; specified in
terms of p, q, t by

(222) f():q—t, flzq_oov f2:_p7 f3:q_17 f4ZQ7

(the quantities subtracted from g are the location of the fixed singularities
of Pyr), and that the transformations (2.18) and (2.20) together are then
Bécklund transformations for Pyr. Following [41], the action of the s; on
the aj, p and ¢ is summarised in Table 1.

The symmetric formalism of [50], [52] naturally extends the Backlund
)

transformations from a realisation of Wa(Dfll)) to a realisation of V[/Q(Dz(l1 X
Q), where Q denotes particular diagram automorphisms of Dfll). The latter
are operators 71 and r3 (another natural diagram automorphism is rqjo =

(g, g, g, 1, ) and is related to 1 and 73 by r4 = ry7r3) with the actions

roa = (o, 0, a2, 04, 03), r3oe= (a3, a4, a2, ap,aq)
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of interchanging outer pairs of vertices in the diagram of Figure 1. These
operators obey the algebraic relations

2 2 1 _ — . — g g 1
rH="rz =1, Ti182 = 8271, T3S2 = 82I3 Tirj = TjTy, i # 7,
81 =T180"1, 84 = T1837r1, 83 =7T3S807T3, S4 = T35173.

Their action on the p and ¢ is given in Table 1. Making use of Table 1 the
action of the fundamental operators on the Hamiltonian

(2.23) tt—1)H = K
as specified by (2.3) is found to be

t(t — 1)

SoK:K—OéO

+ Oé()(Oé3 — 1)t + Oé()(Oé4 — 1)(t — 1)

siK =K

so K = K + ao(1 4 a1 — ap)t — aa(ag + g + ai3)

s3K = K — a3(1 — ag)t

s4 K =K —ay(1 —ap)(t — 1)

K =K-q(qg—1)p—aq+ as(a; — ap)t + as(ag + e + ay)
rs K = K+ (1 —t)gp + as(ao + ag + aq)(1 — t)

(the first five of these equations can be found in [68]).
Consider the composite operator

(2.24) T 1= 1505152535452,

which from Table 1 has the action on the o parameters
(2.25) Tsa = (g + 1,1 + 1L,ag — 1,3, 4)

or equivalently, using (2.6), the action on the b parameters
(2.26) T3b = (b1, b2, b3+ 1,b4)

(in [54] this was referred to as the parallel transformation ¢3). With K
specified by (2.23) we see from (2.24) and Table 1 that

(2:27) T3K = K| =K —q(q—1)p— (a1 +a2)(q — 1),

a—Tza
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which was derived in [54] in a different way. There are only three other
fundamental shift operators that share the property (2.27). They have the
actions

Tl()K = T1818283848281K K‘a’_) Oéo+1 a1—1,az, a37a4)

=K —q(q—1)p — aa(qg — t),

T30 K := 1r35835951845983K = K‘a’_) (a0+1,01,02,05—1,04) =K — (t — l)qp,

TuoK = 14545951835254 K = K|a»—» (04 Lanaz.asoa—1) = K —t(qg—1)p,

although we will not develop the theory of these cases in this work.
The result (2.27) motivates introducing the sequence of Hamiltonians
TyH = H|

a—(ag+n,a1+n,az—n,03,04)’

and the corresponding sequence of 7-functions specified by
n d
(2.28) T3'H = along[n], T3[TL] :Tg[n](t) :T3(t;bl,b2,b3+n,b4).

Okamoto [54] proved that 73[n] satisfies the Toda lattice equation. We will
give the derivation of this result using the strategy of Kajiwara et al. [41].

PROPOSITION 2. The T-function sequence (2.28) satisfies the Toda lat-
tice equation

_ T — 1]7_'3 [TL + 1] d
2.29 521 _ sl S=t(t—1=
(2.29) og T3[n] S , (t=1)—
where

(2.30) Taln] = (t(t — 1)) P02 )

Proof. From the definitions
T3[n — 1)m3[n + 1]
3 [n]

=—q(¢—1)p— (1 +a2)(qg — 1)
+ Ty ((J(q —1)p+ (a1 + a2)(q — t)) ‘

(2.31) dlog - (TgK[n] - K) - (K[n] _ TglK)

b
a—(ap+n,o1+n,02—n,a3,04)
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where the second equality follows from (2.27). Now T3 is specified by (2.24),
and each of the elementary operators is an involution so

(2.32) Tz;l = 5954535951801 = $9535452505171
where the second equality follows from the commutation relations sgsy =

S483, SoS1 = s150 implied by (2.17). Using (2.32) and Table 1 we compute
that

(2.33) —T3* (q(q —D)p + (o1 + az)(q — t))

(65)] (07
:q(q—1)p+az(q—1)+(1—ao)q+T

— (g + ag + az) + (ag + as + ay)(1 — ap)

1 qlg— Dp+ asq+az(g—1) +ad/p
pq(g—1)p —azq—as(q — 1) —ag(az + az +aq)/p

Substituting this in (2.31), we can verify that the resulting expression can
be written as

(234)  dloglalg— 1)p* — [asg + as(g — D]p — az(az + a3 + as)].

To do this we first compute the derivative in terms of p and ¢ using the
Hamilton equations, and then check that the expression so obtained is in-
deed equal to the rational function in p and ¢ obtained by substituting
(2.33) in (2.31) using computer algebra. But according to (2.3), (2.34) is
equal to

d
(2.35) Jlog EK + asx(1 —ap)|.

Substituting (2.12) in (2.35) and equating the resulting expression with the
left hand side of (2.31), we see that

AT3[n _T?Es][n +1 = %(ﬂog T3[n] + (ag — n)(1 — ap — n),

where A # 0 is arbitrary. Recalling (2.6) to replace the o’s by the b’s and
choosing A =1 gives (2.29). 0
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2.3. Classical solutions
An identity of Sylvester (see [46]) gives that if

(2.36) 73[0] =1,
then the general solution of (2.29) is given by

I jth
(2.37) 73[n] det[é 73[1]]]'71{:0,1,...,1171'

As noted by Okamoto [54] and Watanabe [68], the solution (2.36) is per-
mitted by restricting the parameters so that

(2.38) b1 +b3 =0 orequivalently as =0

)

(this corresponds to a chamber wall in the affine Dfll
with ap = 0 we see that (2.3) permits the solution

root system). Thus

(2.39) p=0, H=0

and thus 73[0] = 73[0] = 1. Furthermore, with this initial condition 73[1] is
given by a solution of the Gauss hypergeometric equation.

PROPOSITION 3. ([54]) Let the parameters o in (2.3) be initially re-
stricted by (2.38), then apply the operator Ts so that

(2.40) T3H|0) = H[1] = %log m[1)(t).

The function T3[1](t) satisfies the Gauss hypergeometric equation

(2.41) t(1 — )5 [1](t) + (c —(a+b+ 1)t> 75[1](t) — abr3[1](t) =0

where

(242) a = —a3 =by+by, b=y =1+b3+by, c=cap+ay=1+by+0y.
Proof. Tt follows from (2.27), (2.23) and (2.38), (2.39) that

(2.43) T3K[0] = —a1(g — t)
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where ¢ is the solution of the Hamilton equation

oK
8p ag=0

p=0

(2.44) 8(qg—1t) = —t(t—1)

=ai(qg—t)*+ [(041 + ag)t + (a1 + ag)(t — 1)] (g—1t) — apt(t —1).

Rewriting the left hand side of (2.43) in terms of 74[1](¢)/73[1](¢) according
to (2.40), then substituting the resulting expression in (2.44) and simplifying
gives (2.41). 0

Our interest is in particular integral solutions of (2.41), which being
a second order linear equation has in general two linearly independent so-
lutions. Consider first the solution analytic at the origin — the Gauss
hypergeometric function ¢ F7 — written as its Euler integral representation

I'(c)

1
(245)  oFi(a,bit) = m/{) w1 = w) N1 — ut) " du.

‘We then have
(2.46) T3[1](t) = 73(t;b1,b2, —b1 + 1,by)
= oF1 (b1 + b4, 1 — by +ba, 1 4 ba + by t).

Integral solutions of (2.41) which in general are not analytic at the origin
are given by

q
(2.47) fla,b,¢t) / w1 — u) 7Nt — u) " du
p

where p and g are any of 0,1, ¢, v 0o (v = 1) such that the integrand vanishes
[36]. Forming from this a linear combination with (p,q) = (0,1) and (p,q) =
(t,1) we deduce from this that 73[1)(t) = f”(a,b, c;t) satisfies (2.41), where

(248)  flabet) o ( /0 ' /t l)ua—cu )L — ) du,

Another case of interest is the linear combination of (2.47) with (p,q) =
(—00,00) and (p,q) = (t,00). After suitably deforming these contours in
the complex plane we deduce that 73[1](t) = fV(a,b, c;t) satisfies (2.41),
where
(2.49)

o (a,b, c; L ;Zt> o (/Z —£ /:O)(l +iu)* (1 — iu)cfbfl(t —u)” *du.
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Let F(a,b,c;t) be any particular solution of (2.41). Then recalling
(2.38), (2.42) and (2.30) we see from (2.37) that

7sln] = det[5F2(t — )2 F(a,b,¢:0)] L)

A useful check on further working is to note that if {73[n](t)} satisfies the
Toda lattice equation (2.29) with 73[0] = 1, then {"™/2(t — 1)=7/27[n](t)},
~ arbitrary, is also a solution which is given by the determinant formula
(2.37). Thus

(2.50) T3[n] = t72(t — 1) 2 det[67TFtA(t — 1)PF(a,b,¢; )] ko.n

where
(2.51) A+B=b, A—B=xv

and the right hand side must be independent of . Our task is to substitute
the particular solutions (2.45), (2.48) and (2.49) in the n X n determinant
(2.50) and show that these can be reduced to three distinct n-dimensional
multiple integrals.

Firstly we consider (2.50) by taking the solution (2.45).

PROPOSITION 4. Let F(a,b,c;t) be given by (2.45), and let § be given
as in (2.29). Then assuming the constraint (2.51),

(2.52) Ta[n] oc /2 (t —1)/2Hn=1/2 Qet [y Fy (a — 4,0+ ks ¢ 1)) j k=o0....n1-

Proof. A fundamental differential-difference relation for the Gauss hy-
pergeometric function is

t%QFl(a,b; 61) =b(2Fi(a,b+ et) — o Fi(a,bict)).
It follows from this that

5<t‘4(t — DBy (a,b; ¢ t))

= (b—A+t(A+B-b))t (t — 1)P2Fi(a,b; ;)
+ bt (t — )BT F (a,b + 1 ¢5).

In the special case of the constraint (2.51), this reads
(2.53) 5(#‘@ —1)ByFy(a, b c; t))

= Bt (t — 1)ByF1(a,b; c;t) + bt (t — 1)BT L Fy(a,b + 1; ¢ ).
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Another fundamental differential-difference relation for the Gauss hyperge-
ometric function is
11— )Ly E (a, b )
dt2 1\@, 05 C;
=(c—a)yFi(a—1,b;¢t) + (a — ¢+ bt)2 Fi(a, b; ¢; t).

This implies

5(tA(t — DBy (a,b;¢; t))
=(c—a—A+t(A+ B-0b)t 't —1)52F(a,b;ct)
+ (a— )ttt —1)ByF1(a — 1,b;¢;t),

which in the case of the constraint (2.51) reads

(2.54) 5(#‘@ —1)ByFy(a,bic; t))
=(c—a— At —1)PyF (a,b;c;t)
+ (a— )t (t —1)ByFi(a—1,b;¢:t).

The identity (2.53) can be used to eliminate the operation 6% from
the right hand side of (2.50). Thus substituting (2.53) in column k, and
subtracting B times column k£ — 1 (k =n — 1,n — 2,...,1 in that order)
shows

det [ HA(t —1)%2Fi(a, brcs )|
J,k=0,...,n—1

= 5 e[S (1~ 1) o F (0, bicst) -

SR — DB Py (a b+ 1 ¢ t)]

j=0,....n—1"

k=1,..., n—1
Repeating this procedure on column k (k =n—1,n—2,... k"), for each of
k' =2,3,...,n— 2 in that order shows
det [5j+kt’4(t — DBy (a,b;c;1)
,k=0,...,n—1
n—1 '
= T ) det [5]#‘@ )P R (ab 4 ke t)] .
7,k=0,...n—1

=1
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To eliminate ¢/ from this expression we substitute (2.54) in row j and
subtract (¢ —a — A) times row j —1 (j =n—1,n—2,...,1 in that order).
This shows

det [5]‘#‘@ 1)BHR, R (a,b 4 ke t) = (a— ¢)*!
j,kZO,...,TL*l
n—1 A(y  1\B+k o
% (b)l det '—ltA(t 1)B+k2FI(a’b+ k,@ t) .
T (t—l) QFl(a—l,b—f—k:;c;t) j=1,....,n—1
=1 k=0,...,n—1
Repeating this procedure on row j, j = n — 1,n — 2,...,j’ for each of
j'=3,4,...,n — 2 in that order gives
det {5j+kt‘4(t — DBy (a,b; ¢ t)} = (=1)n(r=1/2
j,kZO,...,TL*l
n—1
x TT®)s(c — a); det [tA(t C1)BHR, (@ — g, b+ K t)] .
j=1 J,k=0,...,n—1

Removing the factor t4(t — 1)P*+* from each column and using (2.51) gives

(2.52). 0
PROPOSITION 5. It follows from (2.52) that
1 1
(2.55)  73[n|(t) := 73(t; b1, b2, b3 + m, b4)‘b1+b3:0 x /0 duy -- -/0 duy,
) [Tudt™ @ = w1 —tu) " [ (e — uy)?
i=1 1<j<k<n
Proof. From (2.30) we have

73[n(t) = (t(t — 1)) 0] (2)

where use has been made of the equation b; + b3 = 0 from (2.38) and
b=1— by + by from (2.42). Substituting (2.52) then shows

(2.56) 3[n)(t) oc 72 det [y Fy (a — 5,6 + k; ¢ )] k=0,..n—1-
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Substituting the integral representation (2.45) and recalling (2.42) shows
(2.57) 73[n](t) ot/

1
x det [/ du ub3+b4+k(1 - u)bQ—bS_k—l(l _ tu)j_bl_b‘l}
0 k=0,....,n—1

1 1 n
= t*”(”*l)/Z / duj - - - / duy, Hu?3+b4(1 _ ui)bQ*bsfn(l _ tui)fblfb‘l
0 0 i=1

xdt[ 1—ujyn)" (L -ty j] '
€ ]+1( u]—f—l) ( UJ"H) 4,k=0,...n—1

The integrand can be symmetrised without changing the value of the inte-
gral provided we divide by n!. The function of the u;’s outside the determi-
nant is symmetric in the u;’s, so symmetrising the integrand is equivalent
to symmetrising the determinant. We have

(2.58) symdet[ by (1 —up) k(1 —tuj+1)]}

jk=0,....n—1
n—1
= Sym ]Ho(l — tujr1) det [U§+1(1 - “J’+1)n_1_k] Jk=0,.n—1
n—1
— (Asym}_!:) (1 — tujq) )det[ uf (1 - Uj+1)”_1_k]j7k:0mn_l

det[(l - tuj+1)k] , det{ ufq (1 - ua‘+1)”_1_k]

7,k=0,...n— 7,k=0,...n—1

G, k=0,...n—1

1:[ 1-— u]Jrl -1 det |:(1 - tuj+1)ki|

U k
X det[(]iﬂ) } .
1—ujpq §,k=0,...n—1

But the Vandermonde determinant identity gives that for any a1, as, ..., an,
det[ ]H]]k Ol = H (ar — aj).
1<j<k<n

This allows the determinants in (2.58) to be written as products. Substi-
tuting the results for the determinant in (2.57) gives (2.55). [

Next we will show that by choosing F' in (2.50) to equal the solution
(2.48), a generalised multiple integral representation for 73[n| can be ob-
tained.
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PROPOSITION 6. Let F(a,b,c;t) in (2.50) be given by

(259 Flabet = /0 e /t 1)ua—cu C )t — ) du,

Then

(2.60) T3[n](t) o< /2 (t—1)P/2n=D/2 et [F(a— j,b+k, ;)] jmo,....no1-
Proof. The proof of Proposition 4 shows that the sufficient conditions

for reducing (2.50) to (2.60) is that F' satisfies the differential-difference
relations

d
(2.61) tEF(a, b,c;t) = CoF(a,b+ 1,¢;t) — bF(a,b,c;t)
d
(2.62) t(1—- t)EF(a,b, c;t) =C1F(a—1,b,¢t) + (Cy + bt)F(a,b,c;t),

independent of the explicit form of Cy, Cy,Cy. To derive the form (2.61) we
first change variables u +— tu in (2.59) so it reads

1/t 1/t
F(a,b,c;t) =t (/ —§/ )u“_c(l — tu) (1 — w) " du.
0 1

Differentiating this shows

d
t—F(a,b,c;t) = (—c+ 1)F(a,b,c;t) +t e —b—1)

dt
X </01/t —£ /ll/t)u“_c(l__m:u) (1 —tw)* 11 — )% du.

Writing

tu 1
2.63 — =1-
( ) 1—tu 1—tu

we see from this that
(2.64) t%F(a, b,c;t) = —bF(a,b,c;t) — (¢ —b—1)F(a,b+1,¢;t),

thus establishing (2.61).
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To establish the structure (2.62), we first multiply both sides of (2.64)
by (1 —t) to get

-0l

th(a, b,c;t) = btF(a,b,c;t) — bF(a,b, c;t)

—(c=b—1)F(a,b+1,¢t) 4+ (c —b—1)tF(a,b+ 1,c;t).
But

1/t 1/t
(2.65) tF(a,b+1,¢;t) =t ! (/ —5/ )u“*‘:fl
0 1
tu _ c—b-1/1 _ ,\—a
X ( - )(1 #0)eP (1 — u) ™ du.

1—tu

Using (2.63) and the equally simple manipulation
(1—u) ™ =1 —u)—u(l —u)™
shows that the right hand side of (2.65) is equal to
—(F(a,b,c;t) + F(a — 1,b,c;t)> + (F(a,b—l— lLet)+ Fla—1,b+ 1,c;t)>
and thus
t(1— t)%F(a,b, c;t) =btF(a,b,c;t) — (c — 1)F(a, b, c;t)
—(e=b— 1)<F(a— 1,b,¢;t) — F(a—1,b+ l,c;t)>.
But
—(e—=b— 1)<F(a— 1,b,¢;t) — F(a — 1,b—|—1,c;t)>

1/t 1/t
— (C —b— 1)t7c+1 / _5/ )uafcfl(l _ tu)cfbfl(l _ u)faJrl
0 1
tu
1= tu

1/t 1/t
— _t*C+1 / —5/ uaici(l _ tu)cib*l(l _ u)—a+1
du
1/¢ 1/t
=t C+1(a — c)(/ —5/ u* " 1(1 tu)c_b_l(l — u)_a+1 du

+ 7 (a — 1) /l/t —£ /Ut —tu) N1 —w) " du
=(a—c)F(a—1,b,c;t) + (a — 1)F(a,b, c;t)

du
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so we have

d
t(1— t)aF(a,b, c;t) = btF(a,b,c;t) + (a — ¢)F(a, b, c;t)
+ (a —c)F(a —1,b,¢;t),

in agreement with (2.62). U

Following the steps from which (2.55) was deduced from (2.52) allows
us to deduce from (2.60) the following multiple integral representation.

PROPOSITION 7. We can rewrite (2.60) and so deduce

(2.66) T3 [n] (t) = Tg(t; bl, b2, b3 +n, b4)|b1+b3:0

oc(/01—§/t1>du1-~(/01—5/t1>dun

% Hui—b2—(b3+n)(1 N ui)bg—(bg—f—n) (t _ ui)—(b1+b4) H (uk B Uj)2-

i=1 1<j<k<n
Finally we show that by choosing F' in (2.50) to be given by the linear

combination (2.49), T3[n] can be written as an n-dimensional integral having
a form different from the previous cases.

PROPOSITION 8. Let F(a,b,c;t) in (2.50) be given by

(267 Flaben = ( / Z ¢ /t Oo)uafcu — )t — ) du,

where it is required the integrand be integrable in the neighbourhood of u =
t,+o00 but not necessarily u = 0,1 (the path of integration can be deformed
around these points). Then

(2.68) 73[n](t) oc /2 (t—1)/2Hn=D/2 Get[F(a— j, b+ k, ;)] k=0, . 1-

Following the steps from which (2.55) was deduced from (2.52) allows
us to deduce from (2.68) the following multiple integral representation.
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PROPOSITION 9.  We can rewrite (2.68) and so deduce

(2.69) Tg[n](t) :T3(t;bl,b2,b3+n,b4 |b +by=0

(e (e

% Hu;b2*(b3+")(1 _ ui)bzf(str") (t _ Uz) (b1+Db4) H (Uk _ Uj)2-
=1

1<j<k<n

The only necessary detail of the contours (intervals) of integration in
(2.69) is that the integrand vanishes at the endpoints. Deforming the con-
tours in this manner we see from (2.69) that

1+t

(2.70) 7'3(

;b1,b2,b3 +n 64)
b1+b3=0

e

x [T+ ) 7027 O (@ — )P — )PP TT (up, — )2
i=1 1<j<k<n

2.4. Schlesinger transformations

In this part we develop difference equations arising from the sequence
generated by the action of T3, which are also known as Schlesinger transfor-
mations because the formal monodromy exponents are shifted by integers.
In doing so we will demonstrate that this recurrence in the canonical vari-
ables can be expressed in a form which is precisely that of the discrete fifth
Painlevé equation dPy. We thus establish directly that the discrete dPv is
the contiguity relation of the continuous Py equation in contrast to other
treatments [61], [60], [33], [45]. The T3, Ty * operators are equivalent to the
Rg), R(10) operators respectively in [45].

PROPOSITION 10. The sequence {q[n],p[n]}o, generated by the shift
operator T3 with parameters o = (g +n, 1 +n,as — n, as, ay) defines an
auziliary sequence, equivalent to the sequence {g[n], f[n]|}>>, satisfying the
discrete fifth Painlevé equation dPv

t (fln]+1—a2)(fln]+1—as—ay)
t—1 fI)(fln] + as)

N oq Oé()t
(272)  fln]l+ fln—1] = —az + gl =1 g =10 =g’

(2.71) gln + 1]gln] =
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where

(2.73)

qlg —1
f=aqla—p+ (1 —ar—as)lg—1) —azqg—ao (q_t) :
Proof. To begin with we construct the forward and backward shifts
in the canonical variables under the action of T3 using Table 1 (¢ := g[n],

p = p[n])

(2.74) ¢n+1]:=7¢

= #[(q —1)(g —t)p + (a1 + a2)(q — t) — ao(t — 1)]

x [q(qg = 1)(g — t)p + (a1 + a2)q(g — 1) — ao(t — 1)g + aa(g — f)]XL
o~ (g-1) (g —t)p+ o + ] Xy,
RT5) Pl 1= P = = g = 0p + (on + aa){a — ) — aol]
1

X

(g —1)(g—t)p+ (a1 + az)(qg — t) — ap(t — 1)]

[(q — Dp+ asllqglg — 1)p + azq + ay]

q

(2.76) gln—1]:=q=t X4
e Xy B [(q —t)p + 2]
(277) pln—1]:=p= it —1) { [qp + 2][(q = 1)p + ]

n ag — 1 }
q(q —1)p? = (aa(q — 1) + azq)p — az(az + az + aq) |’
where
(2.78) Xy =qlq—1)(q —t)*p* — [aulqg — 1)(g — t) + asq(q — t)
+ (a0 = 1 —a1)g(g = D](g = t)p + (1 + az)?(q — t)?
+ (a1 + ag) [(al + ag + ag)t + (a1 + ag + as)(t — 1)] (g —1)
—oap(og + 1)t — 1)

(2.79) Xaq=q(q—1)(q—t)p* — [aa(g — 1)(qg — t) + asq(g — 1)
+ (ao — 14+ o1)q(g — 1)]p+ aj(qg — t) + az(az + ou)t
+ 042(042 + ag)(t - 1),
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(note that the factors X4, X, are distinguished by being quadratic in p).
From these variables certain products can be constructed that have simple
factorisable forms

~ [(q —t)p + a1 + as
2. =—
(2.80) qp —

o Lala = 1)(g = t)p + (a1 + a2)q(g — 1) — ao(t — 1)g + au(g — t)]
la(qg —t)p + (a1 + a2)(q — t) — aot]

281) (7 -1)p =— [(g —t)p th a + as]

(¢ —1)(g—t)p+ (a1 + az)(g —1)(g —t) — agt(g — 1) — az(q — t)]
(g —1)(g—t)p+ (a1 + a2)(qg —t) — ap(t — 1)]

X

[(q —t)p+ a1 + a]

lg(g —t)p + (a1 + a2)(qg — t) — aot]
1

“Ta—1){g—0p+ (a1 +a2)(g— 1) —al(t— 1)

X {q(q —1)(¢ — t)*p°
— [aa(g —1)(q —t) + azq(q — t) +2a0q(q — 1)](g — t)p
+ aplaa(qg — 1)(g — t) + azq(q — t) + apg(q — 1)]
— (1 - as)(ao + a1 + a2)(g — )%}

(282) (¢ —t)p =~

(2.83) +— 1 1¢*(g—1)p*+ [202q(¢—1) — a3qlp+03q — az(az +a3)
q—t t alg=1)p*—lou(g—1)+azqlp— az(a2 +as+aq)

2 (

From the ratio of (2.80), (2.81) one notices that it can be simply expressed
in terms of the single quantity f defined by (2.73) which is the first of the
coupled recurrences for dPy (2.71). To find the other member of the pair

we evaluate ? := fn — 1] using the above formulas and find

(2.84) f=—(g—1)(gp+as),

so that when this is added to f we arrive at (2.72). [
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Although of theoretical interest, Proposition 10 does not immediately
lead to a difference equation for the Hamiltonian itself. However such an
equation can be derived by using the workings from the derivation of Propo-
sition 10.

PROPOSITION 11. The sequence of Hamiltonians {K[n]}5%, generated

by the shift operator Ts with parameters o = (oo +n, a1 +n, g —n, a3, )
satisfies the third order difference equation

(2.85)
[(1 — ao)ff + aoK] {(1 +a)K — alff + (a1 + a2)(1 + a1 — ap)t
—(a1+a2)(a1+a2+a3)} [I?—Iv(+1—a0—a4
—(1+a1—ao+2a2)t} {I?—K—ao—a4+(2ao+oz3+a4)t]
it —1) [(1 —ap—a1)K —a1(1 — ag)(K — K)
+ (1 — ag)(ar + as)(1 — ag+ a)t — (1 — ag)(ar + az)(ar + as + ag)}
x [(1 oo+ oK — ao(1+ an) (K — K) + ap(as + an)(1 — ap + on)t

— 040(041 + 042)(041 + a9 + 043) =0

where K = t(t — 1) H[n), K = t(t— DH[n— 1], K = t(t — ) Hn + 1], K —

t(t—1)H[n +2].
Proof. We focus our attention on the quantity
(2.86) Z:=—q(qg—1)p— (a1 + a2)(q — 1),

which from (2.27) is Z = K[n+ 1] — K[n]. First we consider 7 = Zln—1].
From the definition Z is related to f so employing (2.84) and (2.83) for the
downshifted variables we have

(2.87) Z = (q—1)(gp+a2) + (1 — ag)g — az + (a1 + ag)(t — 1)
(202 + a3 + au)lg(q — 1)p + azq] — (a2 + a3)
q(q — 1)p? — [aa(qg — 1) + asqlp — g + ag + au)

+(1—a0)
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We transform this expression by replacing the canonical variables ¢, ¢ — 1,
p where possible by K, Z and retaining ¢ — t. The resulting equation is

then one which is a linear equation for ¢ — ¢ in terms of K, Z, Z,
(2.88) q—t = [K (1 ao)z]
X [Z+E+oz2+oz3—(oq+a2)(t—1) —(1+a2—a0)t]
/ [(1 —ag—an)K —ai(1 - ag)(Z + Z)
+ (1 — ag)[—ai(ag + a3) + (a2 + arag + a2 + agas)(t — 1)
+ (o1 + arag — agay + a4 agay)t]|.

We use a similar strategy and evaluate the upshifted 7=z [n + 1] using
(2.81), (2.80), (2.82), (2.75). We find after considerable simplification

—~

(2.89) Z=q(qg—1)p+ (a1 +a2)(qg —1t) — (2ap + ag + ay)t

1) tHt— 1)
n + (1 + O[l)i(q — t)Xu

% {(1+a0+aalg = 1(g—p+ (a1 +a2)(1 + ag + 1)’
_|_

— (14 ag+ 1) (q

[ (14 ap+aq)(ag + a1 + ag)t + ag(ag + ay)
— (g + ag)(aq + ag + 063)]61 + (g + a1 +a)(1 — g — 044)75},

and after the variable replacements described above one has a linear equa-
tion for

(2.90)
t(qt:tl) __ {K — a1 Z + (a1 + @)[(1 —ag+ a1t — oy — ag — a3]]

X [Z+Z—oz0—a4+(2ao+a3+oz4)t
/ {(1 + o + Oél)K + (1 + oy — OéoOél)Z — ao(l + Oél)Z
+ 040(041 + 062)(1 — Qg + Oél)t — 040(041 + 062)(061 + ag + 063)}

By eliminating g — t between (2.88) and (2.90) and further simplification
one arrives at the stated result (2.85). [
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We remark that the right-hand side of (2.86) can be written in terms of
f and g, and then coupled with the dPv equations (2.71), (2.72) to provide
an alternative scheme to calculate K[n]. A similar recurrence appears in
the recent work of Borodin [10].

83. Application to the finite JUE and CyUE

We are now in a position to identify the multiple integral representa-
tions for the 7-functions of the classical solutions to the Pvyr system, (2.55),
(2.66) and (2.70), with the spectral averages defined by (1.6), (1.10) and
(1.12) respectively.

3.1. The JUE

The 7-function solution (2.46) is relevant to the average (1.6), for with
N =1 we have

(3.1) Ei](t; a,b, ) oc tTHTL By (b + 1+ a4 2;t)

1 1 1 1
— patpt+l L= Z Z “(q —
t 7'3<t, 2(a+b),u+1+2(a+b),1+2(a+b),2(a b)).

The multiple integral representation (2.55) of 73[n](t) is of the type occur-
ring in the definition (1.6) of Ex(t;a,b;u). This allows the latter to be
identified with a 7-function for the Py system, and its logarithmic deriva-
tive identified with an auxiliary Hamiltonian (2.7) and so characterised as
a solution of the Jimbo-Miwa-Okamoto o-form of the Py equation (1.27).

PROPOSITION 12. Let 13[n](t) = 73(t; b1, ba, b3 + n, b4)|b1+b3:0 refer to
the T-function sequence (2.28) with 13[0] = 1 and 73[1](t) given by (2.46).
Then we have

(3.2) B} (t;a,b,p) = Ctloriba)batba)r (4 ),

b= (—5(atb)ut N+ (atb),N+g(a+t)(a—b)

and consequently
d ¢!, [b]—Lea[b] ;L ealb] y— (b1 +bs) (ba-+ba) 7
(3.3) W—D£b4@—n2 sealblygealbly EMWMM»
= UR(t;a,b, )

where U, (t;a,b, ) satisfies the Jimbo-Miwa-Okamoto o-form of the Py
equation (1.27) with b specified as in (3.2), and e4[b], e2[b] defined as in
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Proposition 1. The latter is to be solved subject to the boundary condition

1 a+ N
'4 J . ~ —— ! Ni
(3 ) UN(tvavbaM) 150 262[b]+<62[b]+b a—|—,u—|—2N)
! 2_1( + —b)N+1b( +b)—1 (a—=b)
t—0 2 2H “ 4 ¢ 4ua
1 a+ N
—bN — = b2 4+ bN —————
+( gt a+u+2N)

with U]{, given by a power series in t about t = 0.

Proof. The first equation follows immediately upon comparing (2.55)
with (1.6), and rewriting the exponent in the first factor in (1.6) in terms
of the b’s. The equation (3.3) then follows from (2.13). For the boundary
condition, we see from the second integral in (1.6) and the definition of the
b’s that

(3.5) tNettN By (ta,b, p) = ¢~ O H0)Ct0) B (1 b, 1)

In(a, 1) In(a, 1) [S5 5]
50 NTM<1_I) JN(a,/j)1 t>

where Jy(a, p) [Zjvzl z;] is the integral (1.23) with an extra factor of
Z;V: ,xj in the integrand. The ratio of integrals in (3.5) can be evalu-
ated using a generalisation of the Selberg integral due to Aomoto [3] to give
(3.4). Alternatively, the O(1) term in (3.4) can be substituted in (1.27) to
deduce the O(t) term. 0

Let us now reconcile Proposition 12 with the result that (1.28) satisfies

(1.27) with parameters (1.29). For this purpose we note from (3.2) that
with g = 0, by = bg. Then the exponents in (3.3) simplify, and we see that

1 d -~
(3.6)  UR(t;a,b,0) = —tbs + 5 (b1 + b2) +t(t — 1)5 log B (t; a,b,0).

Interchanging a and b as required by (1.28) changes the sign of by, so with
b given as in (3.2) with u = 0, we see from (3.6) that

1 d. =
—U{(1 —t;b,a,0) = —tb3 — 5 (01bs — b3) + t(t — 1)% log EX(1 —t;a,b,0).
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But in general, if h(t) satisfies (1.27) with parameters b, then —h(1 — t)
also satisfies (1.27) but with an odd number of by, ..., by reversed in sign.
Choosing to reverse the sign of by, it follows that
2 1 2 d =]
—tb; + §(b1b4 +b3) +t(t — 1)E log Ex (1 — t;a,b,0)

satisfies (1.27) with b given by (a suitable permutation of) (1.29), which is
in agreement with (1.28).

A corollary of Proposition 12, which follows from (1.21) and the second
equality in (1.6), is the formula

d
(37) U]{T(t; a, i, b) = t(t - 1)@
1 1 N b/
x log ( (t — 1)e2lPl=gealblyzealD T (TT LNFOFT0/2 ) 4 ib(q 4 gz)0 )
(- (TT bk s er)
1 1 1 1
e - N+- N+-= Z(a—pw).
b = (~5(a+ )b+ N+ S(at ), N+ S(a+ ), 50— p))

Comparison of the 7-function solution not analytic at the origin (2.48)
with (1.10) shows, for N =1

(3.8) Ej(ta,b,p:&) o f)(—p,—p—a—1—b,—p+a;t)

1 1 1 1
:Tg(t;l—|—§(a+b),§(b—a),—g(a—i—b),—,u— 1 5(a+b)).

Furthermore comparing the n-dimensional integral (2.66) with (1.10) allows
us to characterise the latter in terms of a solution of (1.27).

PROPOSITION 13. Let 13[n](t) = 73(t; b1, ba, b3 + n, b4)|b1+b3:0 refer to
the T-function sequence (2.28) with 13[0] = 1 and 73[1](t) given by (2.59).
Then we have

(3.9) E’}]V(t; a,b, ;&) = Crs(t; B),

b— (%(Hb)+N,%(b—a),—%(ﬁb),—%(am)—N_M)

and consequently

1 d —~ .
(3.10)  eh[b]t — 5ea[b] +t(t — 1) log EX(t;a,b, ;€)= Une(t; 0, b, 15 €)
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where (7]{,(75; a, b, u; &) satisfies the Jimbo-Miwa-Okamoto o-form of the Py
equation (1.27) with b specified as in (3.9), and e4[b], ea[b] defined as in
Proposition 1. In the case £ = 1 we have the boundary condition

N 1 .
(3.11) Ux(ta,b,m51) ~ —5ealb] = N(a+p+ N)

. +N
1] + (N N bNai)
+(62[ |+ (N+p+a)N + a T IN
Iy LN+ Seatn) - Tua—b)
0 2 g\ 1 i
1 a+ N
“bN — =(a+b)? bNi)
+( e F O ISR

with ﬁ]{, a power series in t about t =0, while in the case £ =0

(3.12) U (t:a,b, 11;0)  ~ (eg[ﬁ]+NM)t+0(1)

[t|—o0

~ —(N+1(a+b))2t+0(1)

[t| =00 2
with ﬁ]{,, apart from the leading term, a power series in 1/t.

Proof. The only remaining task is the specification of the boundary
conditions (3.11) and (3.12). The first of these follows from the fact that
E}]V(t; a,b,pu;1) = E}]V(t;a,b, p) and then substituting (3.5) in (3.10), while
the second follows from the fact that EN(t; a,b,11;0) = F(t;a,b,p) and
noting from (1.7) that Fy(t;a,b, ) ~ tV* as t — occ. 0

Comparing the definition (1.10) with (1.6) shows
(3.13) ER(t;a,b, ;1) = EX (t; a,b, 1)

so the o-function U in (3.10) must be related to the o-function U in (3.3).
To explore this point, writing b in (3.2) as b = (b1, ba, b3, bs) we see from
(3.9) that

~

(3.14) b = (bs, —by, by, —bs).

The differential equation (1.27) is unchanged by the replacement of b by
(3.14), so U and U in fact satisfy the same equation. In fact U and U are in
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this case the same function, as the identity (3.13) together with the readily
verified formula

ehlbt — Sealb] = (t = 1)(by +bs)(ba -+ by) = S [Blt — Lesfb]

show that the left hand sides of (3.3) and (3.10) agree.
Another special case of (1.10) of interest is the coefficient of &%V,

(=D~

_ 1
[ENER (s, b, 115 €) = c /S day 24(1 — 21)"(s — )"+ -

1
></ dey 2% (1 — zn)b(s — 2y )H H (z1, — x;)%

1<j<k<N

This exhibits the functional property
EY8 (5500, 0€) = (1) s NN B (50,5, 5.
The 7-function evaluation (3.9) then implies
(3.15) Tg(%;ﬁ) = (—1)Nebstba)(brtbs) (4 )
where
(3.16) b= ( (b — by + by —b4) 1( by + by + by — b),
(b1+b2+b3+b4) 1( by = by + by + b))

(b is obtained from b by simply interchanging b and p in the latter; recall
(3.14) and (3.2)). This result can be understood within the context of the
general theory of the Py1 equation. Thus the mapping

N 1 H 1 -
((Lp?Hat?b) L (57 (bl +b3)q - q2p7 _t_g + (I)(t)a Z7b)7

D(t) = —%(63 + 1) (b3 + ba)

has been identified in [54] as a canonical transformation of the Pvyr system
(the value of ®(t) was not given explicitly in [54]). Recalling (2.12), up to
a proportionality constant this immediately implies (3.15).

A consequence of the difference equation (2.85) is that a difference
equation for U3 (¢; a, b, u; €) with respect to p can be found.
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PROPOSITION 14. The Jimbo-Miwa-Okamoto o-function U]{,(t; a, b, ;
€) satisfies a third order difference equation in p, for all N,a,b,t

(3.17)
[(N+a+u+1)U—(N+a+u)5+%(a—b)2t—%(a2+b2)
—1/4(a+b)N] [(N+b+u+1)U— (N +b+ U+ Yy(a — )2t

+Yhab + Va(a + HN|[U = U + @N + 2u+ a +b)(t - 15)]

X [ﬁ—U+(2N+2,u+2—|—a+b)(t—1/2)}

=t(t=D|[(N+a+p)(N+b+p)(U —U) = 2N + 2+ a+b)U
—Vila —b)% (2N + 2+ a + b)t
+1/4(b—a)(2]\7b—|—(b—a)u—l—b(a—l—b))]

x [(N+a+u+1)(N+b+u+l)(5—U)—(2N+2u—|—2+a+b)[7
— (@ —b)*(2N +2u+2+a+b)t
+%(b—a)(2Nb+(b—a)(u+1)+b(a+b))],

where U = U3 (t;a,b, 1; €), 5 = Ui (t;a,b,p — 1;8), 5 = Ui (t;a,b,p +
1;€) ete.

Proof. This follows from (2.85) using the parameters in (3.2) with
ba < b3 and the invariance of h or U under this interchange, and the
relation

(3.18) U (t;a,b,1158) = K[u] — [b(N + p) + Ya(a + b)*]t
—1oN? = VyN (pu +a —b) = Yypu(a — b) + Ysb(a + b),

and the shifted variants. [

One can easily verify that (3.17) is invariant under the transformations
a<—>b,t»—>1—tandU1{[r—>—U1{[.
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3.2. The CyUE and cJUE
Comparison of the 7-function solution (2.49) with the average (1.12)
shows, for N =1

1+it>

2
14t .

:T3< 5 s—m + 1in2,m1,m —M—1)7

~C .
(3.19)  EY7(t; (m,me), i €) o fcy<—u, 2m —p—1,m +ing —

where in obtaining the second line use has been made of (2.42) with b3 =
—by. For n > 1 comparison of (2.70) with (1.12) allows us to deduce the

analogue of Proposition 12 for E](\j[y.

PROPOSITION 15. Let 13[n](t) = 73(t; b1, ba, b3 + n, b4)|b1+b3:0 refer to
the T-function sequence (2.28) with 13[0] = 1 and 73[1](t) given by (2.67).
Then we have

~ it+1
(320) E]?[y(ta (7717772)7M;£) = 07—3( 2 ab)v

b = (N_nlain277717_u+771 _N)

and consequently

d / ~
(3:21) (¢ + 1) log( (it — )42 (it + 132 PIER (1 (1. m0), 1 )
= U (£ (m,12), 15 )

where Uf,y(t; (m,m2), u; &) satisfies the transformed Jimbo-Miwa-Okamoto
o-form of the Py1 equation (1.32) with b specified as in (3.20), and e4[b],
ea[b] defined as in Proposition 1. In the case £ = 1 we have the boundary
condition

(3.22)
U (8 (mm), 1)~ (6’2 [b] + N(N +p — 2771))t

N — N —
——00 1

while in the case & =0

(323)  UR(E0nm).pi0) ~ (chlb] + Na)t+0()

~ —(N—m)*t+0(1)

t——o0
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We see from (3.21) that with 7o = 0 we have by = 0. This in turn
implies that ea[b] = e}[b] and so (3.21) reduces to
(3.24)

(4 1) hog (12 + )2 (1 (1, 0), 1)) = USY (5 (1, 0), s ).
That this with 4 = 0, 51 = N +a, b = (—a,0, N + a,a) satisfies (1.32)
is in precise agreement with the fact noted earlier that (1.32) with the
substitution (1.33) gives the equation (1.31) satisfied by (1.30).

According to (1.19), we can write down from Proposition 15 an anal-
ogous result for Ef\;](qb; (wi,w2), 1;€). Using the fact that for ¢ — 0 this
quantity tends to a constant, and evaluating the latter in terms of My (a, b)
as specified by (1.22), we have

MN(WI — two —I-,LL/Q,wl + two —I-,LL/Q)

(3.25) ER(¢; (w1, ws), 115€") = My (w1, w1)

1 [? 9
XeXp{—§/0 (Uﬁy(cot 5s (N +wr + /2, w2), 15 €)

0
+ wa(N + wy — You) + (w1 + Yaopu)? cot §>d€}.

In the case we = 0 the average Ef\‘,] satisfies a functional relation which ac-
cording to (3.25) must be related to a corresponding functional relation of
Uﬁy. Thus, in the case ws = 0 the integrand of the multi-dimensional inte-
gral specifying E’f\;] is periodic, which in turn allows the change of variable
0; — 0; — ¢. From the latter it follows

(3.26) ES (5 (w1,0),2115€) = ES (¢ (11, 0), 215 €).

To exhibit this symmetry in (3.25), we note from (3.20) that in the special
case wp = 0 we must substitute in (3.25)

(3.27) b= (—(wi +#/2),0,N + w1 + p/2,w; — p/2),
ehlb] = ealbl,  chlb] + Ny = (w1 + 1/2)%

Replacing p by 24 as required by the left hand side of (3.26) we see that
all quantities in (3.27) are then symmetric in p and w; as required by the
right hand side of (3.26), except for the component by = wy — /2, which is
antisymmetric under these operations. However we see the equation (1.27)



PAINLEVE 7-FUNCTION THEORY AND RANDOM MATRICES: Py1 69

in the case bo = 0 is unchanged by the mapping b4 — —b4 and so indeed
(3.25) is consistent with (3.26).

With &* specified as in (1.13), the average defining E]C\;](qﬁ; (w1, w2),2u;
&*) is proportional to the CUE average

N
328) ([0 -ex(, et + =P (%)”(1 1))

CUE ‘t:eid’

=1
=: AN(t7 Wi, W2, H; g*) ‘t:eiCﬁ’
It then follows from (3.25) that
(3.29)
L d w1 t+1
— itz log An(wnwo, i €) = 5 (URY (117 (N 4 w1+ pw2), 256)

Fi(ehlb] — ealb)) —it=

(eh[b] + 2N p))
where Uﬁy satisfies (1.32) with
(3.30) b = (—(w1 + p),iwg, N + w1 + pr,w — p) =: b,

But, in the case £* = 0, the same average (3.28) results from (3.7) upon
introducing a factor of t~#N/2 into the average and making the replacements

br— 2wy, pr+—2u, ar— —(N 4w+ iwy + u).

The quantity U3, in (3.7) then satisfies (1.27) with

(3.31) b= (%(N—i—w — ), w+ %(N—I—w—i—u),
%(N—w—l—u),—u—%(N—i—w%—u)), W= wy + iws.
It follows that
(332) it 1) log An(twr,w,0)
= UR (t; —(N + w1 + iws + p1), 2, 2w1) — Cit + Cy

where

1
(3.33) C1 = e4b] + uN, Cy= §eg[b] + uN.
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Comparing (3.29) and (3.32) shows

(t—1 t+1
(3.34) Z( )(U](\j,y(z— (N 4 wi + p,wa), 213 0)

2 =1
+i(elb] — ealb]) — it (¢h[b] + 2Np)

= Uj{;(t; —(N + wy + twoe + u), 24, 2(,01) — Cit + Cs.

In fact (3.34) is a special case of the following transformation property of
(1.27).

PROPOSITION 16. Let h satisfy (1.27), and put

1

(3.35) ht) = it = 1)3

t+1y 1
f@t_l)—iw%+@44€+b®t

Then f(s) satisfies (1.32) with b +— b, where

_ 1 - 1

blz—(bl—b2+b3+b4), bgz—(bl—bg—b3—b4)
2 2

(3.36) - 1 B 1

bgzi(b1+b2+b3—b4), b4:§(b1+b2—b3+b4)

(or any permutation of these values).

Proof. Substituting (3.35) in (1.27), changing variables to

and equating like terms with (1.32) modified so that h +— f and b — b,
shows the statement of the proposition is correct provided

(3.37)
b1bobsb —i(e [bQ])Q—lbbbb 1L [b?]
1234—161 21234 42
_ 3 1
—E€9 [b2] = —g(el[bQ])Q — 3b1b2b3b4 + 562 [b2]

—eg[b?] = —%el[b2]b1b2b3b4 - 1—16(61[1)2])2 + iel[bQ]eg[bQ] ~ es[b?).

Direct substitution of (3.36) into these equations verifies their validity. []
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We can check immediately that b®Y in (3.30) is related to b as in (3.31)
according to (3.36), and furthermore that

t—1 1
Db — ealb®]) 4 (14 1)(h ] + 2Np)
1
+Clt—02+1(b%+b§+b§+b§)t:0,
which together show (3.34) follows from Proposition 16.

An analogous result of the difference equation in g for the Jacobi
case (3.17) holds also for the Cauchy Jimbo-Miwa-Okamoto o-function

U (£ (m1,m2), 155 €)-

PROPOSITION 17.  The Jimbo-Miwa-Okamoto o-function U](\j,y(t; (m,
n2), ;&) satisfies a third order difference equation in u, for all N,ny,n2,t

(3:38) [(NV 4 g+ 1= 200U = (N + o = 200)U + nt + ma(N = )|

X [(N+u+1)U— (N+u)5+n%t—n2(N—m)}

X [5—5+2(N+u—m)t} [5—U+2(N+u+1—771)t}
= (1+)[(N + ) (N + = 20)(U = U) = 2N + p— q)U

— 203 (N + pp — m)t — 2mma(N — 771)}

—

X [(N+u+1)(N+u+1—2m)(U—U)—2(N+u+1—771)U
—QU%(N‘FN‘Fl—771)75—27]1772(]\7—771)},

where U = UG (t; (m,72), 15€), U 1= U (& () pi = 156), U s= U (8
(m,m2), 1+ 1;€) ete.

Proof. This follows from (2.85) using the parameters in (3.20) with
by < by and the invariance of h or U under this interchange, and the
relation

(3:39)  UN(t: (m,m2) €)= K[u] = [(N = m)? + uN]t
+ Yo (N =) + pN + in2(n — m)],

and the shifted variants. Finally one has to transform the variables ¢ —
(1+it)/2 and U — iUSY /2. i



72 P. J. FORRESTER AND N. S. WITTE

3.3. Duality relations

In our previous studies of the average (1.4) in the Gaussian and La-
guerre cases we have exhibited a duality in ¢ and N which in fact extends
to random matrix ensembles in which the exponent 2 in the product of
differences (1.1) is replaced by a continuous parameter (3. The same holds
true of the average (1.21). Let us define by CSEN the eigenvalue PDF
proportional to

(3.40) H |2k — zj|ﬁ, zj = e, —m< 6; <.
1<j<k<N

When ( = 2 this is the CUE, while the cases 8 = 1 and 8 = 4 are known
in the random matrix literature as the COE (circular orthogonal ensemble)
and CSE (circular symplectic ensemble) respectively. Similarly, let us define
by JBE,, the eigenvalue PDF proportional to

n
1_[5’31/\1(1_fljl))\2 H |$kz—90j|ﬁ, 0<z, <1.
=1

1<j<k<n

In a previous study the two particle distribution functions for the ensembles
CPEpN in the cases 8 even have been expressed as a S-dimensional integral
[22], with the latter having the form of an average in the ensemble J(4/3)Eg.
Generalising the derivation of this identity (see Section 3.4) gives

N
(m—n2)/2 + m
(3.41) <Hzl 2| g (] 4t >Cﬁ

=1 N

m

<H (1 =t)a) >J(4/5)Em A=2(ng—m+1)/6-1"

=1 Ag=2(n1+1)/8-1

In the case § = 2 it then follows from (1.21) that for u € Z>g

N
3.42 < (m—m2)/2 1 n1+n2 1 t u>
(3.42) ll_IIZZ LM ) )

En

W
x <Hzl(771+2772)/2‘1 + Zl‘m(l + (1 _ t)Zl)N>

CUE,
=1 "

As we have characterised the averages in (3.42) in terms of solutions of the
o form of the Pyy equation (1.27), it must be that both sides of (3.42)
satisfy (1.27) with the same parameters b.
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To check this, we note that according to (3.7)

d
(3.43) UR(t; =N — na, gt +1m2) = t(t — D=

N
wloe | (t—1 eg[b]—%ez[b}t%eg[b] z(771—772)/2 14 2 |MHm2 (1 4 2" >
g<< ) e

satisfies (1.27) with

5 Mt 2 2 2

= (b17 b27 b37 b4)

Now the right hand side of (3.42) is obtained from the left hand side of
(3.42) by the mappings

b:(N+772—u NAmtup N—n+p _N+n2+u>

t—1—t, pe— N, m+——n+n2, mnr— —N

which when applied to (3.43) tells us that

d
(3.44) UL (1 —t;—p+n2, Nym) = —t(1 — t)2

N
1\ Zea[b]yeh[b]—Lealb] (m—n2)/2 m-+n2 w
xlog((t 1)z¢2Plge2(bl=s <l1_[121 1+ 2] (1+t2) >CUEN)

satisfies (1.27) with b replaced by
b := (b1, by, —by, —b3).

But we have already commented (recall the paragraph including (3.6)) that
—h(1—t) satisfies (1.27) with the sign of an odd number of the b’s reversed.
Furthermore (1.27) is symmetric in the b’s so we deduce ¢(t — 1) times the
logarithmic derivative of the averages in (3.43) and (3.44) satisfy the same
equation provided

which is readily verified.

Another manifestation of the duality relation is that for £ =0 and p a
positive integer, E}]V(t; a,b, ;&) as specified by (1.10) can be written as a
X determinant.
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PROPOSITION 18. Let m3[ul(t), p € Z>o, denote the T-function se-
quence (2.56) with

73[1](t) < 2F1(—=N,N +a+b+1;1+a;t).

Then

B (t; 0,0, 15 0) o< 73[u] (1)
o tHE=1/2 Gt [QE(_N 5N +ta+b+1+k1 +a;t)] 0. 1
J,R=Yse s =

Proof. When p =1 we have

N
(3.45) Ed(t:a,b,1;0) = <H(t - x1)>JUE o PP (1 — 21)
=1

X oFi(=N,N+a+b+1;1+a;t)

where the first proportionality follows from a standard result in [63] (PJ(\? )
denotes the Jacobi polynomial of degree N). Recalling Proposition 3, we
therefore have

E}(t;a,b,1;0) o 73[1](t; b),

b= (N~ Satb),—5b—a) N+ (a+t)+1,5(a+b).

Thus
(3.46) m3u)(t) = 13(t;b), b= (~by, —ba, —by, —b3)

where b = (by, by, bs, b3) is specified by (3.9). The operation of reversing the
signs of all the b’s and interchanging b3 and by leaves e,[b], e2[b] and the
differential equation (1.27) unchanged. It follows from (2.7) that 75(¢;b)

itself is unchanged, so in fact

~

73lu)(t) = 73(t; b),

which is just the equation (3.9). That the case & = 0 of (3.9) is singled out
by (3.46) follows from the latter being a polynomial in t. [
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3.4. Relationship to generalised hypergeometric functions

In this section we will show that E’]‘]\,(s; a,b, ) can be identified as an
integral representation of a generalised hypergeometric function [42] based
on Jack polynomials evaluated at a special point. To present this theory
requires some notation. Let x := (k1,...,ky) denote a partition so that
ki > kj (1 < j) and K; € Z>g. Let m, denote the monomial symmetric
function corresponding to the partition « (e.g. if K = (2,1) then m, = 2220+
2122), and for partitions |x| = |u| define the dominance partial ordering by
the statement that x > p if k # p and 320, k; > 325 p; for each p =
1,..., N. Introduce the Jack polynomial Pél/“)(zl, Ce Ly ZN) = Pél/“)(z) as
the unique homogeneous polynomial of degree || with the structure

P,.gl/a) (Z) = My + Z aﬁum’u

p<k

(the a,,, are some coefficients in Q(c)) and which satisfy the orthogonality

<p£1/a)7pl§1/a)>(a) X Op

where

1/2 1/2
<fvg>(a):_'u/ﬂ dxl"'u/ﬂ dprjXZl,---,ZDJ)g(Zl,---,ZAC

~1/2 ~1/2
2a . 2mixy
X || |z, — 2, zj =",

1<j<k<N

We remark that when « = 1 the Jack polynomial coincides with the Schur
polynomial. Introduce the generalised factorial function

W Tr D= —1/a+x)
W =1 e

K
J=1

Let
d.= I (atati) + 1) +16.9).
(i,j)€R
where the notation (i,j) € k refers to the diagram of k, in which each
part x; becomes the nodes (7,j), 1 < j < k; on a square lattice labelled

as is conventional for a matrix. The quantity a(,7) is the so called arm
length (the number of nodes in row ¢ to the right of column j), while (i, )
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is the leg length (number of nodes in column j below row 7). Define the
renormalised Jack polynomial

al®lk! o
%Pé )(Z)_

K

(3.47) C9(z) ==

K

Then the generalised hypergeometric function qu(a) based on the Jack poly-
nomial (3.47) is specified by the series

(3 48) F(a) (a a-b b Z) Z 1 [al],(ﬁa) L. [ap],(g) C(a) (z)
. Tyeeoy s01,..., 5 = —_ P
pTq D q ~ ‘H“ [bl],(f) o [bq],(f)

(when N =1 this reduces to the classical definition of ,F).

The relevance of the generalised hypergeometric functions to the present
study is that it was shown in [21] that

(3.49)

1 1 1
5/0 dxy xi‘l(l — )2 (1 —txy) " -/0 dxn x?‘\}(l —zn) 2 (1 —tey)""

S | R 2=<

1<j<k<N

=

(- m),r>J

(2/a)En

-
I

1

o/ 1
=, F! )(T,E(N—l)—l-)\l"f—l; (N —1)+ A1+ do+2;

Ll

tl,...,tN>

ty=-=tN=t

In the case a = 1, \{ = a, Ay = p, r = —b, the integrand in (3.49) coincides
with the integral in the second equality of (1.6). Hence, by Proposition 12
we have that

(3.50) T3(t;b) = 2F1(1)(—b, N +a;2N +a+ p;tq, ... ’tN)|t1:---:tN:t

where b is specified by (3.2) and 73 is normalised so that 73(0; b) = 1. This,
after inserting the known value of P,gl)
in (3.48), can seen to be in agreement with a conjecture of Noumi et al.
[49] subsequently proved by Taneda [64] using a different argument to that
here.

evaluated with all arguments equal
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For future reference we note that for —r =: m, m < N, a non-negative
integer, a result of Kaneko [42] gives that the average in (3.49) has the
alternative generalised hypergeometric function evaluation

N
(3.51) <H(1 - ml)m>J(2/a)EN

=1
=, FM (N (N = 1) — (M +1); =2(N — 1) — a(A + Ao +2);
ti,... ’tm)‘tlz---:tm:t
x QFI(I/Q)(—N, —(N —=1) —a(A1 + 1);a(As + m);
1—t1,...,1— tm)|t1:...:tm:t

where the final formula follows from an identity in [22]. Note that the role
of m and N is interchanged relative to (3.49). In fact it is the equality of
(3.49) and (3.51) which implies the duality relation (3.41). Also from [42]
we have that

(3.52

52)
<H(t—x1)m>” ) o ) F YD (N a(A + A+ m+1) + N — 1;
f (2/@)Ey

a()\l + m)a t17 s )tM)|t1:...:tm:t'

In the case aw = 1, and with A1 = a, Ay = b, m = p this coincides with the
definition (1.10) of E}(¢;a,b, 1;0). Hence from Proposition 13 we have a
formula similar to (3.50) valid for p, N € Z>

(3.53)  T3(t; B) o 2F1(1)(_N,N +a+b+pa+ psty,... ,tu)‘n:_:tu:t.

Results relating generalised hypergeometric functions to 7-functions
can also be found in [1].

84. Py scaling limit

4.1. Scaling limit of the cJUE at the spectrum singularity

We now turn our attention to the scaled limit (1.26). To anticipate that
it is well defined, one notes that the integrand defining the average has an
interpretation in classical statistical mechanics as a log-gas. Thus it can be
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written in the form of a Boltzmann factor e PV with inverse temperature
£ = 2 and potential energy

N
w ,
(4.1) U=- Z(;H; +wilog |1 4 2| 4 plog |e™=X/N) zﬂ)
j=1
— Z log |z, — 2.
1<j<k<N

The classical particle system corresponding to (4.1) has N identical mobile
charges interacting via a repulsive logarithmic potential, and subject to the
discontinuous external potential —(w2/2)0; (=7 < 6 < m). The mobile
charges also interact with impurity charges at § = 7 (of strength w;) and
at 6 = m — X/N (of strength p). In random matrix language these impu-
rities correspond to spectrum singularities of degenerate eigenvalues. We
anticipate (1.26) to be well defined because changing variables 0; — 6;/N
gives a system which has spacing between particles of order unity, and X
is measured in units of this spacing.

In the notation of (3.28), the average in (1.26) is denoted Ay (t; w1, wo,
p; &%). It follows from (3.29), (3.34) and Proposition 16 that

d
t(t — DE log AN (t;w1,wa, ;&) = o(t) — Cit + Cy

where o(t) satisfies (1.27) with b given by (3.31) and C;, C5 given by (3.33).
Since with t = e/,
d d
)=~ X —
£t )dt dX

it follows from the definition of u in (1.26) that

lim ((a(t) - Cit+ CQ)‘t:eiX/N> = u(X; (wy,w2), 15 ).

N—oo

This limit can be taken directly in the differential equation (1.27).

PROPOSITION 19. Let C1,C5 be defined as in (3.33), let b be given by
(3.31), and replace h in (1.27) by u + C1t — Cy. Then with the change of
variable t = XN as N — oo the leading terms of (1.27) are of O(N?),
and give that

2

(4.2) h(t) = u(it; (w1, wa), 13 &) + Z%t + 2wy p + %
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satisfies (1.42) with

. - - - . (8] .
(4.3) 01 =p, Vg =—p, U3 =w, U4 = —w, Vj :=v; + 5 wiEw + iws.
Proof. Direct substitution with the change of variables t = e'*/N and

expanding in N for N large shows that the leading order term is propor-
tional to N2. Equating the coefficient of N? to zero gives

(Y (Y () )~ o X X7 ()

dX?2 dX dX dX
—|—4(w +£)ud—u+8 (ww—l— w —I—ﬂX)d—u—u2—4w U
2 5 ax plwWiw2 T Uw2 5 ax 1M

+ (2pw2)? = 0.

Changing variables X +— it and comparing the resulting equation with
(1.42) after the replacement hy — h + ait + ag shows that the equations
for u(it) and h coincide provided

1, 1,
a; = §2w2, ay = 5@02 + 2w
and the equations
04) e1[V] = 2iws, e2[V] = —(1* + wi + w3)
' es[V] = —2ip’wy, es[V] = p?(wi +w?)
hold. Direct substitution verifies (4.4) is satisfied by (4.3). [

The boundary condition which (4.2) is to satisfy can be predicted in
the cases £ =0 and £ = 1 from the log-gas interpretation of the average in
(1.26). Consider first the case £ = 0. Then the potential energy function
(4.1) is being averaged over the whole circle. For large X (after the scaled
limit has been taken), to leading order the impurity charge originally at
2z = /™= X/N) on the circle is expected to decouple from the impurity
charge at z = €', meaning that the average in (1.26) will be independent
of X. However, for this to happen the potential energy must be modified
to include the term —2w;plog |1+ e~ **/N| corresponding to the interaction
between the two impurity charges (see [18] for similar applications of this

argument). This leads to the prediction
(4.5) u(X; (w1, w2), 1;0) ~ —2wip
X—o00

: 2
and thus h(t) ~ —t+ —=.
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In the case £ = 1, the average (1.26) corresponds to excluding the particles
from the interval (m — X/N, ). To leading order one would expect the large
X behaviour to be independent of the parameters wi,ws, u and thus to be
given by the w; = wy = p = 0 results [69], [17] which implies

X2
4. X; 1) ~ —— 1
( 6) u( 7(w17w2)7,ua )Xﬂoo 16 +O()
t2 iwg
h ~ — 4 — 1).
and thus h(t) o 16 + 5 t+0(1)

4.2. Multi-dimensional integral solutions
As commented in the Introduction, the differential equation (1.42) is
the analogue of (1.27) for the PV system. Specifically, one considers [55] a
Hamiltonian Hy associated with the Painlevé V equation,
tHy = q(q —1)*p* - {('UQ —v1)(g = 1)* = 2(v1 + va)g(q — 1) + tq}p
+ (v3 —v1)(va —v1)(g — 1)
where the parameters vy, ..., vs are constrained by

v + v +v3+v4 =0.

It is well known that eliminating p in the Hamilton equations (2.2) gives
the general Py equation with 6 = —1/2 in the usual notation. Our interest
is in the further fact that the auxiliary Hamiltonian

hy = tHy + (v3 — v1)(vg — v1) — vt — 203

satisfies (1.42), which is the analogue of the fact that (2.7) satisfies (1.27).
Using the Hamiltonian formalism, we have previously constructed determi-
nant/multi-dimensional integral solutions of (1.42) [30]. To make use of
these results, we first note that with

(4.7) hV =0 — vt — 2’1)%

it follows from (1.42) that the quantity o satisfies

(4.8) (to")? —[o —to’ +2(0")? + (vo + v1 + vo + 13)0’]?
+4(vg+ 0" )1 + 0 ) + 0" ) (v3+ ') =0
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with
(4.9) vp=0, vy =v3—1v, Vo=w3—v1, V3=1U4— V1.

Now, a family of multi-dimensional integral solutions of (4.8) found in [30,
Prop. 3.1 together with (1.45)] states that

(4.10) t% log (t“”+”2 G Y17 >JUEn) = UN(t;a,b)

where UL (t; a,b) satisfies (4.8) with
(4.11) =0, rn=-b, wvw=n-+4a, vz=n.

The relevance of (4.10) for the present purposes is that in the special
case m € Z* it follows from (3.42) that

(412)  lim X—1og<Hz<’” M)I2)| gy mAn2 (] 4 e XN ym >

N—=oo CUEyN

d ,
— Xﬁ 10g< XZ]:l Zj >JUEm ‘ Al)\ ignlm .

We recognise the left hand side of (4.12) as a rewrite of the left hand side
of (1.26) in the case £ = £*, where £* = 0 for m even and £* = 2 for m odd.
Consequently
(4.13) x-L 1 Gt _
: ax o8\e >JUEm|§1*“
a+b+m b—

= (i ( 2 o )’%;5*)_

It thus follows from (4.12) and Proposition 19 that

S
s

d U
(4.14) talog@ 2= J>JUE”

1 1
= h(t) + 7(b—a—2n)t - g(a+b+n)+ S(b—a)
where h(t) satisfies (4.8) with vy = n/2 + (b — a)/4 and vp,...,v3 as in

(4.11). Use of (4.7) to substitute for h(t) in (4.14) reclaims the fact that
(4.10) satisfies (4.8) with parameters (4.11).
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4.3. Generalised hypergeometric function expressions

)

The generalised hypergeometric function 4 F’ l(a has the confluence prop-

erty [73]
(4.15) lim S F (L, biesa/L) = 1 F{ (b ;).

which follows easily from the series definition (3.48). Applying (4.15) to
(3.49) with t — —t/r, r — oo gives [20]

Tt el .
(4.16) <l||1 e >J(2/Q)En F (a(n 1)+ Ay + 1;
2
—(n—1)+)\1—|—)\2—|—2;—t1,...,—tn> .
« ti ==ty =t

In the case a = 1, A\ = a, A2 = b we can substitute (4.16) in (4.10) to
deduce

d 2 (1
(4.17) t% log tot™ 1F1( )(n +a,2n+a+b;—ty,..., _t”)‘tlz---:tn:t
= Uy (t;a,b)
where UL (t; a,b) satisfies (4.8) with
vy=0, rn=-b, wvmw=n+a, v3=n.

Furthermore, applying (1.20) to the left hand side of (4.16) we deduce [20]

T2 I
418 1 :
(4.18) <lel 1+

1
o lFl(a) (—b/,a(n— 1)+a/+1;t177tn>

ty=-=tp=t
85. Applications

5.1. Eigenvalue distributions in ensembles with unitary sym-

metry
Let a sequence of N eigenvalues x1,...,xn have joint distribution
pNn(Z1,...,zn) and let the support of these eigenvalues be an interval I.

Let Iy C I, and consider the multi-dimensional integral

(5.1)  En(1p;§) := (/I —£ f )dxl"' (/I —£ f )depN(xl,...,xN).
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We see immediately that the probability En ,(lo) of there being exactly n
eigenvalues in the interval I is related to (5.1) by

-1 o
Bvalto) = L 2Bt
Equivalently
(5.2) > (1= Enn(lo) = En(Io;€).
n=0

In particular, in an obvious notation it follows from (1.10) and (1.18) that

(5.3 Bl((s.05a.0) = S B s 00|
6.4 B 6.1 (wnwn) = LD 01 oren), 09|

According to Proposition 13, and the fact that with s = 1, E}]v in (5.3)
equals unity, we have

(1) o
n! 8—5”

X exp{—/s1 (UN(t a,b,0;&) — [ |t + %@[B]) t(td_t 1) }Ll

where U ]{, is specified as in Proposition 13 with boundary condition (1.38).

(55) ElJ\f,n((Sv 1); a, b) =

The result (1.41) with p = 0 gives an analogous evaluation of (5.4).
Suppose now that Iy = (s,t). Then the quantity

(5.6) En(lo;8:€) = (N+1)</I—§ I)dxl---(/l—f I)d:):N

X pN+1(8,I'1, . ,xN)

is related to the probability density pn (o, s) of there being an eigenvalue
at s as well as n eigenvalues in the interval Iy = (s,t). Thus we have

(=n" 9"

nl a—énEN(IOasvf) 5:1'

pNn(lo,s) =
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Now for the JUE with Iy = (s, 1) the quantity (5.6) is proportional to s*(1—
s)b times EY,(s;a,b,2; &) as specified by (1.10). Writing the proportionality
in terms of the integral (1.23), it follows from Proposition 13 that

JN(a,b+ 2)
7(9& ]._ S
Int1(a,b) ( )

L A A
. exp{—/ (TA(t:0,,2:€) — s blt + %eﬂb})t(tdftn}‘u

where (/jj{f satisfies the differential equation specified as in Proposition 13.

p(=1)" 9"
n!  Og"

(5.7) pra((s:1);a,b) = (N +1)

The boundary condition which U ]{, must satisfy is given by the following
result.

ProrosiTiON 20. We have

(5.8) UX(t;a,b,2;€)

~ b — %@[B] F O — 1) +do(1 — P31+ 01 — )] + - -

t—1-—
where
(5.9)
do— —2¢ 1 T(a+b+N+3)T(b+ N +3)
O T+ )b+ 2T(b+3)T(b+4) T(a+N) T(N)

and the terms O(1 —t) are analytic in 1 —t.

Proof. The constant term follows immediately from the requirement
that the integrand in (5.7) be integrable at ¢ = 1. To deduce the explicit
form of the leading non analytic term we note that the analogue of (5.2)
applied to (5.7) gives

(5.10)
PN-1,0((s,1);0,b) + (1 = E)pX_11((5,1); 0,b)
In-1(a,b+2) , b
SN a0

X exp{— /:(A]{;(t;a,b,?;f) — eb[b]t + %62[13])‘ dt }

N—N-1t(t — 1)
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But it follows from the definitions that

1
(5.11) py—10((5,1);a,0) e PN (s) —/ P 2(s,t)dt + -+
1
612 phoa(an) ~ [ ka0

where pJNn denotes the n-point distribution function in the JUE with N
eigenvalues. Hence, making use also of the ansatz (5.8), (5.10) reduces to

JNfl(a,b‘l- 2) a

1
(5.13) pha(s) — ¢ / phalstydr o~ NS o)

><{1+0(1—s)+---+%(1—s)b+3[1+0(1—s)]+.--}.

For the first term on the left hand side of (5.13) we note from the definition
of pJNJ(S) as a multiple integral that

JN_l(a,b+2)
pna(s) ~ N=—Foos

a1 — b
s—1~— JN(a,b) N ( S) ’

which is in agreement with the first term on the right hand side of (5.13).
For the term proportional to & we note from the definition of p3; ,(s,t) as
a multiple integral that

JN_ b+4
Pha(s,t) ~ N(N_l)m

st—1— Jn(a,b) (1—9)"(1—1)(s —1)%

which gives

1
| ohatsityas

2
b+1)(b+2)(b+3)

~ N(N—l)JN72(a’b+4)

1 _ g)20+3
s—1— Jn(a,b) ( )

Substituting in (5.13) and making use of (1.25) shows this is consistent with
the value of dy in (5.9). [

The probability py, for the JUE with Iy = (0,s) can be similarly
characterised. In fact by changing variables x; — 1 — x; in (1.10) we see
that

(5.14) PN ((0,5);a,0) = pi,((s,1); b, a).
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Again with Iy = (s,t) we introduce the quantity

I

(5.15)  En(lo; (5,£):€) i= (N +2)(N +1)( / ¢ Io)dxl .
X (/I —£ f )depN+2(s,t,x1,...,xN).

‘We have

1 (=)™ o ‘ .
oo ogn N0 0]

pN,TL(I(]7 (8, t)) =

where py (Lo, (5,t)) denotes the probability density of there being an eigen-
value at s and n eigenvalues in Iy = (s,t), given there is an eigenvalue at t
(pn+2(t) denotes the eigenvalue density at ¢). For the CUE the eigenvalue
density is a constant. Choosing (s,t) = (7 — ¢, m), (5.15) is proportional
to sin? ¢/2 times E’f\;](gb; (1,0),2;&) as specified by (1.18). Using (1.41) and
(1.24) we deduce

2m\ cup (20X 1 5 L owX (=1)" 0"
(5.16) (N)PN—2,n(—N )‘3(N Lsin® == oEn

2r X /N
X exp{—% /0 (UE,{Q(cot g; (N,0), 2;5) + 4 cot g)d@}‘é_l

The boundary condition can be deduced by adapting a strategy analogous
to that used in the proof of Proposition 20. We find

(0% o (v 012 AV
(5.17) 2<UN_2(cot2,(N,0),2,§)—|—4cot2) 15(N 4)tan2
0. (£—-1)(N+2)! 0 0
3l 4 b 67
+ O(tan 2)+ 5107 (N —3)! tan 2+O(tan 2)

where are term O(tan® g) are odd in 6 while all terms O(tan® g) are even
in 6.

The eigenvalue density is another statistical property of the eigenvalues
accessible from the average (1.10) (for the JUE) and (1.18) (for the cJUE).
We must choose = 2 and & = 0, and multiply (1.10) by z%(1 — x)® and
(1.18) by e“2?|1 + ¢'®|?¥1. We then obtain expressions proportional to the
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definition of the density in an ensemble of N + 1 eigenvalues, py41 say.
Making use of Proposition 13 it therefore follows that
JN (a + 2, b) @

(5.18) pR41(s) = (N + 1)m5 (1—s)"

X exp{/os (ﬁ]{,(t, a,b,2;0) — elz[l;]t + %GQ[BD t(;l%l)}

where U ]{, is specified as in Proposition 13 with boundary condition (1.36).
An analogous formula can be written down for p§ 4+1(¢) using (1.41).

The term in (5.18) involving the exponential function is proportional
to E}]\,(s; a,b,2;0). According to Proposition 18 and (3.45)

PP —2s)  PEPTY(1 - 2s)

a,b— a,b
P](V+1 1)(1 — 2s) PJ(\H-%(l — 2s)

(5.19) E}]V(S; a,b,2;0) oc s~

On the other hand, from the fact that {qua’b) (1—2s) }nzo L
with respect to the weight function s%(1—s)?, (0 < s < 1), well known direct

~are orthogonal

integration methods give that

a,b a,b
P& (1 —25) Lpld(1 - 25)

(a,b)

(5.20) E}]V(s;a,bﬂ;()) o )
PEM (1 —25) LpP (1 - 2s)

Using Jacobi polynomial identities, (5.20) can be reduced to (5.19).

The above results apply to the finite N ensembles. Also of interest are
scaled N — oo limits of these results. As mentioned in the introduction,
we are restricting attention of such limits to the spectrum singularity. One
example of the latter type is

. 27 2 X
pr(X) = lim =5 ().

For its evaluation we read off from (5.16) that
2
)~ TX,
and note that the scaled limit of (5.15) for the CUE is proportional to the
average in (1.26) with

(5.21) we =0, wp=p=1
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Thus

bulk( gy _ T g2 (=1)" 9" . 0%
(5.22) pN(X) = S X2 8—@exp{/0 u(t,(l,O),l,f)?Hézl

where according to Proposition 19 the quantity h(t) = u(it; (1,0),1;€) + 2
satisfies (1.42). Substituting the parameter values (5.21) in (4.3) it follows
from (4.2) and (1.42) that u itself satisfies

(5.23) (su)? + (u — su/){u — su' + 4 — 4(u')?} — 16(u)? = 0

with boundary condition

. . 1 -1
(5.24) u(t; (1,0),158) ~ —EtQ +0(th) — m(f’ +0(t")

where all terms O(t*) are even, while all terms O(¢") are odd. In the case

n = 0, pbulk
’ n

the infinite CUE, scaled so that the mean eigenvalue spacing is unity. The

formula (5.22) gives

2 2 X a4 _
(5.25) pRulk(x) = %XQ eXp( / hizitiv) =2 dt),
0

(X) is the distribution of consecutive neighbour spacings in

t
v=(1,-1,1,-1).

Previous studies have given two alternative Painlevé o-function evaluations
of this same quantity. The first, due to Jimbo et al. [39], can be written

d? X p(—it; V)
bulk _ A =

(5:26)  PEU(X) = - exp(/o - dt), v = (0,0,0,0)
while the second, due to the present authors [28], reads

d X p(—it;v)
bulk _ ;
(5.27) pot (X)) = T 6XP </0 ; dt),

v =(0,0,1,—1) or (1,—1,0,0)

(the boundary conditions in (5.26) and (5.27) are not required for the
present purpose). In each of (5.25)—(5.27) the function h(t;v) satisfies
(1.42) with v as specified.



PAINLEVE 7-FUNCTION THEORY AND RANDOM MATRICES: Py1 89

The equality between (5.26) and (5.27) implies the identity

1 (s;(0,0,0,0))

(5.28)  h(s;(1,-1,0,0)) = =1+ h(s5;(0,0,0,0)) + s h(s;(0,0,0,0))

A direct proof of this identity was given in [71] using the formulas of [16]
for hy and hj, in (1.42) in terms of a particular Py transcendent and its
derivative. Analogous to (5.28), the equality between (5.27) and (5.25)
implies the identity

1 (s;(0,0,1,-1))

(5:29) Als; (1, 1,1, =1)) = =14 h(5; (0,0,1,=1)) + 532657y

In fact both (5.28) and (5.29) are particular examples of an identity between
functions satisfying the o-form of the Py equation proved in our paper [28].
With ¢ = o(t;v) specified as a solution of (4.8) with v given by

1 1
(5.30) v = (—Z(ZN +a—p),—7(2N +a+3p),

1 1
Z(QN +3a + p), 1(2]\7 —a+ M))
the identity states
a'(t;v)
5.31)  of(t: — —(a4+1+2N)+t ( tiv) 4+t 20 )( .
( ) U( v>|p,:2 (a+ + )+ + O-( V) + O'(t;V) N,ﬁj\?_,_l

Now, from (4.7),

h(t; (1, 1,1, D) =ot;1,-1,1,-1)) =t —2,
h(t;(1,-1,0,0)) = o(t; (1,-1,0,0)) —t — 2,
(5:32) h(t; (0, 0,1, 1)) = o(t;(0,0,1,—1)),
h(t; (0,0,0,0)) = o(t; (0,0,0,0)).

To deduce (5.28) from (5.31) we set p =2, N = —1, a =0 in (5.30), giving
v = (1,—1,0,0) on the left hand side, then set © =0, N =0, a = 0 giving
v = (0,0,0,0) on the right hand side of (5.31). The identity (5.28) then
follows by making use of the second and fourth formulas in (5.32). Similarly,
(5.29) follows from (5.31) by choosing = 2, N = —2, a = 2, then u =0,
N = —1, a = 2, and making use of the first and third identities in (5.32).
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There is an analogue of (5.31) for functions satisfying the o-form (1.27)
of the Py equation. This can be obtained by substituting in the formula

d
(533) p}]V,n((S’l);a’ b) = %E}]\f—l—l,n((sv 1)7a7b)

the exact evaluations (5.7) and (5.5), and taking the logarithmic derivative.
We find

(5.34)
Ux(sia,b,2:€) = _(a T2+l oo~ cob] M=2>8

N—N+1

1 - 1 .- .
—|—<a+1—|——62[b]‘ p=0 ——eg[bHM:2>—l—U]{erl(s;a,b,O;f)

2 N>N+1 2
1 .

d ~ .
+ s(s — 1)% log (UJ{;H(S; a,b,0;€) — eh[b]| .= s+ =ea[b]

pn=0 )
N NA+1 2 N N+1

. d .
=lYo—s+ U1{7+1(3§%b;0§f) +s(s — 1)% 10g<U1{7+1(35aaba0;§)

+ (N +1+ %(a +0))%(s = ) + %(aQ - bQ)).

An alternative derivation of (5.34) can be given. Following the method
first introduced in [71], and also used in [30] to derive (5.31), we use (2.26)
and the action

81b = (bl, bg, b4, b3)

to note that
$1T5 's1T5 (b1, o, by + 1,bg — 1) = (b1, bo, by, by — 2).

This means that if we temporarily reorder the components in (1.35),
1 1 1 1
b (5(19— a),—=5(a+b). 5(a+b)+ N, ~3(a+1b) - N_ﬂ)

(as (1.27) is symmetric in the b’s, this does not affect the U”, which are
defined as solutions of (1.27)), then

(5.35) UJ‘{,(s;a,b,Z&) = snglsnglﬁj‘{,H(s;a,b,O;ﬁ)

Using (2.3), (2.7), (2.8), Table 1, (2.24) and (2.32), we can use computer
algebra to verify that the right hand side of (5.35) agrees with the right
hand side of (5.34), thus providing an independent derivation of this result.
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5.2. Relationship to the hard edge gap probability in the
scaled LOE and LSE

The Laguerre orthogonal ensemble (LOE) refers to the PDF

N
1
(5.36) c Hacfef‘”/Q H |eg — x|, x> 0.
=1

1<j<k<N

Fora =n—N-—1 (n > N), this is realised as the joint eigenvalue distribution
of random matrices AT A, where A is an n x N matrix with independent,
identically distributed standard Gaussian random variables. Scaling by
x; +— X /AN, and taking the limit N — oo gives well defined distributions
in the vicinity of x = 0 (the hard edge) [21]. One particular quantity of
interest in this scaled limit is E?ard(s; a), the probability that the interval
(0,s) is free of eigenvalues. This was evaluated in terms of a Painlevé V
transcendent in [19] and expressed as a 7-function for a Py system in [31].
The latter result can be written

(5.37) % log EM4(32; (q — 1)/2) = hy ()

where ) ) .
oy (x) = zhy(z) + 4x2 - (a; )x + a(a4— )

satisfies (4.8) with ¢ — 2z and

(5.38) V] = —vg = i(a —1), v3=-vy= i(a—i— 1).

On the other hand, if follows from Proposition 19 that
1 1 1
Z(a—1); ) — Zla—Dz+-ala—1

also satisfies (4.8) with ¢ — 2z and parameters (5.38). Hence
(5.39)

d
xd—logEhard( i(a—1)/2) + iﬁ = u(%az; (i(a—i— 1),0), i(a — 1);5),

where we use the symbol = to mean that both sides satisfy the same dif-
ferential equation.

u<2i:r; (i(a—i—l),O),

In the special case (a—1)/2 = m, m € Zx, if follows from the definition
of Ead(s: (a — 1)/2) that it is analytic in s. With this value of (a —1)/2,
the right hand side of (5.39) reads w(2iz; ((m + 1)/2,0),m/2;¢). But we
know from (4.13) that u with these parameters, analytic in z, is given by
an m-dimensional integral, thus leading to the following result.
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PROPOSITION 21. For m € Z>,

(5.40)  E(sPm) = TS BRI o L e

Proof. The only point which remains to be checked is that for u in
(5.39) given by (4.13), both sides have the same small = behaviour, thus
determining the boundary condition in their characterisation as the solution
of the same differential equation. This is the same as showing that both
sides of (5.40) have the same small s behaviour. Now, with the scaled
density of the LOE ensemble (5.36) denoted p,(X), it’s easy to see from
the definitions that

d h.
~E ard
ds t

But we know that [26]

pa(s?) = KPrd(s2 62y 4 M(l - /Os Jo—1(v) dv),

(827 m) ~ _28102m(82)'

4s

KR (62 2) = i((Ja(s))Q —Jur (8)Tacr(5)).

For small s the term J,11(s)/4s dominates, implying the result
g2m+1

- 22m 2T (2m + 2)

d
(5.41) £E?ard(82,m) ~

To determine the small s behaviour of the right hand side of (5.40), we
note that the JUE,,, average with A\; = Ay = 1/2 coincides with an average
over the unitary symplectic group USp(m) upon the change of variables
Aj = 1(cosf; + 1). Explicitly (see e.g. [30, eq. (1.26)])

(542) em5<€_2s Z;nzl ac]-> — <€(s/2) TrU>

JUE,, ‘,\1:,\2:1/2 UeUSp(m)”

Furthermore, it is known from the work of Rains [59] (see also [8]) that

5.43 (s/2) T*U & (522 fi
(5.43) <6 >U€USp(m) o ZO 22npl (20 — 1)1

n=

v denotes the number of fixed point free involutions of {1,2,...,
2n} constrained so that the length of the maximum decreasing subsequence

is less than or equal to 2m. Following [1], the small s behaviour of (5.43)

where f
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follows by noting that from the definition, for m < n we have flv =

2"(2n — 1)!! (the number of fixed point free involutions without constraint)
while finv, = 2m+1(2m 4 1)I! — 1. Hence

m+1m

(/220

(s/2) TrU — 2/8
(e >U€USp(m) eXp{s /8 2m+1(m + 1)!1(2m + 1)

2(m+2)
T +0O(s )}

The derivative of this expression multiplied by e=5"/8 has leading order
behaviour (5.41), as required. [

Note that substituting (5.42) in (5.40) gives the identity

ar —s? S
(5.44) Ep((2s)%m) = e (™) Cisoim)

Consider next the Laguerre symplectic ensemble (LSE) which refers to
the PDF

1 N
— 4
EH:c?e o H (xp — )%, ;1 >0.
=1 1<j<k<N

The corresponding scaled hard edge gap probability E}fard

shown in [31] to have the 7-function evaluation

(s;a) has been

(5.45) Ey Y (a?ia+1) = % (%v(x) + %;(x))
where J i p
. log 7y (z) = hy(z) and . log 77 (z) = hy (z)
(recall the meaning of = from (5.39)). Thus
(5.46) 7v(z) = BE{* (% (a - 1)/2)

and the logarithmic derivative of both 7-functions in (5.45) satisfy the same
differential equation, differing only in the boundary condition. From [31]
we require

(5.47 L 1og 7 (@)~ 1a(e) ~ o
. x—lo 2) ~ ZJ(x)~—
dr 8TV Do 270 et (0 1 1)
Analogous to the results (5.40) and (5.44), 7{(z) with (¢ —1)/2 = m,
m € Zx>q, can be written as an average over the JUE, or equivalently as an
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average over a classical group. To see this, we first note from Proposition 19
that

U(Zt, (wla 0)7 13 5) = U(Zt7 (M: 0)7 wis 5)7
and use this together with (5.39) and (5.46) to deduce

d ~ % 1 2 - . 1 1 .

xalogﬁ/(az) + Vi u(2m, (Z(a —-1),0), Z(a + 1),5).

But for (¢ —1)/2 = m and thus (a +1)/4 = (m + 1)/2, we see from (4.13)
that

(5.48) u<2m; (%(m— 1),0),%(m+1);§*)

. d m+De/ —2c S
= $@10g<e( ) <€ Py ]>JUEm+1‘)\1:>\2:—1/2)'
Because, as will be checked below, the small x behaviour of (5.48) coincides

with (5.47), we can read off the expression for 7{;(x) as an average over the
JUE.

PROPOSITION 22. For (a —1)/2 =m, m € Z>,

(5.49) Tv(z) = 6_x2/8+(m+1)$<6_2$ Ei xj>JUEm+1 ‘,\1=,\2=71/2'

Proof. We have to verify the assertion that (5.49) is consistent with
(5.47). Again following [1], we proceed in an analogous fashion to the proof
of Proposition 21. Now, in the case A\; = A2 = —1/2, the JUE,,;; average
coincides with an average over matrices in O%(2m+2) — (2m+2) x (2m+2)
orthogonal matrices with determinant +1. Analogous to (5.42) we have
(5.50)

e(m+1)x<6—2x St _ <€(x/2) TrU>

1 Ty
>JUEm+1 ‘)\12)\2271/2 U€O+(2m+2)'

But we know from [1] (see also [67]) that

2 l
zTrU L T l
<€ >U€Oi(l) :eXp(giF—l—O(:B +1)).
Thus (1/ )2 o
~% x) ™ m
o (z) = exp<7(2in ot O(z” +3)),

which, recalling (a — 1)/2 = m, is consistent with (5.47). [
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We can express 524 (22:a + 1) in a form analogous to (5.44). For this
purpose we recall that the joint PDF of the eigenvalues from the group
USp(1), coincides with the joint PDF of the eigenvalues from the group
O~ (2] + 2) (not including the two fixed eigenvalues A = £1). Using this
fact to rewrite the average in (5.44), substituting in (5.46), substituting
(5.50) in (5.49), and substituting the results in (5.45) shows

(5.51)  ERd(222m + 2)

1

_ §e_x2/8<<€(ac/2)TrU> (:v/2)TrU>

Ueo+(@m+2) T (e U607(2m+2)>

—z2/8 x/2) TrU
=e "/ <e( /2 >U€O(2m+2)‘

5.3. Last passage percolation

Johansson [40] has introduced the following probabilistic model. De-
fine on each site (4,7) of the lattice Z2, a non-negative integer variable
w(i, j), chosen independently with the geometric distribution g(q?) (thus
Pr(g(¢?) = k) = (1—¢*)¢**, k=0,1,...,). Let (0,0) wu/wr (M —1,N —1)
denote the set of all weakly up / weakly right paths (meaning a sequence
{(ir,§r) ) with iy <idg < --- <4y and j1 < jo < --- < j5;) on the lattice
starting at (0,0) and finishing at (M — 1, N — 1), moving only upwards or
to the right. A quantity of interest is the random variable

5.52) G¥YYI(M —1,N—1):¢?) := i
(5.52) (( , )iq”) we(o,O)wu/gﬁ}z@—l,N_n(Z); w(i, j)
1,])ET

which with the integer variables w(i, j) regarded as waiting times represents
the last passage time of directed percolation paths (0,0) wu/wr (M —1, N —
1). The relevance to the present study is that Baik and Rains [6], [4] have
shown

(5.53) Pr(GW“/Wr((M SN 1)) < z)
l

= (1= )M ([T0 + )N (1 +1/2)™)

o
et CUE,

Using the results of this paper, (5.53) can be expressed both as a 2F1(1)

hypergeometric function and as a 7-function for a Py7 system.
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PRrorosITION 23. We have

(5.54) Pr(GW“/Wr((M SN 1)) < z)

1
= (1= @AM FV (=N, =Mty ),
_ (1= unINM = N.0)
In(M =N,
o F (<, My M+ Nj1— ¢, 1 — tN)|t1:m:tN:q2

= (1= MV B)| et amo
b=—M—

N—1

where the second equality is valid for | > N.

Proof. The average in (5.53) coincides with the CUE average (1.21)
provided

(N,d', b, u,t) = (1,0, M, N, ¢%).

With a, b specified in terms of a’, b" in the line below (1.21), these values
imply (a,b) = (=1 — M,M). The 2F1(1) evaluations now follow from the
specification of the right hand side of (5.53) with the above parameters,
and the results (3.49) and (3.51). For the normalisation in the second
equality we have used the general formula [73]

N | ‘ _ I =)
oF7 T (r, N + A3 2N + )\ "‘)‘Q’tl"“’tN)|t1=":tN:1 N In (A1, A2)

The final equality follows from (3.53). [

The second equality in (5.54) is well suited to taking the exponential
limit

(5.55) g=e¢ Y |=Ls, L—
in which the discrete geometric random variables w(i,j) in (5.52) tend to

continuous exponential variables, with unit mean, and each random variable
again confined to the lattice sites.
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PRrROPOSITION 24. We have

(5.56) g™"/"((M —1,N —1);5)
R B wu,/wr o -1/L
= Lll_)II;O Pr(G (M —1,N—1)e ) < Ls)

N-1 .
I'(1+7) MN (1)
= (1L s i gp) "™ O M 4 Niscaw) ey
1 ° M—-N ° M—-N
= dryxy" ~ exl---/ dry T e N
Hj.V:—Ol(M_NH)!ﬂ/o ! 0 N

x [ (xn —5)

j<k
where in the final equality it is assumed M > N. Furthermore
(5.57) s% log "Y' ((M —1,N —1);5) = Uk (t; M — N, 0)
where UX(t;a,0) satisfies (4.8) with
vy=0, 1v1=0, rwv=N+a, v3=N.

Proof. We see from (1.25) that in the limit (5.55)

(1_q2)MNM MNNH1 Fi+))
Jn(M — N, 1) DM +1+j)
while it follows from (4.15) that
SO (L MM+ N1 — .1 — 30—
N 1F1(1)(M;M + N:sq,.. .,SN)|51:..:5N:75'

To obtain the final equality in (5.56) we make use of (4.16) and (1.25) in
the equality before. The formula (5.57) follows from the first equality in
(5.56) and (4.17). O

The final equality in (5.56) was first derived by Johansson [40] using a
different method. In words this equality says that the limiting last passage
time cumulative distribution is equal to the probability of there being no
eigenvalues in the interval (s,00) of the Laguerre unitary ensemble with
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a =M — N (the general Laguerre weight being x%¢~%). With this identity
established, (5.57) is equivalent to a result first derived in [66].

Formulas analogous to (5.53) are known for certain variations of the
original Johansson model. One such variation involves 0, 1 Bernoulli ran-
dom variables with distribution b(q?) at each site (thus Pr(b(¢?) = 0) =
?/(1 + ¢?), Pr(b(¢®>) = 1) = 1/(1 + ¢?)). Furthermore, the set of weakly
up / weakly right paths is replaced by the set of weakly up / strictly
right paths (to be denoted wu/sr), meaning a sequence {(i,,j,)}._; with
i1 <ig < - - <ijand j; < jo < --- < gy, or the set of strictly up / strictly
right paths (to be denoted su/sr), meaning a sequence {(i,7j.)}._; with
i1 <idg < --- < ijand j; < jo < --- < j;. Thus with B¥Y/5" and BsY/s'
defined analogously to (5.52), one has [6], [34], [4]

(5.58) Pr(Bwu/Sr((M SN 1)) < z)
l
= Wq—{(l +1/2)" (1 - qQZl)‘N>CUEl
(5.59) Pr (Bsu/sr((M SN 1)) < z)

l

= (1= )" ([T +1/2)7 (1 + ?2)™)

i CUE,

where in (5.59) the contours of integration in the CUE; average must be
deformed so that the point z = —1 lies inside the contour while z = —1/¢?
lies outside.

PRrROPOSITION 25. We have

(5.60) Pr(BW“/Sr (M~ 1,N —1);¢%) < z)

(1) 7.
W 2F1 (N, —M, l,tl, . ’tl)‘t1=---=tl=fq2

_ | =~

WT3(_(J

LS

(5.61) Pr

/N

BUS((M = 1,N —1);¢?) <1)
1
= (1 - q2)MN2F1( )(Nv M;litq, ... ’tl)‘tlz---:tl:qQ

(1= )MV 13(¢%b)| i
a=0,b=N-+M—1
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Proof. The averages (5.58) and (5.59) result from the CUE average
(1.21) by setting

(1,0,M,—N,—q*) wu/sr

5.62 N,d' bV, u,t) =
(5.62) ( . t) {(l,O,—M,—N,qQ) su/sr.

With a/, b so specified, it follows from the equations in the line below (1.21)
that (a,b) equals (= — M, M) and (=1 + M, —M) respectively. The 2F1(1)
evaluations now follow from the specification of the left hand side of (5.53)
with the above parameters, and the results (3.49) and (3.51), and the 7-
function evaluations in turn follow from (3.53). 0

We remark that for [ > N it follows from the definitions that
Pr(BW“/sr((M—l,N—l);q2) < z) - Pr(Bsu/Sf((M—1,N—1);q2) < z) -

(1)

These equalities for [ = N can be read off from the above ,F| "~ evaluations
by noting the general formula [73]
m
QFl(l)(a,b;a;tl,...,tm)leél)(b;tl,..., H (1—1t5)

Underlying the Johansson probabilistic model and its generalisations is
the Knuth correspondence between integer matrices, generalised permuta-
tions and semi-standard tableaux (see [40, Section 2.1]). In fact the random
variable (5.52) in the Johansson model is equivalent to the random variable
specifying the length of the longest increasing subsequence of random gen-
eralised permutations with a certain probability measure, or alternatively
the length of the first row of a certain class of random Young diagrams. The
notion of measures on Young diagrams also occurs in the work of Borodin
and Olshanski on representations of the infinite symmetric group (see e.g.
[13], [15]). In particular, for random Young diagrams distributed according
to a so called z-measure, the probability that the first row length Y'(z;€) is
less than or equal to [ is shown to be given by

(5.63) Pr(Y(z;g) gz) —(1—¢)lP <H 1+ /E2)*(1+ VE/2) >
j=1

CUE,
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Note that with z = N, & = ¢?, this coincides with the case M = N of
(5.53). Comparing (5.63) with (1.18), we see that in the case z real

(5.64) Pr (Y(z; et) < z) = (1 - e B EY(—it; (0,0), ;0.

Hence we have the Py o-function evaluation (3.25). Complimentary to
this result, we draw attention to the recent work of Borodin [10] (see [11]
for still more recent developments), who through a newly developed theory
of discrete integral operators and discrete Riemann-Hilbert problems, has
derived a difference equation for Pr(Y (z;e~*) <) in the discrete variable
! involving two auxiliary quantities which satisfy a particular case of the
discrete Py system (2.71), (2.72).

5.4. Symmetrised last passage percolation and distribution of
the largest eigenvalue in the finite LOE and LSE
Consider the original Johansson probabilistic model introduced in the
previous section. Choose the weights w(i, j) for i < j as independent geo-
metric random variables with distribution g(¢?), and impose the symmetry
that w(i,j) = w(j,4) for i > j. Choose the weights w(i, i) on the diago-
nal independently with distribution ¢(g), and consider the random variable
(5.52) with M = N. By the symmetry constraint the set of paths in (5.52)
can be restricted to the triangular region i < j, so we denote (5.52) in this

case by G/ (N;¢%).

triangle

Baik and Rains [6] have shown that

(5.65) Pr (qu/wr (N:q?) < z)

triangle

= %(1 —oN@a - q2)N<N*1>/2<det[(1 +U)(1 + qU)N]>

The significance of (5.65) from the viewpoint of the present study is that
it can be written in the form (1.7). To see this we recall that for | even
+10  while for [

o+()’

all eigenvalues of OT () come in complex conjugate pairs e
odd one eigenvalue of O (l) is equal to +1 and the rest come in complex
conjugate pairs. Hence
[1/2]
det[(1+U)(1+qU)V] = xun H(2 +2cos 0;)(1 + ¢* + 2q cos 0;)N
j=1

where y; n = 1, [ even, x;n = 2(1 + ¢)", I odd. Introducing the variables

1
(5.66) Aj = §(COS 0;+1)
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this reads

1/
1 N
det[(1+ U)(1 + qU)N] = 220+DI/ANI/2y, o H by ( (1=a?+%)

Furthermore, in terms of the variables (5.66), the PDF of the eigenvalues
{e*i0; }i=1,...[1/2) for matrices U € O™ (1) is of the form (1.1) with N replaced
by N*, w(x) = 2%(1 — z)® (Jacobi weight) and parameters

(N*,a,b) = ([1/2), =1/2,(-1)""" /2).
Thus we can rewrite (5.65) to read

(5.67)  Pr(Giimm(N:ia) <1)
[1/2]

=Cin(q <H A (4 =+ ) >JUE[Z/2J

a=—1/2
b=(—1)l—1/2

where
(5.68)  Cin(q) = 22NHDIRIGNIly, = (1 — V(1 — gV

The result (3.52) can be used to express (5.67) as a generalised hypergeo-
metric function.

PROPOSITION 26.  With Cy n(q) specified by (5.68) and Jy,(a,b) speci-
fied by (1.25)

Juja(1/2+ N, (-1)"71/2)

(5.69) Pr(qu/Wr (N;q )<l) Cin(q)

riangle Jp2(=1/2, (=1)1=1/2)
1+ (—1)1 1
X 2F1(1)<—[l/2],N +[1/2] + 7(2 L Y 5
t, ..t
! N> t1=-=ty=—(1—¢)2/4q

valid for [1/2] > N

The expression (5.69) is well suited to taking the exponential limit
(5.55).
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PrRoPOSITION 27. We have

(5.70) gw.u/wr (N;s):= lim P1r<qu/W]C (N;e VE) < Ls)

triangle L—o0 triangle

H J+1 N(N+1)/26—Ns/4

1
x OFI( )(_;N + 1/2;t17 s ’tN)‘t1:~~~:tN:52/64
Proof. Suppose for definiteness that [ is even. In the limit (5.55) we

can check from the definition (5.68) and the evaluation (1.25), making use
of Stirling’s formula, that

N
J[l/g](1/2+N( l 1/2 H ]+1 N(N+1)/26—Ns/4'
Jiiy2) (=172, (=1 l 1/2) I'(2

Cin(q)

Also, analogous to the result (4.15), we can see from the series definition
(3.48) that in the limit (5.55)

. _1)i-1 1
(671) R (‘[l/2],N +{1/2+ %;N i
ti,... ,tN) ty==ty=—(1—q)2/4q

1
~ OFI( )(_;N—I— 1/2;t1’""tN)‘t1:~~~:tN:52/64'

In [23] the generalised hypergeometric function

OFl(l)(_7N+M?tlavtN)

‘tlz---thZt’
for £ = 0 and p = 2 has been evaluated as an N-dimensional determinant.

Generalising the working therein gives that for general p

1
(5.72) F( (_sN+pity,..., ]\,)\h:m:tN:SQ/4
N—

,_.

u i) 2\
I'(j+1) (E) det[1j-ku(8)] oo vt
J=0
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Furthermore, we know from [30] that

(5.73) ]:01 % (%) N et [Ij—k—l—u(\/z)]j,k:O,...,Nfl
_ exp/ot “(S;N”S‘) +5/4 4

where

(5.74) ot Ny 1) = = (o (1) + e+ N)/2).

The function oypy (¢) satisfies the differential equation
1
(5.75) (tofy)*—viva(ofm ) *+0iw (4(7{11/—1)(0111/—750{11/)—5(Ul—’U2)2 =0,

which is the Jimbo-Miwa-Okamoto o-form of the Py equation (a simple
change of variables relates Py to Py [56]) with parameters

(5.76) (v1,02) = (L + N, —p+ N)

and subject to the boundary conditions

t
t—oo 4 2

Nt1/2 (NQ 'u2>
4 2

(5.77) o (t)

The boundary condition (5.77) does not distinguish solutions with p +—
—u (note from (5.76) that under this mapping vy < vy, and this latter
transformation leaves (5.75) unchanged). However, it follows from (5.72)—
(5.74) that

p(p+ N) p 2
5.78 (t) ~ — t+ O(t%).
(5.78) UIH()t_>O+ 2 +2(M+N) +O(t7)

This boundary condition does distinguish solutions with p +— —pu.
Collecting together the above results allows the evaluation (5.70) of
wu/wr (N;s) to be further developed.

9 triangle
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PROPOSITION 28. We have

(5.79)
N-1 .
wu,/wr . &) — 93N/2 F(N+ 1) F(] +3/2) N2?2/2 —Ns/4
Joriangle (N3 8) = 2 S0 <3Ho 0(2) +1) )i

x det [1;_j11/2(s/4)] j,k=0,..,N—1

N . 5/4)2 1/2
PO+ D nvwviye (s/ _ t Nt/2\ dt
=25 exp/o (v(t,N,l/Q) o )7

/°° ( 0 Lt Nt1/? N N? - 1/2> dt
= €eX — — 0111 vy = - — —
P AT S\ TR0 1T )

In the Okamoto 7-function theory of the Py system [56], the tran-
scendent —orypy (t)/t is an auxiliary Hamiltonian, being equal to the original
Hamiltonian plus a function of ¢. Changing the function of ¢t doesn’t alter
this property, so we have that

(5.80) et (N3 5) = 1 ((5/4)) | sn=nvi1/2
ve=N—1/2
where
d
(5.81) t— log Ty () | vy =n+1/2
dt vg=N-1/2

: t  Nt/2 NZ_1/2
DA eV S e

The symmetrised Johansson model has been generalised by Baik and
Rains [6], [7] to include a parameter « in the geometric distribution of the
waiting times w(i,i) of the diagonal sites. Thus these waiting times are
chosen to have distribution g(aq), with the case a = 1 corresponding to the
original symmetrised Johansson model. With the random variable (5.52)

now denoted G¥/™* (N;a,q?), one then has [4]

triangle

(5.82) Pr(GWU/Wr (N;a,¢%) < l) = %(1 —ag)N(1 — Z)NW-D/2

triangle
X ((det[(1+aU)(1+qU)N] Yveorq T {det[(1+al)(1+qU)"] >U€O—(l)>

The analogue of Propositions 26, 27 and 28 can be obtained for the case
a=0.
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PROPOSITION 29. Let x; 'y = 1, | even and xj = (1 + q), | odd,
and put

1 _
Civlg) = 22N“/2]qNW2]xffN§(1 — HNW=D/2,

Let x; v = (1 — )N, 1 even and X v =(1— )N, 1 odd, and put

Oy (q) = 2NU-D/AGN D2 xZN%(l _ )N/,
We have
-1
) e(GE N0 1) =iy LA R
x o FyV (—[1/2],N + /2] + 7(_1)121 — N - %;
ti,. .. ,tN) et (a0
+ Cryl 122
/2(1/2, (=1)!/2)
x 2P0 (=10 = 1)/2), NV + 10— 1)/2) + #;N + %;
th, ... ,tN) et (gt

valid for [1/2] > N.

Proof. The rewrite of the average over O (l) in (5.82) is done in the
same way as in going from (5.65) to (5.69). To rewrite the average over
O~(l) in (5.82) we must first recall that for [ even there are eigenvalues
+1, while the remaining eigenvalues come in complex conjugate pairs e |
and for [ odd there is an eigenvalue —1, with the remaining eigenvalues
also coming in complex conjugate pairs e**% . Furthermore, in terms of the
variables (5.66), the PDF of the eigenvalues {e®%i bim1,..[(1=1)/2) 18 of the

)

form (1.1) with N replaced by N*, w(x) = 2%(1 — x)® and parameters

(N*,a,0) = ([(1 = 1)/2],1/2,(-1)" /2).

Using these facts, we proceed as in the rewrite of the O™ (l) average. 0
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ProproSITION 30. We have
(5.84)

gw}l/wr (N;0,s) := lim Pr(GWU/Wr (N;0,e71/E) < LS)

triangle =00 triangle

N .
_1 H r(j+1) GN(N+1)/2 ,~Ns/4
2\ 11T

< oFY (N +1/2it1,. . tw)
N .
)

|t1:---:t1\7:52/64
N(N=1)/2 —Ns/4

ATR -1

1
XoF( )( ; _1/2;t1""7tN)|t1::tN282/64}
), /°° ( 0 L Nt!/? N N? - 1/2) dt
= < exp| — —OoTIr vy = - — —
2 PN S VTR T T T2 )

N /°° ( ®) Lt Nt1/2+N2—1/2>dt
ex - —OT1I1r’ vi=N— - — —
P (s/4)2 i v;:eriﬁ 4 2 4 t

Proof. These formulas follow from Proposition 29 by following the
working which led from Proposition 26 to Propositions 27 and 28. The two
terms in (5.84) correspond to the two terms in (5.83) but in the reverse
order. [

Baik [5] has recently evaluated the scaled limit of (5.82) for general «
(the variable « is also involved in the scaling). The evaluation is given in
terms of the solution of a Riemann-Hilbert problem. It is pointed out in
[5] that this has consequence with regard to the distribution of the largest
eigenvalue in an interpolating Laguerre ensemble, which passes continuously
from the LOEy to the LSE /5. This follows from the identity [6] (see also

32])
(5.85) gw.u/wr (N;A,s) = lim Pr(GWH/W]C (N; eA2L e_l/L) < Ls)

triangle L—oo triangle

C/ dxl / de Xx1>x0>>N>0
~/2) B3 (A2 T T (a5 — )

j<k
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where x7 = 1if T is true and x7 = 0 otherwise. The case A = 0 corresponds
to a = 1. Now, with A = 0 the integral in (5.85) is precisely the gap
probability E;((s,00); N;0) (no eigenvalues in the interval (s,00)) for the
LOEy with parameter a = 0. Equating (5.85) in this case with (5.80) then
gives the 7-function evaluation

(5.86) EyO"((s,00), N;0) = i ((s/4)?)

v =N+1/2 .
vo=N—-1/2

Taking the A — —oo limit in (5.85) corresponds to a = 0. We see from
(5.85) that for N even

r s
Jim g (N3 A, s) = EF (s, 00): N/2:0),

where E}SF((s,00);n;a) denotes the probability that there are no eigen-
values in the LSE,, with weight z%~?. Equating (5.85) in this case with
(5.80) then gives
(5.87)

B ((s,00); N/2:0) = 3 (muw ((5/4)?)

=xenzs (/4] w12 )
vg=N-1/2 vg=N+1/2
As the differential equation (5.75) is unchanged by the interchange v < v
the Hamiltonians for both 7-functions in (5.87) satisfy the same differential
equation. It is interesting to compare (5.87) with the structural formula
27)

(5.88)

B (s, 000 N/2:0) = 5 (BYO((s, 00 N:0) +

E%UE((Sv OO);N; 0)
ELOE((s,00); N;0)>'

Doing this tells us that

(5.89)  E¥VE((s,00); N;0) = mr((s/4)?)

wi=n+1/2 710 ((8/4)%) [y =v-1/2
vg=N-1/2 vo=N+1/2

On the other hand we know from [65] that

dt
vo=v1=0 _>

vo= I./3Nt

(90 EEVP((s,00): N:0) = exp( - / T o)

=1y (s)

vo=v1=0 ,
vo=v3=N

where o(t) satisfies (4.8), and so

(5.91) Tv(s) vo=v1=0 :THI/((S/4)2) v1=N+1/27—III/((3/4)2) vy=N-1/2.

vo=v3=N vo=N—-1/2 vo=N+1/2
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Similar 7-function identities to (5.91) have occurred in the works [25],
[70]. The Painlevé transcendent evaluations of ETOF((s,00); N;0) and
EYSE((s,00); N/2;0) given in [5] differ from (5.86) and (5.87), involving
instead of 7-functions for the PIII’ system, the transformed PV transcen-
dent found in [65] to be simply related to the derivative of o(t)

1/0:1/120 .
vg=v3=N

5.5. Diagonal-diagonal correlation in the 2d Ising model

The square lattice Ising model has one of two possible states, 0;; = %1,
on each site (7,7) of the two-dimensional square lattice (see e.g. [9]). The
infinite square lattice of states is achieved by considering a sequence of finite
lattices, of dimension (2N +1) x (2N +1) say, centred about the origin. The
joint probability density function for a particular configuration of states in
the finite system is given by

N N-1 N N-1

eXp|:K1 Z Z UZ]Uz+1j+K2 Z Z UZ]O-Z]+1:|

—N i=— —N j=—

ZQN+1

where Zon 41 is the normalisation. Thus there is a coupling between nearest
neighbours in the horizontal and vertical direction. In the limit N — oo, an
unpublished result of Onsager (see [44]) gives that the diagonal spin-spin
correlation has the Toeplitz form

(5.92) (0000mn) = det[a;—;)i j=1,..n

where

1/k)e=101/2
(1/k)e ] . k= sinh 2K, sinh 2Ky,

698) a0 =g a0 [T

Regarding the Fourier integral (5.93) as a contour integral, deforming the
contour of integration and then writing the Toeplitz determinant as an
average of the CUE we see that

(5.94)

n

(T + a0+ am=)'?) k<1
1=1 "

,n<Hzl—3/4’1 4720 +k2zl)1/2>CUE L R2<1
=1 "

<UOO Jnn> =

We can now read off from (3.7) the following results.
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PROPOSITION 31. Let s = 1/k?. We have

1 1
(5.95) - Z(l +n?)s + 3 + s(s — 1)6% log{o000mn)
= Ul (s;1/2 —n,1/2,—1/2)

where U satisfies the Py equation in o-form (1.27) with parameters

b= (%(n— 1), g %(n-i— 1),—%).

Let t = k2. We have

2 1 d
(5.96) —%t — g+t = 1) log{ooonn) = U (t: =1/2 —n,1/2,-1/2)

where U} satisfies the Py1 equation in o-form (1.27) with parameters

b—(ﬁ n—lﬁ n—|—1>
S \27 2 7Y 2 )
(

It is straightforward to check from (5.96) and (1.27) that

o(t) ==ttt — 1)% log(o000nn) —

I

satisfies the differential equation

(t(t _ 1)%)2

(- e - 0 o ) o),

This is a result due to Jimbo and Miwa [37]. Our point therefore is not
a new characterisation of (op9onn), but rather the fact that the known
characterisation fits our development of the Okamoto 7-function theory of
Pvi. We note too that a recent result of Borodin [10] can be used to give
a recurrence for (ogpoyy,) as a function of n. This recurrence applies to all
Toeplitz determinants

(5.97) g = (1 - ) det[gi—jlij=1,..n
27
9 i do €7ip9(1 _ \/EezG)Z(l _ \/Eeflp)z’.

:27T0



110 P. J. FORRESTER AND N. S. WITTE
Comparison with (5.92) and (5.93) shows

1 2
_ (~1/2,1/2,1/k?)

Recent work of Adler and van Moerbeke [2] gives a different recurrence
relation for (5.97) to that of Borodin, and thus a further recurrence for
(0000nn). Explicit computation of (ogoon,) as a power series in k2, for
which both the differential and difference equation characterisations are
well suited, is a crucial step in recent very high precision numerical studies
of the zero field susceptibility [47], [48], [57], [58].
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