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Strong convergence theorems of iterations for a
pair of nonexpansive mappings in Banach spaces

Takayuki Tamura

1. Introduction

Let E be a real Banach space and let C be a nonempty closed convex subset of
E. Then a mapping T of C into itself is called nonexpansive if | Tz — Ty|| < ||z — y||
for all z,y € C. A mapping T of C into itself is called quasi-nonexpansive if the
set F(T') of fixed points of T' is nonempty and ||Tz — y|| < ||z —y|| for all z € C
and y € F(T'). For two mappings S, T of C into itself, Takahashi and Tamura [15]
considered the following three iteration schemes :

Tl = @nS[BnSTa + (1 = Bn)Zn] + (1 — )T [BuTzn + (1 = Ba)zs), (1)

Tpy1 = ans[ﬂnTxn + (1 - ,Bn)xn] + (1 - an)[’)’nsxn + (1 - '711)-771:]’ (2)
and
Tnt1 = @S[BnTTn + (1= fn)Za] + (1 — @n)[10TZ0 + (1 — 7)) 2] (3)

for all n > 1, where 2, € C and a@n,Bn, 7 € [0,1]. In the case when § = T and
T = 0 in (2) or (3), such an iteration scheme was considered by Ishikawa [5]; see
also Mann [6]. Das and Debata [2] studied the strong convergence of the iterates
{z.} defined by (2) or (3) in the case when v, = 0 and S, T are quasi-nonexpansive
mappings in a strictly convex Banach space; see also Rhoades [10]. Tan and Xu [16]
also discussed the weak convergence of the iterates {z,} defined by (2) or (3) in the
case when v, = 0 and S, T are nonexpansive mappings in a uniformly convex Banach
space which satisfies Opial’s condition or whose norm is Fréchet differentiable. Later
Takahashi and Kim[13] obtained strong and weak convergence theorems which are
different from Tan and Xu [16].

In this paper, we deal with the strong convergence of iterates {z,} defined by
(1), (2) and (3) in a strictly convex Banach space. First we prove that if we choose
their suitable coefficients, the sequence {z,} defined by (1) converges strongly to an
element of F(S),F(T) or F(S) N F(T). Further we study the strong convergence
of iterates {z,} defined by (2) and (3). We note that there are many differences
concerning the strong convergence of iterates defined by (2) and (3).



2. Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R
the set of real numbers. Let E be a Banach space and let I be the identity operator
on E. Let C be a nonempty subset of E. Then, a mapping T of C into itself is said
to be nonezpansive on C if |Tz —Ty|| < ||z —y|| for every z,y € C. Let T be
a mapping of C into itself. Then we denote by F (T') the set of fixed points of T.

For every € with 0 < ¢ < 2, we define the modulus é(¢) of convexity of E by

o) =it {1 = L2 o <2, < 100 - 2 ¢}

A Banach space E is said to be uniformly convex if § (e) > 0 for every e > 0. If E
is uniformly convex, then for each r > ¢ > 0,

1(0)>oma |52 < 1-5(9)

for every z,y € E with ||z|| < r, |lyll £ r and ||z — y|| > €. A Banach space E is
also said to be strictly convex if

=<

for z,y € E with ||z|]| = ||lyll = 1 and z # y. A uniformly convex Banach space is
reflexive and strictly convex. In a strictly convex Banach space, we have that if

Izl = llyll = I(L = A)z + Ay|| for z,y € E and A € (0,1),

then £ = y. When {z,} is a sequence in E, r, — = and z, — z will symbolize
strong and weak convergence, respectively. We also denote by oA the closure of the
convex hull of A. The following lemma which was proved by Mazur[7] is essential to
prove the theorems in Sections 3 and 4; see also [13].

Lemma 2.1 (Mazur) Let C be a relatively compact subset of a Banach space E.
Then ToC is also compact.

3. Strong convergence of iterates defined by (1)

In this section, we consider the strong convergence of the iterates defined by (1).

Theorem 3.1 Let C be a nonempty closed convex subset of a strictly convex Banach
space E and let S, T be nonezpansive mappings of C into itself such that S(C)UT(C)
is contained in a compact subset of C and F(S) N F(T) is nonempty. Suppose that
{zn} is given by z1 € C and Tn41 = AnS[BnSTn + (1 — Br)Ta] + (1 — an)T[Gn Tz, +
(1 = B,)x,] for all n > 1, where oy, B € [0,1]. Then:

(i) If there ezists a cluster point (o, Bo) of {(an,Pn)} such that (ao, fo) € [0,d] x
[a,b] for some a,b € (0,1), there ezists a subsequence {zn,} of {zn} such that
Tn, — 2 € F(T);



(11) if there exists a cluster point (ayg, Bo) of {(an, Bn)} such that (a, Bo) € [a,1] x
[a,] for some a,b € (0,1), there ezists a subsequence {z,.} of {z.} such that
Tn; — 2 € F(S);

(i13) if there exists a cluster point (co, Bo) of {(an,Bn)} such that (ao, Bo) € [a, ] x
[a,b] for some a,b € (0,1), there ezists a subsequence {xn,} of {zn} such that
Tn, — 2 € F(S)N F(T).

Proof By Mazur’s theorem, D = e6{S(C) U T(C) U {z,}} is a compact subset of
C containing {z,}. Let w be a common fixed point of .S and 7. Then we have

lenS[BaSzn + (1 = Ba)za] + (1 — )T [BaT2n + (1 — Ba)a] — wl|
U ||S[BnSzn + (1 — fn)za] — v

+(1 = an) [[BnTzn + (1 = Bn)zn — w|

o ||BnSzn + (1 — Br)zn — w]|

+(1 - an) ”xn - w"

l|#n — w]|

|%ns1 — w]|

IA I

IA

for each n > 1. Since {||z, — w||} is nonincreasing, we get that lim, .. ||z, — w||
exists. To prove (i), let {(an,,fn,)} be a subsequence of {(an,,)} such that
(0ny,Bn,) — (0,B0). Without loss of generality, we assume that (Ongy Pn,) €
[0,b] x [a,b] with some a,b € (0,1) for all £k > 1. By the compactness of D, there
exists a subsequence {z,, } of {z,,} such that Ty, — 2 for some 2 € D. Assume
Tz # 2. Let e = limy_, ||Zn — w|| . Since z,, — 2, we have |2 — w|| = e. From
Tz # z, we have e > 0. We also know that

ITz — w|| < ||z — w|| = e.
So, we have that for any o € [0,b] and § € [a, b],

leS[8Sz + (1 - B)2] + (1 — )T[BT2 + (1 - B)2] — w|

< a|lS[BSz+ (1 —B)z] —w| + (1 - ) |IT[BTz + (1 - B)z] — w)|
< allz—w|+Q1-a)|fT2+ (1 - B)z— v
< e

using strict convexity of E. Further, consider a two variable real valued function g
on [0,1] x [0, 1] given by

9(e, ) = |aS[6Sz + (1 - 8)2] + (1 — )T[BTz + (1 - §)z] — w|

for o, 8 € [0,1] x [0,1]. Then g is continuous. From compactness of [0, b] x [a, b], we
have

maz{g(a, ) : (a, ) € [0,b] X [a,b]} < e.



Choose a positive number r such that
maz{g(a,fB): (a,B) € [0,b] x [a,b]} <e—T.

Then from z,,, — 2, we obtain an integer m > 1 such that ||z, — 2|| < r. Hence
we have

e < ||Zmer — vl
< ”xm+1 - amS[ﬂmSZ + (1 - ﬁm)z] - (1 - aM)T[ﬁmTz + (1 - ﬁm)z]”
+omS[BmSz + (1 = Bm)z] + (1 — am)T[BmTz + (1 = Bm)z] — w|
< am||S[BmSTm + (1 = Bm)Tm] — S[BmSz + (1 — Bm)4||

+(1 - am)"T[ﬁmTme + (1 - ﬂm)xm] - T[ﬂmTz + (1 - ﬂm)z]"
+|emS[BmSz + (1 = Bm)z] + (1 — am)T[BmTz + (1 — fm)z] — w||
< om||Bm(STm — S2) + (1 = fm)(Zm — 2)|| +
(1 = am)l|Bm(T2m — T2) + (1 = Bm)(Zm — 2)|| + €~ 1
< a’m(ﬂm"xm - z" + (1 - ﬁm)"xm - z")
+(1 = am)(Bml|Zm — 2|l + (1 = Bw)l|Tm — 2||) + € =7
= llzm—2||+e—r
< e

This is a contradiction. So, we obtain z = T'2. This completes the proof of (¢). To
prove (i1), let {(an,,0s.)} be a subsequence of {(a.,(0,)} such that (an,,fn,) —
(0, Bo). Without loss of generality, we assume that (an,,fn,) € [a,1] X [a,b] with
some a,b € (0,1) for all ¥ > 1. By the compactness of D, there exists a subsequence
{Zn, } Of {z,,} such that z,, — 2 for some z € D. Assume Sz # z. As in the proof
of (is, we have that lim, ":z:,, — w|| exists. Let e = lim, 0 ||z, — w|| . Then we
know ||z — w|| =e > 0 and

1Sz —w|| < ||z —w] =e.
Further we have that for any o € [a,1] and § € (0,1),

laS[BSz + (1= B)z] + (1 — )T [BT2 + (1 - B)2] — v
< alfSz+(1-pB)z—wl+(1-0o)|z-wl|
< e

using strict convexity of E. As in the proof of (i), we also have
maz{g(e,B) : (a,B) € [a,1] X [a,b]} < e.
As in the proof of (), choose a positive number r such that
maz{g(a,p) : (a,B) € [a,1] X [a,b]} <e—T.

Then we obtain e < ||Zms+1 — w|| < e. This is a contradiction. So, we obtain z = Sz.
This completes the proof of (ii). To prove (iii), let {(an,,Bn,)} be a subsequence



of {(an,Bn)} such that (an,, B, ) — (a0, Bo). Without loss of generality, we assume
that (an,, Bn,) € [a,b] X[a,b] with some a,b € (0,1) for all £ > 1. By the compactness
of D, there exists a subsequence {z,, } of {x,,} such that Tn,, — 2 for some z € D.
As in the proof of (¢) and (it), we have z € F(S) N F(T). This completes the proof
of (i47). O
The following lemma was proved by Tan and Xu[16].

Lemma 3.2 (Tan and Xu) Suppose that {a,} and {b,} are two sequences of non-
negative numbers such that any1 < ap +b, for alin > 1. If 322, b, converges, then
lim,,_, . a, ezists.

Using Lemma 3.2, we proved the following strong convergence theorem of iterates
defined by (1).

Theorem 3.3 Let C be a nonempty closed convez subset of a strictly convex Banach
space E and let S,T be nonezrpansive mappings of C into itself such that S(C)UT(C)
is contained in a compact subset of C and F(S)NF(T) is nonempty. Suppose {x,} is
given by z, € C and Tnt1 = QnS[BnSTn+ (1= Fn)Tn]+(1 = n)T[BaTZ + (1 — )T,
for alln > 1, where a,, B, € [0,1]. Then:

(i) If £521 an < 00 and there exists a cluster point By of {Bn} with By € [a,b] for
some a,b € (0,1), {z,.} converges strongly to a fized point of T;

(%) if X52,(1—an) < 00 and there exists a cluster point By of {B.} with B, € [a b]
for some a,b € (0,1), {z,} converges strongly to a fized point of S;

(i1) if there exists a cluster point (ao, Bo) of {(an,Bn)} such that (o, fo) € [a,b] x
[a,b] for some a,b € (0,1),{z,} converges strongly to a common fired point of
SandT.

Proof By Mazur’s theorem, D = @{S(C) UT(C) U {z,}} is a compact subset of
C containing {z.}. We shall prove (i). Let w be a fixed point of T. Then, we have

leaS[BnSTn + (1 = Bn)zn] + (1 — an)T[BnTzn + (1 — Ba)Ta] — w)|
an [|S[BnSTn + (1 = Bn)zn] — w]| + (1 — an) ||zn — w]|

n [|S[BnSTn + (1 = Bn)za] — || + ||z — wl|

for each n > 1. By Lemma 3.2 and 32, a,, < 00, we get that lim, .o ||z, — w||
exists. Since (0, 5o) is a cluster point of {(a.,0.)} such that (0,5,) € [0,b] x [a, b]

for some a,b € (0,1), we have that there exists a subsequence {z,,} of {z,} such
that z,, — z for some z € F(T) by (i) of Theorem 3.1. Then, we have

[Zn41 — wl|

IAIA I

lim ||z, — 2|| = Jim |za; — 2]l = 0.

n—oo

Hence {z.} converges strongly to 2 € F(T). This completes the proof of (i). We
shall prove (i¢). Let w be a fixed point of S. Then, we have

l0aS[BnSTn + (1 = Ba)Zn] + (1 — @n)T[BaTTn + (1 = Br)Tn] — w|

@ [|Zn = w]| + (1 = 0n) IT[BaTTn + (1 = Bn)za] — v
|20 — wl| + (1 — @) IT[BrTzn + (1 = fn)zn] — ]|

%41 — w]|

VAN VAN |



for each n > 1. By Lemma 3.2 and 372 (1 —a,) < 00, we get that lim, . ||z, — ||
exists. Since (1, ) is a cluster point of {(an, )} such that (1, 5) € [a, 1] X [a, b]
for some a,b € (0,1), we have that there exists a subsequence {z,,} of {z,} such
that z,, — z for some z € F(S) by (4¢) of Theorem 3.1. Then we have
Jim llen — zI| = Jim Iz, — 2] = 0.

Hence {z,} converges strongly to z € F(S). This completes the proof of (ii). We
shall prove (#¢). Let w be a common fixed point of S and T Then, as in the proof of
Theorem 3.1, we have that lim,_,. ||z, — w]|| exists. Since (ag, Bo) is a cluster point
of {(an,Bn)} such that (ap,Bo) € [a,b] X [a,b] for some a,b € (0,1), we have that
there exists a subsequence {z,;} of the sequence {z,} such that z,, — z for some
z € F(S)N F(T) by (i#7) of Theorem 3.1. Then we have

5im llzn = 2l = Jim llzn, — 21 = 0.
Hence {z,} converges strongly to z € F(S)N F(T). O

Remark 3.4 (i) and (i¢) in Theorem 3.3 are proved in the case that F(S) N F(T)
is empty.

4. Strong convergence of iterates defined by (2) and (3)

In this section, we consider the strong convergence of the iterates defined by (2) and
(3). First, we discuss the strong convergence of iterates defined by (2).

Theorem 4.1 Let C be a nonempty closed convex subset of a strictly convex Banach
space E and let S,T be nonezpansive mappings of C into itself such that S(C)UT(C)
is contained in a compact subset of C and F(S) N F(T) is nonempty. Suppose that
{zn} is given by x; € C and Tpy1 = anS[BnTzs + (1 — Bn)Za) + (1 — an)[YnSTp +
(1 = Yn)xa) for all n > 1, where ag, Bn,Tn € [0,1]. Then:

(i) If there ezists a cluster point (ag, Bo,70) Of {(Qn, Bn,m)} such that (ao, B, 0) €
[0,8] x [0,1] X [a, b] for some a,b € (0,1), then there exists a subsequence {z,,}
of {xn} such that x,, — z € F(S);

(i) if there ezists a cluster point (o, Bo,Y0) of {(0n, Bn, 1)} such that (co, Bo,Y0) €
[a,1] x [a,b] x [0,1] for some a,b € (0,1), then there ezists a subsequence {z,}
of {zn} such that z,, —» z € F(T);

(i) if there exists a cluster point (a0, Bo,Y0) 0f {(an, Bn, m)} such that (co, Bo,Y0) €
[a,b] x [0,b] x [0,b] for some a,b € (0,1), then there exists a subsequence {z,,}
of {z,} such that z,, = z € F(S);

(iv) if there exists a cluster point (ao, Bo, 0) of {(@tn, Bn,1n)} such that (o, Bo,Y0) €

[a,b] x [a,b] x [0,b] for some a,b € (0,1), then there exists a subsequence {z,,}
of {zn} such that z,, —» z € F(S)N F(T);

— 6 —



(v) if there exists a cluster point (ao, Bo,Y0) 0f {(Cn, BnsTn)} such that (co, Bo,Y0) €
[a,d] x [a, 1] x [0,0] for some a,b € (0,1), then there exists a subsequence {z,,}
of {z.} such that z,, — z € F(ST);

Further we assume that S and T commute.

(vi) If there ezists a cluster point (ay, Bo, Y0) of {(@n, Bn, 1)} such that (ao, Bo,Y0) €
[a,b] x [a, 1] X [a,b] for some a,b € (0,1), then there exists a subsequence {z,,;}
of {zn} such that z,, — z € F(S)N F(T).

Proof By Mazur’s theorem, D = ¢o{S(C) UT(C) U {z,}} is a compact subset of
C containing {z,}. Let w be a common fixed point of S and T'. Also we have

|aS[6Tz + (1 - B)z] + (1 — &)[vSz + (1 = 7)2] — w||

a||S[BTz+ (1 - B)z] —wl| + (1 — @) [[7Sz + (1 = 7)z — w|
a||fTz+ (1 -f)z —w||+ (1 -a)|l7Sz+ (1 - 7)z —w||

ll2 — wl| | (4)

IAIA IA

for any a,,v € [0,1] and z € C. Since {||z, — w]||} is nonincreasing, we get that
lim; e ||Zn — w|| exists. Let b = limp_,o0 ||2n — w]| . To prove (¢), let {(an,, BnysYni)}
be a subsequence of {(an, On, )} such that (an,, BnysTn.) — (@0, Bo,Y0). Without
loss of generality, we assume that (an,,Bn,,Yn.) € [0,0] x [0,1] X [a,b] with some
a,b € (0,1) for all k¥ > 1. By the compactness of D, there exists a subsequence
{2n,,} of {z,,} such that z,, — 2 for some z € D. Assume Sz # 2. Since z,,, — 2,

we have ||z — w|| = h. From Sz # z, we have h > 0. We also know that

1Sz —wlf <|jz —wl[=h
So, we have that for any a € [0,b],5 € [0,1] and v € (0,1),
oSBTz + (1 —B)z]+ (1 —a)[ySz+ (1 —7)2] —w|| <h

using strict convexity of E and (4). Further, consider a three variable real valued
function g on [0, 1] x [0,1] x [0, 1] given by

9(a,8,7) = |aS[BTz + (1 = B)2] + (1 — a)[vSz + (1 — 7)2] — w||

for (e, 4,7) € [0,1] x [0,1] x [0,1]. Then g is continuous. From compactness of
[0,d] x [0,1] x [a,b], we have

maz{g(a,B,7) : (&, 8,7) € [0,8] x [0,1] x [a,b]} < h.
Choose a positive number 7 such that

maz{g(e,B,7) : (@,B,7) € 0,8 x [0,1] x [a,b]} <h -



Then from z,, — z, we obtain an integer m > 1 such that ||z, — 2|| < r. Hence
we have

h |Zm+1 = wl|
[Zm+1 = 0mS[BmTz + (1 = Bm)z] = (1 = @m)[YmS2z + (1 — 1m)2]|
HlamS[BmTz + (1 = fm)2] + (1 — am)[1mSz + (1 — Ym)2] — w|
am”S[ﬂmem + (1 - ﬂm)zm] - S[ﬂmTZ + (1 - ,3,,.)2]"
+(1 — am)|[[YmSTm + (1 = Ym)Zm] — [YmS2 + (1 — Ym) 2|
HlomS[BnTz + (1 = Bm)2] + (1 = am)[YmSz + (1 = Ym)2] — w]|
|| B (T2 — T2) + (1 = Bm)(@m — 2)|| +
(1 = am)ltm(SzZm — S2) + (1 = Y )(@m — 2)|| + B — 7
< am(Bmllzm — 2| + (1 = Bm)l|lzm — 2|)

+(1 = am)[mllZm — 2|l + (1 = Y| T — 2[] + B = 7
= |zm—z2||+h—-7r
< h.

IA IA

IA

IA

This is a contradiction. So, we obtain 2z = Sz. This completes the proof of (3).
To prove (ii), let {(@n,,0Bn,,n.)} be a subsequence of {(@n,0Bs,7.)} such that
(@nes Brrs Yne) = (0, Bo,Y0)- Without loss of generality, we assume that (an,, Bny s Tni )
€ [a,1] x [a,b] x [0,1] with some a,b € (0,1) for all ¥ > 1. By the compactness of
D, there exists a subsequence {zn, } of {z.,} such that z,, — z for some 2 € D.
Assume T'z # 2. Then, as in the proof of (), we have that ||z — w|| = A,

ISz —wl| < llz —wl|| = A

and
IT2 — w|| < ||z —w| = A.

From Tz # 2, we have h > 0. Further we have that for any o € [a,1] and g € (0,1),
|laS[BTz+ (1 - 8)2)+ (1 —a)[¥Sz+ (1 —7)z] —w| < h
using strict convexity of £ and (4). As in the proof of (i), we have

maz{g(a,3,7) : (o, 3,7) € [a,1] X [a,b] x [0,1]} < h.

As in the proof of (i), choose a positive number r such that

maz{g(a, B,7) : (o, 6,7) € [a,1] X [a,b] x [0,1]} < h—T.

Then, we obtain
h < ||Tm+1 — w|| < h.

This is a contradiction. So, we obtain Tz = z. This completes the proof of (43).
To prove (iii), let {(an,,0Bn,,m.)} be a subsequence of {(an,fBn,7.)} such that
(@nis Brgs Yni) = (0, Bo, 70)- Without loss of generality, we assume that (o, , BrisTni)
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€ [a,b] x [0,b] x [0,b] with some a,b € (0,1) for all k¥ > 1. By the compactness of
D, there exists a subsequence {z,, } of {z,,} such that z,, — z for some z € D.
Assume Sz # z. Then, as in the proof of (i), we have that ||z —w|| =h >0 and

1Tz — wl| < ||z —w]|.
So, we have that for any a € [a,b],3 = 0 and v € [0, b],

leS[6Tz + (1 = B)z] + (1 — &)[¥Sz + (1 = 7)2] — v

Sz + (1 - a)[ySz+ (1 = 7)7] - wl|

7Sz + (1 — a)S2]+ (1 —7)[@Sz+ (1 — a)z] — w||

Mz —wl + (1 - MllaSz + (1 - o)z — w||

h ()

A A

using strict convexity of E. Also we have that if Tz # z, then for any a € [a,b],8 €
(0,1) and v € [0, ],

|SI8Tz + (1 = B)z] + (1 = Sz + (1 = 7)2] = wll <h

using strict convexity of £ and (4). Further we have that if T2 = z, by (5), we also
have, for any « € [a,b],3 € (0,1) and v € [0, ],

|laS[BTz + (1 = B)z] + (1 — a)[vSz + (1 —7)2] — v
|laSz+ (1 — a)[ySz + (1 —v)z] — w||
< h

using strict convexity of E. As in the proof of (z), we have

maz{g(a, 8,7) : (&, 8,7) € [a,] x [0,8] x [0,8]} < h.

As in the proof of (7), choose a positive number r such that

maz{g(e, 8,7) : (&, B,7) € [a,] x [0,6] x [0,8]} < h—7.

Then, we obtain
h < ||Zm+1 — w|| < h.

This is a contradiction. So, we obtain Sz = z. This completes the proof of (#it).
To prove (iv), let {(an,,Bn.,Tn.)} be a subsequence of {(an,fBn, )} such that
(Qnys Bres Yne) — (@0, Bo,Y0). Without loss of generality, we assume that (@, , On,s Yny)
€ [a,d] x [a,b] x [0,d] with some a,b € (0,1) for all £ > 1. By the compactness of
D, there exists a subsequence {z,, } of {z,,} such that z,, — 2 for some 2z € D.
As in the proof of (i¢) and (ii¢), we have 2 € F(S)N F(T) This completes the
proof of (iv). To prove (v), let {(@n,, OnysTn,)} be & subsequence of {(an,Fn,Tn)}
such that (an,, On» Yne) — (@0, 00,7 ). Without loss of generality, we assume that
(CngsBrp>Tni) € [a,b] X [a, 1] x [0,6] with some a,b € (0,1) for all ¥ > 1. By the
compactness of D, there exists a subsequence {z, } of {z.,} such that z,, — 2 for



some z € D. Assume STz # z. Then, as in the proof of (z), we have ||z —w|| =h > 0
and ||STz — w|| < ||z — w]| . Then, we have that for any o € [a,b],4 =1 and v = 0,

|aS[BTz + (1 = B)z] + (1 — @)[¥Sz + (1 — 7)2] — w||
= ||aSTz+ (1 - a)z — w||
< h

using strict convexity of E. Also, we have that if Sz = 2, then for any o € [a,b],4 =1
and v € (0, b),

|aS[BTz + (1 — B)z] + (1 — a)[vSz + (1 — 7)z] — w]|
= ||aSTz+ (1 - a)z — w||
< h

using strict convexity of E. On the other hand, we have that if Sz # 2, then for any
o € [a,b], 8 =1 and v € (0,)],

|aS[BTz + (1 - B)z] + (1 — &)[ySz + (1 — 7)z] — w|
< a||STz-w|+(1-a)|l[vSz+ (1 —7)z — w|
< h

using strict convexity of E. Also we have that for any o € [a,b],0 € (0,1) and
v € [0, 8],

|laS[BTz+ (1 - B)2]+ (1 —a)[ySz+ (1 —7)2] —w| < h
using strict convexity of E, Sz # z and (4). As in the proof of (i), we have

maz{g(a,p,7) : (a,6,7) € [a,b] x [a,1] x [0,b]} < h.

As in the proof of (i), choose a positive number r such that

maz{g(a,B,7) : (a,B,7) € [a,b] X [a,1] X [0,8]} < h — .

Then, we obtain
h < |Zm+1 — w|| < h.

This is a contradiction. So, we obtain STz = 2. This completes the proof of
(v). We shall prove (vi). Let {(an,,0n;, ")} be a subsequence of {(ayn,Bn,7n)}
such that (an,,Bn,, Tn.) — (@0, Bo,70). Without loss of generality, we assume that
(any» Bnyrne) € [a,b] X [a,1] X [a,b] with some a,b € (0,1) for all K > 1. By the
compactness of D, there exists a subsequence {zn, } of {z,,} such that z,, — z
for some z € D. As in the proof of (i) and (v), we have z € F(S) N F(ST). Since
ST =TS, we have that Tz = TSz = STz = 2. This implies z € F(S) N F(T). This
completes the proof of (vi). O .

The following is a strong convergence theorem of iterates defined by (2) in a strictly
convex Banach space.
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Theorem 4.2 Let C be a nonempty closed convez subset of a strictly convex Banach
space E and let S, T be nonezpansive mappings of C into itself such that S(C)UT(C)
is contained in a compact subset of C and F(S) N F(T) is nonempty. Suppose that
{zn} is given by x1 € C and Tnyy = nS[BuTTn+ (1 = B)Tn] + (1 — ) [1a Sz + (1 —
Yn)Tq) for alln > 1, where oy, B, 7n € [0,1]. If there exists a cluster point (v, Po, %)
of {(@tny Bny 1)} in [a,b] X [a,b] x [0,b] for some a,b € (0,1), then {z,} converges
strongly to a common fized point of S and T. Further, assume S and T commute.
If there exists a cluster point (oo, Bo,%) of (n,Bn,1n) in [a,b] X [a,1] X [a,b] for
some a,b € (0,1), then {z,} converges strongly to a common fized point of S and
T. :

Proof As in the proof of Theorem 4.1, lim, o ||z, — w|| exists for each w €
F(S)N F(T). By Theorem 4.1, there exists a subsequence {z,,} of {z,} such that
Tn; = 29 € F(S) N F(T). Then, we get

Jim ||z, — 20| = lim ||z, — 2]l = 0.

Therefore, {z,.} converges strongly to 2o € F(S) N F(T). This completes the proof.
a

Finally, we discuss the strong convergence of iterates defined by (3).

Theorem 4.3 Let C be a nonempty closed convex subset of a strictly convez Banach
space E and let S, T be nonezpansive mappings of C into itself such that S(C)UT(C)
s contained in a compact subset of C and F(S) N F(T) is nonempty. Suppose that
{z.} is given by 21 € C and Tpi1 = uS[BnTTn + (1 = Bn)Ta] + (1 — a)[1nTTn +
(1 = Yn)Ta) for all n > 1, where iy, Bn,Vn € [0,1]. Then: .

(i) If there exists a cluster point (ay, B, Y0) 0f {(@n, Bn,Tn)} such that (ao, Bo,Y0) €
[0,8] x [0,1] x [a, b] for some a,b € (0,1), then there exists a subsequence {z,,}
of {zn} such that z,, —» z € F(T);

(i) if there exists a cluster point (oo, Bo,Y0) of {(Cn, Bn,1n)} such that (co, Bo,Y0) €
[a,1] x [a,b] x [0, 1] for some a,b € (0,1), then there exists a subsequence {z,,}
of {zn} such that z,, — 2z € F(T);

(#i3) if there ezists a cluster point (ay, Bo, 70) of {(@n, BnyTn)} such that (ao, Bo,Y0) €
[a,b] x [0,b] x [0,b] for some a,b € (0,1), then there exists a subsequence {z,,}
of {x,} such that z,, — z € F(S);

() if there exists a cluster point (oo, o, Y0) 0f {(@n, Bn,Tn)} such that (o, fo,Y0) €
[a,b] x [a,b] x [0,b] for some a,b € (0,1), then there exists a subsequence {z,,}
of {zn} such that z,, — z € F(S) N F(T);

(v) if there exists a cluster point (ao, Bo,70) 0f {(Cn, Bn,Tn)} such that (ao, Bo,Y0) €

[a,b] X [a,1] x [0,b] for some a,b € (0,1), then there exists a subsequence {z,,}
of {x.} such that z,, — z € F(ST);
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(vi) if there exists a cluster point (o, Bo,Y0) Of {(Qn, Bn,¥a)} such that (a, Bo, 10) €
[a,b] x [0,1] x [a,b] for some a,b € (0,1), then there exists a subsequence {z,,}
of {zn} such that z,, = z € F(S)N F(T).

Proof By Mazur’s theorem, D = ¢o{S(C) UT(C) U {z,}} is a compact subset of
C containing {z,}. Let w be a common fixed point of S and T. Also we have

leS[8Tz + (1 = B)z] + (1 — )Tz + (1 — 7)2] — w|

a||S[BTz+ (1= B)z] —wl+ (1 - @) ["Tz + (1 - 7)z — v
al|fTz+(1-B)z —wl|+ (1 - a) 7Tz + (1 - 7)z — w]|

Iz — w]| (6)

for any a,8,7 € [0,1]) and z € C. Since {||z, — w||} is nonincreasing, we get that
limu e [|Zn — w|| exists. Let h = lim ||z, — w||. To prove (i), let {(Cn,,Bne>Tn:)}
be a subsequence of {(an, Bn, ¥n)} such that (an,, Bn,, ne) — (@0, B0, 70). Without
loss of generality, we assume that (an,,fn,,m.) € [0,b] x [0,1] x [a,b] with some
a,b € (0,1) for all k¥ > 1. By the compactness of D, there exists a subsequence
{2n,,} such that Zn,, — 2 for some z € D. Assume Tz # 2. Since T,, — z, we
have |z — w| = h. From Tz # z, we have h > 0. We also know that T2z —w|| <
|2 — w]| = h. For any a € [0,1),8 € [0,1] and v € (0,1), we have

IAIA IA

|eS[BTz+ (1 - B)2] + (1 —a)n Tz + (1 —7)z] —w| < h

using strictly convexity of E and (6). Further, consider a three variable real valued
function g on [0, 1] x [0,1] x [0,1] given by

9(a, B,7) = [|aS[BT2 + (1 = )] + (1 — )Tz + (1 — 7)2] — w|

for (o, 8,7) € [0,1] x [0,1] x [0,1]. Then g is continuous. From compactness of
[0,8] x [0,1] X [a,}], we have

maz{g(a, 3,7) : (o, B,7) € [0,8] x [0,1] x [a,b]} < h.
Choose a positive number r such that
maz{g(e,B,7) : (o, 8,7) € [0,8] x [0,1] X [a,b]} < h —T.

Then from z,, — 2, we obtain an integer m > 1 such that ||z, — z|| < r. Hence
we have

h < |[#mer — vl
< ”xm+l - amS[ﬂmTz +(1- ﬁm)z] —-(1- am)hmTz + (1 - '7M)z]”
HlamSBmTz + (1 = Bm)z] + (1 = am)[ymTz + (1 — Ym)z] — w||
< am”S[ﬂmem + (1 - ,Bm)l'm] - S[ﬂmTz + (1 - 3,")2']"

+(1 — am)"'Ym(Txm —-T2)+(1- Ym ) (Tm — 2)||
H||amS[AmTz + (1 — fm)2] + (1 — am)[ VT2 + (1 — ¥m)2] — w||
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< am”:@m(Txm - Tz) + (1 - ﬁm)(xm - z)”
+(1 = am)||Vm(TZm —T2) + (1 = Y )(@m — 2)|| + h = 1
< om(Bmllzm = 2|l + (1 = Bm)l|l2m — 2]|)
+(1 = om)(mllEm — 2|l + (1 = ym)l|Tm = 2]) + R — 7
= ||Zm—2||+h—-T1
< h.

This is a contradiction. So, we obtain z = T'z. This completes the proof of (3).
To prove (i1), let {(an,,Bn;sTn,)} be a subsequence of {(ay,Bn,7.)} such that
(0ngs Brys Yni) — (@0, Bo,Y0)- Without loss of generality, we assume that (angs Brgs Tnp)
€ [a,1] x [a,b] x [0,1] with some a,b € (0,1) for all k > 1. By the compactness of
D, there exists a subsequence {z,, } of {z.,} such that z,, — 2 for some z € D.
Assume Tz # z. Then, as in the proof of (i), we have ||z —w|| = A > 0 and
T2 — w|| < ||z — w]| . Further we have that for any & € [a,1] and G € (0,1),

|aS[BTz + (1 = B)z] + (1 — )V Tz + (1 = 1)) —w| < h
using strict convexity of E and (6). As in the proof of (i), we also have
maz{g(c, 3,7) : (a,8,7) € [a,1] X [a,b] X [0,1]} < .
As in the proof of (z), choose a positive number r such that

maz{g(a,B,7) : (o, 3,7) € [a,1] X [a,b] x [0,1]} < h —T.

‘Then we obtain h < ||Z;m4+1 —w|| < h. This is a contradiction. So, we obtain z = T'z.
‘This completes the proof of (i¢). To prove (7iz), let {(@n,, Bni, Yn: )} b€ a subsequence
of {(@n, Bn,n)} such that (an,,LBn,,Yn.) = (00, B0,7). Without loss of generality,
we assume that (an,,On,,n,) € [a,] X [0,8] x [0,d] with some a,b € (0,1) for all
k > 1. By the compactness of D, there exists a subsequence {2n,,} of {z4,} such
that z,, — 2 for some 2z € D. Assume Sz # 2. Then, as in the proof of (i), we have
|z — w|| = h > 0. We have that for any a € [a,b], 3 = 0 and v € [0, 1],

eS[6Tz+ (1 = B)z] + (1 — )V Tz + (1 = 7)z] — v
= [laSz+ (1 - a)[yTz + (1~ 7)2] — v |
< 7laSz+(1—-a)Tz—w||+ (1 —79)||laSz+ (1 — a)z — w||
< vllz—wll+ (1 =7) laSz + (1 - )z — w||
h

A

and using strict convexity of E. Also, we have that for any a € [a,b],3 € (0,1) and
v € [0, 8],

laS[BT 2 + (1 — B)z] + (1 — @)1 Tz + (1 = 7)2] — w]| < h
using strict convexity of E and (6). As in the proof of (¢), we also have

maz{g(e,[,7) : (a,B,7) € [a,b] x [0,b] x [0,b]} < h.
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As in the proof of (¢), choose a positive number r such that

maz{g(a, 5,7) : (o, 3,7) € [a,b] x [0,8] x [0,8]} < h —7.

Then we obtain h < ||Zm+1 —w|| < h. This is a contradiction. So, we obtain z = Sz.
This completes the proof of (iiz). To prove (iv), let {(ax,, On,, 7, )} be a subsequence
of {(atn, Bn,Yn)} such that (am,,fn,s¥n,) = (@0, B0, Y0). Without loss of generality,
we assume that (an,,Bn,, Mn,) € [a,b] X [a,b] X [0,b] with some a,b € (0,1) for all
k > 1. By the compactness of D, there exists a subsequence {z,,, } of {z,,} such that
Zn, — 2 for some z € D. As in the proof of (i7) and (ii¢), we have z € F(S)NF(T).
This completes the proof of (iv). To prove (v), let {(an,, Bn.,Tn.)} be a subsequence
of {(an, Bn,n)} such that (an,,LFn,,Tn.) = (@0, B0,7). Without loss of generality,
we assume that (am,,fn,,m,) € [a,8] X [a,1] X [0, 5] with some a,b € (0,1) for all
k > 1. By the compactness of D, there exists a subsequence {zy, } of {z,} such
that z,, — z for some z € D. Assume STz # z. Then, as in the proof of (i), we
have ||z —w|| = h > 0,||STz — w|| < ||z — w|| and ||T2 — w|| < ||z — w||. Then we
have that for any o € [a,b], =1 and 7 € [0, 1],

|aS[8Tz + (1 — B)2] + (1 —o)[vTz + (1 — 7)z] — w||
STz + (1 — a)[7Tz + (1 — 7)2] — w||

< YaSTz+(1—-a)Tz-w|| + (1 —7)||aSTz + (1 — a)z — w||
< 7llz-wl+ Q- aSTz+ (1 - a)z — w||
< h

using strict convexity of E. Also we have that if Tz # z, then for any « € [a,b], 8 €
(0,1) and ~ € [0, B],

laS[T2+ (1 - B)z] + (1 — )[4 Tz + (1 —7)z] —w|| <h
using strict convexity of E and (6). If Tz = z, we get

|aS[8Tz + (1 - B)2] + (1 — a)YTz + (1 — 7)z] — v
|laSTz+ (1 — a)WTz+ (1 —7)z] — w||

= ||aSTz+ (1 - a)z — w|.

< h

using strict convexity of E. As in the proof of (i), we also have
| maz{g(a, 8,7) : (o, 8,7) € [a,b] x [a,1] x [0,8]} < h.
As in the proof of (%), choose a positive number 7 such that
maz{g(a, 3,7) : (a,3,7) € [a,b] X [a,1] x [0,b]} < h —r.

Then we obtain h < ||Zm+1—w]|| < h. This is a contradiction. So, we obtain 2 = ST'2.
This completes the proof of (v). We shall prove (vi). let {(an,,Bn;>7n,)} be a
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subsequence of {(ay,3n,7.)} such that (Qnys By Yni) — (@0, Bo,Y0). Without loss
of generality, we assume that (e, , Bay, Vn,) € [0, 0] X [a, 1] x [a, b]U[a, b] x [0, 8] x [a, b]
with some a,b € (0,1) for all & > 1. If (@, , Buys Yn, ) € [0, b] X [0, 8] x [a, B], as in the
proof of (¢) and (443), we have that there exists a subsequence {zn,} of {z,} such that
Tn,, — 2 € F(S)N F(T). Also we assume (aun,, Bn,,Vn,) € [a,0] X [a, 1] X [a,b]. By
the compactness of D, there exists a subsequence {2n.,} of {z,} such that Tny, — 2
for some z € D. As in the proof of (i) and (v), we have z € F(T)NF(ST). Then we
have that Sz = STz = 2. This implies z € F(5) N F(T). This completes the proof
of (vi). O

The following is a strong convergence theorem of iterates defined by (3) in a
strictly convex Banach space.

Theorem 4.4 Let C be a nonempty closed convez subset of a strictly convex Banach
- space E and let S, T be nonezpansive mappings of C into itself such that S(cyur(c)
is contained in a compact subset of C and F(S) N F(T) is nonempty. Suppose that
{zn} is given by 21 € C and Tny1 = @nS[BaT T+ (1—fr)za] +(1 — o) [Tz +(1—
Yn)Zn] for alln > 1, where oy, B, v, € [0,1]. If there ezists a cluster point (0, Bo, Y0)
of {(an, Bn,¥a)} in [a,b] X [a,b] x [0,B] for some a,b € (0,1) or [a,b] x [0,1] x [a, b]
for some a,b € (0,1), then {z,} converges strongly to a common fized point of S
and T.

Proof As in the proof of Theorem 4.3, lim,_,o ||z, — w|| exists for each w €
F(S) N F(T). By Theorem 4.3, there exists a subsequence {zn;} of {z,} such that
Tn;, — 20 € F(S) N F(T). Then, we get

1 Iz = 2ol = Jim Iz, — 20l = 0.

Therefore, {z.} converges strongly to zo € F(S) N F(T). This completes the proof.
O
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