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ON MULTIVALENT FUNCTIONS WITH NEGATIVE
AND MISSING COEFFICIENTS
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1. Imtroduction

Let S(p) be the class of functions f(z)=z" Z a,,z"" which are ana-
lytic in the unit disc D={z:|z| <1}. For 0<<a<(1, 0<<B<1 and 0<v<1,
let P(a,p,v) be the clase of those functione f(z) of S(p) which

satisfy the condition

f(2)
2~ P
f(z) <Y (1.1)

7
az% + [1-Q+ a)B ]p

for z<¢D. Let T, dencote the subclass of S(p) congisting of P-valent

functions in D and having Taylor expangion of the form

f(z)- 273 a, 2 (8. >0, k>2) | 1.2)

n=k nee ”
Let P,[a,g,v }=P, (a,B,¥)NT,.

Goel and Sohi [1], Sarangi and Uralagaddi [2], Shukla and Dash-
rath [3] and Silverman [4] have studied certain subclasses of analytic
functions with negative coefficients. Xumar [6§], Sarangi and Patil
[6] have studied the class of univalent functions with negative and
migsing coefficients. In this paper, we obtain integral representation
formula, coefficient estimate, distortion theorem, covering theorem
and radius of convexity for Pk[ a,B,v].

We aleo obtain the class preserving integral operators of the form

ptc
zc

F(z)- j:t“ f(t)dt, e> —p (1.3)



for f(z) ¢ P, [a,B,v ]. Consequently, when f(z)¢ P, [a,B,v] we obtain
the radius of P-valence of f(z)<P,[{a,B,v]. Lastly, we show that the
clase P, [a,B,Y ] is cloeed under “*Arithmetic mean” and “convex linear

combination”.

2. Representation Formula
THEOREM 1. The function f(z)-2" Zaz belongs to P, [a, B, ]
if and only if it can be expressed in the"—form

f(2)=2" exp{-(1+ a )(1- B )p J 1:—;3&%%“} (2.1)

where @(z) ie analytic in D and satisfies |P(z))<¥ for z € D.
Proof. Let f(z) cP[a,B,v]. Then

/

f(2)

_l v (2.2)

az%% + [1-(Q+ a)B 1p

for 2¢ D and by the Schwarz Lemma, we have
/

£(z)
P-z f(:)

7 = Zk(IKZ) (2.3)
az%% + [1-Q+a)B 1p

where q(z) is analytic in D and satisfies |®(z)|<<v for z € D. (2.3) implies
/

f(z) _ P-[1-(1+0)B] p=" 0 (2) fz) P_ (1+0)(1-p)pz ' d(z)
’ f(z) 1+ a 2" d(z) - Hence we have f(z) z 1+ az"¢(2) ’

which at once gives (2.1) on integration from 0 to z.
Conversely suppose

f(z)=z"exp{-(1+ a )(1-B )p J %dt} s (2.4)

£ d(t)

1+ at q)(t)dt ’ So

then (2.4) implies log[z7f(2)] = -(1+a)(1-B)p r

differentiating and simplifying we get (2.3) and

f’!z! B - B 2" d(z
sz(z) pl (1+a)( B)Pﬁjrla—z%(z'f—)]'

(1+ a)(1- B)pv
[14 a 2"®(2)|
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gsince |z*®(z)|<v for z€D.

Subsgtituting z*®(z) from (2.3) and esimplyfying we get
/

flz) _
B e
azﬂzl- + [1-(Q+ a)B 1P

f(z)
Hence f(z)¢ P, [a,B,v].

THEOREM 2. A function f(z)-z’ﬂ—Zamz"“’ ig in P _[a,B,v] if and
only if

Z [Q+ av)nt(1+a)(A-B)I)pv]a,., < ¥v(1+a)(1-B)p. (2.5)

Proof. Suppose that f(z) ¢ P _[a,p,v ], then

/

} z%_p | (2.6)

azi‘.—ﬁ:)l + [1-Q+ a)B 1p

| <v, for zCD.

o0
— ntp
- | 08,2

(1+a )-8 )Pzp"if(“ a)(l- B )pt+ anla, z""
Since |Re(z)| < |z| for all z, we have
B
1+ a)(A-8 )pz"-3 [(1+ a)(1- B )p+ an]a, 2"

Choose values of z on real axig so that zf’(z)/f(z) ig real. Upon clearing

H <y (2.7)

the denominator of (2.7) and letting z —~1 through real axis, we obtain
that

>ina,, < ¥{(+a)0-8)p- 3[4 a)(-R)pt anla,.,).

So
i[m av)nt(+a)(-g)pvla,., < vY(Q+a)d-B)p |

Conversely suppose >,[(1+ av)n+(1+ a)(1-B)p~vla,, < Y(@+a)(1-8)p
is true, then "

£1 £
|z—f% —p|- v|az ff:;

+[1-(+a)B 1p|<0

provided

|—§nan,,,z"" l - yl(1+a)(l—;3)pz‘°— i[(Ha)(l—B);H anla,. z"" l< 0.
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For [z|=r< 1, the left gide of the above inequality is bounded by

0 0
2ona,,r"" - v (14 «)(1- B )Pe’ 4 S (M a)A-3)p +an) a,r"

nzk nxk

[oey

= SN Qa4 Q4R )py 18,077 - v (14 a)(1-B )pr’

nrk

<ij[(1+(7¥)n+(HU)(l—fﬂ)p‘( Ja,.,. - Y+ a)(Q-3)p = 0 ,

nxk
Hence f(z)< P, [u,p, ¢ ].
Finally, we note that the function:

'(1’ (')(1" ‘ﬁ‘}p kop
Ot enks (It O-pp7 =

£, (z)=2" -

is the extremal function of (2.5).

By using the inequality (2.5) ‘we have

COROLLARY 1. If f(2)=2"- a _z"" ig in P _[a,p,¥ ], then

ne+p
n=k

(14 a)(1-B)p

Brer & i G (1+O-PPY

k=2, 3, -
This result is sharp.
3. Distortion Properties

THEOREM 3. If f(z2)¢ P, [a,B,v ], then for |z|< 1,

P v(1+a)(1-p)p o
21" - ek (Lt ) @-Bpv Iz < £ (2) ]

o Y(1+a)(1-B)p e
< lz]" 4+ 1+ av)k+(1+a)(1-B)pv "r

and

r4 (k+P)(1+a)(1*ﬂ)PY -1 ’
2™ GrankiGropee 120 <@

P-1 ( k+P)(1+ a)(l— ﬁ)p Y -1
Iz P T av)k+ (TH ) I-BIPY =

<P

==

These resultes are sharp.

Proof: From Theorem 2, we have
2, [+ av)n+(14 ) (-ppvla,. < Y(1+a)(1-B)p
=k

Now gince n>k, we obtain that

(3.1)

(3.2)



[Q+ a)k+ (1+a)(1-B)p ] i a,.,

< S0+ av)k+ (1) A-p)pvla,., < v(1+a)A-P)p

So
& Y(1+a)(1-B)p
2% < E v mt (L -V - (3.3)
Now we have
If(@)] = |2°- ian.,z“"l <=z + Izlwzam (3.4)

kep

., YOta)@-pp

< I=l (14 a¥)k+ (14 a)(Q-B)pY =l
and
t@l > 18"~ 127N, (3.6)

(L Q0-Pp | e
(+av)k+(1+)(Q-B)pv

From (3.4) and (3.5) we have (3.1).

> |z| -

Further
It = [p2" - (nip)a,., 2" | (3.6)
< plal” +12/"" D (nipa,,,
and

It = plzl" - 12177 2 ep)an, (3.7

Usging (3.3) in the result 200: [(1+a¥)n + (1+a)(1-B)pvla,., < v(1+a)(1-B)p
n=k
of Theorem 2 and simplifying, we obtain that

— (k+p)v(1+ a)(1-B)p
2., < o )kt (1+a)(1-B)pY

Substituting this values of 2(n+p)a..., in (36) and (3.7 we have
- (k4P)v(14 Q)PP vt
piaf 0+ av )k (L) (-p)pY <If)!

(k+p)v(1+ a)(1-B)p 1z
1+ av)k+(1+ a)(-B)pY

n=k

<plel '+
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Equalitiee in (3.1) and (3.2) are obtained if we take

_ Y(1+ Cl)(l— B)p ghep
1+ av)k+(1+a)(1-B)pY

COROLLARY 2. If f(z)€P [a,p,v], then the diec D is mapped by

f(z) onto a domain that contains the disc

fz)=2"

> k=2, 3, -

- (Q+av)k
T (4 av)k+(1+a)(1-B)pY
The result is gharp with the extremal function

|w| (3.8)

ELE L)) S

£(z)- =~ 1+ av)k+(1+a)(1-B)pv ’

k=2, 3, -

Proof. By letting r-|z] —1 in inequality (3.1), we have

. (+a)(-pp |
1+ av)k+(1+a)Q-B)pv < | f(2)]

v(1+a)(1-B)p
1+ av)k+(1+a)(1-B)pv

So f(z) maps the disc D onto a domain that contains the disc

v(1+ a)(1-B)p

lwi<1- (14 a¥))k + (1+a)(1-B)p

1+ av)k
1+ av)k+(1+a)Q-B)pv -

4, Integral Operator

THEOREM 4, Let ¢ be a real number such that ¢ >-p. If f(2)
€P . [a,B,v], then the function F(z) defined by

F(z)- B rt“ £(t)dt

0

aleo belonge to P,[a,B,v].
Proof. Let f(z)=z’—2am.z“" € P[a,g,v], then

CEl

F(z) = p‘;c I £ £(t)dt

1]

- p:" J:(t”‘“‘— San,, £ de
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3 pic -
p—— e 4
=z Z;amp nipie z

X
—o P __ E: nep
=z h’Pz
ne

pic a,., . Therefore using Theorem 2 for the coefficients

n+pic
of F(z) we have

where b, =

Zj [(Ql+aYy)n+(1+a )(1-B)pv ]b,.,

- i [(I+tavy)n+(1+a)(Q-B)pv ]3% a.,

= '2 [Q+av)Int(1+ a)A-B)py Jan, < v (1+a)(1-B)p

gince 0<—n?2“p+f“6"<1 and f(z)EPk[a,g ,Y]. Hence F(z)EPk [a,B,Y].

5. Radius of Convexity

THEOREM 6. If f(z)¢ P [a,p,v ], then f(2) is P-valently convex
in the [z]<R, where

o (+av)nt+a)@-v)pv, p 2}°
R g“f{ 1+ a)@- p)pv (Mp)} - (5.1)

Proof. It is sufficient to show that
£'(a)
(=)

Now f(z)=z" - ia.., z"?, 80

" Yo . -pf@are
f(z) £(z)

|1+z - plgp, for|z| <R. (6.2)

142

a-p gz~ 33 (0+p)a,, 2 1+ 200D - Sap)nip-De,., 77 ]

pz"'- X (ntpla,. 7"

n=zk

—~ f} n(ntp)a,, z"

nzk

P - i (n+p)an0p z

n=k

Therefore, if

f} n(n+tp)a,, |z["
<p (5.3)

P - gtmp)a,.,lz I
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or
SRR . a1, (6.4)

n=k

ne*p

then we have (6.2). From Theorem 2 we have

Sy (tay)ni@+ a)A-Bipy
ek 1+ a)(1-B)pv

Hence (5.4) will be satigfied if

)n+(1+ a )(1- B)pv
1+ a)(- B)pv

(___nn;P_ Yis"e Q1Y

or if
{ (1+av)n+(1+a )~ B)pv (P )Z }1/“
1+ a)@- B)pv ntP

izl <

So f(z) is P-valently convex in the disc
1.

R Q+av)nt(+a)@-B)pv . p 2"
N S T s

n ok

6. Closure Properties

In this section, we gshow that the clase P, [« ,B,v ] ie closed under

“Arithemetic mean” and “*Convex linear combinations”.
THEOREM 6. If f,(z)=2"- ggz £P. [a,B,v], (71,2, ,m), then

g(z)=z" - gbw z"" also belongs to P, [a«,B,vY], where b, = %g al,, .

Since f (z) €P [a,p,v] it follows from Theorem 2 that

Proof.
S5 [ @)n4(l @ )(1- )pY Jad., <v(1+0)(0-B)p 6.1)
j=1,2,---,m. Therefore we obtain that
S [+ a)nt(s a)(1-B)IpY b,
(6.2)

= 3 [Gav)nia)a-pipv 15 S al,
n= J=1

_}ﬁ g{i [Q+av)n+(1+a)(1-B)pY ]al., }

< 2 Y(Ha)(-B)p = (4 a)A-B)p

J=

Hence from Theorem 2, g(z) belongs to P, [a ,B,v].
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THEOREM 7. The extreme pointe of P, [a,B, ] are given by

f (z)=2z" (6.3)

and
(1+ @ )(1- B )pv
(I+av)n+(1+ a)(1- BIpv
n=k, ki1, -+ ; k=2, 3,

Proof. We must show that f(z) < P, [a,p ,v ] if and only if it can be
expresged in the form f(z)=Af, (2)+ fj)\,,,,fw (z), where A >0, A_,>>0 and
Aot i Anep=1. M

Let suppose that

f,., (z)=2" - (6.4)

f(z2)=Af, (z)+ f; Aee £oup (2)

RS Py - Q+a)(1-p)p nep
a ..Z'i‘}\'"")z * -.2-":7\""(2 1+ a'\/)nwi(1-+C()(1~[3)pvz )
. v(1+ a)(1-B)pA,., 2"

Q+avInt(1+a)(1-R)pv

Then from Theorem 2, we have

(14 )Q-B)PA,,.,
(1t a¥)n+ (1+ ) (1-B)p 7

2 [Q+ay)n+ Q+a)(Q-B)pY ]

= v(1+ a)(1-B)p f A = (11 )A-RPQ- A) < v(1+a)(Q-B)p .

Hence f(z2)€ P [a,B,v ].

Conversely, suppose f(z)=z"- i a _z""¢P [a,p,¥], we set
n=k

(+av)nt (L+a)1-ppy (6.5)

Powe = v(1+ ) (-p)p "

where n=k, k+1,:-- and A, =1 '»zw] Ans. We obtain that
n=k

f(z)=2°- fj a_ z""
n=k

& Y14 )A-B)PAry e
2 @ an )t () (-)p

=(A 4+ 2] AL, )%
nzk
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- P - P Y(1+G)O—B)p nep
A+ 25 Ay [2 (0t av)n+ (1+ ) (1-PPY - !

- A f(5) + f; Aee Frn(2)

Thie proof is comleted.
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