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THE CHERN CHARACTER IN THE SIMPLICIAL
DE RHAM COMPLEX

NAOYA SUZUKI

ABSTRACT. On the basis of Dupont’s work, we exhibit a cocycle in the simplicial
de Rham complex which represents the Chern character. We also prove the related
conjecture due to Brylinski. This gives a way to construct a cocycle in a local
truncated complex.

1. Introduction

It is well-known that there is one-to-one correspondence between the characteristic
classes of G-bundles and the elements in the cohomology ring of the classifying space
BG. So it is important to investigate H*(BG) in research on the characteristic
classes. However, in general BG is not a manifold so we can not adapt the usual de
Rham theory on it. To overcome this problem, a total complex of a double complex
Q*(NG(*)) which is associated to a simplicial manifold { NG(x)} is often used. In
brief, {NG(*)} is a sequence of manifolds { NG(p) = GP},—01,... together with face
operators ¢; : NG(p) - NG(p—1) for i =0, - - - , p satisfying relations €;e; = ¢;_1¢;
for i < j (The standard definition also involves degeneracy operators but we do not
need them here). The cohomology ring of Q*(NG(x)) is isomorphic to H*(BG) so
we can use this complex as a candidate of the de Rham complex on BG.

In [5], Dupont introduced another double complex A**(NG) on NG and showed
the cohomology ring of its total complex A*(NG) is also isomorphic to H*(BG).
Then he used it to construct a homomorphism from I*(G), the G-invariant polyno-
mial ring over Lie algebra G, to H*(BG) for a classical Lie group G.

The images of this homomorphism in Q*(NG(x)) are called the Bott-Shulman-
Stasheff forms. The main purpose of this paper is to exhibit these cocycles precisely
when they represent the Chern characters.

In addition, we also show that the conjecture due to Brylinski in [3] is true.
(NG)

This gives a way to construct a cocycle in a local truncated complex [0,
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whose cohomology class is mapped to the cohomology class of the Bott-Shulman-
Stasheff form in a local double complex by a boundary map. His original motivation
to introduce these complexes and the conjecture is to study the local cohomology
group of the gauge group Map(X,G) and the Lie algebra cohomology of its Lie
algebra. Actually, as a special case X = S!, he constructed the standard Kac-
Moody 2-cocycle for a loop Lie algebra by using the cocycle in the local truncated
complex [0 (NG)].

The outline of this paper is as follows. In section 2, we briefly recall the univer-
sal Chern-Weil theory due to Dupont. In section 3, we obtain the Bott-Shulman-
Stasheff form in Q*(NG(x)) which represents the Chern character ch,. In section
4, we introduce some result about the Chern-Simons forms. In section 5, we prove

Brylinski’s conjecture.

2. Review of the universal Chern-Weil Theory

In this section we recall the universal Chern-Weil theory following [6]. For any Lie
group G, we have simplicial manifolds NG, NG and simplicial G-bundle v : NG —
NG as follows:

g—times
NG(@) =G x---xG> (hy, -+ ,hy):
face operators ¢;: NG(q) - NG(q—1)

(ho, -+, hy) 1=0
81'(711,"' 7hq): (h1,"‘ ,hihi+1,"' 7hq) t=1,---,¢—1
(hb... ,hqfl) 7 =
q+1—times
— o N——
NG(@) =G x---xG3 (g1, " ,9g41) :

face operators &; : NG(q) — NG(q — 1)

gi(.qo;”‘ 7gq> = (g07”' y 9i—1, Ji41, " " 79(1) 220717 g

We define 7 : NG — NG as Y(g0,- - ,9q) = (9091_1, e ,gq_lgq_l).

For any simplicial manifold X = {X.}, we can associate a topological space || X ||
called the fat realization. Since any G-bundle 7 : E — M can be realized as a pull-
back of the fat realization of v, || v || is the universal bundle EG — BG [8].

Now we construct a double complex associated to a simplicial manifold.



Definition 2.1. For any simplicial manifold {X,} with face operators {e.}, we
define a double complex as follows:

OPI(X) == QI(X,)

Derivatives are:
p+1 .
d = Z(—l)ls’-‘ d":= (—1)? x the exterior differential on Q*(X,).

2
=0

For NG and NG the following holds [2] [6] [7].

Theorem 2.1. There exist ring isomorphisms
H(Q*(NG)) = H*(BG), H(Q(NQG)) = H*(EG).
Here U (NG) and Q*(NG) mean the total complezes.

For example, the derivative d' + d” : QF(NG) — QPTH(NG) is given as follows:
()

[ -

L (E)

* * *
gq—E€1 €5
S

rH(NG(2))

[a

2(NG(2))

QY (NG(p))

T(q)pd

Q(NG(p)

11y
f:o (—1)%e}

Q(NG(p+1))

Remark 2.1. Let m : P — M be a principal G-bundle and {g.s : Usg — G} be
the transition functions of it. Then we can pull-back the cocycle in Q*(NG) to the
Cech-de Rham complex of M by {9gap}. When k is the characteristic class which
corresponds to the cocycle in Q*(NG), the image of g5 in H (M) is the

Cech—deRham
characteristic class k(P) of 7 : P — M. For more details, see for instance [7].

There is another double complex associated to a simplicial manifold.



Definition 2.2 ([5]). A simplicial n-form on a simplicial manifold { X, } is a sequence
{¢®} of n-forms ¢® on AP x X, such that
(" x id)"p®) = (id x &;)* ¢V,

Here €' is the canonical i-th face operator of AP.

Let A®(X) be the set of all simplicial (k+1)-forms on AP x X, which are expressed
locally of the form

Z ail...ikjl...jl(dtil VANRRRIVAY dtzk VAN dle VANRRRIVAY dl’jl)

where (t9,t1,--- ,t,) are the barycentric coordinates in AP and z; are the local
coordinates in X,. We call these forms (k,)-form on A? x X, and define derivatives
as:

d :=the exterior differential on AP
d" := (—=1)* x the exterior differential on X,.
p

Then (A®(X),d’,d") is a double complex.

Let A*(X) denote the total complex of A**(X). We define a map I : A*(X) —
Q*(X) as follows:

[A(a) = / (05|AP><XP)-
AP
Then the following theorem holds [5].

Theorem 2.2. In induces a natural ring isomorphism

i H(A* (X)) & H(Q"(X)).

Let G denote the Lie algebra of G. A connection on a simplicial G-bundle 7 :
{E,} — {M,} is a sequence of 1-forms {6} on {E,} with coefficients G such that ¢
restricted to AP x £, is a usual connection form on a principal G-bundle A? x E,, —
AP x M,

Dupont constructed a canonical connection § € A}(NG) on v : NG — NG in the
following way:

0] arxnci) = tofo + -+ t,0,.
Here 6; is defined by 6; = prif where pr; : A? x NG(p) — G is the projection into
the i-th factor of NG(p) and 6 is the Maurer-Cartan form of G. We also obtain its
curvature Q € A2(NG) on v as:

1
Qarxnar) = | arxnap) + 5[8|AP><NG‘(p)7 0| ar s NG(p))-



Let I*(G) denote the ring of G-invariant polynomials on G. For P € I*(G), we
restrict P(2) € A*(NG) to each AP x NG(p) — AP x NG(p) and apply the usual
Chern-Weil theory then we have a simplicial 2k-form P(§2) on NG.

Now we have a canonical homomorphism

w:I"(G) = HQ(NG))
which maps P € I*(G) to w(P) = [Ia(P(Q2))].

3. The Chern character in the double complex

In this section we exhibit a cocycle in Q**(NG) which represents the Chern char-
acter. Throughout this section, G = GL(n;C) and ch, means the p-th Chern
character.

Note that the diagram below is commutative, since Ix acts only on the differential
forms on A*, and so does v* on differential forms on each NG (x).

A (NG) 25 0**(NG)

’Y*T 7"
A (NG) —25 0**(NG)

We first give the cocycle in QPT(NG(p — ¢))(0 < ¢ < p — 1) which corre-
sponds to the p-th Chern character by restricting (1/p!) tr ((—Q/27i)") € A®(NG)
to AP=#PH(AP~% x NG(p — ¢)) and integrating it along AP~9. Then we give the
cocycle in QPTY(NG(p — ¢q)) which hits to it by +*.

Since [02, Qj] = 61 A ej + 9]' A 6)1 for any i,j,

p—q
A araxnGog = — O dti Ao —0;) — > tit;(0; — ;).

1=1 0<i<j<p—q

Now
dt; A8y — 6;) = dt; AN{(Bp — 61) + (61 — 02) + -+ (Bi_1 — 6,)}

and for any G-valued differential forms a, 3, and any integer 0 < Vo <p—q —1,
the equation av A (dt; A (0 — O 1)) ABA(dt; A (Op — Opp1)) ANy = —a A (dt; A (0, —
O:41)) NBA(dt; A (0 —0,11)) Ay holds, so the terms of the forms above cancel with
each other in (—Q|Ap7qu@(p_q))p. Then we see:

p
( Q'Ap 9% NG (p— q) (Zdt /\ 0;_ 1—9) Z titj(éi_ejﬁ) .

0<i<j<p—q

Now we obtain the following theorem.



Theorem 3.1. We set:
Spg =D (580(0))(Oa(r) = Oo1)s1) -+ Oop—g—1) — Oar(p—g—1)+1)
UEGp7q71

Then the cocycle in QPTI(NG(p —q)) (0 < ¢ < p—1) which corresponds to the
p-th Chern character chy, is

p
1 <L) (—1)-D-a-1)/2,

) ((p(eo —0,)) A Hy(S,_) % / [T (tity)eoHaSe-alaty A - A dtpq> :
AP—4q

i<j
Here H,(S,—,) means the terms that (6; —0;)*> (1 <i<j<p—q+1) are putq

-times between (Ox_1—01) and (0,—0,41) in S,_, permitting overlaps; a;;(H,(S,_,))
means the number of (0; — 0;)* in it. Y means the sum of all such terms.

Proof. The cocycle in QPT4(NG(p — q)) which corresponds to ch,, is given by

[ (e
Ar—q P! 271

_ % (QLm)p/A - ((2 dt; A (O — 0) + > bty — W)p) .

0<i<j<p—q

By calculating this equation, we can check that the statement of Theorem 3.1 is
true. [

For the purpose of getting the differential forms in Q**(NG) which hit the cocycles
in Theorem 3.1 by ~*, we set

0 = hy -+ hy_ydhih " by

Here h; is the i-th factor of NG(x).
A straightforward calculation shows that

Y (iyPin = Py 1 Piy) = 81011 — 03,)(Oiy—1 — 0i) -+ (0,—1 — by,)).
From the above, we conclude:
Theorem 3.2. We set:

Rij:(@i+s0i+1+"‘+90j—l)2 (1<i<j<p—q+1)

Sp—q = Z Sgn(0)¢a(1)+1 © Po(p—g—1)+1-

0€Gp_g-1



Then the cocycle in QPTI(NG(p — q)) (0 < g < p — 1) which represents the p-th
Chern character chy, is

1 LN omapa-1)2
w-1i\ami) Y "

trz <301 N Hq(Sp_q) X / H(ti_ltj_1>aij(Hq(S))dt1 VANEEIVAY dtp_q> .
AP—q

i<j
Here H,(S,—,) means the term that R;; (1 <i < j <p—q+1) are put q -times
between 1y, and ¥y in S,_, permitting overlaps; a;j(H,(S,—,)) means the number of
R;; in it. Y means the sum of all such terms.

Proof. We can easily check that the cocycle in Theorem 3.2 is mapped to the cochain
in Theorem 3.1 by v* : QP*4(NG(p—q)) — QPT4(NG(p—q)). The statement folllows
from this. 0

Remark 3.1. The coefficients in Theorem 3.2 are calculated using the following fa-
mous formula.

bo! by!---b,!
/ bt dty A Adt, = o1

(bo+b1+---+b+1)

Corollary 3.1. The cochain w, in Q**~Y(NG(1)) which corresponds to the p-th
Chern character is given as follows:

1 1\? 1
w=— | — | ————tr(h tan)* 1
! p! (27TZ) Qp,le,l ( )

Corollary 3.2. The cochain w, in QP(NG(p)) which corresponds to the p-th Chern
character is given as follows:

) 1 1\”
wp = (_1)p(p 1)/2m <%) tr ©1 A Z Sgn(U)Spo(l)—s—l Tt de(p—l)-i-l
pp 0eGp 1

Ezample 3.1. The cocycle which represents the second Chern character chy in Q*(NG)
is the sum of the following C 3 and Cs o:



1\*1 1\? -1
0173 = (%) gtr(hildh)g, 02’2 = (%) 7t1’<dh1dh2h51h;1)

Corollary 3.3. The cocycle which represents the second Chern class co in QY NG)
is the sum of the following c, 3 and co9:
0

Td//
cs € BG) —Ls  B(NG2)
/I\dll
can € Q2(NG(2)) =L 0

1)* -1
C1,3 = ( ) ?tr(hfldh)?’

2mi

1\°1 o 1\°1 _
Ca2 = (2_71'7,) 5tf(dh1dh2h21hl 1) — (2_7'('1) §t1"(h1 1dh1)tr(h2 1dh2).

Ezample 3.2. The cocycle which represents the 3rd Chern character chs in Q5(NG)
is the sum of the following C' 5, Cs4 and Cs 3:

1/1Y 1
Cis == (=) —tr(h~'dh)®
T (2m') ot dh)
—1 1 ’ 1 -1 -1 —1; —1
0274 = ? 2_7'(‘2, §tr(dh1h1 dhlhl dhldhghg hl )

1
+Ztr(dh1dh2h2_1h1_1dh1dh2h2_1h1_1)

1
+5tr(dh1dh2h2_1dh2h2_1dh2h2_1h1_1))



-1/ 1\*/1 1, L1,
Cas =5 (%) <§tr(dh1dh2dh3h3 YheTthy T

1
—5tr(dh1h2dh3h3_1hg_ldhzhz_lfh_1)) :

4. The Chern-Simons form

We briefly recall the notion of the Chern-Simons form in [4].
Let 7 : E — M be any principal G-bundle and 6, €2 denote its connection form
and the curvature. For any P € 1¥(G), we define the (2k — 1)-form TP(0) on E as:

1
TP(O) =k / P(O A ¢FY)dt.
0

Here ¢ := tQ + £t(t — 1)[0,0]. Then the equation d(TP(¢)) = P(2*) holds and
TP(0) is called the Chern-Simons form of P(Q*). When the bundle is flat, its
curvature vanishes and hence d(T'P()) = P(Q*) = 0.

Now we put the simplicial connection into T'P and using the same argument in
section 3, then we obtain the Chern-Simons form in Q*~1(NG).

Proposition 4.1. The Chern-Simons form in Q3(NU(n)) which corresponds to the
second Chern class cy is the sum of the following T'co3, T'cio:

0

Td//
d/ —_—

Tcysz € B(U(n)) —— Q3(NU(n)(1))

Td//

Tery € QA(NUm)(1)) — Q(NU(n)(2))

~
@)
o
w
|
N———
[N}
—

—tr(g~'dg)®

1

_ _ 1 _ _
5“(90 Ydgogy 'dgr) — §t1"(90 Ydgo)tr(g; 1d91)> .

~
A
no
|
\ —_
Do
7N

Remark 4.1. The term (ﬁ)Q Ltr(gy 'dgo)tr(g; 'dg1) vanishes when we restrict it to
SU(n).



5. Formulas for a cocycle in a truncated complex

In this section, we prove the conjecture due to Brylinski in [3].
At first, we introduce the filtered local simplicial de Rham complex.

Definition 5.1 ([3]). The filtered local simplicial de Rham complex FPQ,”(NG)

loc
over a simplicial manifold NG is defined as follows:

FpQ’I‘,S

loc

(NG) _ {hﬂle\/CGr QS(V) if s>p

0 otherwise.

Let FPQ*(NG) be a filtered complex
Q(NG(r)) ifs>p
0 otherwise

FPOr(NG) = {

and [0.,2"(NG)] a truncated complex

s 0 if s>p
[0-<pQ ’ (NG)] = .
Q*(NG(r)) otherwise.

Then there is an exact sequence:
0 — FPQ(NG) = Q(NG) = [0, (NG)] = 0
which induces a boundary map

ﬁ : Hl(NG7 [O-<inkoc]) - HZ+I(NG7 [FPQTOC])'

Let wy + - 4+ wy, wy—g € QPTY(NG(p — q)) be the cocycle in Q*(NG) which
represents the p-th Chern character. By using this cocycle, Brylinski constructed a

(NG)] in the following way.
We take a contractible open set U C G containing 1. Using the same argument

cochain 7 in [o,825 .

in [6, Lemma 9.7], we can construct mappings {o; : Al x U — U}y inductively
with the following properties:
(1) oo(pt) = 1;
(2)

. _1(to, - s ti—i;ei(he, -+ LR if j >1

(& (toy -+ ti1)iha, - ) = a1-1(to -1 J( 1 1)) 1 ]
hi-oi1(to, -+ ti1she, - oo hy)  if j =0,

Then we define mappings {fn, : A? x U™t~1 — G™} by

fm,q(toa Tt 7tq; hla Tt >hm+q71) = (hla Tt ahmfla Uq(t07 e 7tq; hma Tt aherqfl))-

We can check fi, 06 = fmgri 08 ™ AT x U — G™if m < j < m+ q and
Jmqg©€j =€;0 fmirgifm—1>7>0and &, 0 frni14= fmgr1 0 holds.



We define a (2p —m — q)-form Sy, on U™ by B, 0 = (=1)™ [, fih @m- Then
the cochain 7 is defined as the sum of following 7; on U?P~1~! for 0 < 1 < p — 1:

m = Z Bm,q~

m—4q=2p—Il, m>1

Now we are ready to state the theorem whose statement is conjectured by Brylinski

13].

Theorem 5.1. 7 =g+ - +1,-1 is a cocycle in [0-,$% . (NG)] whose cohomology
class is mapped to [wy + -+ + wy| in HP(NG, [FFQ;

loc
H2p_1(NG7 [O-<inkoc]) - HQP(NG [F QTOC])

loc

1) by a boundary map 5 :

Proof. To prove this, it suffices to show the equation below holds true for any [
which satisfies 0 <1 < 2p — 1 since wyp_; =0if 0 <[ <p—1:

2p—I

D (=Diem = (1) iy + wap.

i=0
The left side of this equation is equal to

m-q

> ([ S entmearas [ S

m—+q=2p—I1, m>1

Y (fmgoe) wm) :

We can check that

(_1)i<fm,q o 5i)*wm = m+1 q( ( 1)igz<wm>

%

3
3

I
=)
1§
<)

i

hence by using the cocycle relation 37 (—1)efw,, = (—=1)™dwy,11, we can see the
following holds:

/ Z ) (fmg © €)W :/ (=1)"df 1 gm+1
A4 A4

=0

N <<_1)m /Aq (em © fmt1.q) Wi + (_1>m+1 /Aq (Em+1 0 fm+1,q)*wm> .

Note that [, (mt1 0 fint1,g) wm =0 for ¢ > 1 and [, (Enmt1 0 finti1,q) Wi = wop—y if
q=0.
We can also check that

m+q m+q

/ Z fmqogz / Z fqurlogl m+1)*wm.
A4 A4

i=m i=m



We set j =i —m+ 1, then we see that [, S7 " 9(=1) (i gr1 0™ ) Wy, is equal

to -
q+1
jZO ((—1)j+m—1 /Aq(fmg-&-l Ogj)*wm) _ (_1)m—1 /Aq(gm o fm—i—l,q)*wm

: _ 0
SINCE & © fm-l—l,q - fm,q+l oce.
2p—1 i ok :
From above, we can see that > .” "(—1)'e;n; is equal to

q+1
Wop—1 + Z (/A df i1, gWm+1 + Z(_l)ﬂ—l /A (frnge1 © 51)*wm> .
q j:() q

m~+q=2p—I, m>1

On the other hand, for any (m/, ¢) which satisfies m’'+¢' = 2p— (I — 1) the following
equation holds:

q
(—1)q/d/ f&/7q/wm/ :/ df;,7q/wm' - Z/ (_1>j8j*f:;1’,q'wm,'
Aq/ Aql 0 Aq/_l

Therefore (—1)%~!*1dn,_; is equal to

q/
d ’:;L/ /wm/ - / —1 j€]* :n/ /wm/ .
Z </AQ’ f 7q J;O Aq’—l( ) f 4 )

m/+q'=2p—I+1, m'>1
This completes the proof.
U

Remark 5.1. Let me explain Brylinski’s motivation in [3] to introduce these com-
plexes and the conjecture briefly. Let LU be the free loop group of a contractible
open set U C G containing 1 and ev : LU x S* — U be the evaluation map, i.e. for
v € LU and § € S*, ev(v,0) is defined as v(#). Then [, ev* maps n; € QY (U*?) to
a cochain in Q°(LU?~2). This cochain defines a cohomology class in local cohomol-
ogy group H>"*(LU,C). Brylinski constructed a natural map from H* (LU, C)
to the the Lie algebra cohomology H*~?(LG,C). Then as a special case p = 2,
he used the cocycle in the local truncated complex [02Q% (NG)] to construct the

standard Kac-Moody 2-cocycle. He treated not only the free loop group but also
the gauge group Map(X, G) for a compact oriented manifold X.
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