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NOTE ON DUNKL-WILLIAMS INEQUALITY WITH n
ELEMENTS

KEN-ICHI MITANI, NORIYUKI TABIRAKI, AND TOMOYOSHI OHWADA

ABSTRACT. Recently, Pecari¢ and Raji¢ established a generalization of the Dunkl-
Williams inequality for n elements in a Banach space. In this note we show a
refinement of this inequality.

1. Introduction

Let X be a Banach space. For nonzero elements x,y € X the angular distance
alz, y] between x and y is defined by

o) = ‘ o Tl

(Clarkson [1]). Then the well-known Dunkl-Williams inequality [2] states that for
any two nonzero elements x, vy,

4 —
1l + Iyl

(1)

It has been treated by many authors (e.g., [4, 10, 11], see also [3, 7, 8, 9, 12]).
Particularly, the following sharp Dunkl-Williams inequality and its reverse one were
obtained by Maligranda [5] and Mercer [6], respectively.

Theorem A’ ([5, 6]). For any two nonzero elements z, y in a Banach space X,

2 = yll = [ll=]l =yl

|z = yll + [ll=[l — Iy [l
ming||z[[, ly[l}

max{|[z], [[y][}

< alr,y] <

Moreover, Pecari¢ and Raji¢ [11] showed that the following sharp Dunkl-Williams
inequality and its reverse one with n elements in a Banach space.
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Theorem A ([11]). For all nonzero elements 1, zs, - - - , 2, in a Banach space X,

1 ( n n
max {1 (S| = ST gl = )}
1<i<n { Il | — ]Z_; | J |
g (2)
— |%-||H

<| >

In this note we consider a refinement of these inequalities. In [7], some norm
inequalities on intermediate values of the triangle inequality were presented. For
positive integer n > 2, let M, ([0, 1]) be the set of all n by n matrices whose all
elements belong to the interval [0, 1] and L,, denote the set of all lower triangular
matrices of M,([0,1]); i.e

x]

Lo = {a=(ay) € Mu([0,1]) | ay=0 (i<j) }.
Let 1 <m < n. For each a = (a;;) in L, we set
,m) = an; (1<5<m)

and if 2 < n, then, for each m with 2 < m <n, we put

K%(m):aij H (1—akj) <1§i§m—1’ 1§j§m)
k=i+1

Theorem 1.1 ([7]). Let n > 2. With the above notation, take any a = (a;;) in L.

For all elements x1, x5, -+ ,x, in a Banach space X, the following inequality holds
n n
> (Sl = |t ) < S |3
i=1 \j= j=1 j=1

Let 2 < m < n. For each a = (a;;) € L,, with a;,, # 0, put

tm-1)(=-1) (<j<m-1)

Amyj
1

L (i=m,1<j<m)

Amj

ré(m) =

Then ry;(n) > 1 for each j with 1 < j < n and the reverse of the above inequality
was given in [13].

Theorem 1.2 ([13]). Let n > 2 and take a = (a;;) € L, with a;, # 0 (i €
{1,...,n}). For all elements x1,x9, - ,z, in a Banach space X, the following
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inequality holds

> el = | Yo ()
< (Sl - )

These results will lead to new Dunkl-Williams inequalities with n elements which

)

> ri(n);

Jj=1

n

Z r%j(”)

Jj=1

)£ (L hrsoml-

=2

are sharper than the ones in Theorem A.

2. The results

We remark that the inequalities in Theorem A’ are equivalent to the following:

1||+||(1 )l
Tt T X2 — Ty x
B el ~ Tl

B H||901|| ||x2|| ’

1
< ol ol + (o = o ) leal
S el ~ Tl

whenever ||z1|| > ||z2]] > 0. In view of these inequalites we obtain the following
ones with n elements by using Theorem 1.1 and Theorem 1.2.

Theorem 2.1. Let n > 2. For all nonzero elements x1,x9, -+ , T, tn a Banach
space X,
1 n n—1 1 k
X, x*
o ;] 2] =2 (nxkﬂn ||xz||) 2.7

n
Izl
= 2w

1
> +Z<| M Z o
1<j<n I Tro =k
where (x},x5,--- ,xk) is the rearrangement of (x1,xa,--- ,x,) satisfying ||x}|| >

3]l = - - =,

ol

Remark 2.1. When n = 2, the inequalities in the previous theorem are equivalent to
those in Theorem A’.
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Proof of Theorem 2.1. Without loss of generality we may assume that ||z| > |za] >
- > ||z, || > 0. We first show the inequality (5). We set a = (a;;) satisfying

[[zn] ‘
= (1<j<n)
)
“_H33j||'\|93i|’—||$i+1H 2<i<n—1,1<j<n,i>j)
1] T — — Y - — 9 iy
Tl gl = ]

k(I,Z‘]‘:O (Z<j)

It is clear that a € L,. Put £;; = £{;(n). Then

by =ap =1
[l .
bnj = nj = (1<j<n)
Tl .
< - N .
ty=ay [T 0= a) = = (llell = 2]l
’ ]kgrl ’ [l ||l
1 1 - . . .
= (o)l @<isn-ti<i<nizy).
\ zivall |||

Substituting (7) into the inequality in Theorem 1.1, we have

anan— HZ% (anu me] )
- ;(;nmu - H;emmj )+(iuzmxj|| - Hze

znzl{Hﬂ?nH(Hx HJJH>(Z”$]H HZ% )}
T ||xn|r(j2 ol _ HZ wll)

)

i=1
= [l

Hence

Bl <Z ;1) - HZ%

H:;-H> Z el
|:Cz|]>HZx]

>22<sz+lll
—HZ(|

=1

L2

[Ziga]
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and so

||:rn|| ‘Z% <||x1+1|| ||xz||>HZ“””ﬂ

el

|fE+ I

From

1 %
s = (7 ) Nl
Hxnl\z " Z ool Tl 251
1 n—1 n—2 1
el = S asl) + o (3 Ml = S ) o+ ol
mn(z : Z )+ T 2 el = 2 ey el

we obtain the inequality (5). We next prove the inequality (6). For each j, put
Ynt1—j = x;. It is clear that ||yi|| < ||val < - - < |lynll. We set a = (a;;) satistying

.

[y .
nj = J——r (1<j<n)
7 lal
ol el =l
lwill - Nyisa |l = [l
Qi = 0 (’l < ])

\

It is clear that a € L,. Put 7y = r{;(n). Then

1 [yl
anj  y;ll

1
Ty = f%(n - 1) (a—

nj

nj —

1) = ol (=) (1<i<i<n—1)

1Yl
Substituting (9) into the inequality in Theorem 1.2 we have

n n n n n—1 7 7
S lwsll = 3w < (O Iraswill = | 3 rasw])) = D2 (O Iragwall = | - risws
7=1 7j=1 7=1 J=1 =2 j=1 7=1
n n n—1 % 7
= (Z [Irny;ll — HZ%’%’ ) - Z(Z 735951 — HZTU%’
7j=1 7=1 =1 j=1 J=1
=l (3125 3 7241)
J = y]”

— 119l

)
)
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n—1

-3 (el - uywu)(z”yﬂ” HZM}

=1

Hence

\Z% mz ;1
(i Hyzﬂn) Z sl -+ Z (o

|2l <
2 iy ]

n—1

lyell ||y1+1||

Il

=1

As in (8) we obtain

P2 Z gl Z (i \IymH) Z sl =

Thus

2w+

( 1 ||yz+1||)HZ%

1]

IIygll H B IIanI

n n n—1
ol = o]+ X )25
H;ijn < ol 25+ 2 e Z“”
1
Z% Z<||xk|| - IH)HZ%

Thus the inequality (6) holds. O

HmH

In the following, we shall show that the inequalities in Theorem 2.1 are sharper
than those in Theorem A.

Theorem 2.2. The inequality (6) and the inequality (5) in Theorem 2.1 are sharper
than the inequality (3) and the inequality (2) in Theorem A, respectively.

Proof. Without loss of generality we may assume that ||z1]| > ||ze|| > -+ > ||z,]| >
0. We put P and @ as the right side of the inequality (6) in Theorem 2.1 and the right
side of the inequality (3) in Theorem A, respectively. Let us show the inequality
P < Q. For each k with 1 < k < n we put u, = Z?:k z; and vy, = Zle
Moreover, for each k with 2 < k < n we put ag = 1/||x| — 1/||xk-1]]. Fix i with
2 <i{<n-—1. Since

$j.

1 1
Zak
o ol ~ Tl ~ T

1<j<n
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and ||u]] = ||ug + ve_1]| > ||ukl] = |Jok—1|| for each k with 2 < k < n, it follows that

u
_ ] Zakuulrwzakuuku
= Tl
™
- Zak<||uk|| el + Zaknukn
H%H

u
|| 1” L Z akHukH—{—Zak”’Ulc 1l

k=i+1

“',f;j” £ Yl Z%Z o]

k=i+1  j=k

IN

Here we clearly have

Z (sl = Nl )

k=i+1

Z ;]| =
j=

||fvz||

and ‘
K3

k—1 1 i—1
S )zl = T > el = lla))-
k=2 =1

J=1

Noting ||z1]| > ||xa]| > -+ > ||za]|| > 0 we have the inequality

< ( Z llod = Bl )

Thus we obtain P < ().
We put R and S as the left side of the inequality (5) in Theorem 2.1 and the left

side of the inequality (2) in Theorem A, respectively. Let us show the inequality
R>S. Fixi with 2 <i¢<n—1. Since

1 1
+ Qg+1
i Tl el o Z
and ||v,|| = |lvk + ugs1l] > |Jvkll = lJuksr|| for each k with 1 < k& < n — 1, it follows

that

ZakHHka

[k 41]]) Zak+1llka

- ||
Z i [luxl| = Zamnumu
szH
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i k n—1
2 o~ e Sl —ZakHZH%H-

Here we clearly have

-1
Zamz oyl = 1o Z el — Il
K3

k=1

and
zakﬂ S el = TFat S (ol = sl
j=k+1 k=i+1

Noting ||z1]| > ||x2]| > -+ > ||za]|| > 0 we have the inequality

rz (| ] - et = )

7=1

Thus we obtain R > S. L]
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