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and umbi1lc foliations
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1. Introduction

I $n$ di fferen ti al geome $t$ ry, behavi or of geodes $i$ cs in a

Riemannian manifold is an interesting theme. One of famous and

classical results in this direction is Clairaut ‘
$s$ theorem on

sur $f$ aces $of$ $r$ evo 1 $ution$ . R. L. $Bi$ shop [ 1 ] $defin$ ed a Cl a $i$ rau $t$

submersion and obtained a general $i$ zation of Clairaut ‘
$s$ theorem.

The total space of a submersion wi th connected fibers is

cons $i$ dered as a $fo1i$ a $t$ ed man $ifo1d$ . I $n$ th $is$ no $te$ , we cons $i$ der

$Ri$ eman $ni$ an man $ifo1ds$ $wi$ th umb $i1ic$ $fo1i$ a $tio$ ns ([ 2 ]) and $di$ scus $s$

the behav $ior$ $of$ geodes $i$ cs $in$ $s$ uch man $ifo1ds$ . Our res $u1t$ $is$ a

gene $r$ al $i$ za $tion$ $of$ Cl a $ir$ au $t$
‘

$s$ $th$ eo rem. We al $so$ $gi$ ve $s$ ome

examp 1 es $of$ umb $i1ic$ $fo1i$ a $tions$ . We shal 1 be $inC^{\infty}-cat$ ego ry.
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2. Statement of the theorem

Let $(M, g, ?)$ be an orientable, connected, $p+q$ dimensional

manifold wi th a Riemannian metric $g$ and wi th a transversal ly

or $i$ en tabl $e$ $fo1i$ a $ti$ on ? $of$ cod $i$ mens $i$ on $q$ ([ 5 ] , [ 6 ]).

Then, in di fferent $i$ al geome try of fol iations, the $f$ ollowi ng

fac $t$ $(\#)$ is a fundamen tal resu lt wh ich was ob tained by B. L.

${\rm Re} i$ nhar $t$ [ 5 ]:

$(\#)$ Let $(M, g, ?)$ be as above. If $g$ is bundle-like

with respect to ? in the sense of Reinhart ([ 5 ]),

then a geodesic V in $M$ orthogonal to the leaf at one

point of V is to be orthogonal to leaves at all the

points of V .

Let $H$ be the mean curvature field of ? , that is, $H$

is a vector field on $M$ such that the restriction of $H$ to

a leaf $L$ of $\Psi$ is the mean curvature vector field along the

subman $ifo1d$ $L$ $of$ $M$ ([ 2 1, [ 6 ], [ 7 1). A 1 eaf $of$ ?

$is$ $tot$ al 1 $y$ geodes $ic$ ( resp. $tot$ al 1 $y$ umb $i1ic$ ) $if$ $it$ $is$ a

$to$ tal 1 $y$ geodes $ic$ ( resp. $tot$ al 1 $y$ umb $i1ic$ ) $s$ ubman $ifo1d$ $of$ $M$

$($ [ 2 $]$ , [ 6 ] $)$ .

De $f$ \ddagger $n$ \ddagger $t$ \ddagger on ([ 2 ], [ 6 1). I $f$ al 1 th $e$ 1 eaves $of$ ? ar $e$

$tot$ al 1 $y$ geodes $ic$ , then ? $is$ cal 1 ed $tot$ al 1 $y$ geodes $ic$ $wi$ th

respect to $g$ . If some of the leaves of ? are totally

geodesic and others are totally umbilic, or if all the leaves

$of$ ? are $tot$ al 1 $y$ umb $i1ic$ , then ? $is$ call ed umb $i1ic$ $wi$ th
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respect to $g$

Le $t$ $\gamma=$ V(t) be a geodes $ic$ $in$ $M$ , where $t$ $is$ an

affine parameter. The tangent vector field $\dot{\gamma}(t)$ on $\gamma$ is

decompo $s$ ed $into$ th $e$ $fo110$ wl $ng$ $fo$ rm: $\dot{\gamma}(t)$ $=$
$\dot{\gamma}(t)T+$ $\dot{\gamma}(t)N$ ,

where $\dot{\gamma}(t)T$ ( resp. $\dot{\gamma}(t)N$ ) is tangent ( resp. orthogonal )

to the leaf at each point $\gamma(t)$ Thus we have

$g$
$( \dot{\gamma}(t) , \dot{\gamma}(t)$ ) $=$

$0^{2}$
$=$ co ns $t$ an $t$

We $defi$ ne a $f$ unc $tion$ $\alpha$ $on$ V by

$\rho^{2}$ . co $s^{2}\alpha(\gamma(t))$
$=$ $g$ ( $\dot{\gamma}(t)T$ V (t)

$T$

)

$0\leq\alpha\leq\pi/2$

and we cal 1 $\alpha$ the angul ar function of $\gamma$ wi th respect to ? .
For each $t$ , $\alpha(V(t))$ is an angle between the vectors $\dot{\gamma}(t)$

and $\dot{\gamma}(t)T$ at V (t) . We notice that, in general, the

function cos $\alpha$ is not constant on $\gamma$ . But we have

Theorem. Let $(M, g, ?)$ be as above. SUPDOSe $\underline{that}$ $g$

$\underline{is}$ bund 1 e-l $i$ ke $wi$ th $\underline{rreesnect}\underline{to}$ ? and tha $t$ ? LS $pmbi1ic$

$wi$ th $\underline{resnect}$ to $g$ . Le $t$ $H$ be the mean $\underline{curva}$ture $\underline{fi}$eld $u$

? . Let V (t) be A geodes ic in $M$ and $\alpha$

function of V V . $\underline{Suppose}\underline{that}$ cos $\alpha$

$\neq 0$ on V . Then A $f$ uncti on $r$ $( \neq 0 )$ $\underline{on}$ $\gamma$ $\underline{satisfies}$
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$r$ . cos $\alpha$ $=$ constant

$Q\underline{and}Ln\lrcorner X\coprod$ $r$ $\underline{is}\mapsto^{ven}\underline{b}x\underline{t}$he $\iota 0\lrcorner g$

$r(v(t))$ $=C$ . exp $\{ -\int g( \dot{\gamma}(t), H_{\gamma(t)} )dt \}$ .
where $C$ $\underline{is}4nAn-\approx e$A cons $t$ an $t$ .

Remark 1. The $f$ ac $t$ $(\#)$ $i$ mpl $i$ es tha $t$ $if$ cos $\alpha(V(t_{O}))$

$=0$ $f$ or some po $int$ $\gamma(t_{O})$ then cos $\alpha=0$ on V . Hence,

in this case, we have that $r$ . cos $\alpha=$ $0$ on V .

Remark 2. If ? is totally geodesic wi th respect to

$g$ , then $\alpha$ is a constant function ([ 5, Theorem 4. 1 ]) and

$H=$ $0$ . Thus we have that $r$ $=$ 1 and $r$ . cos $\alpha=$ constant .

Remark 3. Let $S$ be a surface of revolution in $R^{3}$

$defi$ ned by $x$ $=$ $f(v)$ cos $u$ , $y$ $=$ $f(v)\cdot sin$ $u$ , $z$ $=$ $v$ , where

$f$ $is$ a po $siti$ ve val ued $f$ unc $tion$ $on$ an $int$ erval I $\subset R^{1}$

$v\in$ I , and $0\leq u$ \langle $ 2\pi$ . Then $S=$ { ( $u$ , $v$ ) $\epsilon s^{1}$

$x$ I }

has a me $tric$ $g$ $=$
$f^{2}$ . (du) 2

$+$ $( 1 + (f’) 2 )$ . (dv) 2 , where $f$
,

$=$ $\frac{df}{dv}$ . We cons $id$ er a $fo1i$ a $tion$ ? $on$ $S$ $gi$ ven by ?

$=$ { $s^{1}$

$x$ $\{v\}$ $|$ $v\in$ I } . Th en ? $is$ umb $i1icwi$ th respec $t$ $to$

$g$ , and $g$ is bundle-like with respect to ? . We have that

$H=$ $-\underline{1}$ . $\underline{f}$ $.\underline{8}$ . Thus we have tha $t$ $g$
$( \dot{\gamma}(t), H )$

2 $f$ $8v$ V (t)1 $+$ $(f^{\prime})$

$=-\frac{d}{dt}$ ( 1 og $f(v(t))$ ) and – $\int g$ ( V (t), $H_{\gamma(t)}$
) $dt$
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$=$ I og $f(v(t))$ $+$
$c_{0}$

(
$C_{0}$ 1 $s$ a cons $t$ an $t$ ). We $set$ $C_{0}=$

$0$ ,

then we have that $r$ $=$ $f$ . Thus we have Clairaut ‘
$s$ theorem.

Therefore, our resul $t$ is a general ization of Clairaut ‘
$s$

theorem.

Remark 4. I $n$ the case of Cl a $i$ rau $t$ fol $i$ at $i$ on, $r$ I $s$

given as a functIon on $N$ and is cal led the gi rth of ?

$($ [ 1 $]$ , [ 7 ] $)$ .

Remark 5. In [ 7 ] , Clairaut ‘
$s$ relation is expressed in

the form: $r$ . sin $\omega(V(t))$ $=$ constant , because co $(V(t))$ is an

angle between the vectors $\dot{\gamma}(t)$ and $\dot{V}(t)^{N}$ at $\gamma(t)$ .

3. Proof of the theorem

We suppose that $g$ is bundle-like with respect to ?

([ 5 ]) and let $\nabla$ be the Levi-Civita connection with respect

to $g$ . Let $L$ be a leaf of ? . For each $x\in L$ and a flat
$i$ achart $U$ $(x , x )$ about $x$ , we can take an orthonormal adapted

$f$ rame $fi$ el $d$ { X
$i$

, $x_{a}$ } $on$ $U$ ([ 5 ], [ 7 ]). Here 1 $\leq$ $i$ , $i$

$\leq p$ , $p+1$ $\leq$ a , $b\leq p+q$ . Then $L$ $is$ $tot$all $y$ geodes $ic$ $if$

$\nabla$ X) $N=$ $0$

X $j$ $x$
$i$

for any $x\in$ $L$ , where $($

$\nabla Xx_{j}$

$i$

part of the vector ( $\nabla$ X )
X

$i$

$j$ $x$

$)$ $Nx$ denotes the orthogonal

at $x$ , that is, ( V X )
$N$

X
$i$

$j$ $x$
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$=\Sigma_{a}\Gamma_{ij}^{a}(x)\cdot( x_{a} )x$ And $L$ $is$ $tot$ al 1 $y$ umb $i1ic$ $if$

$H_{X}\neq 0$ and ( $\nabla$ X ) $N=\cdot\delta_{ij}\cdot H_{X}$

X
$i$

$j$ $x$

for any $x$ $\in L$ , where $\delta_{ij}$ denotes the Kronecker ‘
$s$ delta,

and $H$ is the mean curvature field of ? defined by

$H_{X}=1p\Sigma_{a}g_{X}$ $( (\Sigma i \nabla Xx_{ix’}) (x_{ax}) )\cdot(x_{ax})$

I

$f$ or each $x\in M$ ([ 6 ] , [ 7 ]). I $f$ $L$ $is$ to tal ly geodes $ic$ ,

then $( \nabla XX_{i}j )$ $xN=$ $0$ and $H_{X}=$
$0$ for any $x\in L$ so that

$( \nabla Xx_{j} )$ $Nx=$
$\delta_{ij}\cdot H_{X}$

$f$ or any $x\in L$
$i$

Now, 1 $et$ $\gamma=\gamma(t)$ be a geodes $ic$ $in$ $M$ , tha $t$ $is$ ,

$\nabla\dot{\gamma}\dot{\gamma}(t)(t)$ $=$ $0$ . Here $t$ $is$ an af $fi$ ne parame $t$ er $of$ $\gamma$ . We

suppose that ? is umbilic ( see Definition in section 2 )

and that cos $\alpha\neq 0$ on $\gamma$ . Then we have

$g$ ( $\nabla$ V (t)
$T$

V (t)
$T$

V (t)

$=g($ $\dot{\gamma}(t)N$

$\nabla\dot{\gamma}(t)T\dot{\gamma}(t)T$

$(since([7, (61)and(6.2)])g.isbundle-1ike$ and $\gamma$ is a geodesic
$)$

$=g$ ( $\dot{\gamma}(t)N$
$g$ ( $\dot{\gamma}(t)T$ V (t)

$T$

) $\cdot H$ $)$

$\gamma(t)$

( $si$ nce $y$ $is$ umb $i1ic$ )
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Thus we have

(1) $g($ $\nabla$
$\dot{\gamma}(t)T$ $\dot{\gamma}(t)T$

$\gamma(t)$

$=g$ ( V (t)
$T$

$\dot{\gamma}(t)T$ ) $\cdot g$ ( V(t) , $H$ )
$\gamma(t)$

Cons ider a func tion $r\neq$ $0$ on $\gamma$ . Then we can set $r(V(t))$

$=$ $c$ . exp $( f(\gamma(t)) )$ ( $c$ $is$ a non-zero cons $t$ an $t$ ), where $f$

is a function defined on the geodesic V(t) . Then we have

$\rho^{2}\cdot cos\alpha(\gamma(t))\cdot\frac{d}{dt}$ ( $r(\gamma(t))$ . cos $\alpha(\gamma(t))$

$=\frac{df}{dt}\cdot r\cdot\rho^{2}\cdot cos^{2}\alpha$ $-$
$r\cdot p^{2}\cdot cos\alpha$ . $sin\alpha$ . $\frac{d\alpha}{dt}$

$=\frac{df}{dt}\cdot r\cdot g$ $(\dot{\gamma}(t)^{T}, \dot{\gamma}(t)T$ ) $+$ $r\cdot 4-\frac{d}{dt}2$ $(\rho^{2}\cdot cos^{2}\alpha )$

Thus we have

(2) $\rho^{2}$ . cos $\alpha(\gamma(t))\cdot\frac{d}{dt}$ ( $r(\gamma(t))$ cos $\alpha(\gamma(t))$

$=\frac{df}{dt}\cdot r\cdot g$ $( \dot{\gamma}(t)T \dot{\gamma}tt)^{T}$ )

$+$
$r\cdot g( \nabla\dot{\gamma}(t)\dot{\gamma}(t)T \dot{\gamma}(t)T )$

By (1) and (2), we $h$ ave

$\rho^{2}\cdot cos\alpha$ . $\frac{d}{dt}$ ( $r$ . cos $\alpha$

$=$ $r\cdot g$ ( V (t)
$T$

$\dot{\gamma}(t)T$ ) $\cdot$ $\{ \frac{df}{dt}+ g( \dot{\gamma}(t), H_{\gamma(t)} ) \}$
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We suppose that $r$ . cos $\alpha$ $=$ constant on V , then we have

$dAdt+g$ $( \dot{\gamma}(t), H_{V(t)} )$ $=$ $0$

Here we notice that $g$ ( V (t)
$T$

$\dot{\gamma}(t)T$ ) X $0$ on $\gamma$ because

cos $\alpha\neq 0$ on V . The above differential equation has a

so1 $uti$ on:

$f(\gamma(t))$ $=$ $-\int$ $g( \dot{\gamma}(t), H_{V(t)} )$ dt $+$
$c_{O}$

where $c_{O}$ is a constant. Thus we have

$r(v(t))$ $=C$ . exp $\{ -\int g( \dot{v}(t), H_{V(t)} ) dt \}$ ,

where $C$ is a non-zero constant. Conversely, if $r$ is

given as the above form then $it$ is clear that $r$ satisfies

$r$ . cos $\alpha$ $=$ constant on $\gamma$ .

4. $Exa\bullet ples$

We gi ve some exampl es of umb ilic fo 1 $i$ at ions.

Exanple 1. Le $t$ $M$ be a Kenmo $t$ su man $i$ fo ld, tha $t$ is, $M$

$is$ a 2 $n+1$ $di$ mens $i$ onal man $ifo1d$ $wi$ th $t$ he $st$ ruc ture $t$ ensor

$fi$ elds $( \varphi, g, n, g )$ sa $tisfyi$ ng the $fo11$ ow $i$ ng cond $iti$ ons:
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$\varphi^{2}$

$=$ $-$ I $+$ $\eta$ $\Phi\zeta$ $\eta(\xi)$ $=$ 1 ,

$g$ $( \varphi(X), \varphi(Y)$ ) $=$ $g$ ( X, $Y$ ) – $\eta(X)\cdot\eta(Y)$ ,

$( \nabla\varphi X )(Y)$ $=g(\varphi(X), Y )\cdot\zeta$ $-n(Y)\cdot\varphi(X)$ ,

$f$ or any vec $tor$ $fi$ elds X and $Y$ on $M$ ([ 3 ], [ 4 ]). Then

$dn$ $=$ $0$

([ 3 ], [ 4 1) and hence $n$ $=$ $0$ def $i$ nes a $fo1i$ a $ti$ on ? on
$M$ . Pitis [ 4 ] proved that $g$ is bundle-lIke wi th respect

to ? , and ? is umbilic with respect to $g$ .

Example 2. Let $(F, g_{F})$ and $(B, g_{B})$ be orientable,

connected Riemannian manifolds, and dim $F=$ $p$ and dim $B$

$=q$ . We cons ider a produc $t$ man $i$ fold $M=$ $FxB$ , and 1 et

$p_{1}$ : $M\rightarrow F$ and $p_{2}$ : $M\rightarrow B$ be projections. We define

a metric $g$ on $M$ by

$g$ ( X, $Y$ ) $=$ $h^{2}\cdot g_{F}$ $( p_{1*}X, pY1* )$ $+$
$g_{B}$

$( p_{2*}X, p_{2*}Y )$

for any vector fields X and $Y$ on $M$ . Here $h$ is a

$f$ un $ction$ $on$ $M$ $=$ $Fx$ $B$ . Th en we $h$ ave a $fo1i$ a $tion$ t7 $on$ $M$

given by

? $=$ $\{ Fx \{b\} | b\in B \}$ .
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The $fo11$ a $tion$ 7 $is$ umb $i1ic$ $wi$ th respec $t$ $to$ $g$ and the

me tr $ic$ $g$ $is$ bund 1 e-l $i$ ke $wi$ th respec $t$ to ? ([ 2 ]). Such

a Riemannian manifold $(M, g)$ is called an umbllic product

manifold ([ 2 ]). A warped product manifold is a special type

of umb $i$ li $c$ produc $t$ man $i$ folds. Le $t$
$(R^{p+1}$ , $g_{O}$

) be the $p+1$

dimensional Euclidean space, and let $s^{p}(r)$ be the $p$

dimensional sphere in $(R^{p+1}$ , $g_{O}$
) centered at the origin and

of rad $i$ us $r$ . Then we have a fol $i$ ated Ri emann $i$ an man ifold

$(M, g, ?)$ , where $M=R^{p+1}$ {the origin} , $g=$ $g_{O}|_{M}$ , and ?

$=$ $\{ s^{p}(r) | r \rangle 0 \}$ . We eas $i$ ly have that $f$ $is$ umb $i1ic$

with respect to $g$ and $g$ is bundle-like wi th respect to

? . Th is man ifold $(M, g, ?)$ is a warped produc $t$ man ifold

$( s^{p}(1) x ( 0, +\infty )$ , $r^{2}g_{S}+$ (dr) 2 ) (
$g_{S}$ : the induced

me $t$ rl $c$ on $s^{p}(1)$ $f$ rom $g_{O}$
).

Exanple 3. Let $s^{3}(1)$ be a unit sphere in $R^{4}$ , that

is, $s^{3}(1)$
$=$ $\{x$ $=$ $t(x^{1}, x^{2}, x^{3}, x^{4})$ $\in R^{4}$

$|$
$NxN^{2}$

$=$ $\Sigma_{i=1}^{4}(x^{i})2$

$=$ 1 } . Le $t$

$A_{2}$ $( R^{4} )$ be the $set$ $of$ al 1 $2-di$ mens $i$ onal af $fi$ ne

subspaces $of$
$R^{4}$ and 1 $et$ $A2$

$($
$R^{4}$ ; 0 $)$ be the $set$ $of$ al 1

$2-dlmensional$ affine subspaces of $R^{4}$ passing through the

origin $0\in R^{4}$ The set $A_{2}$ $( R^{4} ; 0 )$ is a subset of

$A_{2}$ $( R^{4} )$ We have already known that there exists the Hopf

fibration ft : $s^{3}(1)\rightarrow s^{2}$ . I $t$ is trivial that each fiber

of $\pi$ is a great circle in $s^{3}(1)$ . Thus we can obtain a

subset $A_{2}^{H}$ $( R^{4} ; 0 )$ of $A_{2}$ $( R^{4} ; 0 )$ given by

$A_{2}^{H}$ ( $R^{4}$ ; $0$
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$=$ { $\alpha\in$
$A2$ ( $R^{4}$ ; $0$ ) $|$

$\alpha\cap s^{3}(1)$ is a fiber of $\pi$ }

We $t$ ake a un it vec tor $v\in R^{4}$ and a suf ficien $t$ ly small 8

$\rangle 0$ We consider a subset $A^{H}2$ $( R^{4} ; 8V )$ of $A_{2}$ $( R^{4} )$ ,

that is,

$A^{H}2$ $(R^{4} ;8V )=$ $\{\epsilon v +\alpha | \alpha\in A_{2}^{H} (R^{4} :0 )\}$

We notice that EV $+\alpha$ $d$ enotes a 2-dimensional affine

subspace passing through the point $8v$ near the origin. Two

subspaces $\alpha$ and $8V$ $+\alpha$ are parallel in $R^{4}$ For $\alpha_{1}$
,

$\alpha_{2}$

$\in$ $A_{2}^{H}$ $($
$R^{4}$ ; 0 $)$ satisfying $\alpha_{1}$

$\cap\alpha_{2}\cap s^{3}(1)$ $=\phi$ , we have

that $\{8v + \alpha_{1}\}$ $\cap$ $\{8v + \alpha_{2}\}$ $\cap$
$s^{3}(1)$

$=$ $\phi$ . There exists only

one $\alpha_{O}\in$
$A_{2}^{H}$ $( R^{4} ; 0 )$ passing through the point $v$ Then

{ $8V$ $+$
$\alpha_{O}$

) $\cap s^{3}(1)$ is a great circle, because the affine

subspace Sv $+$
$\alpha_{O}$ coincides with $\alpha_{O}$in $R^{4}$ . If $\alpha$

$\epsilon$ $A_{2}^{H}$ $( R^{4} ; 0 )$ does not pass through the point $v$ then

$\{8 v + \alpha\}$ $\cap s^{3}(1)$
$is$ a smal 1 $ci$ rc 1 $e$ . Le $t$ X be an arb $it$ rary

point of $s^{3}(1)$ , and we regard $x$ as a vector in $R^{4}$

Th en $y$ $=\frac{1}{Nx-8vN}$ $( x - \epsilon v )$ is a po int of $s^{3}(1)$ so

that we have only one $\alpha$ $\in$ $A_{2}^{H}$ $( R^{4} ; 0 )$ passing through the

po int $y$ Thus $8v$ $+$ $\alpha$ $\in$ $A_{2}^{H}$ $( R^{4} ; 8V )$ pass es through the

point X

Let $g_{O}$ be the canonical metric on $s^{3}(1)$ induced from

the Euclidean metric in $R^{4}$ . is of constantThe metric $g_{O}$

curva ture 1 . Then we have a fol iation ? on $s^{3}(1)$ given
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by

$P$ $=$ { $\tilde{\alpha}\cap s^{3}(1)$
$|$

$\tilde{\alpha}\in$
$A_{2}^{H}$ $(R^{4} ;8V ))$

and $P$ is umbilic with respect to $g_{O}$ . We notice that $P$

has one totally geodesic leaf and that $g_{O}$ ls not bundle-like

$wi$ th respec $t$ to $P$ .

Remark 6. The Hopf fibrations $\pi_{Q}$ : $s^{7}(1)\rightarrow s^{4}$ and

: $S^{15}(1)\rightarrow s^{8}$
$\pi$

Cay : are considered as Riemannian submersions,

wh ich are totally geodes ic foliations on $s^{7}(1)$ and $s^{15}(1)$

with respect to the metrics, respectively. Thus, accordi ng

to Example 3, we have a foliation on $s^{7}(1)$ ( resp. $s^{15}(1)$ )

vi a the Hopf fi bra ti on $\pi_{Q}$
( resp. $\pi$

Cay
). The new fol iat $i$ on

on $s^{7}(1)$ ( resp. $s^{15}(1)$ ) is umbilic with respect to the

metric on $s^{7}(1)$ ( resp. $s^{15}(1)$ ). Moreover the metric on
$s^{7}(1)$ ( resp. $s^{15}(1)$ ) is not bundle-like with respect to the

new $fo1i$ a $tion$ $on$
$s^{7}(1)$ ( resp. $s^{15}(1)$ ).

Example 4. Let $(M, g_{O}, ?)$ be a foliated Riemannian

man $ifo$ ld $wi$ th a $tot$ al 1 $y$ geodes $ic$ $fo11$ a $tion$ ? $wi$ th respec $t$

to the Riemannian metric $g_{O}$ , and let $g_{O}$ be bundle-l ike

with respect to SP . We take a positive valued and non-

cons $t$ an $t$ $fo1i$ a $t$ ed $f$ unc $tion$ $f$ $on$ $M$ . He re a $f$ unc $ti$ on $f$

is foliated if $f$ has cons tan $t$ values along the leaves of

? We cons $i$ der a me tric $g=$ $f^{2}\cdot g_{O}$ , then ?is umb ilic

wi th respect to $g$ , and $g$ is bundle-like with respect to
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? For instance, the Hopf fibration $\pi$ : $(S^{3} $(1)$ g_{O})$ $\rightarrow$

$(S^{2}, h)$ is a Riemannian submersion ( see Example 3 ). Let $g_{O}$

$=$ $\{\alpha\cap s^{3}(1) | \alpha\in A_{2}^{H} ( R^{4} ; 0 ) \}$ , wh $i$ ch $is$ a $fo1i$ a $ti$ on on

$s^{3}(1)$ ( see Exampl $e3$ ). I $t$ $is$ $trivi$ al tha $t$
$\sigma_{o}$

$is$ $tot$ally

geodesic with respect to $g_{O}$ and that $\epsilon_{O}$ is bundle-like

with respect to $g_{O}$ . We take a positive valued and non-

cons tan $t$ function $\underline{f}$ on $(S^{2}, h)$ . Then $f$ $=$
$\underline{f}$ . $\pi$ is a

positive valued and non-constant fol iated function on

$(S^{3}(1), g_{O}, P_{O})$ . By the above discussion, we have a foliated

Riemannian manifold $(S^{3} $(1)$ g.?_{O})$ where $g=$ $f^{2}\cdot g_{O}$ . Then

$I_{O}$ is umbilic with respect to $g$ , and $g$ is bundle-like

with respect to ? .

Example 5. We consider two spaces:

$(R_{1}^{2}, g_{1})$ $=$ $($ $\{(x^{1}, x^{2})| x^{1} , x^{2} \in R\}$ , $(dx)l2$ $+$ $(d_{X)}^{22} )$ ,

$(R_{2}^{2}, g_{2})$ $=$ $( \{(y^{12} y)| y^{1} , y^{2} \epsilon R\}, (dy^{12}) + (dy^{22}) )$ ,

and a pos iti ve-val ued , non-co ns $t$ an $t$ funct $i$ on $h$ on $(R_{2}^{2}, g_{2})$

that is invariant under rotations, for example,

121222
$h$ $(y y )$ $=$ exp $( (y ) + (y ) )$

Let (X. $g_{X}$
) be a warped product manifold $(R_{1}^{2}$ $xR_{2}^{2}$ ,

$h\cdot g_{1}$ $+g_{2}$ ) and let ? ‘ $=$ $\{ R_{1}^{2} x \{y\} | y\in R_{2}^{2} \}$ be a

$fo1i$ a $tion$ $on$ (X, $g_{X}$
) . Then ? ‘ $is$ umb $i1icwi$ th respec $t$ $to$
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$g_{X}$ and $g_{X}$ is bundle-l ike wi th respect to 1 ’ Let $G$ be

the group consisting of transformations of (X, $g_{X}$
) :

$( x^{1}, x^{2}, y^{1}, y^{2} )$

$\rightarrow$ ( $x^{1}$
$+$ $n$ , $x^{2}$ , ( $cos$ ne ) $y^{1}$

$-$ ( $sin$ ne ) $y^{2}$ ,

( $sin$ ne ) $y^{1}$
$+$ ( $cos$ ne ) $y^{2}$ ) .

where $e$ $=$ $2\pi/3$ and $n$ $=$ $0$ , $*1$ , $*2$ , $\cdot$ . . . Each el emen $t$ $of$

$G$ is an isometry of (X,
$g_{X}$

) . Then we have a foliated

man $ifo$ ld $( u=X/G. g, P )$ , where ? $is$ the $f$ ol $i$ at $i$ on on
$M$ induced from $f$ ‘ on X and $g$ is the Riemannian metric

on $M$ induced from $g_{X}$ on X . Hence ? is umbilic wi th

respect to $g$ and $g$ is bundle-like with respect to ? .
We mus $t$ no $ti$ ce tha $t$ ? $is$ a non-regul ar $fo1i$ a $ti$ on ([ 5 ]).
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