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On two-parameter discrete time
optimal starting-stopping problems

Teruo Tanaka

Abstract
We discuss the finiteness of an optimal stopping point and an $\epsilon$-optimal

stopping point for the discrete time two-parameter optimal stopping problem.
We also formulate the two-parameter optimal starting-stopping problem for

the discrete time case. Eirther, several problems with the constraints on a start-
ing time and a stopping time are studied, and several nested Belman equations,
named by Sun [11], are investigated.

Keywords : two-parameter stochastic process $starting$-stopping problem *

strategy $tactic^{*}$ nested Belman equation

1 Introduction
In this paper we study a stochastic control problem with not only a stopping time but
also a starting time for two-parameter stochastic processes, which may be termed $th\epsilon$

two-parameter optimal starting-stopping problem.
The two-parameter optimal stopping problem has been studied by several authors,.

Haggstrom [3], Krengel and Sucheston [4], Lawler and Vanderbei [5] and Mand1-
baum and Vanderbei [7] formulated the optimal stopping problems for the stochastic
processes indexed by a partially ordered set and solved them through the dynamic
programming approach. That is to say, by introducing the Snell envelopes, which
are well-known in the one-parameter optimal stopping problems, and the concept of a
stopping point, a strategy and a tactic, they gave a construction of an optimal solution.
Mandelbaum [6] formulated the optimal stopping problem for the multi-parameter
stochastic processes and developed not only the well-known dynamic programming
approach but also the theory of the dynamic allocation index.

In particular, Mandelbaum and Vanderbei [7] showed that if a partially ordered
set is a two-dimensional non-negative lattice, the two-parameter optimal stopping
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problem is equivalent to the control problem of finding the tactic maximizing the
given expected reward function under the conditionaly independent property (F3) in
section 2.

Further Haggstrom [3] gave one sufficient condition for a reward process to guaran-
tee that an optimal stopping point be finite. In contrast to the one-parameter optimal
stopping problem, the finiteness of an optimal stopping point and an $\epsilon$-optimal stop-
ping point for the two-parameter optimal stopping problem remains open.

The first aim in this paper is to argue them.
${\rm Re} cently$ Sun [11] introduced the optimal starting-stopping problem for the one-

parameter continuous time stochastic process described by a stochastic differential
equation and gave a characterization of the optimal value function in terms of the
nested variational inequality. The discussion of the one-parameter starting-stopping
problem for the general stochastic process in both discrete time and continuous time
case is given in Tanaka [13].

The second aim in this paper is to formulate optimal starting-stopping problems
for two-parameter processes both with and without time constraint conditions and to
discuss their optimal values. In the discrete time case, $two-parameter$ optimal stopping
problems with time constraints have been studied by Arenas [1] and Mandelbaum and
Vanderbei [7].

In section 2 we give notations and definition, make preparations for optimal stop-
ping problems for two-parameter processes and show some properties of an optimal
stopping rules and the finiteness of an optimal stopping point and an $\epsilon$-optimal stop
ping point under a certain assumption. In section 3 and 4 we give a precise formulation
of two-parameter starting-stopping problem in the discrete time case. Further, we in-
vestigate several version of our problem with constraints on a starting time and a
stopping time. In section 5 we study the monotone condition for the two-parameter
stopping problem.

2 Preliminaries
Throughout this paper we consider the stochastic processes indexed by $N^{2}$ . Let $T=$
$N^{2}$ . The index set $T$ is extended to its one-point compactification $T\cup\{\infty\}$ endowed
with the folowing partial order: for all $z=(s, t),$ $z^{\prime}=(s^{\prime}, t^{\prime})\in T$ ,

$z\leq z^{j}$ if and only if $s\leq s^{\prime},t\leq t^{\prime}$ ,
$z<z^{\prime}$ if and only if $s<s^{\prime},t<t^{\prime}$ ,
$ z\leq\infty$ for al $z\in T$ .

Let $(\Omega, \mathcal{F}, P)$ be a complete probability space with the complete two-parameter filtra-
tion $\{\mathcal{F}_{z}, z\in T\}$ satisfying the conditions
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(F1) if $z\leq z^{\prime}$ , then $\mathcal{F}_{z}\subset \mathcal{F}_{z^{\prime}}$ ,
(F2) $\mathcal{F}=\sigma(\bigcup_{z}\mathcal{F}_{z})$ ,
(F3) $\mathcal{F}_{w}$ and $\mathcal{F}_{z}$ are conditionally independent given $\mathcal{F}_{wAz}$ for all $z,$ $w\in T$ ,

where the notation $w\wedge z$ denotes the coordinatewise minimum.
A stopping point is the random variable $T$ taking values in $T\cup\{\infty\}$ such that for

al $z\in T,$ $\{T\leq z\}\in \mathcal{F}_{z}$ .
A strategy starting at $z\in T$ is the family of stopping points $\{\sigma_{\ell},t\geq 0\}$ satisfying

the conditions:
$\sigma_{0}=z$ ,
$\sigma_{t+1}=\sigma_{t}+e_{1}$ or $\sigma_{\ell}+e_{2}$ ,
$\sigma_{t+1}$ is measurable with respect to $\mathcal{F}_{\sigma_{t}}$ ,

where $e_{1}=(1,0)$ and $e_{2}=(0,1)$ .
A tactic starting at $z$ is the pair $(\sigma_{t}, \tau)$ of a strategy at $z$ and a stopping time $\tau$

with respect to $\mathcal{F}_{\sigma_{t}}$ , that is, $\{\tau\leq t\}\in \mathcal{F}_{\sigma_{t}}$ $\forall t\geq 0$ , where $\mathcal{F}_{\sigma_{l}}=\{A\in \mathcal{F}|A\cap\{\sigma_{t}\leq$

$z\}\in \mathcal{F}.,\forall z\}$ .
Let {X$(z),$ $z\in T$} be a real-valued $\mathcal{F}_{z}$-adapted two-parameter stochastic process

on $(\Omega, \mathcal{F}, P)$ such that $ E[\sup_{z\in T}X(z)^{+}]<\infty$ . We use the convention that $X(\infty)=$

$\lim\sup_{z\rightarrow\infty}X(z)$ .
Let $\Sigma_{z}$ denote the set of al the tactics starting at $z$ with $P(\tau<\infty)=1$ and

$ E[X(\sigma_{\tau})^{-}]<\infty$ , and $\overline{\Sigma}_{z}$ the set of all tactics starting at $z$ with $ E[X(\sigma_{\tau})^{-}]<\infty$ .
Denote by $C_{z}$ the set of all stopping points $T$ such that $P(z\leq T<\infty)=1$

and $E[X(T)^{-}]<\infty,\overline{C}_{z}$ the set of al stopping point $s$ such that $P(z\leq T)=1$ and
$ E[X(T)^{-}]<\infty$ .

The two-parameter optimal stopping problem is to find $\tau*\in C_{0}(resp.\overline{C}_{0})$ such that

$E[X(T^{*})]=$ $supE[X(T)]$ ,
$T\in Co(resp.\overline{c}_{0})$

which is equivalent to find $(\sigma_{\ell}^{*}, \tau^{*})\in\Sigma_{0}(resp.\overline{\Sigma}_{0})$ such that

$E[X(\sigma_{\tau^{*}}^{*})]=$ $supE[X(\sigma_{\tau})]$ ,
$(\sigma,\tau)\in\Sigma_{0}(resp.Z_{0})$

because of the assumption (F3) (see Lemma 2.1).
We define the Snell envelopes by, for $z\in T$ ,

$f(z)$ $=$ ess $\sup_{T\in C}E[X(T)|\mathcal{F}_{z}]$ ,

$\overline{f}(z)$ $=$ ess
$\sup_{T\in\overline{C}_{*}}E[X(T)|\mathcal{F}_{z}]$ .
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LEMMA 2.1 We have, for $z\in T$ ,

$f(z)$ $=$ ess
$\sup_{(\sigma_{t},\tau)\epsilon\Sigma_{*}}E[X(\sigma_{\tau})|\mathcal{F}_{z}]$

,

$\overline{f}(z)$ $=$ ess
$(\sigma,\tau)\in\Sigma_{*}\sup_{-}E[X(\sigma_{\tau})|\mathcal{F}_{z}]$

.

Lemma 2.1 is immediately obtained by the assumption (F3).
At first we state the fundamental results which are able to obtain by the classical

methods.

THEOREM 2.1 $\{f(z)\}$ satisfies the following properties :
(i) $\{f(z)\}$ satisfies the stochastic dynamic programming equation

$f(z)=\max\{X(z),\max E[f(z:=1,2+e;)|\mathcal{F}_{z}]\}$

(ii) $E[f(z)]=\sup_{(\sigma,\tau)\in\Sigma_{*}}E[X(\sigma_{\tau})]$

(iii) $\{f(z)\}$ is the smallest supermartingale dominating {X $(z)$ }
(iv) $\lim\sup_{z\rightarrow\infty}X(z)\leq\lim\sup_{z\rightarrow\infty}f(z)$

(v) for all $S\in C_{0},$ $f(S)=ess\sup_{\tau\epsilon c_{s}}E[X(T)|\mathcal{F}_{S}]$ ,
where $C_{S}=\{T\in C_{0}|S\leq T\}$ .

If $C_{0},$ $C_{S}$ and $f(S)$ are changed by $\overline{C}_{0},\overline{C}_{S}$ and $\overline{f}(S)$ , respectively, then the last
assertion (v) also holds true.

DEFINITION 2.1 We call the tactics with the following relations f-admissible
$E[f(\sigma_{\ell+1})|\mathcal{F}_{\sigma_{1}}]=f(\sigma_{\ell})$ on $\{t<\tau\}$ , (1)
$\tau=\inf\{t : X(\sigma_{\ell})=f(\sigma_{\ell})\}$ . (2)

We also call tactics $w|th$ the relations (1) and (2) in which the Snell envelope $f\iota s$

changed by $\overline{f}$ f-admissible.
PROPOSITION 2.1 $(i)Let$ the tactic $(\sigma_{t}, \tau)$ be f-admissible such that $P(\tau<\infty)=1$ .
Then $(\sigma_{t}, \tau)$ is optimal in the class $\Sigma_{0}$ .

$(ii)Let$ the tactic $(\sigma_{t}, \tau)$ be f-admissible. If $\lim\sup_{z\rightarrow\infty}X(z)=\lim\sup_{z\rightarrow\infty}\overline{f}(z)$ ,
then $(\sigma_{\ell}, \tau)$ is optimal in the class $\overline{\Sigma}_{0}$ .

PROPOSITION 2.2 If for any $w,$ $\sup_{z\geq w}E[\sup_{p\geq w}X(p)|\mathcal{F}_{z}]\leq\sup_{p\geq w}X(p)$ , then

$f(z)=\overline{f}(z)$ $\forall z$ a.s..
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Proof. Since $f(z)\leq\overline{f}(z)$ , it is sufficient to prove that $E[\overline{f}(z)]=E[f(z)]$ . By the
same line as in Theorem 2.1

$E[\overline{f}(z)]$ $=$
$(\sigma,\tau)\in\Sigma_{s}\sup_{-}E[X(\sigma_{\tau})]$

$\overline{f}(z)$ $=$ $\max\{X(z), \max E[\overline{f}(zi=+e_{i})|\mathcal{F}_{z}]\}$

Therefore we can define an $\overline{f}$-admissible such that admissible tactic $(\xi_{\ell}, \eta)$ by means of
the above dynamic programming equation. By our assumption, $\lim\sup_{z}\overline{f}(z)\leq X(\infty)$ .
By Proposition 2.1 (ii), then we have

$E[\overline{f}(z)]$ $=$ $E[X(\xi_{\eta})]$

$\leq$

$\sup_{\tau\leq\infty}E[X(\xi_{\tau})]$

$=$
$\sup_{\tau<\infty}E[X(\xi_{\tau})]$

$\leq$ sup $supE[X(\sigma_{\tau})]$

$\{\sigma_{t}\}^{\tau<\infty}$

$=$ $E[f(z)]$ .
$\square $

PROPOSITION 2.3 We assume that $\lim\sup_{z\rightarrow\infty}X(z)=\lim\sup_{z\rightarrow\infty}\overline{f}(z)$ and $X(z)$

converges to $-\infty$ as $ z\rightarrow\infty$ with respect to the one-point compactification topology.
Let $(\sigma_{t}, \tau)$ be an f-admissible tactic. Then $\sigma_{r}<\infty$ $a.s.$ .

Proof. Suppose that $P(\tau=\infty)>0$ . By Proposition 2.1 and Proposition 2.2, we
have

$\sup_{\Sigma_{0}}E[X(\xi_{\eta})]$
$=$ $E[X(\sigma_{\tau})]$

$=$ $\int_{\{\tau<\infty\}}X(\sigma_{\tau})dP+\int_{\{\tau=\infty\}}X(\infty)dP$

$=$ $\int_{\{r<\infty\}}X(\sigma_{\tau})dP+\int_{\{\tau=\infty\}}$ lim $supX(z)dP$

$\leq$ $-\infty$ . (3)

On the other hand,
$-\infty<E[X(0)]\leq\sup_{-,\Sigma_{0}}E[X(\xi_{\eta})]$ .

This contradicts (3), therefore we have $P(\tau<\infty)=1$ . $\square $

Next we discuss the $\epsilon$-optimality. Let $\epsilon$ be a positive number.
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The stopping point $\tau*$ is called $\epsilon$-optimal if it satisfies

$ E[X(T^{*})]\geq$ $supE[X(T)]-\epsilon$ . (4)
$\tau\epsilon c_{0}(resp.\overline{c}_{0})$

Since we assume the condition (F3), the problem (4) is equivalent to find $(\sigma_{\ell}^{*}, \tau_{\epsilon}^{*})\in$

$\Sigma_{0}(resp.\overline{\Sigma}_{0})$ such that

$ E[X(\sigma:.)]\geq$ $supE[X(\sigma_{\tau})]-\epsilon$ .
$(\sigma,\tau)\in\Sigma_{0}(resp.2_{0})$

THEOREM 2.2 We assume that $\lim\sup_{z\rightarrow\infty}X(z)=\lim\sup_{z\rightarrow\infty}\overline{f}(z)$ , Let $(\sigma_{t}, \tau)\in\overline{\Sigma}_{0}$

be an f-admissible tactic. We define $\tau$ by

$\tau_{e}=\inf\{t : X(\sigma)>f(\sigma)-\epsilon\}$ .

Then $\tau_{e}$ is $\epsilon$-optimal and
$P(\tau_{e}<\infty)=1$ .

Proof. By the assumption we have

ess $\sup_{\eta\geq}E[X(\sigma_{\eta})|\mathcal{F}_{\sigma_{t}}]=\overline{f}(\sigma_{\ell})$ on $\{\tau=\infty\}$ . (5)

where $\eta$ is an $\mathcal{F}_{\sigma_{t}}$-stopping time. In fact, let $A=$ {$ess$ $supE[X(\sigma_{\eta})|\mathcal{F}_{\sigma_{t}}]<\overline{f}(\sigma_{t})$ },
suppose that $P(A)>0$ for $s$ome $t$ . Then

$E[X(\sigma_{\tau})|\mathcal{F}_{\sigma_{t}}]<\overline{f}(\sigma_{\ell})$ a.s. on $A\cap\{t<\tau\}$ .

From the fact that $\{\overline{f}(\sigma_{\tau A})\}$ is a one-parameter martingale, the limit $\lim_{t\rightarrow\infty}\overline{f}(\sigma_{\tau At})$

exists and is finite on $\{\tau=\infty\}$ . Moreover we get $\lim_{t\rightarrow\infty}f(\sigma_{\tau A\ell})=\overline{f}(\sigma_{\tau})$ , and
$E[\overline{f}(\sigma_{\tau})|\mathcal{F}_{\sigma}]=\overline{f}(\sigma_{\tau A\ell})$ . Therefore we have on $A\cap\{t<\tau\}$

$\overline{f}(\sigma_{\ell})$ $>$ $E[X(\sigma_{\tau})|\mathcal{F}_{\sigma},]$

$=$ $E[\overline{f}(\sigma_{\tau})|\mathcal{F}_{\sigma}]$

$=$ $\overline{f}(\sigma_{\ell})$ .

This proves (5).
By the definition of the admissible tactic $(\sigma_{t}, \tau)$ , we get $\tau_{\epsilon}\leq\tau$ and $\{\tau_{\epsilon}=\infty\}\subset$

$\{\tau=\infty\}$ . Since that $\{\overline{f}(\sigma_{\tau.A\ell})\}$ is a martingale, the limit $hm_{t\rightarrow\infty}\overline{f}(\sigma_{\tau_{e}A\ell})$ exists and
is finite on $\{\tau_{\epsilon}=\infty\}$ . Then we have

$\overline{f}(\sigma_{\ell})\geq X(\sigma_{\ell})+\epsilon$ on $\{\tau_{\epsilon}=\infty\}$ ,
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and then
$\lim\overline{f}(\sigma_{t})\geq\lim\sup X(\sigma_{\ell})+\epsilon$ on $\{\tau_{\epsilon}=\infty\}$ . (6)

It $fo\underline{1}lows$ from (5) and (6) that $P(\tau_{\epsilon}=\infty)=0$ . Finally, by the martingale property
of $\{f(\sigma_{\tau,\wedge t})\}$ and Theorem 2.1 we have

$E[X(\sigma:_{\epsilon}.)]$ $\geq$ $ E[\overline{f}(\sigma:_{e})]-\epsilon$

$=$ $ E[\overline{f}(\sigma_{0})]-\epsilon$

$=$ $ E[\overline{f}(0)]-\epsilon$

$\sup_{(\sigma_{1},r)}E[X(\sigma_{\tau})]-\epsilon$ .

$0$

$3$ $Starting-stopping$ problem
In this section we use the definitions and notation introduced in the previous section.

At first we shall formulate the two-parameter $starting-s$topping problem.
Let $\{f(z), z\in T\}$ and $\{g(z), z\in T\}$ be $\mathcal{F}_{z}$-adapted integrable stochastic pro-

cesses $s$uch that $ E[\sup_{z}f(z)^{+}]<\infty$ and $ E[\sup_{z}g(z)^{+}]<\infty$ . $f(\infty)$ (resp. $g(\infty)$ ) is
interpreted as lim $supf(z)$ (resp. $\lim supg(z)$ ).

The two-parameter $starting-s$topping problem is to find the stopping points $S^{*}$

and $\tau*$ with $S^{*}\leq\tau*$ such that

$E[f(S^{*})+g(T^{*})]=\sup_{s\leq T}E[f(S)+g(T)]$ .

In the $starting-s$topping problem, it is effective to consider the path in the time space
connecting a starting time (point) and a stopping time (point). In the one-parameter
case, it is obviously that for all stopping times $S$ and $T$ with $S\leq T$ there exists a
path connecting $S$ and $T$ . As for the two-parameter case, the concept of the strategy
is essential to the two-parameter optimal stopping problem.

PROPOSITION 3.1 For all stopping points $S$ and $T$ with $S\leq T_{2}$ there exists the trip-
licate $(\sigma_{t}, \tau_{0}, \tau_{1})$ of a strategy and two stopping times with respect to $\mathcal{F}_{\sigma_{t}}$ with $\tau_{0}\leq\tau_{1}$

such that
$S=\sigma_{\tau_{0}}$ and $T=\sigma_{\tau_{1}}$ $a.s.$ .

This result is due to Walsh [15].
From this proposition, it should be noted that the following relation holds:

$\sup_{(\sigma,,r_{0},\tau_{1})}E[f(\sigma_{\tau_{0}})+g(\sigma_{r_{1}})]=\sup_{s\leq T}E[f(S)+g(T)]$
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where $(\sigma_{t)}\tau_{0}, \tau_{1})$ in the left-hand term is the triplicate of a strategy and two stopping
times with respect to $\mathcal{F}_{\sigma_{t}}$ with $\tau_{0}\leq\tau_{1}$ and $S$ and $T$ in the right-hand term is the pair
of stopping points with $S\leq T$ .

Therefore we consider the following criterion: find $(\sigma_{t}^{*}, \tau_{0}^{*}, \tau_{1}^{*})$ such that

$E[f(\sigma:_{0}.)+g(\sigma:_{t})]=\sup_{(\sigma_{1},\tau_{0},\tau_{1})}E[f(\sigma_{\tau_{0}})+g(\sigma_{\eta})]$
.

We define the nested Snell envelope {X $(z)$ } and $\{Y(z)\}$ by

$Y(z)$ $=$ ess $\sup_{(\sigma..\tau)\in\Sigma_{*}}E[g(\sigma_{r})|\mathcal{F}_{z}]$
,

$X(z)$ $=$ ess $\sup_{(\sigma_{1},\tau)\epsilon\Sigma}E[f(\sigma_{\tau})+Y(\sigma_{\tau})|\mathcal{F}_{z}]$
.

The process $X(z)$ is well-defined. In fact, $Y(z)$ is $\mathcal{F}_{z}$-adapted and $ g(z)\leq Y(z)\leq$

$\sup_{w}g(w)^{+}$ . For any $(\sigma_{t}, \tau)\in\Sigma_{z},$ $ E[Y(\sigma_{\tau})^{-}]\leq Eb(\sigma_{\tau})^{-}]<\infty$ . Then by the standard
argument, we get the folowing nested equation.

THEOREM 3.1 We have for any $z\in T$ ,

$Y(z)$ $=\max\{g(z), \max E[Y(z|=+e_{i})|\mathcal{F}_{z}]\}$ ,

$X(z)$ $=\max\{f(z)+Y(z), \max E[X(z:=+e_{i})|\mathcal{F}_{z}]\}$ .

This theorem gives the construction of an optimal tactic.

THEOREM 3.2 Let $\{A_{z}, A_{z}^{1}, A_{z}^{2}\}$ and $\{B_{z}, B_{z}^{1}, B_{z}^{2}\}$ be the partitions of $\Omega$ defined by

$A_{z}$ $=$ {X$(z)=f(z)+Y(z)$},
$A_{z}^{1}$ $=$ $\{X(z)=E[X(z+e_{1})|\mathcal{F}_{z}]\}\backslash A_{z}$ ,
$A_{z}^{2}$ $=$ {X $(z)=E[X(z+e_{2})|\mathcal{F}_{z}]$} $\backslash (A_{z}\cup A_{z}^{1})$ ,
$B_{z}$ $=$ $\{Y(z)=g(z)\}$ ,
$B_{z}^{1}$ $=$ $\{Y(z)=E[Y(z+e_{1})|\mathcal{F}_{z}]\}\backslash B_{z}$ ,
$B_{z}^{2}$ $=$ $\{Y(z)=E[Y(z+e_{2})|\mathcal{F}_{z}]\}\backslash (B_{z}\cup B_{z}^{1})$ .

And let $(\sigma_{t}, \tau)$ and $(\xi_{t}, \eta)$ be tactics defined by

$\sigma_{0}$ $=$ $0$ ,
$\sigma_{\ell+1}$ $=$ $\sigma_{t}+e_{i}$ on $A_{\sigma_{2}}^{1}$ ,

$\tau=\inf\{t|X(\sigma_{\ell})=f(\sigma_{t})+Y(\sigma_{\ell})\}$ ,
$\xi_{0}$ $=$ $\sigma_{\tau}$ ,

$\xi_{\ell+1}$ $=\xi_{\ell}+e_{i}$ on $B_{\zeta_{t}}^{1}\cap A_{\zeta_{0}}$ ,
$\eta=\inf\{t|Y(\xi_{\ell})=g(\xi_{\ell})\}$ .
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Then the tactic $(\sigma_{t}^{*}, \tau_{0}^{*}, \tau_{1}^{*})$ defined by

$\sigma$: $=$ $\left\{\begin{array}{ll}\sigma_{t} & t\leq\tau\\\xi_{t-\tau} & t\geq\tau,\end{array}\right.$

$\tau_{0}^{*}$ $=$ $\tau$,
$\tau_{1}^{*}$ $=$ $\tau+\eta$

is optimal if $\tau_{0}^{*}<\infty$ and $\tau_{1}^{*}<\infty$ .

Theorem 3.2 is obtained by Theorem 2.1 (v) and the following lemma. In order
that $\tau_{0}^{*}<\infty$ and $\tau_{1}^{*}<\infty$ , it is $s$ufficient that $X$ and $Y$ satisfy the conditions in
Proposition 2.3.

LEMMA 3.1 For any $(\sigma_{\ell}, \tau)\in\Sigma_{0}$ and $(\xi_{\ell}, \eta)\in\Sigma_{\sigma_{r}}$ , the pair $(\hat{\xi}_{t},\hat{\tau})$ defined by

$\hat{\xi}_{t}$

$=$ $\left\{\begin{array}{ll}\sigma_{t} & t\leq\tau\\\xi_{t-\tau} & t\geq\tau,\end{array}\right.$

$\hat{\tau}=$ $\tau+\eta$

is a tactic.

THEOREM 3.3

$E[X(0)]=\sup_{(\sigma_{1},\eta.\eta)}E[f(\sigma_{\tau_{0}})+g(\sigma_{\eta})]$ .

Proof. By Theorem 2.1, we get

$E[X(0)]=\sup_{(\sigma.,\tau)}E[f(\sigma_{\tau})+Y(\sigma_{\tau})]=\lim_{\mathfrak{n}}E[f(\sigma_{\tau^{n}}^{n})+Y(\sigma_{\tau^{\hslash}}^{\mathfrak{n}})]$

for some $\{(\sigma_{\ell}^{n}, \tau^{\mathfrak{n}})\}\subset\Sigma_{0}$ , and by Theorem 2.1 (v)

$E[Y(\sigma_{\tau^{\mathfrak{n}}}^{\mathfrak{n}})]=\lim_{m}E[g(\xi_{\eta^{n*}}^{m})]$

for some $\{(\Psi_{\ell}, \eta^{m})\}\subset\Sigma_{\sigma_{\tau^{\hslash}}^{\hslash}}$ . Hence we have

$E[X(0)]=\lim_{\mathfrak{n}}\lim_{m}E[f(\sigma_{\tau^{\hslash}}^{n})+g(\xi_{\eta^{m}}^{m})]$ .

This completes the proof. $\square $
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REMARK 3.1 (i) We can also discuss the discounted criterion

$E[\sum_{b\ell=\tau}^{\eta-1}a^{\ell}f(\sigma_{t})+a^{\eta}g(\sigma_{\eta})]$ . (7)

In the case of the running reward type, it is known that the one-parameter optimal
starting problem ends in the usual one-parameter optimal stopping problem (see [11]).
However the concept of the strategy obstructs this transformation of the two-parameter
starting problem (the stopping time $\tau_{1}=\infty$ in (7)) to the two-parameter stopping
problem. Hence it is significant to study the two-parameter optimal stopping problem
containing the starting problem.

(ii) We set

$\overline{Y}(z)$ $=$ ess $supE[g(\sigma_{\tau})|\mathcal{F}_{z}]$ ,
$(\sigma,\tau)\in 2$ .

$\overline{X}(z)$ $=$
$ess\sup_{\langle\sigma_{1},\tau)\epsilon 2}E[f(\sigma_{f})+\overline{Y}(\sigma_{\tau})|\mathcal{F}_{z}]$ .

Using the same argument, we can obtain the same results as those of Theorem 3.1, 3.2
and 3.3. In this case, since the tactic defined in Theorem 3.2 is optimal in $\overline{\Sigma}_{0}$ , it is
possible to omit the assumption on the finiteness $\tau_{0}^{*}<\infty$ and $\tau_{1}^{*}<\infty$ .

4 Constrained problems and Markov cases
In this section we state the Snell envelopes for the problems with time constraint$s$ , and
the nested Belman equation for $bi$-Markov cases. Let $N$ be a fixed positive integer,
we are interested in the tactics with the following conditions:

(P1) $\{\sigma_{\ell}\}_{\ell\leq N}$ , $\tau\leq N$

(P2) $\{\sigma\}_{\ell\epsilon T}$ , $ N\leq\tau$

(P3) $\{\sigma_{t}\}_{\ell\in T}$ , $\tau_{0}\leq N\leq\tau_{1}$

(P4) $\{\sigma_{t}\}_{\ell\in T}$ , $\tau_{1}-\tau_{0}\geq N$

(P5) $\{\sigma_{\ell}\}_{\ell\in T}$ , $\tau_{1}-\tau_{0}\leq N$

Denote by $\Lambda_{(i)}$ the set of all tactics $s$atisfying the condition (Pi).
In the case of (P1) and (P2), our problem is to find a tactic $(\sigma_{\ell}^{*}, \tau^{*})\in\Lambda_{(i)}$ such

that
$E[f(\sigma:.)]=\sup_{(\sigma_{l\prime}\tau)\in A_{1)}}E[f(\sigma_{\tau})]$

.
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In the case of (P3),(P4) and $(P5))$ our problem is to find a tactic with starting time
$(\sigma_{\ell}^{*}, \tau_{0}^{*}, \tau_{1}^{*})\in\Lambda_{(i)}$ such that

$E[f(\sigma:_{0}.)+g(\sigma:_{1^{*}})]=\sup_{(\sigma_{2},\tau_{0},\tau_{1})\in\Lambda_{(\cdot)}}E[f(\sigma_{\tau_{0}})+g(\sigma_{\eta})]$
.

Case (P1)

Put

$Y(t, N-t)$ $=$ $f(t, N-t)$ for $t=0,1,$ $\cdots,$
$N$ ,

$Y(t, N-s-t)$ $=$ $\max\{f(t, N-s-t), \max E[Y((t, N-s-t)|=1,2+e;)|\mathcal{F}_{(\ell,N-*-\ell)}]\}$ .
for $t=0,1,$ $\cdots,$ $N-s$ , $s=0,1,$ $\cdots,$

$N$

Krengel and Sucheston [4] obtained the following theorem.

THEOREM 4.1 We have for $t=0,1,$ $\cdots,$ $N-s$ , $s=0,1,$ $\cdots,$
$N$ ,

$Y(t, N-s-t)=ess.\sup_{(\sigma,\tau)\in A^{1}(t,N--\ell)}E[f(\sigma_{\tau})|\mathcal{F}_{(t,N-\iota-t)}]$ ,

where $\Lambda^{1}(t, N-s-\ell)=\{(\sigma_{\ell}, \tau)\in\Sigma_{(\ell,N-\cdot-t)}|\mathcal{T}\leq s\}$ .

Case (P2)

The Snell envelopes of this case are

$Y(z)$ $=$ es
$s\sup_{(\sigma_{t},r)\epsilon\Sigma_{*}}E[f(\sigma_{\tau})|\mathcal{F}_{z}]$

, $z\in T$ with $|z|\geq N$ ,

$X(z)$ $=$
$ess\sup_{(\sigma_{t},\tau)\in\Lambda^{2}(z)}E[Y(\sigma_{\tau})|\mathcal{F}_{z}]$

, $z\in T$ with $|z|\leq N$

where $\Lambda^{2}(z)=\{(\sigma_{\ell}, \tau)\in\Sigma_{z}|\mathcal{T}=N-|z|\}$ .
By Theorem 2.1, we have

$E[X(0)]=\sup_{\langle\sigma.\tau)\in\Lambda_{(2)}}E[f(\sigma_{\tau})]$
.

Furthermore, an optimal tactic is constructed as follows : Put

$\sigma_{0}=0$ , $\sigma_{\ell+1}=\sigma_{\ell}+e_{i}$ on $A_{\sigma}^{1}$ , for $t=0,1,$ $\cdots,$ $N-1$
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$\xi_{0}=\sigma_{N},$ $\xi_{\ell+1}=\xi+e_{i}$ on $B_{\zeta_{t}}^{1},$ $\eta=\inf\{t|Y(\xi_{\ell})=g(\xi_{t})\}$

where $A^{i}$. and B. are the partitions of $\Omega$ defined the similar way as Theorem 3.2. Then

$\sigma:=\left\{\begin{array}{ll}\sigma_{\ell} & t\leq N\\\xi_{\ell-N} & t\geq N ’\end{array}\right.$ $\tau^{*}=N+\eta$

is optimal for the case (P2) if $\tau^{*}<\infty$ .

Case (P3)

The Snell envelopes of this case $are$

$W(z)$ $=$ ess
$\sup_{(\sigma_{1},r)\in\Sigma_{*}}E[g(\sigma_{\tau})|\mathcal{F}_{z}]$

,

$Y(z)$ $=$ ess
$\sup_{(\sigma,\tau)\in A^{2}(z)}E[W(\sigma_{r})|\mathcal{F}_{z}]$

,

$X(z)$ $=$ ess
$\sup_{\langle\sigma_{t,}\tau)\in A^{1}(z)}E[f(\sigma_{\tau})+Y(\sigma_{\tau})|\mathcal{F}_{z}]$

.

By Theorem 2.1, we have

$E[X(0)]=\sup_{(\sigma_{l},\tau)\in\Lambda^{1}(0)}E[f(\sigma_{r})+Y(\sigma_{\tau})]$
,

and an optimal tactic of this problem is as follows :

$\sigma_{0}=0,$ $\sigma_{\ell+1}=\sigma_{t}+e_{i}$ on $A_{\overline{\sigma}_{t}},$ $\tau=\inf\{t|X(\sigma_{\ell})=f(\sigma_{\ell})+Y(\sigma_{t})\}$ .

Similarly, we get
$E[Y(\sigma_{\tau})]=\sup_{(\zeta_{2},\eta)\in A^{2}(\sigma_{\tau})}E[W(\xi_{\eta})]$

and the tactic $(\xi_{\ell},\eta)$ defined by

$\xi_{0}=\sigma_{\tau},$ $\xi_{\ell+1}=\xi_{\ell}+e_{i}$ on $A_{\zeta}^{1},$ $\eta=\inf\{t|Y(\xi_{t})=g(\xi_{\ell})\}$

is optimal. Then the tactic

$\xi_{t}^{*}=\left\{\begin{array}{ll}\sigma_{\ell} & t\leq\tau\\\xi_{\ell-\tau} & t\geq\tau ’\end{array}\right.$ $\eta^{*}=\tau$

is optimal for the problem

$E[X(0)]=\sup_{(\sigma,\tau)\in\Lambda^{1}(0)}E[f(\sigma_{\tau})+W(\sigma_{\tau})]$ .
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Finally, put

$\alpha_{0}=\xi_{N}^{*}$ , $\alpha_{t+1}=\alpha_{t}+e_{i}$ on $B_{\alpha_{I}}^{i}$ , $\beta=\inf\{t|W(\alpha_{t})=g(\alpha_{t})\}$ .

Then the tactic with starting time

$\sigma_{\ell}^{*}=\left\{\begin{array}{ll}\xi_{\ell}^{*} & t\leq N\\\alpha_{-N} & t\geq N , \tau_{0}^{*}=\tau, \tau_{1}^{*}=N+\beta\end{array}\right.$

is optimal for the case (P3) if $\tau_{0}^{*}<\infty$ and $\tau_{1}^{*}<\infty$ .

Case (P4)

The Snel envelopes of this case are

$W(z)=$ ess
$\sup_{(\sigma_{t},\tau)\in\Sigma}E[g(\sigma_{\tau})|\mathcal{F}_{z}]$

,

$Y(z)$ $=$ ess
$\sup_{(\sigma}E[W(\sigma_{r})|\mathcal{F}_{z}]$

,

$X(z)$ $=$ ess
$\sup_{(\sigma_{t},\tau)\in\Sigma_{*}}E[f(\sigma_{\tau})+Y(\sigma_{r})|\mathcal{F}_{z}]$

.

At first we put

$\sigma_{0}=0,$ $\sigma_{t+1}=\sigma_{t}+e_{i}$ on $A_{\sigma}^{:},,$ $\tau=\inf\{t|X(\sigma_{\ell})=f(\sigma_{t})+Y(\sigma_{\ell})\}$ .
Then $(\sigma_{t}, \tau)$ is optimal for the problem

$E[X(0)]=\sup_{(\sigma_{1},\tau)\in\Sigma_{0}}E[f(\sigma_{r})+Y(\sigma_{\tau})]$ .

Next we put
$\xi_{0}=\sigma_{\tau},$ $\xi_{\ell+1}=\xi_{\ell}+e_{i}$ on $B_{\zeta}^{1}$ .

Then the tactic
$\xi:=\left\{\begin{array}{ll}\sigma_{\ell} & t\leq\tau\\\xi_{t-\tau} & t\geq\tau\end{array}\right.$ $\eta^{*}=\tau+N$

is optimal for the problem

$E[X(0)]=\sup_{(\sigma_{1},\tau)\in\Sigma_{0}}E[f(\sigma_{\tau})+W(\sigma_{\tau+N})]$ .

Finally, put

$\alpha_{0}=\xi_{\eta}^{*}.,$ $\alpha_{t+1}=\alpha_{\ell}+e_{i}$ on $C_{\alpha}^{1},$ $\beta=\inf\{t|W(\alpha_{\ell})=g(\alpha_{t})\}$ .
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Then the tactic with starting time

$\sigma_{t}^{*}=\left\{\begin{array}{ll}\xi_{t}^{*} & t\leq\eta^{*}\\\alpha_{\ell-\eta}\cdot & t\geq\eta , \tau_{0}^{*}=\tau, \tau_{1}^{*}=\eta^{*}+\beta\end{array}\right.$

is optimal for the case (P4) if $\tau_{0}^{*}<\infty$ and $\tau_{1}^{*}<\infty$ .

Case $(P5)$

The Snell envelopes of this case are

$Y(z)=$ ess $\sup_{(\sigma\tau,r)\in A^{1}(z)}E[g(\sigma_{\tau})|\mathcal{F}_{z}]$
,

$X(z)=$ ess $\sup_{(\sigma_{t}\tau)\epsilon\Sigma}E[f(\sigma_{\tau})+Y(\sigma_{\tau})|\mathcal{F}_{z}]$
.

We put

$\sigma_{0}=0,$ $\sigma_{t+1}=\sigma_{t}+e_{i}$ on $A_{\sigma}^{1},,$ $\tau=\inf\{t|X(\sigma_{t})=f(\sigma_{\ell})+Y(\sigma_{t})\}$

$\xi_{0}=\sigma_{\tau},$ $\xi_{\ell+1}=\xi_{t}+e_{i}$ on $B_{\zeta_{t}}:,$ $\eta=\inf\{t|Y(\xi_{\ell})=g(\xi_{\ell})\}$ .
Then the tactic with starting time

$\sigma_{t}=\left\{\begin{array}{ll}\sigma_{t} & t\leq\tau\\\xi_{t-\tau} & t\geq\tau , \tau_{0}^{*}=\tau, \tau i=\eta+\tau.\end{array}\right.$

is optimal for the case (P5) if $\tau_{0}^{*}<\infty$ and $\tau_{1}^{*}<\infty$ .
We end this section by stating the Markov case of our problem.
Let $X^{i}=(\Omega^{i:}\mathcal{F}, P_{t},X^{i}(t), P_{x}^{1})$ be a time homogeneous Markov chain with the

state space $E^{:}$ , which is assumed to be mutually independent. We define a bi-Markov
process introduced in Mazziotto [8] , that is, the family of a $two-paru\iota leter$ process
taking values in $E=E^{1}xE^{2}$

$X(z)=(X^{1}(s),X^{2}(t))z=(s,t)\in T$

on the probabihity space $(\Omega=\Omega^{1}x\Omega^{2}, \mathcal{F}=\mathcal{F}^{1}\otimes \mathcal{F}^{2}, P_{(x,y)}=P_{x}^{1}\otimes P_{y}^{2}, (x, y)\in E)$

endowed with the smallest two-parameter filtration $\{\mathcal{F}_{z}, z\in T\}$ containing $\{\mathcal{F}_{*}^{1}\Phi$

$\mathcal{F}_{\ell}^{2},$ $(s,t)\in T$}.
Let $T^{i}$ be a transition operator of $X^{i}$ , then,

$T^{1}f(x, y)=E_{(x,y)}[f(X_{(1,0)})]$ ,
$T^{2}f(x, y)=E_{(x,y)}[f(X_{(0.1)})]$ .
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The Markov version of our problem is to find a tactic $(\sigma_{t}^{*}, \tau_{0}^{*}, \tau_{1}^{*})$ such that

$E_{(x,y)}[f(X(\sigma_{r_{0}}^{*}.))+g(X(\sigma:_{i}))]=\sup_{(\sigma_{t},\tau_{0},r_{1})}E_{(x,y)}[f(X(\sigma_{r_{0}}))+g(X(\sigma_{\tau_{1}}))]$ ,

where the functions $f$ and $g$ are measurable functions on $E$ such that $E_{(x,y)}[\sup_{z}f(X(z))^{+}]<$

$\infty$ and $ E_{(x,y)}[\sup_{z}g(X(z))^{+}]<\infty$ . Let $f(X(\infty))=\lim\sup f(X(z))$ and $g(X(\infty))=$

lim $supg(X(z))$ .
We consider the following two-parameter stopping problems:

$S(x, y)$
$=\sup_{(\sigma_{t},r)\in\Sigma_{0}}E_{(x,y)}[g(X(\sigma_{\tau}))]$ ,

$\overline{S}(x, y)$ $=$
$\sup_{(\sigma,r)\in 2_{0}}E_{(x,y)}[g(X(\sigma_{\tau}))]$

,

$H(x, y)$ $=$ $\sup$ $E_{(x,y)}[f(X(\sigma_{\tau}))+S(X(\sigma_{\tau}))]$ ,
$(\sigma_{1}$ $\Sigma_{0}$

$\overline{H}(x, y)$

$=(\sigma_{l},\tau)\in\Sigma_{0}\sup_{-}E_{(x,y)}[f(X(\sigma_{\tau}))+\overline{S}(X(\sigma_{\tau}))]$ .

Then we have the folowing results, whose proofs are omitted.

PROPOSITION 4.1 We have for any $(x, y)\in E$

$H(x, y)=\sup_{(\sigma_{1},\tau_{0},\eta)}E_{(x,y)}[f(X(\sigma_{\tau 0}))+g(X(\sigma_{\tau_{1}}))]$ .

Moreover if it is satisfies that $\lim\sup_{z}S(X(z))=\lim\sup_{z}g(X(z))$ and $\lim\sup_{z}H(X(z))=$

$\lim\sup_{z}\{f(X(z))+S(X(z))\}$ , then we have for any $(x, y)\in E$

$S(x, y)$ $=$ $\overline{S}(x, y)$ ,
$H(x, y)$ $=$ $\overline{H}(x, y)$ .

PROPOSITION 4.2 If $f$ and $g$ are bounded, the functions $S$ and $H$ are the smallest
solutions of the nested Bellman equation :

$S=\max\{g, \max T^{i}S\}|=1,2$

$H=\max\{f+S, \max T^{i}H\}|=$

REMARK 4.1 (i) The Bellman equation corresponding to the two-parameter optimal
stopping problem is the following type :

$H=\max\{f, \max T^{i}H\}|=$

Hence the nested Bellman equation in Proposition 4.2 is the brand-new type.
(ii) In the situation where $f$ and $g$ are not necessarily bounded, in order that Propo-

sition 4.2 hold true, we need the boundary condition at $\infty$ . The details are given in
Tanaka [12].
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5 Monotone case
In this section we discuss the monotone case for the two-parameter stopping problem
studied in section 2 and the starting-stopping problem in section 3. The monotone
case for the one-parameter stopping problem is studied by Chow and Robbins [2].

If a two-parameter stochastic process $\{X(z)\}$ is such that

$A_{z}\subset A_{z+c_{i}}$ for $z,$
$i$ ,

$\bigcup_{z}A_{z}=\Omega$

where $A_{z}=\{\max_{1=1,2}E[X(z+e_{i})|\mathcal{F}_{z}]\leq X(z)\}$ , we say that we are in the monotone
case.

We assume that the process {X $(z)$} satisfies the conditions made in section 2. Let
$N$ be a positive integer, $\{Y(z), |z|\leq N\}$ the Snell envelope for the truncated process
$\{X(z), |z|\leq N\}$ , which is introduced in section 4 Case (P1), and $\{f(z)\}$ the Snel
envelope for $\{X(z)\}$ , which is introduced in section 2.

PROPOSITION 5.1 Suppose that we are in the monotone case. We define the random
sets by

$A=$ $\{z||z|\leq N-1, \max E[X(z:=1,2+e_{i})|\mathcal{F}_{z}]\leq X(z)\}$ ,

$B=$ $\{z||z|\leq N-1, X(z)=Y(z)\}$ .
Then $A=B$ .

Proof. By the same argument as in [2], we have

$\max E[X(z|=1,2+e;)|\mathcal{F}_{z}]\leq X(z)$
$\Rightarrow$ $\max_{=}E[Y(z+e_{i})|\mathcal{F}_{z}]\leq X(z)$

which folows $A\subset B$ . Conversely, let $z\in B$ . From the fact that $Y$ is a supermartingale
dominating $X$ , we have

$E[X(z+e;)|\mathcal{F}_{z}]$ $\leq$ $E[Y(z+e_{i})|\mathcal{F}_{z}]$ $\leq$ $Y(z)$ $\leq$ $X(z)$ ,

which follows $B\subset A.$ $\square $

COROLLARY 5.1 Suppose that we are in the monotone case and, besides the integrable
condition made in section 3, $\{X(z)\}$ is bounded below by an integrable random variable.
We define the random sets by

$A^{l}$
$=$ $\{z|\max E[X(z:=+e;)|\mathcal{F}_{z}]\leq X(z)\}$ ,

$B^{l}$
$=$ $\{z|X(z)=f(z)\}$ .

Then $A^{l}=B^{\prime}$ .
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Finally we give the monotone condition for the starting-stopping problem. Through-
out the remainder of this paper, we use the notation in section 3.

We assume that

$A_{z}^{1}\subset A_{z+\epsilon_{i}}^{1}$ for $z,$
$i$ $A_{z}^{2}\subset A_{z+e_{i}}^{2}$ for $z,$

$i$

and
$\bigcup_{z}A_{z}^{1}=\Omega$ $\bigcup_{z}A_{z}^{2}=\Omega$

where $A_{z}^{1}=\{ma]\sigma=1,2E[g(z+e_{i})|\mathcal{F}_{z}]\leq g(z)\}$ and $ A_{z}^{2}=\{\max_{j=1,2}E[f(z+e;)|\mathcal{F}_{z}]\leq$

$f(z)\}$ . Noting that $Y$ is a supermartingale, then we have

$\{z|\max E[g(z+e_{i})|\mathcal{F}_{z}]\leq g(z)\}=\{z|g(z)=Y(z)\}|=$

$\{z|\max|=1,2E[f(z+e_{i})|\mathcal{F}_{z}]\leq f(z)\}=\{z|f(z)+Y(z)=X(z)\}$ .
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