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Note on a tensor product of two holonomic systess

with support on plane curves

Shinichi TAJIMA

Kashiwara (5) proved that for any holonomic gﬁx—Modules anzl and
G
AR, the tensor product 4”61QD/7%; and Tor . (Chel,/Z@z) become holonomic
AD X—Modules. We are interested here in calculating the tenSor product of holo-
nomic ﬂx-Modules supported on plane curves.

In §1 we fix our notation and recall some properties of the tensor

products of holonomic ADX—Modules. In §2 we recall the projection formula
for aax—Modules. In §3 as application of the projection formula associated

to blow-up, we calculate the tensor product for a typical case.

§1. Tensor products of holonomic systems

Let (X, Cf;) be a complex manifold. Let Xl and X2 be two copies of

the complex manifold X. Let us denote by p1 and p2 the projection from
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X XX to X and from X XX to X respectively.
1 2 1 1 2 2

For any two ,Zx-Modules /)nl and 0722, we set

W! ®m€2 - ﬂxlxxz ®p -10,6 ®p -1 (pl—lm 1®P2—1””L‘2)-
1 Xl 2 ﬂxz

Here we regard ml as ,,Dx -Module and /}?’c’z as aax -Module.
1 2

The p@x « -Module above is called the exterior tensor product of 0781 and

X2

mz. We have the following quasi-isomorphism :

o ®;m€ =4 J (qn B ).

X
2 X—> X xx
X 1" 72 paxl,xz
Kashiwara (5] proved the following theorem.

Theorem 1 (Kashiwara (5)).

Let /)’}'{_1 and /)7?,2 be two (regular) holonomic an-Modules. Then

Oy
om %/M and Zoy (R, M ) are (regular) holonomic systems.
1 X 2 k 1 2

Let X be a domain in C2. Let F be a curve in X defined by a holo-

morphic function f : F = {(x, y)€X ! f(x, y) = 0} . Let us denote by
1
7& [p]( @x) the sheaf of algebraic local cohomology with support in F.

Refer to Grothendieck (2) for the notion of the sheaf of algebraic local coho-
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1
mology. The sheaf %Epj(ﬁx) regarded as a left ODX-Module is a regular

holonomic system (see Kashiwara [5) and Mebkhout (6}).

It is known that if F 1is a analytically irreducible curve defined on
1
a domain X in C2, then ¥ [F](@x) is a simple aox-Module. (Refer to
van Doorn and van den Essen (1) for the proof of this fact.) Hence if we set

1 7 1
J(f)-—-—f— mod (7, then 3(f) generates %fﬂ((yx) as ,@x-Module.

We have the following result.

Proposition 2
Let F and G be analytically irreducible plane curves on X hassing

through a point P. Assume that F and G meet properly at P. Then we have

@X 1 1
() Toe (K g (00 Kg( @) =0 for j21.

1 1
(ii) %[F]( (ﬂx) %XKEG](@x) is isomorphic to the simple regular

2
holonomic ‘Zx—Module "?f[p]( (9)().

Proof. Let us recall the definition of the sheaf of algebraic local coho-

pology :

1 1 k
KO = lin £t ¢ g6, @),
Since
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J&v/m@x( @x/(f) : @x) = Ker ( f : @x—> (ﬂx) =0,

1 k
meré7 ( é?x/(f) , Cbx) is quasi-isomorphic to the complex
X

0—9’0x >@x—>0.

Thus the tensor product Sxt(;x( ©, /(f)k, (QX) ®£at@lx( @x /(g)k , @x)

is quasi-isomorphic to the tensor product of the following two complexes :

k K
f g
0 —o (Z; —_ (3; —> 0 and 0 — C;;

O — 0.
X

Since f and g are coprime, we have

@X 1 k 1 k’
Yoo |, (&1, (GO 0 ). faz, (O /) . &) =0,

which implies the first assertion. The argument above also implies the second

assertion. Q.E.D.

Under the assumption of Proposition 2, we have the following result.

Corol lary 3.

(i) m=8(f)®¥(g) is a generator of the temsor product }?E;((Ox)@)fc;:l( (Qx)

(ii) the generator m is a linear combination of derivatives of Dirac’s delta

function.
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Example 4 ((10)).
Set F = {(x, y)eX |y =0}, 6 ={(x, y)EX | yv—x2 = 0},

1 1
3y) =— mod @, ¥y—x?) = mod (7,
y X y__xz X
and
m= 3y) ® i(y—x2) =1 ® (3(y1)B3(y2—x22)).
X—=> XXX,
( Here 1 is the canonical section of ¢ﬂ associated
X—%Xlxxz X — xlxxz

with the diagonal embedding X —> X; XXz.) Then we have

X

d,n= BIN®Jty—x?)

8
=J 1A+ I (x ;;+2) +dy.

]
= A (=¥x, v)),
X ix
where 8(x, y) denotes Dirac’s delta-function.
We set :

Xp = {({x1, y1) [ x1, y1€X } and Xz = {(x2, y2) | x2, y2€X } .

Since

d
Iy =d /4 —+ dy=w,.(0)
X X Xax X F X

] é 1
' = — — —_ >~
ovxa(y —x2) = Jx / Jx(ax + 2xay ) + 2)x<y x2) %m< @),

- —121 —



we have

1

7, xxg(;(y,@a(yz—xzz))

d d d
=3/ —+ Dy + J(— + 2% —) + o (y2—x22)

X, X2 ay2

~ 1 s 1
¥ RAC)BR (0.

7~
where we set o = 4 . We put Z= A (3(y1)®3(yz—x22)).
xlx x2 X xxz

1

We have the following equality :

Jxm =Z/ (Xl‘Xz)Z + (Y1“Y2),Z .

- d
Now we set : oM = Jx/aoxx3+ oéx(xa—-f-Z)n‘—any.
X

Recall here the following identities :

x 1 =1 (x1+x2)/2, y1 = ]
x-——yxlxxz X—)Xl)lxz X —> xlxxz

d ]

— = — + —), etc

ax x—>xlxx2 x—->x1x Xz 3xl 3)(2

We define a left ,ﬁx linear map

x—>xlxx

' g — Z/ (x1—%2) & + (.VI_YZ)x

by
d a d
'x) = (x1+x2)/2, ¥—) = — + — , etc.
ax X, X2
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Since

and

¥(xZ) = (x1+x2)%3/4 = x2%2 + (x1—x2)(x1+3x2)/4,

d 1 d d
¥x—+2 ) =—(x1+x)(— 1 —) + 2
ax 2 3X1 3)(2
d 1 d d é
= 2—y1 + —(X1+x)(— + 2x2—) + 2— (y2—x22)
dy2 2 X2 ay2 dy2
d é
— (X1—%X2)X2— + 2(y1 —yz2) —
Y2 dy2

Y(y) = (y1i+y2)/2 = y1 — (y1—y2)/2,

¥ is a well-defined map.

We thus get the following equalities :

ozy/ (x1—x2) X + (h‘h)o’g

Il

A

| F
=4 /D 2+ oox(x&-i-Z) + ﬂax y.
Remark (cf. Passare (8)).

1 1 32 d

y3(y—x2) 6 Ix2 dy

§2. Projection formula

In this section we recall the projection formula for the tensor products
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of %X-Modules.

Let X and 7 be two complex manifolds. Let ¢ be a proper holomorphic

map from 7Z to X.

Theorem 5 (see (3)).
For any /) Z—Module &2 and for any d?x-Module L , we have the

following projection formula :

L L
( XA = (e ® Lé*72 )
Om Ox 5’ m &, %

Proof.

[ 2 - AN
Set : &= (,Jz‘x@p_lﬂa Ba1g (PIMBTVR)
z X

where p : ZXX —> Z and q : ZXX —> X are natural projections.

We have

MéL°‘m - 'a é('az)(z—)z-x é%)

and

L
<§.fm>®/}’e =r:(J O

By the base change formula we have
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S \ (M S L)

= R0 (A, & J & L)

Z— ZxX

=4 QR ( ®)

X —= XxX

= Ao ® ((S{Né)@/}@)

XX €— ZxX

Example 6.
L
We calculate the tensor product ¢0x5(y) % 00x8(y —x2) by means of

X

the projection formula.
Let X =0C2, Z={(x,y)eX | y=0} and i: Z —> X be the

natural embedding map. We put

d
ae = d /D, —%0
z ax z
2 OJ g d 2
R =4 py —x?) = x/ﬂx(;+2xa;) +d (y—x2)

.
Li*rcR=i*NR =d /4 2+ (x~+2).
z z z X

Hence we have
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X —y2 —3 5 i = 3 i* i
& xs(y)%xa()xm x2) (jimt) qum &(M@Z/ZLI n)
' d
= girm = gi 4, /A8 %+ oaz(xa;-l-Z)

]
= "Jx /06x x2 + Oax(xa:+2) + "ax y.

§3. An example

A~
Let X be a domain in C2 containing the origin P. Let x : X — X
be the blou-up of X with center at the origin P.
For any g Module 42, we define the total transform of ()0 by

Le*cl = aﬂg__?_x<é%672.

We have the following result.

Proposition 7 ((7)).

N/
Let F be a plane curve defined in X. Let F be the total transform of

F i.e./f,== £~ 1(F). We have the following results.

. 1 !
D Ay @K (L) =Hy (O,

Dy
(1) T, (g x,v()[;(wx)) =0 for k=1.
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d d d d
= J_/ (J 202 =) + (=2 —F6) + d, (12— —v—+2)).
X X x du Y x du du

d
If we set M = 4, 8(0) = (,JN/ (0&\/“ + ;,JN—), then we have
X X X x 0v

d
§1m= a&x/ (o{jxy +0ﬂx;).
It is easy to verify that

d
@M = S/ (Jpu+ Jov2+ J v—+3),
O X X X x dv

X

and

d
~/ + 2+ (v— +3)),
g OJX OJ/;U J,;(,V OJ?.:' av
15

?
= gjx / (Oax x* + odx(xa:ﬂ) + 3.
Therefore we have
]
Fom= A /A2 +d =t + F v

az

(— 3(x, ¥)),
X axz

- 4

where m = 1 X xx ®(3(YI)@6(YZZ —x22)).
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The blow-up X has two coordinate patches U = {(u, v) | u, v€C } and

U={", v)|u, veCc} with

- -

1
u =— and V = uv on UNU = {(u, v)I u +# 0} .
u

~
The map * : X —> X is given in U by x(u, v) = (v, uv) and the

exceptional divisor E 1is given by v = 0. The map 1 is given in U~ by

(u”, v') = (u'v7, v7) and the exceptional divisor E is given by v = 0.
~n
For example if we set f(x, y) = y—x2 and f = fer, then we have

~/
Dt @ ,,zxuf) = an(f)

d d d
== JN /aJN(u-v)v +0azv((u —-v)—+1) + /N(v(— +—) +1)
X X X du X du ov

on U.

2 3
Now let us calculate the anihilating ideal of 3(y)®3(y —x ).

Set F = {(x, y)eC?|f(x, y)J=y = 0} and G = {(x, y)eC?| g(x, y)
= y2—x2 = (0} . Let ¢)? be the sheaf of algebraic local cohomology with

support in the cusp G :

1

R = ﬂx 3(g) "=’7€£G]( o)

Let (u, v) be local coordinates on X which satisfy (x, y) = z(u, v )

= (v, uv). Since (\g/ = gt = v23(u2—v), we have
”n
=R = 4.8
X
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