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Integration Operators On Weighted Bloch Spaces

Rikio Yoneda

Abstract

Let $g$ be an analytic function on the open unit disk $D$ in the complex plane $C$ . We shall
study the following operator

$ J_{g}(f)(z):=\int_{0}^{z}f(\zeta)g^{\prime}(\zeta)d\zeta$

on the Bloch space $B$ . We show that the operator $J_{9}$ is bounded on $B$ if and only if

$\sup_{z\in D}(1-|z|^{2})(\log\frac{1}{1-|z|^{2}})|g^{\prime}(z)|<+\infty$ ,

and the operator $J_{g}$ is compact on $B$ if and only if

$\lim_{|z|\rightarrow 1}(1-|z|^{2})-(\log\frac{1}{1-|z|^{2}})|g^{\prime}(z)|=0$.

And we shall aJso characterize the boundedness and compactness of $J_{g}$ on weighted Bloch
spaces.
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\S 1. Introduction

Let $D=\{z\in C;|z|<1\}$ denote the open unit disk in the complex plane $C$ and let
$\partial D=\{z\in C;|z|=1\}$ denote the unit circle. Let $H(D)$ denote the spaoe of analytic functions
on $D$ . Let $dA(z)$ be the normalized area measure on $D$ . Let $ 1\leq p<+\infty$ . The Hardy space
$H^{p}$ is defined to be the Banach spaoe of analytic functions $f$ on $D$ with the norm

$||f\Vert_{p}:=(\sup_{0<r<1}\frac{1}{2\pi}\int_{0}^{2\pi}|f(re^{i\theta})|^{p}d\theta)^{\frac{1}{p}}<+\infty$ .

For $z,$ $w\in D$ , let $\beta(z, w)$ $:=\frac{1}{2}$ log $\frac{1+|\varphi_{z}(w)|}{1-|\varphi_{z}(w)|}$ where $\varphi_{z}(w)=\frac{z-w}{1-\overline{z}w}$ We will frequently use
the following properties of $\varphi_{z}$ :

$1-|\varphi_{z}(w)|^{2}=\frac{(1-|z|^{2})(1-|w|^{2})}{|1-\overline{z}w|^{2}}$ ,
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$\varphi_{z}(z)=0$ , $\varphi_{z}(0)=z$ , $\varphi_{z}0\varphi_{z}(w)=w$ .

For $ 0<r<+\infty$ , let $D(z)=D(z,r)=\{w\in D;\beta(z, w)<r\}$ denote the Bergman disk. Then
$D(z,r)$ is a Euclidean disk with Euclidean center $C$ and radius $R$

$C=\frac{1-t^{2}}{1-p|z|^{2}}z$ , $R=\frac{1-|z|^{2}}{1-t^{2}|z|^{2}}t$

respectively, $wh\alpha\cdot et=\frac{e^{r}-e^{-r}}{e^{r}+e^{-r}}\in(0,1)$ . We denote by $|D(z)r)|$ the normalized aiea of $D(z, r)$ .
Then $|D(z,r)|$ is $\infty mparable$ to $(1-|z|^{2})^{2}$ .

The Bloch spaoe $B$ is the space of functions $f\in H(D)$ such that

$||f||_{B}:=\sup\{(1-|z|^{2})|f^{j}(z)| : z\in D\}<+\infty$ .

This is a semi-norm on $B$ and it is M\"obius invariant in the sense of $\Vert fo\varphi||_{B}=||f||_{B}$ for al
$f\in B$ and $\varphi\in Aut(D)$ , where $Aut(D)$ is the M\"obius group of bi-analytic mappings of $D$ . The
Bloch spaoe $B$ is a Banach spaoe with the norm $||f||=|f(0)|+||f||B$ . The little Bloch space
of $D$ , denoted $R$ , is the closed subspace of $B\infty oisting$ of functions $f$ with $(1-|z|^{2})f^{\prime}(z)\rightarrow 0$

$(|z|\rightarrow 1^{-})$ . The spaoe of analytic functions on $D$ of bounded mean oscillation, denoted by
BMOA, is the $\Re t$ of functions $f$ in $H^{2}$ such that

$||f||$BMOA $:=\sup\{||fo\varphi z-f(z)||2^{;}z\in D\}<+\infty$ .

It is clear that $|g^{\prime}(0)|\leq||g||_{2}$ for every imction $g\in H(D)$ . Applying $g=fo\varphi_{z}-f(z)$ , it
folows that $(1-|z|^{2})|f^{\prime}(z)|\leq||fo\varphi_{z}-f(z)||_{2}$ for $f\in H(D)$ and $z\in D$ . Thus it foUows that
$BMOA\subset B$ .

Let $\alpha\geq 1$ . The $\alpha$-BloCh spaee $B^{\alpha}$ is defined to be the space of fiictions $f\in H(D)$ such
that

$||f||_{B^{\alpha}}:=\sup\{(1-|z|^{2})^{\alpha}|f^{\prime}(z)| : z\in D\}<+\infty$.
And the little a-Bloch $\varphi a\infty\Re$ is the closed subspaoe of $B^{\alpha}\infty nsist\dot{i}g$ of functions $f$ with
$(1-|z|^{2})^{\alpha}f^{\prime}(z)\rightarrow 0(|z|\rightarrow 1^{-})$ . Note that $B^{1}$ and $B_{0}^{1}$ are the Bloch space and the little Bloch
space, respectively.

Let $\omega$ be analytic on $\{\zeta ; |1-\zeta|<1\}$ . Assume that $|\omega(1-|z|^{2})|\rightarrow 0$ as $z\in D$ and
$|z|\rightarrow 1^{-}$ . Then the weighted Bloch space $B_{w}$ is the $spa\infty$ of functions $f\in H(D)$ such that

$\Vert f||_{B}.:=\sup\{|\omega(1-|z|^{2})||f(z)| : z\in D\}<+\infty$ .
We define the $fo1low\dot{g}g$

$B_{\log}$ $:=\{f\in H(D);||g||_{B\iota_{r}}:=\sup_{z\in D}(1-|z|^{2})(\log\frac{1}{1-|z|^{2}})|g^{\prime}(z)|<+\infty\}$ ,

$B_{log,0}$ $;=\{f\in H(D):|z|\rightarrow 1^{-}1\dot{m}(1-|z|^{2})(1og\frac{1}{1-|z|^{2}})|g^{\prime}(z)|=0\}$ .
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For a Banach space $X$ , let $S:X\rightarrow X$ be a linear operator. Then the operator $S$ is said to
be $\infty mpact$ if for every bounded sequence $\{x_{n}\}$ in $X,$ $\{S(x_{n})\}$ has a convergent subsequenoe.
On the other hand, the operator $S$ is said to be weakly $\infty mpact$ if for every bounded sequence
$\{x_{n}\}$ in $X,$ $\{S(x_{n})\}$ has a weakly $\omega nvergent$ subsequenoe. Then it is known that $S$ is weakly
compact if and only if $S^{**}(X^{**})\subset X$ , where $S^{**}$ is the second adjoint of $S$ and $X$ is identifled
with its image under the natural embedding into its second dual $X^{**}$ .

For $g\in H(D)$ , the operator $J_{g}$ is defined on the weighted Bloch spaoe by the following:

$J_{9}(f)(z):=\int_{0}^{z}f(\zeta)g^{\prime}(\zeta)d\zeta(f\in H(D))$ .

If $g(z)=z$ , then $J_{g}$ is the integration operator. $Fg(z)=\log\frac{1}{1-z}$ , then $J_{g}$ is the Ces\’aro operator.
In [4], Ch. Pommerenke showed that $J_{g}$ is a $bo$unded operator on the Hardy space $H^{2}$ if

and only if 9 belongs to BMOA, and this result was extended to the other Hardy spaces $H^{p}$ ,
$ 1\leq p<+\infty$ , in [1]. In [2], A. Aleman and A. G. Siskalcis studied the operator $J_{g}$ defined on the
weighted (radial weight) Bergman spaoe. Reoently, in [5], A. G. Siskakis and R. Zhao showed
the folowing theorem

Theorem A. The operator $J_{9}$ is bounded on BMOA if and only if

$\sup_{I\subset\partial D}(\frac{(\log_{\Pi I}^{2})^{2}}{|I|}\int_{S(I)}|g^{\prime}(z)|^{2}(1-|z|^{2})dA(z))<+\infty$ ,

and $J_{g}$ is compact on BMOA if and only if

$\lim_{|I|\rightarrow 0}(\frac{(\log_{\Pi I}^{2})^{2}}{|I|}\int_{S(I)}|g^{\prime}(z)|^{2}(1-|z|^{2})dA(z))=0$ ,

where $S(I)=\{z:1-|I|\leq|z|<1,\Pi^{z}z\in I\}$ for an arc I in $\partial D$ .

In this paper, we shall study the boundedness and $\infty mpactnaes$ of the operator $J_{9}$ defined
on the Bloch space , the $\alpha$-Bloch spaoe and the weighted Bloch space. Some of the techniques
used to prove our $th\infty rems$ come from [2] and [5].

Throughout this paper, positive constants $C$ and $K$ are not necessary the same as the one
in at each occurrence.

\S 2. The boundedness and compactness of $J_{g}$ on the Bloch space

In this section, we study the boundedness and $\infty mpactneae$ of the operator $J_{g}$ defined on
the Bloch space.

Theorem 2.1. Tfoe operator $J_{g}$ is bounded on $Bif$ and only $ifg\in B_{\log}$ .
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Proof. Suppose that $g\in B_{\log}$ . Then $||g||_{\log}=\sup_{z\in D}(1-|z|^{2})(\log\frac{1}{1-|z|^{2}})|g^{\prime}(z)|<+\infty$.
Let $f\in B$ . Then

$(1-|z|^{2})|(J_{g}f)^{\prime}(z)|=(1-|z|^{2})|f(z)||g^{\prime}(z)|=(1-|z|^{2})(\log\frac{1}{1-|z|^{2}})|g^{\prime}(z)|\frac{|f(z)|}{\log\frac{1}{1-|z|^{2}}}$ .

Sinee $|f(z)|\leq C||f||_{B}$ log $\frac{1}{1-|z|^{2}}$ (see [7, Theorem 5.1.6]), we have

$||J_{g}f||_{B}$ $\leq$ $C\sup_{z\in D}(1-|z|^{2})(\log\frac{1}{1-|z|^{2}})|g^{\prime}(z)|||f||_{B}$

$=C||g||_{B_{b_{l}}}||f||_{B}$ .

To prove the $\infty nverse$, suppose that $J_{9}$ is bounded on $B$ . For $a\in D$ , put $f_{a}(z)=\log\frac{1}{1--oe}$ .
Then $f_{a}\in B$. Fbr $z\in D(a,r)$ , we have $\log\frac{1}{1-|a|^{2}}\leq C|\log\frac{1}{1-\overline{a}z}|$ . Sinoe the subhar-

monicity of $|g^{/}(z)|$ , we see that $(1-|a|^{2})^{2}|g^{\prime}(a)|^{2}\leq\int_{D(a,r)}|g^{\prime}(z)|^{2}dA(z)$ (see [7, Proposition
4.3.8]) So by using the im that there is a $\infty nstantC_{1}>0$ (depending only on r) such that
$\int_{D(a,r)}\frac{1}{(1-|z|^{2})^{2}}dA(z)\leq C_{1}<\infty$, we have

$(1-|a|^{2})^{2}(\log\frac{1}{1-|a|^{2}})^{2}|g^{\prime}(a)|^{2}\leq(\log\frac{1}{1-|a|^{2}})^{2}\int_{D(a,r)}|g^{\prime}(z)|^{2}dA(z)$

$\leq C\int_{D(a,r)}|\log\frac{1}{1-\overline{a}z}|^{2}|g^{\prime}(z)|^{2}dA(z)$

$=C\int_{D(a,r)}\frac{1}{(1-|z|^{2})^{2}}(1-|z|^{2})^{2}|\log\frac{1}{1-\overline{a}z}|^{2}|g^{\prime}(z)|^{2}dA(z)$

$\leq C\sup_{z\in D(a,r)}(1-|z|^{2})^{2}|\log\frac{1}{1-\overline{a}z}|^{2}|g^{\prime}(z)|^{2}\int_{D(a,r)}\frac{1}{(1-|z|^{2})^{2}}dA(z)$

$\leq CC_{1}\epsilon up(1-z\in D|z|^{2})^{2}|\log\frac{1}{1-\overline{a}z}|^{2}|g^{\prime}(z)|^{2}$

$\leq CC_{1}\sup_{a\in}||J_{g}f_{a}||_{B}^{2}$

$\leq CC_{1}||J_{g}||^{2}\sup_{a\in D}||f_{a}||_{B}^{2}$ .

Sinoe $||f_{a}||_{B}=\sup_{z\in D}(1-|z|^{2})\frac{1}{|1--oe|}|a|\leq 2<+\infty$ for any $a\in D$ , we see $\sup_{a\in D}||f_{a}||_{B}<\infty$ .
Hence we have $\sup_{a\in D}(1-|a|^{2})(\log\frac{1}{1-|a|^{z}})|g^{\prime}(a)|<\infty$ . Thus $g\in B_{1}\alpha\cdot\square $

Lemma 2.2. For $f\in H(D)$ and $0<r<1$ , put $f_{r}(z)=f(rz),$ $z\in D$ . Let $f\in B_{\log}$ .
Then $\lim_{r\rightarrow 1^{-}}||f_{r}-f||_{B_{b_{l}}}=0$ if and only if $f\in B_{1og,0}$ .

Proof. Suppose that $f\in a_{\alpha}$ and $r\rightarrow 11\dot{m}_{-}||f_{r}-f||_{B_{10_{l}}}=0$ . Then for any $\epsilon>0$ , there is
a $\delta_{0}\in(0,1)$ such that $||f_{r}-f||_{B_{b_{l}}}<\epsilon$ for $\delta_{0}<r<1$ . By using the fact $|a+b|^{2}\leq 2|a|^{2}+2|b|^{2}$
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and the definition of $\Vert*||_{B_{b_{l}}}$ , we have

$(1-|a|^{2})^{2}(\log\frac{1}{1-|a|^{2}})^{2}|f(a)|^{2}$

$\leq 2(1-|a|^{2})^{2}(\log\frac{1}{1-|a|^{2}})^{2}|f^{\prime}(a)-f_{r}^{\prime}(a)|^{2}+2(1-|a|^{2})^{2}(\log\frac{1}{1-|a\{2})^{2}|f_{r}(a)|^{2}$

$\leq 2\epsilon+2(1-|a|^{2})^{2}(\log\frac{1}{1-|a|^{2}})^{2}|f_{r}(a)|^{2}$ .

Sinoe $f_{r}\in B_{log,0}$ , we have $(1-|a|^{2})^{2}(bg\frac{1}{1-|a|^{2}})^{2}|f_{r}(a)|^{2}\rightarrow 0(|a|\rightarrow 1^{-})$ . Henoe we $\mathfrak{B}e$

$f\in B_{bg,0}$ .
To prove the $\infty nverse$, suppose $f\in B_{1\circ\epsilon,0}$ . Then for arbitrary enough small $\epsilon>0$ , there

is a $\delta\in(0,1)$ such that $(1-|z|^{2})\log\frac{1}{1-|z|^{p}}|f^{\prime}(z)|<\epsilon$ for all $\delta^{2}<|z|<1$ and $(1-|z|^{2})\log_{\overline{1-}W}^{1}$

is a decreasing function on $\delta^{2}<|z|<1$ . For $0<r<1$ , we have

$||f_{r}-f||_{B_{10}}\epsilon=\sup\{(1-|z|^{2\prime}\leq\sup\{(1-|z|^{2})\log(rz)-f^{\prime}(z)|:\delta<|z|<1\}+\sup\{(1-|z|^{2})\frac{|z|^{2}z|^{2}|rf1|rf}{1-|z|^{2}}|rf(rz)-f(z)|:|z|\leq\delta\})\log\frac{1}{\frac{1-|1}{1-},\log}(rz)-f(z)|:z\in D\}$

.

Sinoe $rf^{\prime}(rz)\rightarrow f^{\prime}(z)$ uniformly for $|z|\leq\delta$, the $ae\infty nd$ term in the above approaches to zero as
$r\rightarrow 1^{-}$ . If $\delta<r<1$ and $\delta<|z|<1$ , then we have $\delta^{2}<r|z|<1$ . Sinoe $(1-|z|^{2})$ log $\overline{1-}ffi$ is a
deereasing function on $|z|\in(\delta^{2},1)$ , for $\delta^{2}<r|z|<|z|<1$ ,

$(1-|z|^{2})\log\frac{1}{1-|z|^{2}}|rf^{\prime}(rz)|\leq(1-r^{2}|z|^{2})\log\frac{1}{1-r^{2}|z|^{2}}|f(rz)|<\epsilon$ .

Henoe
$\sup${ $(1-|z|^{2})$ log $\frac{1}{1-|z|^{2}}|rf^{\prime}(rz)-f^{\prime}(z)|$ : $\delta<|z|<1$} $\leq 2\epsilon$

for all $\delta<r<1$ . So we $\Re e\lim_{r\rightarrow}\underline{\sup_{1}}\Vert f_{r}-f||_{B_{R}}\leq 2\epsilon$ . Thus we $ve\varliminf_{1^{-}}||f_{r}-f||_{B_{10_{l}}}=0$. $\square $

Theorem 2.3. The $q\kappa ratorJ_{9}$ is compact on $Bif$ and only $if$

$|z|\rightarrow 1^{-}1\dot{m}(1-|z|^{2})(\log\frac{1}{1-|z|^{2}})|g^{\prime}(z)|=0$ .

Proof. Sinoe $|f(z)|\leq C||f|\{B$ log $\frac{1}{1-|z|^{2}}$ for $f\in B$, the unit ball of $B$ is a normal

family of analytic functions. By the normal family argument, $J_{9}$ is a compact operator on $B$

if and only if every sequenoe $\{f_{n}\}$ in $B$ with $||f_{n}||_{B}\leq 1$ and $f_{n}\rightarrow 0(n\rightarrow+\infty)$ uniformly on
$\infty mpact$ subsets of $D$ has a subsequenoe $\{f_{n_{k}}\}$ such that $||J_{9}f_{n_{k}}||B\rightarrow 0(n\rightarrow+\infty)$ .

Suppose that $\lim_{|z|\rightarrow 1^{-}}(1-|z|^{2})\log\frac{1}{1-|z|^{2}}|g^{\prime}(z)|=0$. By the proof of Theorem 2.1, we

–127–



have $||J_{9}f\Vert_{B}\leq C\Vert g\Vert_{B_{10_{l}}}\Vert f\Vert_{B}$ for $f\in B$ . Then by Lemma 2.2, there exist polynomials $P_{n}$

such that $\Vert g-P_{n}\Vert_{B_{\log}}\rightarrow 0$ . Since $\Vert(J_{9}-J_{P_{n}})(f)||_{B}\leq C\Vert g-P_{\mathfrak{n}}\Vert_{B_{10_{l}}}$ II $f\Vert_{B)}$ thus we have
$\Vert J_{9}-Jp_{\mathfrak{n}}\Vert\leq C||g-P_{\mathfrak{n}}\Vert_{B_{\log}}\rightarrow 0(n\rightarrow\infty)$ . For any polynomiais $P,$ $J_{P}$ is a $\infty mpact$ operator
on $B$ (see [2, p.342]). Henoe we see that $J_{g}$ is a $\infty mpact$ operator on $B$ .

To prove the $\infty nveoee$, suppose that $J_{g}$ is $\infty mpact$ on $B$ . Let $a_{n}\rightarrow a\in\partial D$ and put
$f_{n}(z):=\log\frac{1}{1-\overline{a_{\mathfrak{n}^{Z}}}},$ $f(z):=\log\frac{1}{1-\overline{a}z}$ . Then $f_{n}(z)\rightarrow f(z)$ uniformly on $\infty mpact$ subsets of
$D$ . By the proof of Theorem 2.1 and the fact $|a+b|^{2}\leq 2|a|^{2}+2|b|^{2}$, we have

$(1-|a_{n}|^{2})^{2}(\log\frac{1}{1-|a_{\mathfrak{n}}|^{2}})^{2}|g^{\prime}(a_{n})|^{2}$

$\leq C\sup_{z\in D(a_{n}.r)}(1-|z|^{2})^{2}|\log\frac{1}{1-\overline{a_{\mathfrak{n}^{Z}}}}|^{2}|g^{\prime}(z)|^{2}$

$\leq 2C\sup_{z\in D(a_{n},r)}|1og\frac{1-\overline{a}z}{1-\overline{a_{\mathfrak{n}^{Z}}}}|^{2}|g^{\prime}(z)|^{2}(1-|z|^{2})^{2}$

$+2C\sup_{z\epsilon D(a_{*}.,r)}|\log\frac{1}{1-\overline{a}z}|^{2}|g^{\prime}(z)|^{2}(1-|z|^{2})^{2}$

$\leq 2C||J_{9}(h-f)||_{B}^{2}+2C\sup_{z\in D(a_{\mathfrak{n}},r)}|\log\frac{1}{1-\overline{a}z}|^{2}|g^{\prime}(z)|^{2}(1-|z|^{2})^{2}$

$=:M_{1}+M_{2}$ .
By the $\infty mpactn\infty$ of $J_{9}$ , we have $M_{1}\rightarrow 0(n\rightarrow\infty)$ . Sinoe $R$ is a subspace of $B$ and they
$sh\pi e$ the same norm, the $\infty mpaaetnaes$ of $J_{9}$ on $B$ implies its $\infty mpactnaes$ on $R$ (see [10, Lemma
8] or [5, llieorem 3.6]). Henoe we ffie that $J_{g}$ is weakly $\infty mpact$ on $R$ . Sinoe $(R)^{**}=B$ and
$J_{g}^{**}=J_{g}$ , we have $J_{g}(B)\subset R$ . Thus we have $J_{g}(f)\in R$ . Thus we have

$M_{2}=\sup_{z\in D(a_{\mathfrak{n}},r)}|1og\frac{1}{1-\overline{a}z}|^{2}|g^{\prime}(z)|^{2}(1-|z|^{2})^{2}=\sup_{z\in D(a_{n},r)}((1-|z|^{2})|(J_{9}(f))^{\prime}(z)|)^{2}\rightarrow 0(n\rightarrow\infty)$ .

Henoe we have $|z|\rightarrow 1^{-}hm(1-|z|^{2})\log\frac{1}{1-|z|^{2}}|g^{\prime}(z)|=0$ . $\square $

\S 3. The boundedness and compactness of $J_{g}$ on the $\alpha$-Bloch space

In this section, we study the boundedness and compactness of the operator $J_{g}$ defined on
the $\alpha$-Bloch spaxr for $\alpha>1$ .

Theorem 3.1. Let $\alpha>1$ . Then the operator $J_{g}$ is bounded on $B^{\alpha}if$ and only $if$

$\sup_{z\in D}(1-|z|^{2})|g^{\prime}(z)|<+\infty$ , $i.e$ $g\in B$ .

Proof. Suppose that $\sup_{z\in D}(1-|z|^{2})|g^{\prime}(z)|<+\infty$ . Let $f\in B^{\alpha}$ . Then we see

$(1-|z|^{2})^{\alpha}|(J_{g}f)^{\prime}(z)|=(1-|z|^{2})^{\alpha}|f(z\rangle||g^{\prime}(z)|=(1-|z|^{2})|g^{\prime}(z)|\frac{|f(z)|}{(1-|z|^{2})^{1-\alpha}}$ .
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Sinoe I $f(z)|\leq C||f\Vert_{B^{\alpha}}(1-\{z|^{2})^{1-\alpha}$ (see [9, Proposition 7]), we have

$\Vert J_{g}f||_{B^{\alpha}}\leq C\sup_{z\in}(1-|z|^{2})|g^{\prime}(z)|\Vert f\Vert_{B^{\alpha}}$ .

To prove the converse, suppose that $J_{9}$ is a bounded operator on $B^{\alpha}$ . For $a\in D$ , put
$f_{a}(z)=(1-\overline{a}z)^{1-\alpha}$ Then it is clear that $f_{a}\in B^{\alpha}$ . By using the subharmonicity of $|g^{\prime}(z)|$ ,

the fact that $\int_{D(a,r)}\frac{1}{(1-|z|^{2})^{2}}dA(z)\leq C_{1}<\infty$, an$d$ the fact that $|1-\overline{a}z|$ is comparable to

$(1-|z|^{2})$ on $D(a, r)$ , we have

$(1-|a|^{2})^{2}|g^{\prime}(a)|^{2}\leq\int_{D(a,r)}|g^{\prime}(z)|^{2}dA(z)$

$=\int_{D(a,r)}(1-|z|^{2})^{2\alpha}(1-|z|^{2})^{2(1-\alpha)}|g^{\prime}(z)|^{2}\frac{dA(z)}{(1-|z|^{2})^{2}}$

$\leq C\int_{D(a,r)}(1-|z|^{2})^{2\alpha}|1-\overline{a}z|^{2(1-\alpha)}|g^{\prime}(z)|^{2}\frac{dA(z)}{(1-|z|^{2})^{2}}$

$\leq C\int_{D(a,r)}\frac{dA(z)}{(1-|z|^{2})^{2}}(\sup_{z\in D(a,r)}(1-|z|^{2})^{\alpha}|1-\overline{a}z|^{1-\alpha}|g^{j}(z)|)^{2}$

$\leq CC_{1}(\sup_{z\in D}(1-|z|^{2})^{\alpha}|1-\overline{a}z|^{1-\alpha}|g^{\prime}(z)|)^{2}$

$\leq CC_{1}\sup_{a\in}||J_{9}f_{a}||_{B^{\alpha}}^{2}$

$\leq CC_{1}||J_{9}||^{2}\sup_{a\in}||f_{a}||_{B^{\alpha}}^{2}$ .

Sinoe $||f_{a}$ jj $ B^{\alpha=}\sup_{z\in D}(1-|z|^{2})^{\alpha}\vdash\alpha-\lrcorner 1a\mu\leq(\alpha-1)2^{\alpha}<+\infty$ for any $a\in D$ , we see $\sup_{a\in D}||$

$ f_{a}||_{B^{\alpha}}<+\infty$ . Hence we have $\sup_{a\in D}(1-|a|^{2})|g^{\prime}(a)|<+\infty$ . $\square $

Theorem 3.2. Let $\alpha>1$ . Tfoen the operator $J_{9}$ is compact on $B^{\alpha}$ if and only $if$

$|z\}_{\rightarrow 1^{-}}^{im(1-|z|^{2})|g^{\prime}(z)|=0}$ , $i.e$ $g\in R$ .

Proof. Since $|f(z)|\leq C||f||_{B^{\alpha}}(1-|z|^{2})^{1-\alpha}$ for $f\in B^{\alpha}$ , the unit bal of $B^{\alpha}$ is a normal
family of analytic functions. By the normal family argument, $J_{9}$ is a $\infty mpact$ operator on $B^{\alpha}$

if and only if every sequenoe $\{f_{n}\}$ in $B^{\alpha}$ with $\Vert f_{n}\Vert_{B^{\mathfrak{a}}}\leq 1$ and $f_{n}\rightarrow 0(n\rightarrow+\infty)$ uniformly
on $\infty mpact$ subsets of $D$ has a subsequenoe $\{f_{n_{k}}\}$ such that $||J_{g}f_{n_{k}}||B^{\alpha}\rightarrow 0(n\rightarrow+\infty)$ .

Suppose that $\lim_{|z|\rightarrow 1^{-}}(1-|z|^{2})|g^{\prime}(z)|=0$ . By the proof of $Th\infty rem3.1$ , we have

Ii $J_{g}f$ II $B^{\alpha\leq C}||g||_{B}||f||_{B^{\alpha}}$

for $f\in B^{\alpha}$ . Then by [7, Theorem 5.2.2.], there exist polynomials $P_{n}$ such that I $g-P_{n}||_{B}\rightarrow 0$ .
Sinoe $\Vert(J_{g}-J_{P_{\mathfrak{n}}})(f)||_{B^{\alpha}}\leq C||g-P_{n}||_{B}\Vert f\Vert_{B^{\alpha}}$ , we have

$||J_{g}-J_{P_{\mathfrak{n}}}||\leq C||g-P_{n}||_{B}\rightarrow 0(n\rightarrow\infty)$ .
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For any polynomials $P,$ $J_{P}$ is a $\infty mpact$ operator on $B^{\alpha}$ (see [2 , p.342]). Henoe we see that $J_{9}$

is a compact operator on $B^{\alpha}$ .
To prove the $\infty nve\iota ae$, suppose that $J_{9}$ is $\infty mpa\iota t$ on $B^{\alpha}$ . Let $a_{n}\rightarrow a\in\partial D$ and put

$f_{n}(z)$ $:=(1-\overline{a_{\mathfrak{n}}}z)^{1-\alpha}$ , $f(z)$ $:=(1-\overline{a}z)^{1-\alpha}$ . Then $f_{n}(z)\rightarrow f(z)$ uniformly on $\infty mpact$ subsets
of $D$ . By the proof of $Th\infty oem3.1$ and the fact $|a+b|^{2}\leq 2|a|^{2}+2|b|^{2}$ , we have

$(1-|a_{\mathfrak{n}}|^{2})^{2}|g^{\prime}(a_{\mathfrak{n}})|^{2}\leq C\int_{D(a_{n},r)}|1-\overline{a_{n}}z|^{2(1-\alpha)}|g^{j}(z)|^{2}(1-|z|^{2})^{2\alpha}\frac{dA(z)}{(1-|z|^{2})^{2}}$

$\leq 2C\int_{D(a_{n},r)}|(1-\overline{a_{n}}z)^{(1-\alpha)}-(1-\overline{a}z)^{(1-\alpha)}|^{2}|g^{l}(z)|^{2}(1-|z|^{2})^{2\alpha}\frac{dA(z)}{(1-|z|^{2})^{2}}$

+2$C\int_{D(a_{**},r)}|1-\overline{a}z|^{2(1-\alpha)}|g^{\prime}(z)|^{2}(1-|z|^{2})^{2a}\frac{dA(z)}{(1-|z|^{2})^{2}}$

$\leq K||J_{g}(f_{\mathfrak{n}}-f)||_{B^{\alpha}}^{2}+K$ $sup|1-\infty|^{2(1-a)}|g^{\prime}(z)|^{2}(1-|z|^{2})^{2\alpha}$

$z\in D(a,.,r)$

$=:I_{1}+I_{2}$ .
By the $\infty mpactneae$ of $J_{g}$ , we have $I_{1}\rightarrow 0(n\rightarrow\infty)$ . Sinoe $B_{0}^{\alpha}$ is a subspace of $B^{\alpha}$ and they
shame the same norm, the $\infty mpaaetn\infty$ of $J_{9}$ on $B^{\alpha}$ immplies its $\infty n\varphi actn\infty$ on ae $\cdot$ Henoe
we see that $J_{9}$ is weakly $\infty mpaaet$ on Bg. Sinoe $(\Re)^{**}=B^{\alpha}$ (see [9]) and $J_{g}^{**}=J_{9}$ , we have
$J_{9}(B^{\alpha})\subset B_{0}^{\alpha}$ . Thus we have $ J_{9}(f)\in\Re$ . Thus me have

$I_{2}=\sup_{z\in D(a_{n},r)}|1-\overline{a}z|^{2(1-\alpha)}|g^{\prime}(z)|^{2}(1-|z|^{2})^{2\alpha}=\sup_{z\in D(a_{\mathfrak{n}},r)}((1-|z|^{2})^{\alpha}|(J_{g}(f))^{\prime}(z)|)^{2}$

$=\sup_{z\in D}(\chi_{D(a_{\mathfrak{n}},r)}(z)(1-|z|^{2})^{\alpha}|(J_{g}(f))^{\prime}(z)|)^{2}\rightarrow 0(n\rightarrow\infty)$ .

Henoe we have hm $(1-|z|^{2})|g^{\prime}(z)|=0$. $\square $

$|z|\rightarrow 1^{-}$

\S 4. The boundedness and compactness of $J_{g}$ on the weighted Bloch
space $B_{\omega}$

In this section, we study the boundedness and $\infty mpaaetn\infty$ of $J_{9}$ on the weighted Bloch
spaoe $B_{\omega}$ .

Theorem 4.1. Let $ 0<r<+\infty$ . Let $\omega$ be analytic, $ no\succ$-vanishing on $\{\zeta : |1-\zeta|<1\}$ ,

$and|\omega(1-(i)\sup_{z\in D})|\rightarrow 0as|Z||\omega(1-|z|^{2})|\int_{0}^{|z}^{|z|^{2}}\frac{\rightarrow 1^{-}ds}{|\omega(1-s^{z})|}<+\infty Sum\epsilon e$

that

(ii) $\sup_{z,a\in D}^{\omega 1-2}\ovalbox{\tt\small REJECT}\frac{z}{\mathfrak{a}}<+\infty$ ,
(iii) $\int_{0}^{|z|}\frac{ds}{|\omega(1-s^{2})|}<+\infty$ for any $z\in D$ ,

(iv) $\int_{0}^{|z|}\ovalbox{\tt\small REJECT}_{1-s}^{ds}\rightarrow\infty(|z|\rightarrow 1^{-})$ ,

(v) for any $a\in D$ there is aconstant $C>0$ ($in\mathbb{A}mndent$ on a) such that $|\frac{\omega(1-\overline{a}z)}{\omega(1-|z|^{2})}|\leq C$

for all $z\in D(a, r)$ ,
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(vi) $tf\varpi e$ is a cmstant K>O(in&pendent $mz$) such that $\int_{0}^{|z|}\frac{ds}{|\omega(1-s^{2})|}\leq K|\int_{0}^{z}\frac{1}{\omega(1-\overline{z}\eta)}d\eta|$

for all $z\in D$ .
Then the operator $J_{9}$ is bounded on $B_{\omega}if$ and only if

$||g||_{W}:=\sup_{z\in D}|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-s^{2})|}|g^{j}(z)|<+\infty$ .

Proof. Suppose that $\Vert g||w<\infty$ . Let $f\in B_{\omega}$ . Then we see

$|f(a)-f(O)|=|a\int_{0}^{1}f^{\prime}(a\ell)dt|$

$\leq\}a|\int_{0}^{1}|\omega(1-|at|^{2})||f^{\prime}(at)|\frac{1}{|\omega(1-|at|^{2})|}dt$

$\leq||f||_{B_{\omega}}\int_{0}^{1}\frac{|a|}{|\omega(1-|at|^{2})|}dt=||f||_{B}$. $\int_{0}^{|a|}\frac{1}{|\omega(1-s^{2})|}d\epsilon$ .

Thus [ $f(a)|\leq C||f||_{R}\int_{0\ovalbox{\tt\small REJECT}_{1-\iota}^{1}}^{|a|}ds$ . Then

$|\omega(1-|z|^{2})||(J_{g}f)^{\prime}(z)|=|\omega(1-|z|^{2})||f(z)||g^{\prime}(z)|$

$\leq C|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{d\epsilon}{|\omega(1-\epsilon^{2})|}|g^{\prime}(z)|||f||_{B_{\omega}}$

$\leq C$ Il $g||w$ II $[||_{B_{w}}$ .
Henoe we have $||J_{9}f||_{B}.\leq C||f||_{B_{w}}$ .

To prove the $\infty nve\iota se$ , suppose that $J_{9}$ is bounded on $B_{\omega}$ . Put $ h_{a}(z):=\int_{0}^{z}\frac{1}{\omega(1-\overline{\epsilon}\eta)}d\eta$. By

the assumptions that there is a $\infty otantC>0$ (independent on a) such that $|\frac{\omega(1-\varpi)}{\omega(1-|z|^{B})}|\leq C$ br

all $z\in D(a, r)$ , and that there is a $\infty nstantK>0$ (independent on z) such that $\int_{0}^{|z|}\ovalbox{\tt\small REJECT}_{1-}\leq$

$K|\int_{0}^{z}\frac{1}{\omega(1-\overline{z}\eta)}d\eta|$ for all $z\in D$, by using the subharmonicity of $(|\omega(1-\overline{a}z)||\int_{0}^{z}\frac{1}{\omega(1-\delta\eta)}d\eta||d(z)|)^{2}$ ,
we have

$(|\omega(1-|a[2)|\int_{0}^{|a|}\frac{d\epsilon}{|\omega(1-\epsilon^{2})|}|g^{\prime}(a)|)^{2}$

$\leq(K|\omega(1-|a|^{2})||r_{0}\frac{1}{\omega(1-\overline{a}\eta)}d\eta||g^{\prime}(a)|)^{2}$

$\leq K^{2}\frac{C_{1}}{(1-|a|^{2})^{2}}\int_{D(a.r)}(|\omega(1-\overline{a}z)||\int_{0}^{z}\frac{1}{\omega(1-\overline{a}\eta)}d\eta||g^{\prime}(z)|)^{2}dA(z)$

$\leq K^{2}C^{2}\frac{C_{1}}{(1-|a|^{2})^{2}}\int_{D(a,r)}(|\omega(1-|z|^{2})||h_{a}(z)||g^{\prime}(z)|)^{2}dA(z)$

$\leq K^{2}C^{2}C_{1}C_{2}$ $sup|\omega(1-|z|^{2})|^{2}|h_{a}(z)|^{2}|g^{l}(z)|^{2}$

$z\in D(a,r)$

$\leq K^{2}C^{2}C_{1}C_{2}||J_{9}h_{a}\Vert_{B}^{2}$.
Since $\sup_{z,a\in D}\frac{|\omega(1-|z|^{2})|}{|\omega(1-\overline{a}z)|}<+\infty$ , we see $h_{a}\in B_{\omega}$ . By the boundedness of $J_{9}$ on $B_{\omega}$ , we have

$\sup_{z\in D}|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{d\epsilon}{|\omega(1-s^{2})|}|g^{\prime}(z)|<+\infty$. $\square $

–131–



For example, $\omega(\zeta):=\zeta$ and $\omega(\zeta)$ $:=(^{a}$ and $\omega(\zeta)$ $:=\zeta\log\zeta$ satisfy the $\infty nditions(i)\sim(vi)$

of $Th\infty rem4.1$ .
We define the following

$B_{W}$ $:=\{f\in H(D) ; ||g||_{B_{W}}:=\sup_{z\in D}|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-\epsilon^{2})|}|g^{\prime}(z)|<+\infty\}$ ,

$B_{W,0}:=\{f\in H(D):|z|\rightarrow 1^{-}1\dot{m}|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-s^{2})|}|g^{\prime}(z)|=0\}$ .

Lemma 4.2. $ Let\omega$ be as in Theorem 4.1. Moreover suppose that $|\omega(1-|z|^{2})|\int_{0\ovalbox{\tt\small REJECT}_{1-s}^{d\iota}}^{|z|}\downarrow$

$0(|z|\rightarrow 1^{-})$ . Then for $f\in B_{W},\lim_{-1^{-}}||f_{r}-f||_{W}=0$ if and only if $f\in B_{W,0}$.
Proof. Suppose that $f\in B_{W}$ and $\underline{m}_{1^{-}}||f_{r}-f||_{W}=0$ . Then for any $\epsilon>0$ , there is a

$\delta 0\in(0,1)$ such that $||f_{r}-f||W<\epsilon$ for $b<f<1$ . By usin$g$ the fact $|a+b|^{2}\leq 2|a|^{2}+2|b|^{2}$

and the definition of $||*||_{W}$ , we have

$(|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-\epsilon^{2})|})^{2}|f(z)|^{2}\leq 2\epsilon+2(|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-\epsilon^{2})|})^{2}|f_{r}(z)|^{2}$.

Sinoe $f_{r}\in B_{W,0}$ , we have $f\in BW,0$ .
To prove the $\infty nvme$, suppose $f\in B_{W,0}$ . Then for arbitrary small $\epsilon>0$, there is a $\delta\in$

$(0,1)8uchthat|\omega(1-|z\{)|\int_{0}|f(z)\{<\epsilon$ for all $\delta^{2}<|z|<1$ and $|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{\&}{|\omega(1-\iota^{2})|}$

$is$ a dec easing function on $\delta^{2}<|z|<1$ . We have

$||f_{t}-f|[W\leq\sup\{|\omega(1-|z|^{2})|\int_{\frac{s^{2})|^{|rf}ds}{|\omega(1-\epsilon^{2})|}+\sup\{|\omega(1-|z|^{2}|rf(rz)-f(z)|:|z|\leq\delta\}}0|z\mathfrak{l}_{\frac{ds}{)|\int_{0}^{|z|}|\omega(1-}(rz)-f^{l}(z)|:\delta<|z|<1\}}$

.

Sinoe $rf^{\prime}(rz)\rightarrow f^{\prime}(z)$ uniformly for $|z|\leq\delta$, the $\Re\infty nd$ term in the above approaches to zero as
$r\rightarrow 1^{-}$ . If $\delta<r<1$ and $\delta<|z|<1$ , then we have $\delta^{2}<r|z|<1$ . For $\delta^{2}<r|z|<|z|<1$ ,

$|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-s^{2})|}|rf^{\prime}(rz)|\leq|\omega(1-|rz|^{2})|\int_{0}^{|rz|}\frac{ds}{|\omega(1-\epsilon^{2})|}|f(rz)|<\epsilon$ .

Henoe
$\sup\{|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-\epsilon^{2})|}|rf^{j}(rz)-f^{\prime}(z)| : \delta<|z|<1\}\leq 2\epsilon$

for al $\delta<r<1$ . So we $\Re e\lim_{r\rightarrow}\sup_{1^{-}}||f_{r}-f||W\leq 2\epsilon$ . Thus we have $\lim_{r\rightarrow 1^{-}}||f_{r}-f||w=0$ . $\square $

We also see that examples $\omega(\zeta)$ $:=\zeta$ and $\omega(\zeta)$ $:=\zeta^{\alpha}$ and $\omega(\zeta)=\zeta\log\zeta$ satisfy the
$\infty ndition$ of Lemma 4.2.

Proposition 4.3. $ I_{\lrcorner}et\omega$ be as in Theorem 4.1. Suyose that for any $a\in D$ ,
$|\omega(1-|a|^{2})|$ is $cm\iota parable$ to $|\omega(1-|z|^{2})|$ on $D(a, r)$ , and that $|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{\triangleright(1-\epsilon^{2})|}\downarrow$
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$0(|z|\rightarrow 1^{-})$ . If $1i\Psi z|\rightarrow l-|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-s^{2})|}|f^{\prime}(z)|=0$ , thm the operator $J_{g}$ is compact

on $B_{\omega}$ .
Proof. By the proof of Theorem 4.1, we have II $J_{9}f||_{B}.\leq C||g$ llwll $f\Vert B_{\omega}$ . Suppose

that $|z|\rightarrow 1^{-}hm|\omega(1-|z|^{2})|\int_{0}^{|z|}\frac{ds}{|\omega(1-s^{2})|}|g^{\prime}(z)|=0$ . Then by Lenuna 4.2, there exist polynomi-

als $P_{n}$ such that $||g-P_{\mathfrak{n}}||w\rightarrow 0$ . Sinoe $||(J_{9}-J_{P_{n}})(f)||_{B_{\omega}}\leq C||g-P_{n}||w||f||_{B_{\omega}}$ , we have
$||J_{9}-J_{P_{n}}||\leq C||g-P_{n}||_{W}\rightarrow 0(n\rightarrow\infty)$ . For any polynomials $P,$ $J_{P}$ is a compact operator

on $B_{\omega}$ ($\Re e[2$ , p.342]). Henoe we see that $J_{9}$ is a compact operator on $B_{\omega}$ . $\square $
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