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REDUCING SUBSPACES OF WEIGHTED HARDY
SPACES ON POLYDISKS

SHUHEI KUWAHARA

ABSTRACT. We consider weighted Hardy spaces on polydisk D™ with n > 1. Let

21,%2,...,%n be coordinate functions and N; € N. In this paper, we determine
; N N N,
common reducing subspaces of M1, M 72, ... M '".

1. Introduction

Let a be a multi-index of non-negative integers and we put w = {w,} a set of
positive numbers. Let H2(D™) be the weighted Hardy space on D™ with the weight
w consisting of analytic functions

flz) = Z Ao 2"

such that

IF1? = walaal® < oo,
(03

Suppose the case of n = 1. Stessin and Zhu [5] showed that every reducing subspace
of M.~ in H2(D) is a direct sum of no more than N special reducing subspaces, and
these subspaces in H2(D) are singly generated by a polynomial of degree less than
N. In this paper we generalize the results in the case of n = 1.

Throughout the paper we consider the case of n = 2 because we can prove our
statement for any n as well as n = 2. We fix N;, N, € N and a weight sequence
w so that the multiplications by the coordinate functions are bounded on H?2(D?).
And we put the lexicographic order on a set of multi-indices. For (z,w) € C? and
a multi-index o = (o, ), we define (z,w)* = z*w*2. Let S;, Sy be the operators
of multiplication by 2™, w™? respectively. We say a closed subspace X in H?(D?)
is an invariant subspace of operators S; if 5;X C X for ¢« = 1,2. X is a reducing
subspace of S; if X is invariant under both \S; and its adjoint S} for 7 = 1, 2.
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2. Transparent Polynomials

Now we define a class of polynomials related on Ny, Ny and w. Let I be a subset of
multi-indices such that I := {(m1,m2);0 < m; < Ny —1and 0 < my < Ny — 1},
We say that (mq,ms) € I and (n1,ny) € I are equivalent if

Wmy+ki N1 ma+kaNo o Wni+k1 N1 no+kaNo

wml mo wnl na

for all non-negative integers ki, k2. In this case we write (mq, ms) ~ (n1, ns).
We assume that p is a polynomial in the form of

p(z,w) = Z{aa(z,w)a; ael}.

We say that p is transparent if we have ac ~ 3 for any two nonzero coefficients a,, ag
of p. We partition the set [ into equivalent classes €2q,...,Qx. We see that the
polynomial

qr(z,w) = Z{aa(z,w)o‘;a € U}

is transparent for each 1 < k£ < K. We put the sequence {pi,...,px} which
we sort {qi,...,qx} in the lexicographic order of the minimal multi-index of the
polynomials. Then the decomposition

p=p1+-+DPx

is called the canonical decomposition of p.

Let Sy be an algebra over C generated by the operators Sy, S5, S2, and S5. For
any nonzero function f € HZ2(D?), we put Sof = {Tf;T € Sy}. We set X the
closure of Syf in H2(D?). We call X; the reducing subspace generated by f. We
see that Xy is the smallest reducing subspace containing f. Now we denote that
SpanX is the closed linear span of a set X in H2(D?).

Lemma 1. If f(z,w) = Z bo(z,w)" is a transparent polynomial, then
acl
Xy = Span{ f2"Mwk™> 1 k) ky =0,1,2,...}.
Proof. Let X = Span{ fzFNwk2N2 k) ky = 0,1,2,...}. Then f € X C X;. From
the definition of Xy, it is sufficient to show that X is a reducing subspace of S; and
Sy in H2(D?). The definition of X follows that X is invariant under S; and Ss.

We will calculate that X is invariant under S7. We fix some positive integer k; and
write ky = k} + 1. Then

SN2y = 815y (fMN k)



Let (mq, my) be the minimal multi-index of nonzero coefficients of f. Then for any
multi-index (a1, @) of nonzero coefficients of f, we prove

!
ST(kallek2N2) — STSI(E baza1+k1N1wa2+k2N2)
acl
Wai+k1 N1 as+kaNo
ba

a1+k] N1, as+kaNa

z w

el woél-i-k/lNl as+kaNo
Z by Wmq+k1 N1 ma+kaNo La+K{ N1 stk No

Wy +k| N1 ma+ksNa

ael

_ Wmy4ki Ny matkaNo 2 :b 50,02 Zk’llengg
- (67
wm1+k/1N1 ma+ka N2 el

_ Wmy+k1 N1 mat+kaNo fzklllengg eX
b
Wmy+k, N1 ma+kaNa

because p is transparent. This shows that X is invariant under S}. The same
argument shows that X is invariant under Sj. U

For any subspace X of H2(D?) with X # {0}, let (m;, ms) be the minimal multi-
index such that there exists some f € X with f(™™2)(0,0) # 0 but g*+*2)(0,0) = 0
for all g € X and (ki, ko) < (my,ma). We will call (my,ms) the order of X at the
origin.

Proposition 2. Let X be a nonzero reducing subspace of Sy and Sy in H>(D?) and
let (my,mg) be the order of X at the origin. Then the extremal problem

sup{Re f("""2)(0,0) : f € X, ||f|| < 1}

has a unique solution G with ||G|| = 1 and G™™2)(0,0) > 0. Furthermore, G is a
polynomial in the form of G(z,w) = > __;ba(z, w).

acl Yo

Proof. If f is a function in X with Taylor expansion f(z,w) = ) aq(z, w)*, then
fimum2)(0,0) = Uy, me)Ma Mol Then [, m,ma!ms!]? < —(T;!TZZQ >, Walaal? so the
mapping f +— f(™72)(0,0) is a bounded linear functional on H2(D?). It follows that
the extremal problem has a unique solution G with |G| = 1 and G(™™2)(0, 0) > 0.

To show that G is the above polynomial, we prove S;G = 0 and S;G = 0. We put

G+ S mym L
9 = ﬁ for f € X. Since Reg{™™(0,0) < GO™)(0,0), it is easy to sce

that |G+ Sif|| > 1 for all f € X. From this inequality we obtain G L S;X. Since
S7G € X, we have (S157G,G) = 0, or STG = 0. Similarly we see that S5G = 0.
Therefore the degree of GG is less than N; in z-valuable and Ny in w-valuable. O

The function G in Proposition 2 will be called the extremal function of X.



Lemma 3. Suppose X is a reducing subspace of Sy and Sy in H2(D?) and

plz,w) = ba(z,w)* =pi+p2+--+pn
ael
is the canonical decomposition of the polynomial p. If p € X, then p; € X for each
i=1,2,---,n

Proof. Let (mf), m2 ) be the minimal multi-index of p;. We note that if i < j, then
(m{”, m{?) and (m{, m{’) are not equivalent, and (m{”, m{") < (m?, m{). We
will show that p; € X. Choose positive integers k; and ko such that

W() w

+k1 N1 mé )+k2N2 m§n>+k1N1 mén)+k2N2
wmgn m2) wmgn) m;n)
Then
W (n) (n)
my +k1 N1 my +koNo *\ k *\ k k k
— (57)™(55)™(51)™ (S2)™p
W, ) (n)
1 2
n—1
B (ng"uklzvl m 4k Ny Pm 1k Ny mlP 4k N, \p
— — k>
w n n w
= i i
because
k)
x\ k1 / Q*\ks ml +k1N1 m2 +ka N2
(S7)™(S3) (S § Pk-

w (k) ()

We see that the above polynomial is in X and the coefficient of p; is nonzero. If some
of the coefficients of po, ..., p,_1 are nonzero, then we can vanish the coefficients of
these polynomials in the same way. After at most n— 1 steps, we will have a nonzero
constant multiple of p;, which belongs to X. Thus p; € X. For¢=2,...,n, we see
p; € X in the same way. U

Proposition 4. The extremal function of any reducing subspace of S and Sy in
H2(D?) is transparent.

Proof. Let X be a reducing subspace of S; and Sy in H2(D?). We get G, the
extremal function of X by Proposition 2. If G = ¢g; + --- + g, is the canoni-
cal decomposition of GG into transparent polynomials, then g; contains the term
(Gmm2)(0,0) /mymsy!) 2™ w™2 ) where (mq, my) is the order of zero of X at the ori-
gin The polynomial g, satisfies the condition of extremal problem in Proposition

2 lgull < IIGI| = 1, ¢\™™(0,0) = Gm1m2)(0,0), and g; € X by Lemma 3. The
fact that G is extremal implies that G is equal to g; and is transparent. O

Proposition 5. Ifp is a transparent polynomial and 'Y C X, is a reducing subspace,
Y = {0} or X,.



Proof. We assume Y # {0}. Let Gy be its extremal function of Y. Then Gy is
a polynomial of degree less than (N7, Ny) from Proposition 2. On the other hand,
from the definition of X, there is some function f(z™,w"?) in Hol(D?) such that

pf = Gy. We consider the degree of these polynomials, we see that f is constant
therefore p € Y. This implies X, CY or X, =Y. O

3. Main Result

We remark that we can extend results proved by Stessin and Zhu. Here we show a
part of our result.

Theorem 6. Every reducing subspace of Sy and Sy in H?(D?) is generated by no
more than Ny Ny transparent polynomials.

Proof. Let X be a nonzero reducing subspace of S; and Sy in H2(D?). Let G be the
extremal function of X. From Proposition 4, GG is transparent. And also X contains
the reducing subspace X which is minimal from Proposition 5. Let Y = X © Xg.
We note that the term of z"'w™? is contained in X where (my,m2) is the minimal
multi-index of G, but the term of 2™ w™2 is not contained in Y from the definition
of Y. Therefore through this process, we can make the order of zero of Y at the
origin strictly greater than the order of zero of X at the origin. If Y # {0}, then we
find the extremal function G’ which is transparent and we consider Y © Xqo. We
continue these processes no more than Ny /Ny times because the number of the terms
in the extremal functions is no more than NN, by Proposition 2. O

Corollary 7. The reducing subspaces of the operators of multiplication by z,w in
H2(D?) is {0} and H*(D?).

Proof. Let X be a nonzero reducing subspace of these operators in H2(D?). Then
the extremal function of X is constant. It is easy to see that X = H2(D?). O

A weight sequence w is of type L if for each (my, ms),(n1,ne) € I with (my,my) #
(ny,n9) there exist some integers kq, ko > 0 such that

Wi +ki N1 mao+tkaNa 7& Wni+ki Ny n2+k2N2'
Wmy mo Wni no
A weight sequence w is of type II if it is not of type I.
If w is of type I, then the only transparent polynomials are the monomials in the

2N1N2

form of a,(z, w)® where o € I, hence there are — 2 proper reducing subspaces

of S; and Sy in H2(D?), and they are the direct partial sums of X,,, ,n,’s, where
Xy my = Span{z™ tRNmathelo p by —=0,1,2,--- .

If w is of type II, then every reducing subspace is generated by no more than N; N,
transparent polynomials.



Example 8. Let Ny = Ny = 2. For a real number § with —1 < [ < oo, we
nI'(2 + B)

put v, = 55—~

I'2+8+n)

weight of type I, where wa, ay = Yoy Va,- A direct calculation shows that z — w is

. We see that the weighted Bergman space A%(D?) has the

not transparent. Concretely
Wi @
wio wo1
This expression shows that the multi-indices (0,1) and (1,0) are not equivalent.
Moreover
&(z —w) — S7S1(z —w) = <E — M)Z € Sy(z —w).

wo 1 Wo 1 Wi o

We also see that the monomial w is in Se(z — w). Therefore the reducing subspace
X, ., contains the transparent polynomials z and w, and we get X, ,, = X, & X,,.

4. Reducing subspaces of M

In this section, we consider N; = 0 or Ny = 0. Without loss of generality, we can
put Ny = 0. The problem is determining the reducing subspaces of S; in H2(D?).

Proposition 9. Suppose the weight w is of type 1. FEvery reducing subspace of Sy in
H2(D?) is the direct partial sums of X,,’s, where

X, = Span{z™ "N f(w): k =0,1,2,..., f € H:(D)}.
Proof. We can show this result in the same way as above. 0

We can extend this result to the weighted Hardy space H2(D™).

Theorem 10. Suppose the weight w is of type 1. We fix N1,...,N;, € N. Fuvery
reducing subspace of Mé\lfl, e ,Mgl in H2(D™) is the direct partial sums of X,,’s,
where

Xy oy = Span{ ey TN N )y k= 0,1,2, f € HE(D")}.
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