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Note on a tensor product of two holonomic systems

with support on plane curves

Shinichi TAJIMA

Kashiwara (5) proved that for any holonomic $\ovalbox{\tt\small REJECT}_{x}$ -Modul es MZ
1

and

$\ovalbox{\tt\small REJECT}\uparrow\iota_{2}$

, the tensor product $m_{1}\otimes m_{2}$ and
$l\tau_{\rho x_{k}}^{a_{x}}$

’

$(m_{1} , m_{2})$ become hol onomic

$\ovalbox{\tt\small REJECT} x$ -Mod $t1$ les. We are $i$ nterested here I $n$ calcul ati $ng$ the tensor product of holo-

nomi $c$ $\ovalbox{\tt\small REJECT}_{x}$ -Modul es supported on plane curves.

In \S 1 we fix our notation and reca] 1 some properti es of the tensor

products of holonomic $n_{x}$ -Modul es. In \S 2 we recal 1 the projecti on formul a

for $\ovalbox{\tt\small REJECT}_{x}$ -Modules. In \S 3 as application of the proiection formula associated

to blow-up, we calculate the tensor product for a typical case.

\S 1. Tensor products of $holono\blacksquare ic$ systems

Let (X, $\mathcal{O}_{x}$ ) be a comp] ex man ifold. Let $x_{1}$ and $x_{2}$ be two copies of

the complex manifold X. Let us denote by
$p1$ and $p2$ the proiection from
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$x_{1}\times x_{2}$ to $x_{1}$ and from $x_{1}\times x_{2}$ to $x_{2}$ respectively.

For any two $\ovalbox{\tt\small REJECT}_{x}$ -Modules $m_{1}$ and $m_{2}$ , we set

$m_{1}\wedge Qm_{2}=$ $2_{x}xX$ $\otimes$

$(p1^{-1}m1^{\otimes p_{2}^{-1}/tr_{\iota_{2}})}$

1 2 $P1^{-1}A_{x_{1^{\otimes p_{2}^{-1}}}}\theta_{x_{2}}$

Here we regard $m_{1}$ as $p_{x_{I}}$ -Module and $m_{2}$ as $d_{x_{2}}$ -Module.

The $\chi_{x_{1^{X}}x_{2}}$ -Module above is called the exterior tensor product of $cWc_{1}$ and

$m_{2}$ . We have the fo 1 lowing quasi-i $s$omorph ism :

$m_{1}\otimes_{\emptyset_{x}}^{L}m_{2}=$
$\chi_{x\rightarrow Xxx_{2}}\otimes_{\chi_{x_{1^{\prime}}x_{2}}}(m_{1}\otimes Wc_{2})L\wedge$

.

Kashiwara (5) proved the following theorem.

Theores 1 (Kash $i$ wara (5)).

Let $m_{1}$ and $m_{2}$ be two (regular) holonomic $\theta x$-Modules. Then

$\parallel m\otimes m$ and
$u_{\mathcal{L}_{\kappa}}^{\phi_{x}}(m_{1} , \alpha e_{2})$ are (regular) hol ono $\bullet$ ic systems.

1 $\theta_{x}$ 2

Let X be a domain in $C^{2}$ . Let $F$ be a curve in X defined by a holo-
$\bullet 0$rphic functi on $f$ : $F=$ { $(x,$ $y)\in X$ $|,$ $f(x$ , y) $=0$ } Let us denote by

1
$k[p]$ $( \mathcal{O}_{x})$ the sheaf of algebra ic local cohomo1 ogy with support in F.

Refer to Grothendieck (2) for the notion of the sheaf of algebraic local coho-

–118–



mology. The sheaf $\ovalbox{\tt\small REJECT}_{c_{F]}}^{1}(\beta_{\chi})$ regarded as a 1 eft $p_{x}$ -Module is a regular

holonomic system (see Kash iwara [5] and Mebkhout (6)).

It is known that if $F$ is a analytically irreducible curve defi ned on

a doma in X $in$ $C^{2}$ , then $\mathfrak{X}[F]1(\mathcal{O}_{x})$ is a simple $\ovalbox{\tt\small REJECT}_{x}$ -Module. (Refer to

van Doorn and van den Essen (1) for the proof of this fact. ) Hence if we set

$\delta(f)=\frac{1}{f}$ mod $\mathcal{O}_{x}$ , then $\delta(f)$ generates $\mathfrak{X}_{[pj}^{1}(\mathcal{O}_{X})$ as $p_{x}$ -Module.

$Be$ have the following result.

Proposition 2
Let $F$ and $G$ be analytical ly $i$ rreducible plane curves on X passing

through a point P. Assume that $F$ and $G$ meet properly at P. Then we have

$\phi_{x}$

(i) $/r_{0\mathcal{L}}j(7l_{[p\supset}^{1} ( \mathcal{O}_{\chi}), \Re_{C\mathfrak{a}]}(1\mathcal{O}_{x}))$ $=0$ for $i\geqq 1$ ,

(ii) $\mathfrak{X}_{[p]}^{1}$
$( g_{\chi})\otimes \mathfrak{X}_{[\mathfrak{a}1}^{1}(\Phi_{x})a_{x}$ is isomorpbic to the simple regul ar

holonomi $c$ $\ovalbox{\tt\small REJECT}_{x}$ -Module $\ovalbox{\tt\small REJECT}_{[p}^{2}\supset(\Phi_{x})$ .

Proof. Let us recall the definition of the sheaf of algebraic local coho-

nology :

$\mathfrak{R}_{\subset F]}^{1}(\mathcal{O}_{x})=\rightarrow^{1in}$ Ex$t1(\mathcal{O}_{X}/(f)^{k} \alpha_{x})$ .
$\Phi_{X}$

Si nce
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$\ovalbox{\tt\small REJECT}_{\iota?\wp f}$ $(\wp_{X}/(f)k$

$\zeta 0_{X}$

$\mathcal{O}_{x})=$ Ker $( fk : \mathcal{O}_{x}-=\mathcal{O}_{\chi})$ $=0$ ,

$Z_{\mathfrak{T}}e\Phi_{x}1(\Phi_{x}/(f)k \Phi_{\chi})$ is quasi-isomorphic to the compl ex

$fk$

$0\rightarrow \mathcal{O}x$– $\mathcal{O}_{\chi}\rightarrow 0$ .

Thus the tensor product $at_{\Phi_{x}}^{1}(\mathcal{O}_{x}/(f)^{k} \theta_{\chi})\otimes at_{\phi_{x}}1( \Phi_{x}/(g)k . \mathcal{O})x$

is quasi-isomorphi $c$ to the tensor product of the fol lowing two compl exes :

$0\rightarrow \mathcal{O}_{x}$

$\rightarrow^{fk}\alpha_{x}\rightarrow 0$

and
$0\rightarrow \mathcal{O}x\underline{gk}$

$\mathcal{O}_{x}\approx 0$ .

Since $f$ and $g$ are coprime, we have

$\Phi_{x}$

1 1
’

$\gamma_{0\mathcal{L}}J$ $(g_{xf_{g_{x}^{(}}}^{\backslash }\mathcal{O}_{x}/(f)k \Phi x)$ , $\mathcal{E}_{X}\tau_{\Phi_{x}}(a_{x}/(g)* \Phi))x=0$ ,

which imp 1 ies the first assert ion. The argument above al so implies the second
assert ion. Q. E. D.

Under the assumption of Proposition 2, we have the fo Il owing result.

Corollary 3.

(i) $n=\delta(f)\emptyset\delta(g)$ is a generator of the tensor product $R_{[p]}^{1}(\emptyset_{x})\otimes\Re_{\mathfrak{g}]}^{1}(\Phi_{x})$

(ii) the generator $n$ is a linear combination of derivatives of Dirac’ $s$ delta
function.
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Example 4 ([10]).

Set $F=\{(x, y)\in X |y=0\}$ $G$ $=$ { $(x,$ $y)\in X$ $|$ y-x2 $=0$ }

6 (y) $=\frac{1}{y}$ mod $\mathcal{O}_{x}$ , $\delta(y-x^{2})=\frac{1}{y-x^{2}}$ mod $\mathcal{O}_{x}$ ,

and

$m=\delta(y)\otimes\delta(y-x^{2})=1$ $\otimes(\delta(y_{1})\emptyset\delta(y_{2}-x_{2^{2}}))$ .
X-p $x_{1}\times x_{2}$

(Here 1
$X\rightarrow x_{1^{xX}2}$

is the canonical section of $l_{x}\rightarrow x_{1^{xX}2}$ associated

with the diagonal embedd ing $X\rightarrow X_{1}\times X_{2}$ . ) Then we have

$\delta_{x}m=$ $\chi_{x}\delta(y)\emptyset\ovalbox{\tt\small REJECT}_{x}\delta(y-x^{2})$

$=\chi_{x}/d_{x^{X^{2}}}+$
$\ovalbox{\tt\small REJECT}(x-+2)\partial+A_{x}y$ .

$x$
$\delta x$

$\beta_{X}(\frac{\partial}{\delta x}\delta(x, y))$ ,

where 6 $(x, y)$ denotes Dirac‘ $s$ delta-functi on.

We set :
$X_{1}=$ { $(x_{1},$ $y_{1})|$ xi , $y_{1}\in X$ } and $X_{2}=\{(x_{2}, y_{2})|x_{2}, y_{2}\in X \}$

Si nce

$\chi_{x}\delta(y)$ $=$ $\ovalbox{\tt\small REJECT}_{X}/d_{x}\frac{\delta}{\partial x}+$ $ff_{x}y\sim=\nu_{[p]}^{1}(\alpha_{x})$ ,

$\ovalbox{\tt\small REJECT}_{x}\delta(y-x^{2})=$ $\ovalbox{\tt\small REJECT}_{X}/\ovalbox{\tt\small REJECT}_{x}(\frac{\partial}{\partial x}+2x_{\partial}\frac{\delta}{y})+\emptyset_{x}(y-x^{2})\cong x_{c_{\circ]}^{(\mathcal{O}_{x})}’}^{1}$
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we have

$\ovalbox{\tt\small REJECT}_{x_{1^{x}}x_{2}}(\delta(y_{I})^{\wedge}\otimes\delta(y_{2}-x_{2^{2}}))$

$z/\emptyset\frac{\delta}{\partial x_{1}}+$ $\ovalbox{\tt\small REJECT}_{y_{I}}+$ $\chi(\frac{\theta}{x_{2}}\partial+2x_{2}\frac{\partial}{y_{2}})\delta+$ $d(y_{2}-x_{2^{2}})$

$\simeq?P_{[p]}^{1}(\alpha_{x})\wedge\otimes\Re_{[0]}^{1}(g_{\chi})$ ,

where we set $A=d_{x_{1^{xX}2}}$ We put

We have the fol lowing equal ity :

$\chi=\chi_{(\delta(y_{1})\otimes\delta(y_{2}-x_{2^{2}})) ,x_{1}xx_{2}}\wedge$ .

$\chi_{x}n=Z/(x_{1}-x_{2})\chi+(y_{1}-y_{2})\chi$ .

Now we set : $m=$ $l_{x}/d_{x}x^{2}+d_{x}(\chi\frac{\partial}{\partial x}+2)+d_{x}y$ .

Recall here the followi $ng$ identities :

$x1$ $=1$ $(x_{1}+x_{2})/2$ , $y1$ $=1$ $(y_{1}+y_{2})/2$ ,
$X\rightarrow x_{1^{X}}x_{2}$ $X\rightarrow x_{1}rx_{2}$ $\chi\rightarrow x_{1^{X}}x_{2}$ $\chi\rightarrow x_{1^{X}}x_{2}$

$\underline{\partial}1$

$=1$
$(\underline{\partial}+\underline{\theta} )$

, etc.
$\partial x$ $x->x_{1^{xX}2}$ $x\rightarrow x_{1}-x_{2}$ $\partial x_{1}$ $\partial x_{2}$

We def ine a left $\chi_{x}1$ inear map

V : $m$ $ X_{/}(x_{1}-x_{2})\chi_{+}(y_{1}-y_{2})\chi$

by

V(x) $=(x_{I}+x_{2})/2$ , $r(\frac{\partial}{\partial x})=\frac{\partial}{\theta x}1+\frac{i}{\partial x}2$ etc.
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Si nce

V $(x^{2})=(x_{1}+x_{2})^{2}/4$ $=x_{2^{2}}+\langle x_{1}-x_{2}$ ) $(x_{1}+3x_{2})/4$ ,

V $(x\frac{i}{\partial x}+2)=\frac{1}{2}(x_{1}+x_{2})(\frac{\partial}{\partial x}1-|\cdot\frac{\partial}{\partial x}2)+2$

$=2\frac{\partial}{\partial y}y_{1}2+\frac{1}{2}(x_{1}+x_{2})(\frac{\partial}{\theta x_{2}}+2x_{2}\frac{\partial}{\partial y_{2}})$ $+2\frac{\partial}{\theta y}(y_{2}-x_{2^{2}})2$

$-(x_{1}-x_{2})x_{2}-\theta$

$\partial y_{2}$

and

$+2(y_{1}-y_{2})-\partial$

$\partial y_{2}$

V (y) $=(y_{1}+y_{2})/2=y_{1}-(y_{1}-y_{2})/2$ ,

V is a well-def ined map.

We thus get the fol lowing equalities :

$\ovalbox{\tt\small REJECT}_{x}m=X/(x_{1}-x_{2})\chi+(y_{1}-y_{2})\chi$

$\chi_{x}/A_{x}x^{2}+p_{x}(x\frac{\theta}{\partial x}+2)$ $+d_{x}y$ .

$R\epsilon\bullet ark$ (cf. Passare (8)).

$\underline{1}$
$=$

$y^{2}(y-x^{2})$

\S 2. Proiectlon fomula

$(\frac{1\partial^{2}}{6\partial x^{2}}-\frac{\partial}{\partial y})m$ .

In th is section we recall the proiection formula for the tensor products
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of $\ovalbox{\tt\small REJECT}_{x}$ -Modules.

Let X and $7_{\lrcorner}$ be two comp lex mani folds. Let $\phi$ be a proper ho 1 omorph ic

map from $Z$ to X.

Theoren 5 (see (3)).

For any $\beta z$ -Modu 1 $em$ and for any $\theta_{x}$-Modu le $m$ , we have the

following proiection formula :

Proof.

Set :
$\chi=\ovalbox{\tt\small REJECT} z_{X}x_{p^{-1}\ovalbox{\tt\small REJECT}\otimes q^{-1}fl}\otimes zx(p^{-1}M\otimes q^{-1}m\wedge)$

where $p$ : $Z\times X=Z$ and $q$ : $Z\times X\rightarrow X$ are natural proiections.

We have

$dW\iota\otimes^{L}\iota\iota*m=\chi_{z->ZsZ}\otimes^{L}(l_{2^{x}Z}\rightarrow ZxX\emptyset^{l}x)$

$=p_{z}\rightarrow ZxX\otimes^{L}z$ ,

and

$(\int_{\iota^{C}}m)\otimes m=R0_{*}(A_{xx}\leftarrow zx\otimes^{L}\ovalbox{\tt\small REJECT})$ .

By the base change formula we have
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$=R\phi_{*}((\beta_{\chi<-}z\emptyset^{L}d_{z_{\neg}}zx\chi)\otimes^{L}X)$

$=d_{x=}$ xpax
$\otimes^{L}(R0_{*}(d\chi\iota\chi\leftarrow Z^{x\chi})\emptyset^{L}x)$

$Exa\bullet ple6$ .
Ne calculate the tensor product

the proiection formula.

$\chi_{x}\delta(y)\bigotimes_{\mathcal{O}_{x}}^{L}f_{x}\delta(y-x^{2})$ by means of

Let X $=C^{2}$ , $Z=\{(x, y)\in X | y=0 \}$ and $i$ : $Z->$ X be the

natural embedding map. We put :

$m$ $=$ $n_{z}/\theta_{z}\frac{\partial}{\partial x}\sim=\Phi_{z}$

$m$ $=\chi_{x}\delta(y-x^{2})=\chi_{x}/A_{x}(\frac{i}{\partial x}+2x_{\partial}\frac{\partial}{y})$ $+ffi_{x}(y-x^{2})$

Then we get

$d_{x}/x_{x}\frac{\partial}{\partial x}+p_{x}y$ ,

$Li^{*}Cn=i^{*}m=d_{z}/d_{z}x^{2}+\emptyset_{z}(x_{\partial}\frac{\partial}{x}+2)$ .

Hence we have
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$Jxg_{\chi}\delta(y)\copyright^{l}\phi_{\chi}\delta(y-x^{2})=(\int_{i}W\iota)\bigotimes_{\theta_{x}}^{L}m$

$=\int_{i}i^{*m}$ $=\int_{i}i_{z}/\chi_{z}x^{2}+d_{z}(x\frac{\partial}{\partial x}+2)$

$d_{x}/\ovalbox{\tt\small REJECT}_{x}x^{2}+\chi_{x}(x\frac{\partial}{\partial x}+2)+d_{x}y$ .

\S 3. An example

Let X be a doma in $in$ $C^{2}$ containi $ng$ the origin P. Let $t$ $:/x->X$

be the blou-up of X with center at the origin P.

For any $\ovalbox{\tt\small REJECT}_{X}$-Module $ga$ , we define the total transform of $m$ by

$Lt^{*}(n=d_{x=x}\prime\prime \mathfrak{R}_{x}^{\iota_{C}}n$.

We have the fol lowing result.

Proposltion 7 ([7)).

Let $F$ be a plane curve defi ned in X. Let $\sim F$ be the total transform of
$F$ $i.e.F=\sim I^{-1}(F)$ . We have the following resul ts.

(i) $\Lambda_{\chi}N=x\otimes\chi_{[F]}^{1}(C_{x}^{0})$ $=\mathcal{H}_{L_{F}^{\sim}]}^{1}(\mathcal{O}_{\check{x}})$ ,

$(ii)x_{\epsilon_{kX\rightarrow}}^{h}(d\sim\chi X_{c_{F]}}^{1}(\omega_{x}))$
$=0$ for $k\geqq 1$ .
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$=\ovalbox{\tt\small REJECT}_{\sim,x}/(fl_{v,x}(v^{2}(u^{2}-v))+A_{\sim_{x}}((.\iota_{\partial}\frac{\partial}{u}+2v\frac{\partial}{\partial v}+6) +\beta_{\sim_{x}}(u^{2}\frac{\partial}{\partial u}-v_{\partial}\frac{\partial}{u}+2u))$ .

If we set $m=$ $d_{\sim_{X}}\delta(n)=$
$d_{A/,x}/(d_{A/,x}n+j\frac{\partial}{\partial v}x )$ . then we have

$\int_{t}m=$ $d_{x}/$
$(4_{x}y+\beta_{x}\frac{\partial}{\theta x} )$ .

It is easy to verify that

$\ovalbox{\tt\small REJECT} t\otimes 1^{*m}=$ $A_{/x}./(\lambda_{x}u+\chi_{A/ ,x}v^{3}+t_{A/,x}(v\frac{\partial}{\theta v}+3))$ ,
$\Phi_{x}\sim$

and

$J_{t}$ $A_{x}\sim/(\mathcal{X}_{\sim_{x}}^{u}+J_{\sim^{V^{3}} ,x}+\Lambda_{v,x}^{(v_{\partial}\frac{\partial}{v}},+3))$
,

$A_{x}/(d_{x}x^{3}+d_{x}(x_{\partial}\frac{\partial}{x}+3)+\chi_{x}y)$ .

Therefore we have

$\chi_{x}m=$
$\ovalbox{\tt\small REJECT}_{x}/(A_{x}x^{3}+x (x-i+3)+ i_{x}y)$

$x$ ax

$\chi$

$(-\partial^{2}\delta(x, y))$

,
$x$

$\partial x^{2}$

where $\bullet=1$
$\otimes(\delta(y_{1})\emptyset\delta(y_{2^{2}}\wedge-x_{2^{3}}))$ .

$X\Rightarrow x_{1^{xX}2}$
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The blow-up X has two coord inate patches $U$ $=\{(u, v) u, v\in C \}$ and
$U^{\rightarrow}=$ $\{(u^{\prime} v^{\prime})|u^{\prime} v^{\prime}\in C \}$ wi th

$u’=-1$ and $v^{\rightarrow}=$ uv on $U\cap U^{\rightarrow}=\{(u, v)|u\neq 0\}$

$u$

The map $t$

$:\sim X\rightarrow$

X is given $in$ $U$ by $t(u, v)=$ ( $v$ , uv). and the
exceptional divisor $E$ is given by $v=0$ . The map , is given in $U^{\prime}$ by

$t(u^{a} v^{-})=(uv^{\prime}\rightarrow v^{\prime})$ and the excepti ona] divisor $E$ is given by $v^{\prime}=0$ .

For examp le $if$ we set $f(x, y)=y$ -x2 and $\cap f^{/}=f\circ t$

, then we have

$d_{x-X}\vee\otimes\ovalbox{\tt\small REJECT}_{x}\delta(f)=d_{x}^{\sim}\sim t(f)$

$=d_{x}\sim/J_{\sim_{x}}$ (u-v)v $+d\sim_{x}t(u-v)\frac{\partial}{\partial u}+1)+fl_{X}(v(\frac{\partial}{\theta u}+\frac{\partial}{\partial v})+1)$

on U.

Now let us calcuIate the anihiIating ideal of $f(y)\otimes\delta(y-x23)$ .

Set $F=\{(x, y)\in C^{2}|f(x, y)=y=0\}$ and $G=\{(x, y)\in C^{2}|g(x, y)$

$=y^{2}-x^{3}=0\}$ Let $m$ be the sheaf of algebraic local cohomology with
support in the cusp $G$ :

ffl $=\chi_{\chi}\delta(g)\cong 7\theta_{[q]}^{1}(\phi_{x})$

Let $(u, v)$ be local coordi nates on X which satisfy $(x, y)=\iota(u, v)$

$=$ ( $v$ , uv). Since $\mu g=g.t$ $=v^{2}(u^{2}-v)$ , we have

$\hslash^{*m}=d_{x}\sim^{i(g)}\sim$
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