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ON GENERALIZED HERMITE-HADAMARD TYPE
INTEGRAL INEQUALITIES INVOLVING
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

MEHMET ZEKI SARIKAYA AND HATICE YALDIZ

ABSTRACT. In this paper, some generalization integral inequalities of Hermite-
Hadamard type for functions whose derivatives are convex in modulus are given
by using fractional integrals.

1. Introduction

Definition 1.1. A function f : [a,b] C R — R is said to be convex if the following
inequality holds

fOz+ (1= Ny) < Af(2)+ 1 =N f(y)
for all z,y € [a,b] and A € [0,1]. We say that f is concave if (—f) is convex.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are very important in the literature (see, e.g., [9], [16, p.137]). These inequalities
state that if f : I — R is a convex function on the interval I of real numbers and
a,b € I with a < b, then

Both inequalities hold in the reversed direction if f is concave. We note that
Hadamard’s inequality may be regarded as a refinement of the concept of convexity
and it follows easily from Jensen’s inequality. Hadamard’s inequality for convex
functions has received renewed attention in recent years and a remarkable variety of
refinements and generalizations have been found (see, for example, [1, 2, 9, 10, 12, 16]
and the references cited therein).

In [17], Pearce and Pecari¢ proved the following theorem:
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Theorem 1.1. Let f : I C R — R be a differentiable mapping on 1°, a,b € 1° with
a < b. If the mapping | f'|* is convez on [a,b] for some q > 1, then

ﬁ/abf(w)daf—f (a—;b) b (If’(a)\q+ \f’(b>!">‘11_

=4 2 2)

In the following we will give some necessary definitions and mathematical pre-

liminaries of fractional calculus theory which are used further in this paper. More
details, one can consult [11, 13, 15].

Definition 1.2. Let f € Ly[a,b]. The Riemann-Liouville integrals J2, f and Jg* f
of order av > 0 with a > 0 are defined by
(o] ]' * a—1
T @) = o [ =0 S0 >

and
b
T f(x) = ﬁ / (t—2)*' f(B)dt, x < b

respectively. Here, I'(«) is the Gamma function and J, f(z) = Jp_f(z) = f(x).

Meanwhile, Sarikaya et al. [18] presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order o > 0.

Lemma 1.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following equality for fractional integrals holds:

% [iege) S O) + Tougey T(@)] = 1 (a;b)

b—a [ (', ., ([t 2—t Loa(2—t

with a > 0.

(3)

It is remarkable that Sarikaya et al. [18] first give the following interesting inte-
gral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 1.2. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Li[a,b]. If f is a convex function on |a,b], then the following inequalities for
fractional integrals hold:
a+b 20710 (a4 1) f(a)+ f(b)
< * b & < —F -7 4
f( 2 ) = (b—a) [J(QTH))"_f( ) ¥ ey fla)] < 2 (4)
with a > 0.




For some recent results connected with fractional integral inequalities see [3]-[8],
[14], [19]-[22].

The aim of this paper is to establish generalized Hermite-Hadamard type inte-
gral inequalities for Riemann-Liouville fractional integral and some other integral
inequalities using the generalized identity is obtained for fractional integrals. The
results presented in this paper provide extensions of those given in earlier works.

2. Main Results
We give an important fractional integral identity for differentiable convex functions:

Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 < a < b.
If f € Lla,b], then the following equality for fractional integrals holds:

A*(1 = N)*f(Aa+ (1 — \)b)

“—ar [)\ I araap- (@) + (1= N8 1w f(0) (5)

1

= X1 =N (b —a) /taf’ [t(Aa + (1 = \)b) + (1 —t)a)] dt

—/(1—t)af’[tb+(1—t)()\a+(1—>\)b)]dt |

where A € (0,1) and o > 0.

Proof. Integrating by parts

/taf’ [t(Aa+ (1 = A)b) + (1 — t)a)] dt

t*ft(Aa+ (1 = AN)b) + (1 — t)a)]
(L=A)(b—a)

1

_m /talf [t(Aa + (1 — A)b) + (1 — t)a)] dt

0

f()\a—i—(l—)\)b)_ a ot . - o
(1= N(b—a) (1—>\)(b—a)/t SltQa+ (1 =X2)b) + (1 = t)a))dt

0

1

0

1




Aa+(1—-A)b

~ fQa+ (1= A)b) o .
T 1=Nb—a) (=Nt (b—a)et! / (x —a)" f(z)dx
~_ fRa+ (A=) T(a+1) )

(1= N(b—a)  (1—-NF(b—a)tH Joara-rp- (@)

that is

/taf’ [tOa+ (1 — \)b) + (1 — t)a)] dt

Fha+ (1 —A)b T(a+1 .
= El . /\)(<b . a)) ) - (1 _ A)(E+1<b _) a)"“"l J(Aa—f—(l—)\)b)*f(a)

and similarly we get

1

_ /(1 SO b+ (1— H)(ha+ (1 — A dt

0

fAa+ (1 —=X)b Q@ a1
_ M A(b(_a) ))_MH(b_a)a+1 / (b—2)"" f(x)da

Aa+(1—-A)b

b

f(Aa+ (1 —=X\)b I(a+1 .
( a)\(b(— a) o Aa“(g— a))aﬂ Toat-npy+f(0)

1.e.

- /(1 C O f b+ (1 — £)(ha+ (1 — A)b)] dt

_ JQat (-0 T+l b
N Ab—a) - Ao+l(h — g)a+l Gara—xpy+ S (D).

Adding (6) and (7), we obtain (5). This completes the proof. O

(
Remark 2.1. If we take \ = % in Lemma 2.1, then it follows that

b I 1
! (a;_ ) B 215‘?[?_'_— cz)o‘ [J((XGTH’)‘fm) + ‘](aaT“’)Jrf(b)]

_ w{/lﬂf’ (ta;—b—i—(l—t)a) dt—/l(l—t)af’ (tb+(1—t)a;b) dt}.

0 0

—
oo
N~—




If we choose ae =1 in (8), it follows that

b
a+b
1(*57) - 52 [ fe

- @ /tf’(taTer—i—(l—t)a)dt—/l(l—t)f’(tb+(1—t)a;rb)dt

0

Theorem 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <
a<b. If|f'|", g > 1, is convex on [a,b], then the following inequality for fractional
integrals holds:

IA*(1=XN)*f(Aa+ (1 —A)b)

Fla+1) I\ 0s1 va il
- (15 _ a)a) [)‘ P araoan-f(@) + (1= 4) +1J(,\a+(14)b)+f(b)] ’

a+1 o+ 2

AL =) (b~ a) { ((a + DA+ (1 =NH)|" + If’(a)!q)‘l’

(9)

o+ 2

4 ((a+ D|f (Ma+ (1= X)b)|? + |f/(b)|q)q}

where A € (0,1) and a > 0.

1
Remark 2.2. We want to note that (C“H)lf/()‘ﬁ(&:;‘))b)|q+|f/(a)‘q)q denotes the q-

power mean of |f'(Aa+ (1 — N)b)| and |f'(a)| with respect to some probability mea-

sure. It is similar for <(a+1)|f’(/\a+($;2k))b)|q+|f’(b)\q)E .

Proof of Theorem 2.1. Firstly, we suppose that ¢ = 1. Using Lemma 2.1 and con-
vexity of |f’|, we find that

N1 — N)*f(Aa + (1 — A)b)

NNla+1) Mot va il va
N ((E _ a>a> [)‘ +1‘](AaJr(l—/\)b)*f(a) +(1=A) +1J(Aa+(1—,\)b)+f(b)] ‘

1

< AL — A (b - a) /t“\f’ [(tOa+ (1= \)b) + (1 — t)a)]| dt

0



+ /(1 =Y [tb+ (1 —=t)(Na+ (1 — A)b)]| dt}

0
1

IN

AL =N (b —a) {/t" 1" Aa+ (1 =X)b)[ + (1 = 1) | (a)l] dt

0

s [a= @1+ 1= 017 0a+ @ - D) dt}

0

20+ (1 — A)o+ (b — q)

- A (1 0a -+

This implies that (9) holds for the case of ¢ = 1.
Secondly, we suppose that ¢ > 1. Using Lemma 2.1 and Holder’s inequality, we

/(@

)+ ()]
2(a+1) )

obtain

1

/ta If t(Aa+ (1 = X)b) + (1 —t)a)]| dt

+/(1 — )| tb+ (1 —t)(Aa+ (1 — N\)b)]| dt

0

< (/ t"‘dt) (/ta If [t(Aa+ (1 = N)b) + (1 — t)a)]th)

0 0

+ (/(1 — t)adt) (/(1 — O f [t + (1 —t)(Ab + (1 — Na)]|? dt) :

0 0

(10)

Hence, using convexity of |f’|?, (10) and Lemma 2.1 we obtain

N1 = A F(ha+ (1 — \)b)

_ (b — a)o‘ [/\a“‘l(]&a-i-(l—)\)b)*f(a) + (1 — /\)a—i-l(])\a_i_ 1= 2\)b +f(b)} ’

R {( [ 17 Oa+ =20+ =01 dt)

IN

0



+ (/(1 — O [t1f'O)" + X =t) |f' (Aa+ (1= N)b)|] dt)

0

AL =N (b —a) { ((a + D1 Qe+ (1= NH)[" + If’(a)lq)3

(a+1)s (a+1) (a+2)

+ (m + 1) [f'(Aa+ (1—Nb)|* + \f’(bﬂq)q} .

(a+1)(a+2)

This completes the proof. O

Corollary 2.1. Under the assumption of Theorem 2.1 with A = %, we have

1("57) - gty [y @)+ Ty 10
(b—a) {((a—l—l)f’(%rb)q_i_f/(a)lq)é
d(a+1) oa+2

(a+ D |FED) 41O\
+< a+2 ) }’ (11)

Remark 2.3. If we take a = 1 in Corollary 2.1, we have

a+b
(55 -5 [ o
< boa { (2 0]+ f/(a)q>}1+ (2 e+ f’<b>|q>3}’

N 8 3 3

where ¢ > 1. Choosing ¢ = 1 in the last inequality, it follows that

f(a+b) /f (2 a+b +IJ“(a)I+|f’(b)l)_
1)) U @HS 0

2 )’ 2
In the last inequality, if we take a function f with 2 |f’(“T |, then we

where ¢ > 1.

(

obtain the following better inequality:

f(a;b)_bia/b

b—a / /
UL QIEFLON




Theorem 2.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <
a <b. If |f'|" is convex on [a,b] for some q > 1, then the following inequality for
fractional integrals holds:

N1 = A)® F(ha+ (1 — \)b)

'« 1 il
ﬁ [XJJF JAa+(1 A)b)~ fla) + (1 =1)" J)\a—l—(l /\)b)+f( )H

AT = N (b —a) { (If’()\a + (1= )b)|* + |f'(a)|q);
(ap+ 1)» 2

[/ (Aa + (1= VD)7 + | f/(B)|" 7
+( 2 )'}

1 1
where —+ - =1, a >0 and A € (0,1).
p q

Proof. Using Lemma 2.1, the convexity of |f/|? and Holder’s inequality, we obtain

N1 = A)f(Aa + (1= \)b)

I'(a+1)

C(b—a) /\QHJ(Oj\aJr(l—/\)b)—f(a) +(1- /\)aHJ Aa+(1=-A)b +f(b)} ‘

< AL = AT (b —a) (/t"‘pdt) (/f (Aa + (1 —M\)b) + (1t)a)th)

B =

(/ L (tb+ (1 — t)(Aa + (1 — A)b))|th)

0

+ (/1(1 - t)apdt)

0

Q=

(ap +1)r J

+ (/ t|f (b — )| f (Aa+ (1= A)b)|%] dt)

0

1
q

— 100 —

1
q



=) (=) { ('ma AN |f/(a)|q>é
(ap+1)» ’

F'(Aa+ (1= D)7 + |f/(B)[" 7
o 2 ) }

This completes the proof. O

Corollary 2.2. Under the assumption of Theorem 2.2 with A = 1, we have

7(“5) - et [y @+ s 0]

_ (-a (\f’(%)\ﬂf()) (f’(%)Jrf())l
B 4(ozp—|—1)% 2 2 '

Remark 2.4. If we take a = 1 in Corollary 2.2, we have
b
b
1(5) -5t fron
_ _b—a) ) E[ @l 7 |
 4(p+1) 2 2

Theorem 2.3. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 <
a <b. If |f'|" is convex on [a,b] for some q > 1, then the following inequality for

3=

fractional integrals holds:

IA*(1 = XN)*f(Aa+ (1 —A)b)

I 1
T A - £(0) (1= N Ty FO) '

a+l(] _ \yo+l (p _ g (qu+1)|f’()\a—{—(1—)\)b)|q+|f’(a)|q%
< A1 = A (b ){( ey )

(aq+1) (aq +2)

+ ((aq+ D |f'( e+ (1— )\)b)|q + |f’(b)|q>;} |

where A € (0,1) and o > 0.

— 101 —



Proof. In case of ¢ > 1, take p > 1 with ]19 + % = 1. Using Lemma 2.1, the convexity
of |f'|?, and Holder’s inequality, we have

IA*(1 = N f(Aa+ (1= \)b)

_Eéoi—w )\a+1J&a+(1_)\)b)7f<a) + (1 — )\)Oé+1j Aa+(1—\)b +f( ):| ‘

< )\a+1(1 _ )\)a+1 (b—a) /1pdt /to‘q |f/ (t(Aa+ (1 = A)b) + (1 — t)CL)’th
. ( / 1pdt) ( Ja-oea1g @+ -n0a+a- A)b))qczt)

< A= (b= a) (/ [0+ (1= 0B+ (1 =)@ dt)

+ (/(1 — ) [t/ + 1=t |f' (Aa+ (1= N)b)|"] dt)

0

(aq +1) (aq +2)

= A1 A (b a) { (leat D ot QN9+ 17 @

(g +1) (g + 2)

Therefore we obtain the desired inequality. In case of ¢ = 1, we also obtain the
desired inequality using the same method above. U

Corollary 2.3. Under the assumption of Theorem 2.3 with A = %, we have

1(450) - e [, @+ s 0]

o bma) [ (et 0l ) Hr
- 4 (g + 1) (g + 2)

— 102 —
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. ((ga H) | ()] + f’(b)q>;

(ga+ 1) (g + 2)

Remark 2.5. If we take a = 1 in Corollary 2.3, we have

f<a+b) /f

b—a ) (+ DI/ () /@I (a+ D]/ ()] + SO
-4 (¢+1)(q+2) (¢+1)(q+2)
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