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ON THE DIRICHLET PROBLEM OF PRESCRIBED
MEAN CURVATURE EQUATIONS WITHOUT
H-CONVEXITY CONDITION

KAZUYA HAYASIDA anD MASAO NAKATANI

Abstract. The Dirichlet problem of prescribed mean curvature equations is
well posed, if the boundery is H-convex. In this article we eliminate the H-
convexity condition from a portion I' of the boundary and prove the existence
theorem, where the boundary condition is satisfied on I' in the weak sense.

§1. Introduction

Let © be a bounded domain in R™, n = 2, with its boundary 992. We
denote by (z1,...,x,) the coordinates in R™ and write D = (D1,...,D,),
where D; = 0/0z;.

We consider the Dirichlet problem

Du
1.1 D |—————=)=nH inQ
1) () e
with
(1.2) u=¢ on 0f,

which was studied by many authors. The equation (1.1) is called by the
prescribed mean curvature equation.

Let || and wy, be two volumes of € and the unit ball in R", respectively.
Throughout this article we assume

1/ w 1/n
1.3 sup |[H| < = —= ,
(13) o 1] n<mr>

which may be replaced in some weaker conditions. That is, (1.3) means that

(1.4) / \H|" dz < w,
Q
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and for some g > 0

1—¢
< 0

(1.5) ‘/ﬂHndm

[ 1paldz, e ci.
Q

But we impose (1.3) on this article for the sake of simplicity.

Serrin [17] solved first the Dirichlet problem (1.1) with (1.2). His result
is as follows: Suppose that 9Q € C%% ¢ € C%%(Q) for some a with 0 <
a<1,and H € C1(Q). If (1.3) and

n

(1.6) -

\H| < A

are assumed on 0, then the problem (1.1) with (1.2) is uniquely solvable
for u € C%*(2), where A is the boundary mean curvature of Q.

The condition (1.6) is called by H-convexity. Afterward Serrin’s result
was extended to the generalized mean curvature equation of higher order
by Ivochkina [6], whose study is closely related to the fully nonlinear elliptic
equation. Recently, Gregori [5] studied the relation between BV solutions
and viscosity solutions for (1.1).

By weakening the above assumptions except for (1.6), many authors
solved the problem (1.1) with (1.2), where the required solutions u are in
C2(Q) N C(Q) (see e.g., [1], [2], [4], [18], [20]). The starting point is in two
ways. One is to estimate the generalized BV solution (see e.g., [4]). Another
is to estimate the approximating solution of each perturbed uniformly ellip-
tic equation (see e.g., [18]). In either case it needs to construct the barrier
functions. Further there are a few papers which prove u— ¢ € WO1 1(Q) (see

g., [15], [20]). Their method is also to construct the barrier function. So,
it is difficult to drop the condition (1.6).

Suppose that (1.6) is not assumed. Let H = 0, namely (1.1) be the
minimal surface equation. Then the problem (1.1) with (1.2) is solvable,
if ¢ is small concerning some norm (see [14], [22]). When H # 0, there
is the result of Schulz and Williams [16]. Lancaster [12] showed the non-
existence of solutions for some domain having a reentrant corner. Recently,
Jin and Lancaster [8] investigated the behavior near a reentrant corner of
a solution to a quasilinear elliptic equation in a two dimensional domain.
And Tersenov [21] proved the existence of C>%(£2) solutions of the Dirichlet
problem with zero boundary conditions for quasilinear elliptic equations in
some non convex domains 2. In [21] the condition on 2 is complicated to
be stated. On the other hand, when H = 0, Jenkins and Serrin [7] showed
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previously that a necessary and sufficient condition on 952 for the solvability
of the Dirichlet problem (1.1) with (1.2) for arbitrary continuous ¢ is that
A 2 0 everywhere. Afterward Williams [23] constructed a C*°-domain in
R? and a C*-function ¢ such that the limit of the generalized solution at
a point on 0N from inward does not exist.

We consider the case of H = 0. Let u be the generalized BV solution.
The assumption (1.6) guarantees that u = ¢ on 992. We suppose that ¢ €
C%1(9Q) and 99 is of class C*. Let A = {x € 9Q | A(x) < 0, u(z) # o(x)}.
Then by Lau and Lin [13] it was proved that w is Holder continuous near A
with exponent exactly 1/2, and the trace of u over A is regular according to
the regularity of 0€2. More precise results were obtained by Korevaar and
Simon [9] and Simon [19].

In this article our aim is as follows: Let I' be a portion of 92, where (1.6)
is not assumed. Instead we assume that I" is transformed into a hyperplane
by an orthogonal coordinates mapping (see the Definition in the beginning
of Section 2). Then we shall show that there exists a solution u of the Dirich-
let problem (1.1) with (1.2) such that for some a > 0, (u— ¢)/(1+ |Du|*)®
belongs to W12 near I' and its trace over I' equals 0 (see Theorem 1). This
statement means that u = ¢ on ' in the weak sense. In fact the equality
u = ¢ on I, is equivalent to that the trace of (u — ¢)/(1+ |Du|?)* vanishes
there, if u is smooth. Next we shall give a sufficient condition in order that
u— ¢ € WHH(Q) and its trace vanishes on I' (see Theorem 2).

There is the result of Ladyzhenskaya and Ural’ceva [10] and [11] con-
cerning the local interior estimate of approximating solutions. In [11] par-
ticularly, the gradient bound in the interior domain was proved. In this
article, by using the method in [10], we prepare some boundary estimates
in order to prove our theorems.

§2. Result

From now on, let € be a bounded domain, and 92 be locally Lipschitz-
continuous. We denote by Bs(P) the open ball in R™ with its center P and
with its radius §. We set the following

DEFINITION. We say that P € 092 has property (A), if the following
holds:

There exist a positive number § and an one-to-one mapping ®

®: Bs(P) > (z1,...,2n) — (&1,...,&,) € R
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satisfying
(I) ® and @~ are both of class C such that
D(fl?”’uén) .
———= >0 in Bs(P).
D(zxq,...,xy,) 5(P)

(I1) ®(P) = O, ®(Bs(P) N Q) C {&, > 0} and
®(Bs(P) N oY) C {& = 0}
(IIT) D& - D& =0 in Bs(P), if i # j.

We denote by n and 7 the inward normal vector and the tangent vector
at 0 N Bs/o(P), respectively. Then from the above (III) we have

9 -

n = apDg, and 9 = ;%Dgi,
where a; are C? functions such that a, > 0 and Y77/ [a;| # 0 on 9Q N
Bso(P). Let 1 < p < 0o and I' be an open set on 9€). We define

Wy P(T) = {u | u € W'P(€) and the trace of u over 8 NT
vanishes for any subdomain €’ of Q such that
QAN@Y—T)=¢and IV NT CT}.

Throughout this article we set the following assumptions:

We take two relatively open subsets I'y and I's of 0f), where I'; is of
class C? and each point of I'; has property (A). It is not assumed that
00 =T UTy. Let H be a function in C%(Q) satisfying (1.3). Let ¢ be a
function in C%H(Q UT) N CO(Q) N WHL(Q). Further (1.6) is imposed only
on I's, namely it is not assumed on I';.

Then we solve the Dirichlet problem (1.1) with (1.2). Our first aim is
to prove

THEOREM 1. There ezists a solution u € C*(Q)NC°(QUI)NWHL(Q)
of (1.1) such that

u—¢

12,4
—(1 n |Du\2)5/4 e W, (Q;T).

u=¢ onlsy, and
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As stated at the end of the previous section, the last relation in Theo-
rem 1 is regarded as u = ¢ on I'1, in the weak sense. We take a sequence of
domains {€;} as follows: Each 09 is of class C® and 0 C Qo C -+ C Q; —
Q2 (j — o0). Further for any compact set K in I'1, it holds that 0Q;, O K
for some jo. Obviously there is a sequence {¢;} C C3(1) satisfying

¢ — ¢ in C*HQUT)NCUQ)NWLLHQ) (j — 0).

We take a positive sequence {e;} such that ¢, — 0 (j — oo) and
lim;j oo (€5 [ | Doj|* dz) < oo. It is known that for each j there is a so-
lution u; € C*(Q;) of

Du,;
€-Au‘—|—D-(7j> = nH inQ;
(2.1) Y V1 + [Du;? ’
uj = ¢; on d);
(see [3]).

According to the result of Simon [18], there is a subsequence {u,} of
{u;} and a function u € C%(Q2) such that for any compact subset K of Q

(2.2) D%, = D% in K (v — o0), |a] <2,

u € CY%QUTy), u= ¢ on 'y and (1.1) holds. The reason for its validity is
due to (1.6).
In [18] the following equation was considerd in place of that in (2.1):

Du;
€jA’U,j + (1 — €j)D . (71 n ’l])uP) =
V J
But the situation is quite parallel.
Next we have

THEOREM 2. Assume that Ou;/0n 2 0 on I'1N0KY;, for each uj. Then
there is a positive constant dy depending only on the shape of T'y such that
if H = dy on Ty, the equation (1.1) is solvable for u € C%(Q) N C(QUT,)
satisfying

u=¢ only, u—0¢c WI’I(Q)HWOI’I(Q;D)
and

u—¢

1,2/
—(1 n |Du|2)1/4 e W, (Q;T).
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The constant dy will be concretely given in the proof of Proposition 4.3
(see (4.27)). Though it is almost impossible to verify the assumption in
the above theorem, we give two examples to show that Theorem 2 is not
meaningless. For this sake we prepare the following.

Let D be a bounded domain in R" and H (z) be a bounded function in
D. For € > 0 we define the operator Q¢:

Q°u= (/1 + |Du2+1)(1+ |Dul*) Au

—Dju - Dju - D;Dju — nﬁ(x)(l + \Du|2)3/2.

Then the following assertion holds, which is due to Theorem 10.1 in [3].

Suppose that u, v € C2(D) N CY(D) and Q°v = Q°u in D. Then v < u
in D, if v <uondD.

Here we assume that 9D is of class C'. Let I' be an open subset of 9D.
Let ¢ € C%1(D) and H € C%}(D). Then we have

PROPOSITION 2.1. Suppose that u is a function in C*(D) N CY(D)
satisfying
Q°u=01imD and u=¢ ondD.

Then du/On = 0 on T, if there is a function v € C*(D) N CY(D) such that

Qv =20 in D, v< ¢ on dD,
v=¢ onT and Ov/On =20 onT.

Proof. By the previous assertion we see that v < w in D. Since v = u
on I', it holds that Jv/On < Ou/0n on I'. This completes the proof. [

We give the following two examples satisfying the assumptions in The-
orem 2.

ExAMPLE 1. Let I'y be the arc defined in the example given at the
end of Section 4, where we put R = 1. Let €2 be a bounded domain such
that Q lies up I'; and 9Q D I'y (see Figure 1).

Let I'y = 09 — T';. We assume

(2.3) 1< /="

As stated in this section, we take the approximating sequence {2;} of €.
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Figure 1.

Let H be a positive function in C%!(2) such that

1 w2
<H<=-, |—=.
=72\

From (2.3) it is possible to take such a function H. Retaking I'y, we may
assume that (1.6) holds there.
We define two positive numbers d; and ds as follows:

di = —inf{y | (z,y) € U}, dz =sup{y | (z,y) € Q}.

Taking two real numbers A and B, we set

(2.4)

N —

v(z,y) = A(y +d1)* + B.

Let us impose the following assumptions on A and d; + ds:

(2.5) A= (supq [H|) (1 + 442(dy + dp)?)*”.

The two relations (2.4) and (2.5) are not contradictory each other.

Let ¢ be a function such that ¢ = v in Q and ¢ = v on I'y. Under the
above conditions we set € =¢;, D = Q;, I' = I'; N 08Y;, H = H and qB =¢
in Proposition 2.1. From (2.4) the condition (1.3) on H is satisfied. Let u;
be the solution satisfying

Q%uj =0 inQ; and wu; =¢ on 09;.
Previously we may assume

Jv/On =20 onT}.
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From (2.5) we see that Q%v = 0 in . Therefore it follows from Proposi-
tion 2.1 that
(26) 8uj/8n 20 onI'iN 8Q]

In this case the positive constant dy in Theorem 2 will be calculated exactly
in the example given at the end of Section 4. That is, we can take dy = 1/2,
which is independent of d; + dg. The conditions (2.4) with (2.6), mean that
this example satisfies the assumptions in Theorem 2.

EXAMPLE 2. Next let Q be the annular domain such as

Q={(x,y) |0 <R <7< Ro}, =122+
We set I't = {r = R} and I'y = {r = Ry} (see Figure 2). We put Q; = Q

Q

i
NZ8

Figure 2.

for all j. Let H be a positive function in C%!(Q) satisfying (1.3), where
Q| = 7(R3 — R?). It is known that the boundary mean curvature A equals
1/Ry at each point on I's.

We assume

1 1
Hg2—Rl onI'7y and H§2—R2 on I'y.

Then (1.6) is satisfied on I'y. Taking two real numbers A and B, we define
v(z,y) = Ar* + B
and assume that

(2.7) 2A +4A%?% > H(1 +4A%%)%2  for Ry <r < Ro.
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Then it is seen that Q%v = 0 in Q. And obviously, dv/dn = 0 on I';. Let ¢
be a function such that ¢ 2 v in Q and ¢ = v on I'y. We take u; in such a
way that

Q%uj=0inQ and wu; =¢ on .

Applying Proposition 2.1, we have
Ou;/On 20 onI'.

Similarly as in Example 1, we can take dy = 1/2R;. The following inequality

holds:

3/2

1 1
2t +4t° > o (1 4+4¢%)77 fort = .

This means that we can take a function H and four numbers A, B, Ry and
Ry satisfying the above conditions.
§3. Preliminaries

In this section we prepare some known results for solutions u; in (2.1).
We denote by ( , ); the L?(£2;)-inner product. Setting v; = u; — ¢;, we
multiply (2.1) with v;. Then by integration by parts, we have from (1.5)

2 Du,
&i (1, [Dv;[); + <Wa Duj)j

D
< —¢j(Dvj, Déj); + (\/ﬁ ¢j) + (1 — e0)(1, | Dvjl);.
)

We use the assumption on {e;} and the inequality [t| —1 < t2/v1+ 2
(t € R). Then it follows that

(3.1) €j (1, ‘DUj‘Q)j + (1, ‘Du]")j § C

where C depends on H, ¢ and €2, but not on j.

Next we verify the uniform boundedness of u; with respect to j. If
ej = 0, this is due to Chapter 10 in [3]. So, we can proceed in parallel with
it. We rewrite the equation in (2.1) with

3/2
(32)  Quuy == (1L+1Du)" Bus + (14 Dugl?) Auy
—Dkuj : Dhuj : thuj - nH(l + |Du]'|2)3/2 = 0.
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We put

b= (p17 cee 7pn)7

al(p) =¢;(1+ |P|2)3/25kh + (1+ [pl*)6kn — Prps
b(x,p) = —nH(z)(1 + |p|?)**,

D; = detla"(p)] and DF =D}

The equation (3.2) becomes afh(Duj)Dthuj—i—b(:c, Duj) = 0. In virtue
of Theorem 10.5 in [3], the following assertion holds:

Let g(p) be in L} .(R") and h(x) be in L"(§);) such that

loc
bz, )| _ h(z)
= for (x,p) € Q; x R"
an 9(p) ( ) ’

and

/h”dfv§/ g" dp.
Qs n

J

Then the solution u; of (3.2) satisfies
(3.3) sup |u;| < sup |uj| + Cod(£2;),
Q; 09,

where d(§2;) is the diameter of 0; and Cy depends only on g and h.

In our case we easily see that
D = (L e5(1+ |p)¥2) (14 [pf* +25(1 + [p[*)**)" .

Hence Cz);f > (1 + |p|2)(n—1)/n and

|b($ap)| < 2\ —(n+2)/(2n)
< |H 1+ .

It is enough to set
h(z)=|H(z)| and g¢g(p) = (1 + |p|2)—(n+2)/(2n)'

Since

/ g"dp = wy, / hdr < wy, (from (1.4)),
n Q.

7
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the assumptions on the above assertion are satisfied. We define the function
G(t), t =2 0 with

(3.4) G (1) = / g dp,
B:(0)

where B;(O) = {|p| < t}. Then G is a function from (0,wy) onto (0,00).
The constant Cp on (3.3) is given by G( [, h" dz), which is referred to [3].
Let u be the function in (2.2). We show that

(3.5) u € WhHi(Q).

Hereafter we denote by the same {v} any subsequence of {j}. Let ' be
any fixed subdomain of  with @ C Q. From (3.1), [oy (\Duj\l/Q)de are
uniformly bounded with respect to j. Hence

|Du1/|1/2 — g weakly in L?(Y') as v — 0.

Thus
/ ¢*dz < lim |Du,, | dx
Q/

v—00 J )/

The right-hand side is uniformly bounded with respect to €’ in virtue of
(3.1). This means that g € L*(Q). On the other hand g = |Du|'/? from
(2.2). Hence (3.5) is correct.

84. Main estimate

We suppose the assumptions in the beginning of Section 2. Let u; be
the solution of (2.1). Let P be any fixed point on I'y. From our assumption
there is the coordinates transformation ® in the definition of property (A).

We put

hi(z) = |D.&% i=1,...,n.

and

0w, ., 7p)
B a(élauén) '

Then h; > 0 in Bs(P) and J = (hy - - - hy,)~ /2. Obviously

J(§)

Dyu- Dyv = h;iD¢u - De,v.
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So, |Dyul* = hi(Dg,u)?, which is written by |Eu|?. The first equation in
(2.1) becomes

Dyu; %)
e; | Dyu;-Dypdx+ # —n/ Hodz,
/ sty Dag T 0
from which we have
(4.1) &;De. (JhiDe,uj) + D ( Thi _p > HJ
J& i€ U & 1—|—|Eu]|2 &g

We recall that P is mapped to the origin in (&1,...,&,)-space. From now
on we consider u; only for sufficiently large j.
Our first object in this Section is to prove the following

PROPOSITION 4.1. There is a positive number p such that

1
Gt | De Deuj|? de < C (< 00),
/Bp(o)ﬂ{fn>0} < ’ (1 4 |D§Uj|2)3/2> k™

where p and C are independent of j.

Proof. For simplicity Dg, Dg,,... are denoted by D,D;,..., respec-
tively. In the defnition of property (A) we take p > 0 in such a way that
®(B5(P)) D B,(0). Let ¢ be a non-negative function in C§°(B,(0)).
It may be assumed that ¢(~!|D¢|? and |D(|D(|)| are bounded. For sim-
plicity we denote u; and ¢; by u and ¢, respectively. And we denote by
(, ) the L?({¢&, = 0})-inner product. Let k be any fixed integer such as
k=1,...,n—1 Setting v = v — ¢ (= u; — ¢;), we multiply (4.1) with
Dk(CDkU) Then

(4.2)  &;(D;(Jh;Dyu), Di(¢CDyv)) + <DZ- (%) Dk(CDkv)>

= n(JH, Dip(CDyv))

We estimate the first term on the left-hand side of (4.2). By integration
by parts
(DZ(JhZDZu), Dk(CDk'U)) = —(Dsz(JhZDZu), CDkv)
= (Dr(JhiDiu), Di(CDyv)),
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since Djv = 0 on {&, = 0}. This calculation needs that u is in C®. But it
is avoided, because we can take an approximating sequence of C functions
for u. Hence

(4.3) (DZ(JhZDZ’U,), Dk(CDkv))
= (Dr(JhiDjv), Di(CDyv)) + (Di(JhiDid), Di(¢Dgv))
=1+ 1, say

Obviously

I, = ((Jhi, (D;iDgv)?) + (JhiDi¢, Dyv - DiDyv)

From now on we denote by the same C' any positive constant independent
of j. By Cauchy’s inequality we have for § > 0

|(JhiDi¢, Dv - D;Dyv)| < 6((Thi, (DiDyv)?) + C(8) (¢ H(DiC)?, (Dyv)?)
and

|(¢Dx(Jhi), Div - DiDyv)| < 8(¢Jhs, (DiDyv)?) + C(6)(¢, (Div)?),
where C(6) depends on ¢ but not on j. Hence we obtain

(4.4) I 2 (1 26)(¢Jhy, (DiDyo)?)
—C(8)(¢+ [D¢|+ ¢THDCP, [Dof?).

Next we write
Iy = (CDy(Jh;D;¢), D;Dyv) + (D;C - Dx(Jh;D;), Dyv).
Let M be a positive constant such that
9], |Dol, [DDig| < M,
where M depends on the support of {, but not on j. Then
|(¢Dk(JhiD;$), DiDyv)| < 6(CThi, (DiDyv)?) + C(5)M?,

and
|(Di¢ - Di(JhiDi¢), Dyv)| = C[(|DC|, |Dol?) + M?].
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Hence
(4.5) I, = =5(¢Jhi, (D;Dyv)?) — C(8)[(|DC], |Dv|?) + M?].
Combining (4.4) and (4.5) with (4.3), we obtain
(4.6) (Di(Jh;Dju), D((Dgv))

> 2 (CThe, (D)) = CI(C + D¢ + ¢ D, Do) + M7].
Here we note the following: If (4.3) is correct for k = n, then (4.6) is so.

Next we estimate the second term on the left-hand side of (4.2). Simi-
larly by integration by parts

(4.7) (Di (%) Dk<<Dkv>>

Jh;D;u
_ <Dk<#>, Di((pkv)>
V14 |Eul?
:<Dk<M> D(CDkU)>—(Dk(M> D(CDW))
VIR VIHIBR)
= I3+ 1y, say.

If (4.7) holds for k = n, the following argument is also correct for the case
of k = n, except for the terms I3 and K;. First we estimate I3. Using the
equality

( JhiDiu ) . Jhi (DD " — thl’LL'DZ"LL'Dleu)
VIt Eu?) it EaE\ " 1+ [Eul?
D - D; 1 Duhy - (Dju)?
k(Jhi) Div 1 Dyl - ( lu3)2<]hiDiU7
VIHIEW? 2 (14|BuP)?
we have
J 2 thlu . Diu . Dleu )
4.8) I3 = , (D Dpu)”™ — D;Dru
18 & ( 1+|Eu|2 (DiDyu) 1+ [Eul? k
D
+( CDg(Jhi) Diu'Dkau>
V1+|Eul?’
1 h;Dih
_- ‘]C—klw’ (Dyu)*Diu - DiDyu
2 (1+|Eu|2)
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Jh;D; hiDyu - Dju - D D
iDi¢ DiDyu - Dy — 1P Div D D
1+ |Eul? 1+ [Eul

(Dk(Jhi) - D¢

V14 |Eul?

1 JhiDiC - Dihy
2\ (1 + |Eu?2)3/2’

, D - Dku>

(Dlu)QDiu . Dku>

6
Z I3;, say.
i—1

Obviously
[Is5], 36| = C(|DC], [Dul).

We estimate I34. The idea of the estimation of 34 is due to [10]. Let us set
three vectors as follows:

a=(VhiDi¢), b= (V/hiDu), c=(/hiD;Dyu).
Then

h.D:¢ - D:Diu —
1 ’LC K3 k?u 1+|EU|2

(a-b)(b-c)
1+ |b)?

< (o - @2V (e ooePNTE
= 1+ |b? 1+ |b?

Hence we see that

J\a||Diu b-c)?\/?
‘134‘ g | H i | 7(’6’2_ ( )2> :
V14 [Eul? 1+ [b]
By Cauchy’s inequality
_ I
V14 [Eu?’

+C(0)(¢HDC?, |Dul), 6> 0.

= la-c—

hi(DiDyu)? —

hiD;u - Dyu- D;Diu - DD
|134|§6( hihyDiu - Dy - D Dy - Dy, lu>

1+ |Eul?

Hence 1
I3y + I3 2 51'31 — C(¢TY DI, | Dul).
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On the other hand

(14 |Eul?) hi(D; Dyu)* — hilyDyu - Dyu - D; Dyu - DyDyu
= le[* + [bf|ef* = (b-¢)* = ||

Combining the above inequalities with (4.8) we obtain

1 JCh; 2
4.9 (2 pp Lo+ 1
- _2<(1+!Eu\2)3/27( ku)>+ e

~C(1D¢| + ¢HDCP, |Dul).

Now we estimate the remained terms I3 and I33. By integration by

parts
1 (Dy(Jh;) 2)
Ip = —= Dyp( =22 (Du)? ).
Hence
1 ( Dy(¢Dg(Jh;)) 2>
4.10 Iy = — [ 22T (D
( ) 32 2( W ( )
1 D
L[ LR 3/27 hiDyu - Dy Dyu - (Dyu)?
e (1+ [Eul?)
1 CDk Jh 2 2
— s Dihy - (Dyu)*(Diu)
4( (1+[Eul?) 3/2
3
EZJZ‘, say.
i=1
Easily
(4.11) | 1], [J5] = C(C+ [DC], [Dul).
Since

o] CJDyh;
2= 35\ 7 =3/
2\ (1 +|EuP)®?

1 DyJ - h;
_1_5 Ck—g/g’ hiDyu - DDy - (Dzu)2 ’
(1+|Eul?)

thlu . Dleu . (Dzu)2>
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we have

CDyJ - h;
(1+ |Bul?)

( Dyt |Eu|?lyDyu - Dleu>

Jo + I35 = Dy - Dy Dyu - (Diu)2>

3/2’

l\:}lr—t

1—|—’E ‘ 3/2’
DkJ
V17 |Bul?

1 D
= C—’“w hiDyu- DDy | .
2 (1 + |Eu|2)

l\JIH l\DlH

, hyDyu - Dleu>

Setting
1 D
Ky = - (& h;Dyu - Dleu>,

2\ /1+ |Eul?

we see that

(412) ’JQ + I33 — K1’ < C(L, ’DD]{U,‘) .

V1+|Eul?

By integration by parts

1 (DyJ - hy 2)
Ki=—| D ——), (Dju)*|.
1 4< k:( 1+‘Eu’2> (Dyu)
Hence

K= ( k(CDyd - hl),(Dlu)2>

1+ |Eul?

DyJ -h
< C k l3/2, hiDiu . DZ‘D]C’U, . (Dlu)2>

1
4
1
i 1+ |Eul?)

DyJ - Dyhi - by

oolv—*

(1+ |Eul?)

Here we write with Ko the second term on the right-hand side. Then

1 D
Ky = - C—’“‘]g/? | Eul?h; Dyu - D;Dyu
4 (1 + |Eu|2)

193
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1/ (DyJ
:Z(W’
1( CDyJ
4 (1+|Eu|2)3/2’

1 1 Dy J
(1+ |Eul?)

From the above we have
|K1 — Ka| £ C(C+ |D¢|, |Dul),

1
'Kg — §K1

T 1)
<O —>—— |DDu| ).
- ( 1+\Eu]2‘ kel

Writing %Kl = (K1 —Ky)+ (KQ - %Kl), we obtain from these inequalities

[Ky| = C[(\/ﬁ !DDkU\> + (¢ + D¢, !DU)]-

Therefore it follows from (4.12) that

(413) |+ Ing| < C

(\/ﬁ |DDku|) + (¢ + | D¢, |Du|)],

Combining (4.10), (4.11) and (4.13) with (4.9), we conclude that

1 Jch PR
(414) I 2 5 (W, (D;iDyu) >

—C

(€+1Pc+¢1Da, 10w + (s |DDku|)].

Lastly we estimate I,. We can write

JCh; hiDyu - Dyu - Dy, Dyu >
= (—2Y  p.Dwu- DiDpé — D;D
= (i Do Do~ 0
D .
(M’ Diu-Dkaqb)
1+ |Eul?



DIRICHLET PROBLEM OF PRESCRIBED MEAN CURVATURE EQUATIONS 195

1 < JChiDihy

2\ (1 + |Eu2)**
(DL b by - P Do B )
Dy(Jh;) - DiC
S
1 < JhiDiC - Dihy
2 (1+]Eu\2)3/2’

(Dyu)®Dyu - DiDm)

» Do Dw)

Dy - (Dlu)QDiu> .

Hence

[l4| = CM

D
1+ <M’ ’DDk-UQ .
V14 |Eul?
Therefore, from (4.7) and (4.14), it follows that
(Di<72>, Dk(CDkU)> Z 3 C—?)/Qa (D; Dyu)?
V14 |[Eul (1+ |Bul?)

—C (14 M)|1+(¢+ D¢+ YD, |Du|)+<M |DDku|>].

V14 [Eul?’

By Cauchy’s inequality

¢+1D¢ )< JCh P
(4.15) ( S PP :6< (Hmu'?)g/ywzpku))

+C(0)(¢+ ¢HDCP, V1 +|Bul?).

Accordingly we obtain

) M v l JChi D)2

—C(M)[1+ (¢+ D¢+ ¢THDCP, [Dul)].
On the other hand

|(JH, Dg(¢Dyv))| = [(Dx(JH), (Dgv)
g C”H”l,oo(47 ’DUD
< C|[H||1,00[(C, [Dul) + M],
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where || 1,00 is the C%1(Q)-norm. Combining the above, (4.6), (4.16) and
(4.2) with (3.1), we finally conclude that

¢ 2
J (1+ ]Eu\Q)S/Q
is uniformly bounded with respect to j. This completes the proof. 0

If we eliminate the assumption k # n in Proposition 4.1, we have

PROPOSITION 4.2. Let p be the positive number in Proposition 4.1. Let
k=1,...,n. Then there is a positive constant C independent of j such that

/ ‘Dstk“j’27 SdE<C
By(0)n{€n20} (1 4 [Deuy[2)"

Proof. The equation (4.1) can be written with

DA
Jh; (stZ-Qu + D; (7“)> = F, +nJH,
V14 |Eul?
where
|Fi| = C(1 4 ¢ Dul).
Hence

Jhy, (stzu + Dn(i>>

V14 |Eul?

= —Zjhl<€]Dz2u+Dl<i>> +F1 +nJH.

P V1+ |Eul?

This becomes

1 hy (Dpu)? _
e;:D*u + 1 - -n D*u=F,+nh 'H,
J+n /1—|—|Eu|2( 1+]Eu\2 n 2 n
where
1
|Fy| £ C |1 +¢j|Dul + (ej + 72> > ]Dkau]] :
VIHIEUR G iznm
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Accordingly

1
e+ ———— | |D2u| < | Bl + C|H],
( J (1+’Eu‘2)3/2> n

which means that

¢
(e )

2 2 ¢ 2
= C|1+¢5(C |Dul) + €5 Z <ﬁ’ (D;Dyu) )
(i,k)#(n,n) (1 + ’Eu‘ )
¢ 2
+ Z <—32, (DiDgu)” | |-
(k)2 \ (1 + [Bul?) /

Therefore from Proposition 4.1 and (3.1) we have obtained the required. []

In Proposition 4.1, the estimation contains the second derivatives
D¢Dg, uj, but we have assumed that k& # n. If & = n, we have the fol-
lowing

PROPOSITION 4.3. Suppose that Ou;/On = 0 on I'y N 0Q; for each j.
Then there is a positive constant dy depending only on 'y such that if H =
do on I'1, it holds that

1
gj + |DeDe,ui?dé < C, j=1,2,...,
/BP(O)ﬁ{fnZO} ( (1+ !Dsuj\2)3/2>

where p and C are two positive constants independent of j.

Proof. As in the proof of Proposition 4.1, we denote u;(¢;) with u(¢),
respectively. And v = u — ¢ (= u; — ¢;). Our assumption means that
Dpu 2 0 on {&, = 0}. We write by ( , ) the L?({¢, = 0})-inner product.

We multiply (4.1) with D,,({D,v), where ( is the function in the proof
of Proposition 4.1. We define

_ | —(Di(JhiDiu), (Dnv) (i # n),
5 { 0 (i =mn).
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Then it holds that
(4.17)  (Di(Jh;Dju), Dn(CDpv) = (Dp(Jh; Diu), Di((Dyv)) + I,
In fact, it is trivial for ¢ = n. If i # n, by integration by parts

= —(Di(JhiD;u), ¢(Dnv) — (D;Dn(JhiDiu), (Dyv)

= —(Di(JhiDiu), (Dyv) + (Dn(Jh; Diu), Di(¢Dyv)).

Hence (4.17) is correct.
Similarly we obtain

(4.18) (Di (\/%) Dn(CDnv)>

_ <D"<W>’ DZ((Dnv)> +J;

Jh;D;u

_ D.(#)7 D v> i#n),

(p ) D) (i)
0 (i =n).

We estimate I; and J;, respectively. Let M be the constant in the proof of

Proposition 4.1. First we see that

where

Ji =

[Ii| = CM(C, |Dnvl)
< CM[S(¢, (Dpv)?) +C(8)], 6> 0,

and

(¢ (Dav)?) = = (L, Du(¢(Dnv)?))
< (C+1DC, [Dol?) + (¢, (DRv)?).
Hence
(419)  |Ll = CM[3(C, (D7v)*) + (¢ +|DC], [Dvf?) + C(9)]
Next we estimate J; for i # n. By integration by parts

D;((Dy,v) >
Vit B

_ /7 .. DilCDnu) >_< . Di(CDn¢)>
_<JhZDZu, NiEaro Jh; Diu, B

Ji = <JhiDZ-u,
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Thus we can write

(4.20) Ji= Ay + Ay,
where DD
i u
Ay = { JhiDig, (—=222n N 4, < CM.
: < “W> 4] =

In general, let f(t), g(t) and h(t) be three given functions such that
g, h > 0. It is easily seen that

(log(Vhf + g+ hf?))
1
CVRf g+
X (VRS + (VRYS + 39+ B @RI+ W + )
ALY A (/1) S Wit g |
Va+hf2 Vhf+g+hfr  2\/g+hf2(Vhf + g+ hf?)
Hence
f! /
_J 1 hf2)
T VR o) g e
1 WiP+d
2Vh /g + hf2(VRf + g+ hf?)
We set

f=Dpu, = hp(Dyu)®, g =1+ and h = hy,.
k#n

From the above, it follows that

D;D,u 1
rn = D;(log(\/hnDpu + /1 + |Eul?
A/ 1 ‘EUP \% hn ( Og( " | U| ))

1 D;h,, - Dyu
‘W VhiDwut 1L BaP
Dihn - (Do)?
M T TP (Vi Dy + /1 TE0T)

Dy
2\/_ VLT 1BaP (o Dyt + /1 % [EuP)
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Thus we have

(4.21) A, = <Jhi\/%Dz¢, D; (1og(v/hnDpu + /1 + \Euy2))>
1 Dihy Dpu
_2<th HDib, e e |Eu|2>
_1<Jh Ditn 1. (Do)’ >
2\ "L+ [BuP (VA Dy + /1 1 [Bal)
1 C Dii
—={ Jh;
2< AT TEaP (VhoDuu+ W)>

Since Dyu = 0 on {&, = 0}, we have

1 < V/hyDpu+ /1+ |Eul? £ 2/1 + |Eul?,

from which

0 < log (\/h—nDnu +v/1+|Euf?) <log2+ %log (1+|Bul*) on {&, = 0}.

Now we estimate A1;. By integration by parts

An = _<Di (JhiLDiQZ))a 10g (v/Iin Dyt + /1 + |Eu|2)>

Vhn
Hence
|Ai| £ CM 1+ (¢ + |D¢|, log(1 + | Eul*))].
Since

(¢ +1DC, log(1 + |Eul*)) = = (1, Du((¢ + D¢ log(1 + | Eul*))),

and DDyl
u
D, log(1 + |Eul? §C<1+7">,
| Dy log(1 + |Eul?)| < e
we obtain

DD,
Al £ 001+ (41D JTiEulm) + (1061 + D10, T B |
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Obviously |A12|, |A13| § CM, and
Dl £C| S Deof + X IDi0lDiDeel] - on {6, =0}
k#n i,k#n

Hence
|A14] = CM.

From the above and (4.21) it follows that

M)
V1+[Eu?
+(ID¢|+ 1DUDCD, W)].

Therefore we obtain by (4.20)

(4.22) A < oM [1 + (¢+1D¢)

|J;| < the right-hand side of (4.22).
By Cauchy’s inequality it follows that

|DD,yul? )

(4.23) || =CM [1 +5(C, 1+ [Bup)2

+C(8) (¢ +[D¢| + ¢THDC +[D(DE), 1+ [Euf?) |
Lastly we have
(JH7 Dn(CDnv)) = (JH, Dn(CDnu)) - (JH, Dn(CDnQZ)))

and
(JH, Dy, ((Dyu)) = —(Dn(JH), (Dpu) — (JH, (Dyu).

Hence combining (4.17) and (4.18) with (4.1), we obtain

" (Dn (ﬂ) , Di((Dnv)> +n(JH, ¢Dyu)

1+ |Eul?
= —n(Dy(JH), ¢(Dyu) — n(JH, Dy(CDy)) — ¢ Z I — Z Jj.
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Here we use (4.19), (4.23) and (3.1). Then we can put
(4.25) the right hand side of (4.24) = G,

where

|DD,ul?

G| < C(M +1) [gja(g, (D2u)?) + ;M7 + (¢, W) + C(a)} .

Hereafter we proceed in parallel with the proof of Proposition 4.1, by
replacing Dy with D,,. The situation is different only for the two terms I3y
and K7 in the proof of Proposition 4.1. By integration by parts

I3o = —% (Dn (7%)1(]232), (Dlu)2) — %<7C%)i($3|27 (Dlu)2>

1 CDnJ - Iy 2> 1< DyJ - Iy 2>
K:——D<7>, Dyu — A (———————, (Dju)* ).
=5 (0 ) (0e?) — (e (D
On the last equality we set Kj :f(l—i—L. Let K5 be the same in the

proof of Proposition 4.1, where k is replaced with n. Let 4; (i = 1,2,...)
be the terms, which will be decided later such that

| DDyl

| < s el B

) +(¢+1Ddl, 1Dul)|.

Then we can write
1, - -
K2:§(K1+L)—A1, Jo+ 133 =K1+ L+ Ay

and
K1 = KQ + A3.
Here we use the equality:
_ 1~
§K1 = (K1 — Ka) + (K2 — §K1)
1
= EL + Az — Aj.

Then
Jo + Is3 = 2L + (2A3 —2A1 + AQ)
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Thus (4.13) holds for k£ = n. It needs to estimate the above two boundary in-
tegrals. The remained part of the proof is similar to that of Proposition 4.1.
If I #n, Diu = D;¢p on {&, =0} and

CDn(Jhl) 2> ‘< CDnJ’hl 2>‘ <
<W7 (Dl¢) ) W? (Dl¢) s CM.
Hence, from (4.24) it is enough to prove
1/ ¢Dul(Jhn) 2>
(4.26) n(JH, (Dyu) 2<W, (Dpu)

(Sl pow)? ) > 0.
2<\/1+ | Eul? (Dnw)”) 2

Since Dpu 2 0 on {&, = 0}, we have

Dyu > /i Pnt)”
S

from which (4.26) holds if

nJ/h,H — %Dn(Jhn) — %Dn,] hy 20 on {&, =0}.
Thus we can take dg as follows:
(4.27) Jdy = %(Lpn(ﬂm) 4 Dy - \/E)

Vhn
We have finished the proof. 0

We give an example of the constant dy in (4.27).

EXAMPLE 3. Let us denote by Cgr the circumference with its center
(0,—R) and with its radius R. Let I'; be an open arc on Cg such that I'y
contains the origin (see Figure 3). Let © be a bounded domain in the exterior
of Cg such that 9Q D I';. We transform I'y into a flat and calculate J and
ho. For this sake we use the polar coordinates transformation z = & cos &1,
y = —&siné; — R. Then

D(z,y)

/= D(&1,6)

= 527 h2 = (Dx§2)2 + (Dyfg)2 =1.

Hence 1
the right-hand side of (4.27) = 3

namely we can take dy = 1/2R.
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Figure 3.

§5. Proof of our Theorems

Let {u;} be the sequence of solutions in (2.1) and u be the function in
(2.2). We recall that (3.5) holds. We denote by the same {v} any subse-
quence of {j}. Before proving our Theorems we prepare the following

PROPOSITION 5.1. There is a positive sequence {a,} with o, — 0
(v — 00) such that for 1 <i<n

Dju,

— 5 Diu in LY(QY) as v — oo,
(14 |Du,|?)™ ' )

where Q' is any subdomain of Q such that 9 NN C 'y and QO NTy = ¢.

Proof. By the convergence theorem

Diu

. i 10/
W—)DZU IHL(Q)(V%OO)

Hence it is sufficient to prove that

Dj(u, —u)

o (T Du )™

— 0 in LY Q) (v — c0).

From (2.2) we can take a sequence {G}}, subdomains of {2 such that
GrCQ, G 1 (k— o0)and

Dju, = Dyu in Gj (v — o).
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We denote with the same notation any subsequence of {u,}. Then we may
assume that

1
|Dju, — Diu| < — in G,,.
v
Let us take a positive sequence {«, } such that a,, — 0 (v — 00) and

(5.2) Q-G ** -0 (v— o00).

D;
/ | Ds (uy ay :U/ / =1I,+J,, say
Q/ (1 + |‘DuV| v -Gy

Easily, I, — 0 (v — 00). And

| Ju| é/ | Dy, |2 dx+/ |Dyu| dz.
Q' -G, Q' -G,

Since u € WH1(Q),

We set

/ |Dijuldz — 0 (v — o0).
Q-Gy

By Holder’s inequality

1—2a,
/ | Dy, |1 72 da £ Q0 — G |2 (/ | D, | da:) .
Q' -Gy Q

Hence J, — 0 (v — o0) from (5.2) and (3.1). Thus we obtain (5.1). This
completes the proof. []

Now we prove Theorem 1.

Proof of Theorem 1. Let P be any fixed point on I'y and ¢ be a suffi-
ciently small positive number. Let ¢ be any fixed function in C§°(Bs(P)).
Since from (3.3)

Uy — ¢y DD'LUV .
D; 573 SCl1+ | ‘7/4 in Bs(P),
(1+ |Du, [2) (1+ |Du, [?)

it follows from Proposition 4.2 that {¢(u,—¢,)/(1+|Du,|?)?/*} is uniformly
bounded in Wol’z(Q). Hence a subsequence of {¢(u, —¢,)/(1+ |Du,,|2)5/4}
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converges weakly to a function w in Wol’Q(Q). On the other hand, from (2.2)
it converges to {¢(u—¢)/(1+ |Du\2)5/4} pointwise in . Therefore by the
usual argument

we =9 ¢)5/4 e Wyt (),
(1+ [Dul?)
which implies that (u — ¢)/(1 + |Dul?)?* € W, *(Q; ). In Section 2 we
have already stated that the boundary condition is satisfied on I'y. Thus
Theorem 1 holds. []

Proof of Theorem 2. We take the sequence {«,} in Proposition 5.1.
Let 1 <7< n. We have

Di(( u, — by )_ Dj(uy — ¢y)

1+ |Du,|?)™ (14 |Duy[?)™

Du, - DD;u,
(1+ ]DuyP)aVH'

= _QQV(UV - ¢l/)

Hence from (3.3)

‘D( uy_¢u ) _ Di(uu_¢u) < Ca ’DDZ’U'V’
i (1 i |Du,,|2)a” (1 T |Duy|2)au = v (1 N ‘DUVP)(ZOL,,JA)/Q.

Let P be any fixed point in I'; and § > 0 be small. Then from Proposition 4.3

DDju,|?
Bs (PN (1 + |Duy|?)

Accordingly by Schwarz inequality

/ |DDyu, |
B;(P)n¢% (1 + |Duy|2)(2a»+1)/2

1/2 \DD;u ‘2 1/2
([ ) ([ oot
Q. Bs(
C

PN (1 + |Du,|?)

< (from (3.1)).

We take any function ¢ € C§°(Bs(P)) and denote by (, ) the L*(Q)-
inner product. Then from the above it follows that

59 (o) )~ (@ g ©) =0 @
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On the other hand
Uy — Py Uy — ¢V
Di( ————ar ) =~ 75 Di
< (G 15u™) ¢> ((1 T Du ) ¢>

Di¢y
(1 + |DUV|2)OW
Hence from Proposition 5.1 we have

( Di(uu - ¢1/)
(1 + ’D’U/V‘?)ay ’

and
— D;¢ in LY QN {suppy}) (v — 00).

w) L (Diu— @), ) (v — o).

Further it follows from (2.2), (3.3) and the convergence theorem that

Uu_¢u

W —u—¢ in LYQN {suppy}) (v — 00).

Combining the above with (5.3), we obtain

(u—¢, Diyp) = —(Di(u — @), ¥),

which means that u — ¢ € WOI’I(Q; ).

Next it is known that u € C°(QUT2) and u = ¢ on I'y, by the usual
method of barrier functions (see e.g., [18]).

Lastly we have

‘Di < (1 +U‘VD_U¢;)1/4) ‘ < C<(1+|Duy|2)1/4+

’DDZ"U,V’
(1+ \Du,,]2)3/4

) in Bs(P).

Using Proposition 4.3, we proceed in parallel with the proof of Theorem 1.
Then the final statement in Theorem 2 is obtained. We complete the proof.

O
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