
Nihonkai Math. J.
Vol. 2 (1991), 169-175

ON A CLASS OF UNIVALENT FUNCTIONS RELATED WITH
RUSCHEWEYH DERIVATIVE

KHALIDA INAYAT NOOR

ABSTRACT
We introduce a class $K^{\star}(a,n)$ using the nth Ruscheweyh deri va-

tive $D^{n}f$ and investi gate some of its important properties. Ne

show that $K^{*}(\alpha,n)$ is a subclass of univalent functions, and we
note that this cl ass general izes several known subcl asses of uni-

valent functions.
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1. INTRODUCTION

Let A denote the cl ass of functi ons $f:f(z)=z+$ $\Sigma$ $a_{k}z^{k}$

$k=2$

whi ch are anal yti $cin$ the uni $t$ di sc $E=\{z:|z|<1\}$ . By $S,K,S^{*}$ and

$C$ , denote the subclasses of A which are uni valent, close-to-convex,

starlike and convex in $E$ respecti vely. Let $P$ be the cl ass of

functions $p$ , anal yti $c$ in $E$ wi th $p(O)=1$ and sati sfyi ng ${\rm Re} p(z)>O,z\in E$ .
The Hadamard product or convol ution of two functions $f,$ $g\epsilon A$

is denoted by $f^{\star}q$ . Let

$D^{n}f=\frac{z}{(1-z)^{n+1}}*f$
,

whi ch $i$ mpl $i$ es that

$n\in N_{0}=\{0,1,2,3, \ldots\}$

$D^{n}f=\{z(z^{n-1}f)^{(n)}\}/n!$ . $n\in N_{O}$

$D^{n}f$ is called the nth Ruscheweyh deri vati ve. Using this concept,

Ahuja [1] has defi ned the cl ass R A functi on $f_{\epsilon}A$ is sai $d$ to be
$n$
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in the class $R_{n}$ if, and only if,

$\frac{z(D^{n}f(z))^{1}}{D^{n}f(z)}\in P$

for $z\in E$ . It is clear that $R_{0}\equiv S^{*}$ and $R_{1}\equiv$ C. It is known [1]
that $R_{n+1}\subset:R_{n}$ for each $n\in N_{0}$ which impli es that $f\in R_{n}$ is

starli ke in E. Also $f\in R_{n}$ implies that $D^{n}f\in S^{*}$ .
Ne now defi ne the following.

DEFINITI0N 1. 1
Let $f_{\epsilon}A$ . Then $f\in K_{n}$ , $n\in N_{O}$ if, and only if, there exi sts a

function $g\in R_{n}$ such that, for $z\in E$

$\frac{z(D^{n}f(z))^{\prime}}{D^{n}g(z)}\in$ P.

We note that $K_{0}\equiv K$ and $K_{1}\equiv C^{*}$ , the class of quasi-convex univalent
functions, see [4].

The class $K_{n}$ has been studied, in some details, in [6]. It
has been shown that $K_{n+1}\not\subset K_{n}$ for each $n\in N_{0}$ and hence $f\in K_{n}is$

a $close-to$-convex uni valent functi on. In fact $f\in K_{n}if$ , and onl $y$

if, $D^{n}f\in$ K.

DEFINITI0N 1.2
Let $\alpha>0,$ $n\in N_{O}$ and $f\in$ A. Then $f\in K^{*}(\alpha,n)$ if, and onl $y$

$if$ , there exists a function $g\in R_{n}$ such that, for $z\in E$ ,

{ $(1-\alpha)\frac{z(D^{n}f(z))^{\prime}}{D^{n_{9}}(z)}+\ovalbox{\tt\small REJECT}^{n}\alpha zDfz’(D^{n}g)$ I $\in$ P. (1.1)

We note that

(i) $K^{*}(0,0)\cdot\equiv K$

(ii) $K^{*}(1,0)\equiv K^{*},$ a subclass of close-to-convex functions
defined and studied in [5], and $K^{*}(0,n)$

$\equiv K_{n}$ . $n\in N_{O}$ .
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Also the cl ass $K^{\star}(\alpha,0)$ has been discussed in some details in [6].

2. MAIN RESULTS

THE0REM 2. 1
Let $f\in K^{*}(\alpha,n),$

$n\in N_{O},$ $\alpha>0$ . Then $f$ is $close-to$ -convex
and hence uni valent.

PR00F
Since $f\in K^{*}(\alpha,n)$ , there exists a function $g\in R_{n}$ such that,

for $z\in$ E. (1.1) holds. Si nce $D^{n}g\in S^{*}$ . we obtai $n$ the result
$i ediately$ by a lemma due to Chichra [2. p.38, $Le ml a1$]. In fact,

we have only to take $N(z)=z(D^{n}f(z))$ ‘ and $D(z)=D^{n}g(z)$ in the
lemma. This compl etes the proof.

THE0REM 2.2

For $0<\beta<a,$ $K^{*}(\alpha,n)cK^{*}(\beta,n)$ .
PR00F

For $6=0$ , the proof is immedi ate from theorem 2.1. Therefore
we let $6>0$ and $f\in K^{*}(a,n)$ . Then, by theorem 2.1, there exi st

two functions $p_{1}$ and $p_{2^{\epsilon}}P$ such that

$(1-\alpha)\frac{z(D^{n}f(z))}{D^{n}g(z)}+\alpha\frac{(z(D^{n}f(z))^{\prime})^{\prime}}{(D^{n}g(z))}=p_{1}(z)$ ,

and

$\frac{z(D^{n}f(z))^{\iota}}{D^{n}g(z)}=p_{2}(z)$ , where $g\in R_{n}$ .
Hence

(1-6) $\frac{z(D^{n}f(z))^{I}}{D^{n}g(z)}+\beta\frac{(z(D^{n}f(z))|)|}{(D^{n}g(z))}=B\alpha$ $p_{1}(z)+(1-4_{\alpha}P_{Z}(z)$ . (2.1)

From the convexity of the class $P$ , it follows that the ri ght hand
side of (2.1) belongs to $P$ and this 9ives us the requi red result.
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THE0REM 2.3

Let $f:f(z)=z+$ $\Sigma$ $a_{k}z^{k}\in K^{*}(\alpha,n)$ .
$k=2$

Then

$|a_{2}|<\frac{2+\alpha}{(1+\alpha)(1+n)}$ .
PR00F

Since $f\in K^{*}t_{\alpha,n)}$ , we can write

$(1-\alpha)z(D^{n}f(z))$ ‘ $(D^{n}g(z))$ $‘+_{\alpha}[z(D^{n}f(z))^{\prime}]$ ’ $(D^{n}g(z))=p(z)(D^{n}g(z))(D^{n}g(z))$ ‘ ,

where $p\in P$ and $g\in R$
$n$

Let $D^{n}g(z)=z+$ $\Sigma$ $b_{k}z^{k}$ and $p(z)=1+$
$\infty\Sigma$

$c_{k}z^{k}$ .
$k=2$ $k=1$

So

$(1-\alpha)$ $[z+k2\infty\sum_{=} \frac{k(k+n-1)}{n!(k-1)}!z^{k}][1+k2\infty\sum_{=}kb_{k}z^{k-1}]$

$+\alpha[Z+k2\sum_{=} \frac{k^{2}(k+n-1)}{n!(k-1)}! a_{k}z^{k}][z+k2\infty\sum_{=}b_{k}z^{k}]$

$[1 + \infty\Sigma c_{k}z^{k}][z+ \infty\Sigma b_{k}z^{k}][1+ \infty\Sigma kb_{k}z^{k}]$ .
$k=1$ $k=2$ $k=2$

Thus, equating the coefficient of $z^{2}$ on both sides, we have

$(1-\alpha)[2b_{2}+2(n+1)a_{2}]+a(b_{2}+4(n+1)a_{2})=c_{1}+3b_{2}$

or 2 $(n+1)(1+\alpha)a_{2}=(1+\alpha)b_{2}+c_{1}$

Now, si nce $D^{n}g\in S^{*}$ , $|b_{2}|<2$ and al so $|c_{1}|<2$ . see [2]. Hence

$|a_{2}|<\frac{(2+\alpha)}{(n+1)(1+\alpha)}$ .
Using theorem 2.3, we have the followi ng coveri ng theorem.
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THE0REM 2.4

Let $f\in K^{*}(\alpha,n)$ . If $B$ is the boundary of the image of $E$

under $f$ , then every poi nt of $B$ has a di stance of at least $\frac{(1+\alpha)(1+n)}{4+3_{\alpha}\vdash 2n(1-\alpha)}$

$fr$om the ori gi $n$ .
PR00F

Let $f(z)\neq c$ , $c\neq 0$ . Then $f_{1}(z)=\frac{cf(z)}{c-f(z})is$ uni valent in E.

Let $f(z)=z+$ $\Sigma$ a $z^{k}$ then
$k$ ’

$k=2$

$\frac{cf(z)}{c-f(z)}=z+(a_{2}+\frac{1}{c})z^{2}+$ ........ ,

and si nce $f_{1^{\epsilon}}S$ , it follows that

$|a_{2}+\frac{1}{c}|<2$

or $|c|>\frac{(1+a)(1+n)}{4+3d2n(1+a)}$ ,

and this proves our result.

THE0REM 2.5

Let $f\in K^{*}(_{\alpha},n)$ . Then there exist two functi ons $F_{1}$ and
$F_{2}\in K^{*}(1,n)$ such that

$(1-\alpha)F_{1}(z)+\alpha f(z)=F_{2}(z)$ .
PR00F

Si nce $f\in K^{*}t_{\alpha,n}$ ), there exi sts a $g\in R_{n}$ such that

$(1-\alpha)\frac{z(D^{n}f(z))^{1}}{D^{n}g(z)}+\alpha\frac{(z(D^{n}f(z))^{\mathfrak{l}})^{\prime}}{(D^{n}g(z))^{1}}=p(z)$ . $p\in$ P.
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From theorem 2.1, we know that

$\frac{z(D^{n}f(z))}{D^{n}g(z)}=p_{1}(z)$ ,
$P_{1}\in$ P.

Hence

$(1-\alpha)p_{1}(z)(D^{n}g(z))$ ‘ $+\alpha(z(D^{n}f(z))^{\prime})$ ‘ $=p(z)(D^{n}g(z))$ ‘. (2.2)

Since 9 $\in R_{n}$ , there exi st two functi ons $F_{1},$
$F_{2^{\epsilon}}K^{*}(1.n)$ such that

$p_{1}(z)(D^{n}g(z))$ ‘
$=(z(D^{n}F_{1}(z))^{I})^{\prime}$ and $p(z)(D^{n}g(z))$ ‘ $=(z(D^{n}F_{2}(z)) ‘)$ ‘

Thus, from (2.2), we obtai $n$

$(1-\alpha)(z(D^{n}F_{1}(z)) ‘)$ ‘ $+\alpha(z(D^{n}f(z))^{\prime})$ $=(z(D^{n}F_{2}(z)) ‘)$ ‘

or equivalently

$(1-\alpha)D^{n}F_{1}(z)+\alpha D^{n}f(z)=D^{n}F_{2}(z)$

and thi $s$ gi ves us the requi red result.

THE0REM 2.6

Let $f\in K^{*}(0,n)$ . Then $f\in K^{*}(1.n)$ for $|z|<r_{0}=2-\delta$ .
PR00F

Consider the function $\phi$ defi ned as

co

$\psi(z)=\frac{z}{(1-z)^{2}}=$ $k1\sum_{=}kz^{k}$ .

$\phi(z)$ is convex for $|z|<r_{0}=2-\sqrt{}\overline{3}$ . Let $f\in K^{*}(0,n)$ with

respect to $g\in R_{n}$ . Then $\frac{z(D^{n}f(z))^{1}}{D^{n}g(z)}=p\in$ P.

Now
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$\frac{(z(D^{\cap}f(z))^{I})^{1}}{(D^{n}g(z))^{\prime}}=$ $\frac{z[(\phi*D^{n}f)^{\prime}]}{(\phi*D^{n}g)}$

$\frac{\emptyset*z(D^{n}f)^{\prime}}{n}$

$\phi*Dg$

$\underline{\phi*pD^{n}g}$

$\phi*D^{n}g$

Since $g\in R_{n}$ , so $D^{n}g\in S^{*}$ . Also $\phi$ is convex for $|z|<r_{0}=2-\delta$

and $p\in$ P. Hence, by using a result due to Ruscheweyh and Shiel-

Small [7], we concl ude that $f\in F^{*}(1.n)$ fo$ r|z|<r_{0}=2-\delta$ .
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