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In this article we investigate the local structure of Mizohata’s systems in R3, i.e. the
local structure of systems of the form

Au = izl Gzu + f

u = iz’ B3u + g, )

where u(z) = u(z!, z?,2%) is the unknown complex function of z = (z!,22%,2%) € R?, f(x)
and g(z) are given smooth complex functions, €¢; = +1 or —1, j =1,2, and fru = %—'—‘;.
The local existence of solutions of Mizohata systems of codimension 1 in R™ was
studied in the paper [1] by P. Cordaro and J. Hounie, where sufficient conditions for the
local solvability were given in the case when the given functions in the right hand sides
of the equations (f and ¢ in (1)) satisfy certain conditions. The key problem for these
~ systems, which are a special case of the complex linear systems of PDEs, is the problem of
their solvability. As in the case of the classical Frobenius theorem, a necessary condition
for the solvability of such systems is their formal integrability, i.e. the compatibility of

their right hand sides; for the system (1) these conditions are
ng = L2f7 (2)

where L1 = 61 - €1i.’tla3 and L2 = 32 i Gzi.'llzaa.

The purpose of this note is to show that any system (1), satisfying (2), can be reduced
by a suitable change of the variables to a system (possibly non-linear) in R2, i.e. to a
system, involving only two independent variables and two unknown functions, which is not
overdetermined. This result relates the local theory of the formally integrable Mizohata
systems with the local theory of the first order systems of PDEs in R2. More exactly,
the theory of the systems of the form (1), having solutions, is a part of the theory of the
systems of PDEs with two unknown real functions of two real variables.

In view of this result any formally integrable system of the form (1) is equivalent to
an ordinary first order smooth complex equation of the form dw = F(z,w, %’;‘1), where w
is the unknown complex function of the complex variable z.

Note that, given a system of partial differential equations, it is often possible to sim-
plify its equations by increasing the number of the variables (independent and dependent).
The converse, i.e. to simplify the equations with a simultaneous decreasing the number of
the variables is rarely possible; in the present article we consider a class of systems of the
form (1), for which the procedure suggested below leads to a simplification.

It should be noted, that the general idea of the method, which we use here, as well as
the key notion of characteristic vector fields, have been introduced by S. Lie.
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Let u = u! +iu?, f = f1 +if? and g = ¢! + ig%. Then (1) can be rewritten in real
variables (dependent and independent) in the following way:
ou! = —e1 2t Bsu? + f1
Ou? = ez Bsul + 2
Qu' = —e2c?83u® + ¢
Bhu? = ex203u' + ¢%.

(3

For the sake of convenience, we denote the right hand sides of the above equations by m;,
ni1, ma and na, respectively, and d3u!, 8su?, u! and u? by =%, 2%, 2% and 27, respectively.
Then Pfaff’s system, corresponding to (3), is

w!(dz) = dz® — mydz! — madz? — z4dz® =0

w?(dz) = dz” — n1dz! — nadz? — z°dz® = 0.

(4)

Recall that, according to the classical definition (see e.g. Schouten and van der Kulk
[2]), the vector field 7 is called a characteristic vector field for the system w*(dz) =0, k =
1,2,...,p, if for any ¢, satisfying w*(¢) =0, k =1,2,...,p, the equalities

wk(r))=0, owk(€,n) =0, k=1,2,...,p

hold.
Consider the following vector fields:

&1 = 04,
€2 = 0Os,
& =03 + 248 + 2°0,
€4 =01 +m 106 + 1,10y,
€s = Oy + ma0s + n20k.
Theorem 1. If f and g satisfy (2), then the vector field

n=(—ez’df +az'd:9" )1 + (B f! — 019" )62 — 25764 + 13¢5

is characteristic for the system (4).
Proof. We have to prove that for any vector field ¢, satisfying the conditions w*(¢) =
0, k=1,2, the equalities

- wk(ﬂ) =0, 3wk(§, 77) =0, k=1,2 (5)

hold. A straightforward verification shows that £;, j = 1,2,3,4, 5 satisfy w*(£;) =0, k=
1,2, and that they are linearly independent; hence each field (, satisfying the conditions
0wk (€,¢) =0, k=1,2, j=1,2,3,4,5 and w*({) =0, k= 1,2, satisfies also (5).
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Therefore, in order to prove the required result, it is sufficient to show that

wk(EJan)zoa k=1v27 j:1,273$4v5

(6)

(note that, since 7 is a linear combination of ¢;, and since wk(&)) =0, j=1,2,3,4,5, k=

1,2, then w*(n) =0, k=1,2).

We have
[61762] = 03
[é1,&3] = s,
[€2,€3]) = O,

[€1,64] = 12’ Oy,
[¢2,84) = —e12" Bs,
- [61,&5] = 2273,
[€2,&5] = —e227 s,
[é3,€4] = O3m106 + O3 0,
[£3,&5] = B3m206 + Fsnz O,
[€4, 5] = (Bima — 02mn)06 + (O1n2 — Byn1 )0y

Hence, using the above results and the identity dw(X,Y) = Xw(Y) — Yw(X) —

w([X,Y]), we obtain :
dwl(€1,n) = (—e2220s f* + €121 839" )0w’ (€1,61)

+(62f1 - 6192)6(“)1(61’62) - 62zzawl(§17£4) + 61$16w1(£1,§5) .
= —(8f" — 819" )W (&1, &2]) + 22w ([61, &]) — ez ([61, &5])
. _ 0,

and similarly

dw?(&1,m) = 0,
Ow'(€2,m) =0, Ow'(és,n) =0,
Owl(€4,m) =0, Ow'(&,n)=0.
Note that the condition (2) is equivalent to the equalities

g + 612 939 = o f' + 6250233f2

and
81g2 - 61;131(93g1 = 62f2 - 62$2a3f1.
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Hence n can be represented also in the form
n=(—0f+ A g*)e1 + (—62$233f2 + 121 0:9%)€2 — e27%€4 + 12" s,

Then

(€3, n) = (=B f? + 819")0w*(&3,61)
+(—€2228s f + €17 839%)0w? (€3, &2)
—e2220w? (&3, €4) + e12' B (€1, €5)

= —(=8of? + B f )P (63, &1]) + e22%w?([61, £4]) — 12 W (€1, £5))
=0, (11)

and similarly

aw2(£4’77) = 0’ aw2(§5377) =0. (12)

Combining (7), (8), (11) and (16), we get (5). Theorem 1 is proved.

For Pfaff’s systems, having a characteristic vector field, there exists a standard method
for reducing the number of the variables (see e.g. Schouten and van der Kulk [2]). Here for
the case of system (4) the total number of the variables can be reduced from 7 to 6. We will
apply a slightly modified version of the classical method in order to deduce a respective
system of PDEs, equivalent to (1), with two unknown functions and two independent
variables.

Consider the system

63 =0, &£®=0 nd=0. (13)

Lemma 1.

[, =0, [&2,n]=0, [£,&]=0. (14)

Proof. The last of these three equalities was mentioned above and is trivial; in order
to prove the first two it is sufficient to rewrite 5, using (9) and (10), in the following way:

n=(—er’df + ez'drg" ) + (B f' - 01912 — e22%€4 + €12 &5

= —€220) — €22°m1 86 — e22’n,07 + e12' 8 + e1x1ma8 + e1x'n2 8y
+(=82f* + 819%)0s + (82 f* — B19")0s
= 2’0 + €12'02 — (o f* + 019°)0s + (B2 f' — B1g" )05
+(—e22? f' + €12 1)6 — (e22° f2 + e12' 92)Br;

now the required result is clear.

It follows from Lemma 1 that (13) has four functionally independent solutions ®* =
®%(x), k = 1,2,3,4, z € R’. Consider also the equation n® = 0. The above four
functions are its solutions, and it has two more functionally independent solutions; denote
these two solutions by ®° and ®°. And finally, let 7 be any function, which is functionally
independent with the previous six ®*, k=1,2,...,6.
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Consider the local system of coordinates with coordinate functions y* = ®*(z). Since
Wk (&) = wM(&) = w*(n) =0,
and since ®*, k = 1,2,3,4 satisfy (13), then in the new coordinates (4) has the form

w!(dy) = wi(y)dy' +wi(y)dy® + wi(y)dy® + wi(y)dy* =0

15
w?(y) = wi(dy)dy' + wi(y)dy® +wi(y)dy® + wi(y)dy* = 0. (15)

Since the rank of (4) equals 2, (15) can be resolved with respect to two of dy!, dy?, dy®
and dy*; without loss of generality we can assume, that (15) can be resolved with respect
to dy® and dy* :

@' (dy) = dy® — F(y)dy' — G(y)dy* =0

w?(dy) = dy* — H(y)dy' — K(y)dy® = 0. (16)

This new Pfaff system is equivalent to (15) and hence to (4).

Lemma 2. F(y), G(y), H(y) and K(y) do not depend on y” : & F = &G = &H =
K =0.

Proof. Since n®* =0, k=1,2,...,6, thenn = a(y)%r for a suitable function a(y).
And since n is characteristic for (4) and hence for (16), in view of (5) the rank of the

system
wk(dy) = 0,0wF(n,dy) =0, k=1,2

equals 2, i.e the equations 8w*(n, dy) = 0, k = 1,2 are linear combinations of the equations
of (16). It remains to note that

dw'(n, dy) = dw'(a(y)dr,dy) = a(y)(—8 Fdy' — &:Gdy?),

0w® (n, dy) = 8w?(a(y)dr,dy) = a(y)(—d; Hdy' — & Kdy®),

and the required result follows. v

Since (4) and (16) are equivalent, the existence of functions u! = z8(z!,2?,2%) and
u? = z7(2!,2?,23%), for which 8,2% = m,, 82% = my, O1z7 = ny and Gz’ = n,, is
equivalent to the existence of functions y* = v1(y!,y?) and y* = v%(y?,y?), which reduce
the equations of (16) to identities, or, in other words, which satisfy the system of PDEs

vl B! 2 B2
o _p ® g & _g ¥ _k
oyl T Oy? oyl T Oy?

where F, G, H and K depend on y!, 2, v! = 3, v = y*, y° and y® and, according to
Lemma 2, do not depend on y”. Eliminating y® and y®, we obtain an equivalent system of
the form

P(yl,yZ’ 017'02,31’01,621)1,61'02,62’02) =0

17
Q(ylv'yzavlavzaalvlaazvl,al'vz,agvz)=O, ( )

where 0, = % and 0, = ;9%.
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Let y3 = v!(y',3?), y* = v%(y',y?) be a solution of (17). Then the system
@3 — vl(Ql,(I)z), @4 — '02(@1,@2) (18)

determines the implicit functions u! = z%(z!,2%,2%), u? = z"(z?,2%,2°), which form a
solution of (1); note that, since the functions ®%, k =1,2,3,4 satisfy (14), then they do
not depend on z* and z®, and hence (18) involves z', 22, z*, z° and z7 only.

Thus we proved
Theorem 2. The change of the variables z — y reduces the Mizohata system (1) to

the system (17).
Now we will apply the above results to the system

Bu = iz* Bzu + z1(o((=z')?® + (z2)?,2%) + az® + ibz!) — bz?

Bru = is0yu + 2X(9((a" )’ + (%), 2°) + az? + ibat) + ais”, (9

where u(z) = u(z!,2?,z%) is the unknown complex function of z = (z',2%,2%) € R?,
¢ = ¢! + i¢? is a given smooth complex function of two real variables, and a and b are
given constants.

This system is a particular case of (1) with &; = € =1, f = (¢ + az? + ibz!) — ba®
and g = z2(¢ + az? + ibz!) + iaz®.
We have
=S (G + (20 a®) +azt) — ba®, 2 = a?(¢H(a))? + (a7, 0% + bat),
gl — x2(¢1((.1:1)2 + (x2)2,x3) +az2)’ g2 — $2(¢2((.’E1)2 + (z2)2’$3) + b.’l:l) +aa:3,

and hence
n=—z26 + 18, + bx20, + az' s + bx’z®06 + az'z38;.

Further we calculate
&, = (z')? + (22)?, @2=2°, @&;=2°+balad,
&, =z —az’z®, &5= bzl + z*,

&g = az? —z°, & =g

These functions imply the following formulas for the change of the variables:
:l)l — y7’ a:2 — /yl _ (y7)2, z3 — y2,
et =y" —by', 2*=ax’ —y® =aVyl - (¥y")2 -,

2 =y® —byty’, 2T =y'+ay’e’ =yt +ay’ Vi - (V)

In the new variables the system (15) becomes
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w'(dy) = dy® — -;—(y6 + ¢)dy' — y°dy? =0
w?(dy) = dy* — %(y5 + ¢?)dy' +y°dy? = 0.

Consequently (1) is equivalent to the system

1
vt = 3 +4")
Bpv! =y

1
Ov? = '2'(115 + ¢2)
327-’2 = _yG’

which after eliminating y° and y® reduces to

261’01 + 621)2 = (,51
2611)? — 8! = ¢

This is a system of a well known type and can be treated by standard methods. From
any of its solutions v! = Y3(y1,y?), v2 = Y*(y',y?) we obtain the respective solution
ul =Y3((21)? + (22)%,23) — bxlz?, u? = Y*4((2!)? + (22)?, 2%) + az?2?® of (19).

In particular, taking ¢ = a = b = 0, we obtain the following result.

Theorem 3. The homogeneous Mizohata system

— gl
Oru = z.:z:za;;u (20)
Su = 1x°G3u
reduces by the change of the variables described above to the real system
20, v! 2=0
11; +<'3zv1 (21)
261’0 - 62’0 = 0.

Theorem 3 expresses the following well known fact: the Mizohata system (20) possesses
the solution Z(z!,z2,z%) = [(2!)?+(2?)?]/2—iz?® and any other local solution u of (20), say
of class C1, can be written as u = V o Z, where V is a C! function in a neighbourhood
of the origin in C, holomorphic for Re z > 0. This follows from the Baouendi-Treves
approximation theorem ([3], [4]). Writing V = V; — iV, and vi(y?,4?) = Vi(2y',4?),
va(y},y?) = Va(2y1,y?), we obtain - from the Cauchy-Riemann equation satisfied by V -
a pair of solutions of (21). '

Similar results can be derived for the homogeneous Mizohata systems in R* with other
combinations of the signs of €; and e,.
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