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NONLINEAR NONLOCAL TRANSPORT-DIFFUSION
EQUATIONS ARISING IN PHYSIOLOGY

NOBUYUKI KATO AND TOSHIYUKI YAMAGUCHI

ABSTRACT. We study a transport-diffusion initial value problem arising in mathematical models
of muscle contraction. The equation has the transport term whose coefficient is a time function
depending on the solution in a nonlinear and nonlocal way. In this paper, we investigate the
unique existence of a strong solution in a function space $BUC$ . Our results allow the inhomo-
geneous term to depend on the solution in a nonlinear way, such as $\gamma(t)f(x)(1-u^{P})-g(x)u^{q}$

and $\gamma(t)f(x)(1-u)^{P}-g(x)u^{q}$ .

Key words and phrases: Muscle contraction, nonlocal transport-diffusion equation, semilinear
evolution equation

1. INTRODUCTION

In this paper we study the initial value problem for a nonlinear nonlocal transport-diffusion
equation with a small diffusion coefficient $\epsilon\in$ ] $0,1$ ]:

$u_{t}-eu_{xx}+z^{\prime}(t)u_{x}=\varphi(x, t, z(t), u)$ , $(x, t)\in \mathbb{R}\times[0, T]$ , (1.1)

$z(t)=L(\int_{R}w(x)u(x, t)dx)$ ,

$u(x, 0)=u_{0}(x)$ , $x\in \mathbb{R}$ .

$t\in[0, T]$ , (1.2)

(1.3)

Here $u$ : $\mathbb{R}\times[0, T]\rightarrow \mathbb{R}$ and $z$ : $[0, T]\rightarrow \mathbb{R}$ are unknown functions, $z^{\prime}$ stands for the
time-derivative. The functions $\varphi,$ $L,$ $w$ and $u_{0}$ are given functions specified later.

Study of the above equation is related to the nonlinear nonlocal first order hyperbolic
problem: Find $u:\mathbb{R}\times[0, T]\rightarrow \mathbb{R}$ and $z:[0, T]\rightarrow \mathbb{R}$ for which

$u_{t}+z^{\prime}(t)u_{x}=\varphi(x, t, z(t), u)$ , $(x, t)\in \mathbb{R}\times[0, T]$ (1.4)

and $(1.2)-(1.3)$ are satisfied. This hyperbolic problem is formulated as a rheological model
describing the so-called cross-bridge dynamics observed in the muscle contraction phenom-
ena in physiology. For the model problem, see [1, 4, 5, 7, 8] and the references therein.
The constitutive unit of muscle structure is called a sarcomere which consists of particles
of myosin (thick $filan$)$ent$ ) and actin (thin filament). The cross-bridges are chemical links
between myosin alld actin filaments. According to the sliding filament theory of Huxley [8],
the phenomenon of lnuscle contraction is a consequence of relative sliding motion between
these two filaments and this sliding occurs when the cross-bridges attach the actin filaments
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and act as springs. The quantity $u(x, t)$ essentially represents a density of cross-bridges at-
tached to an actin at distance $x$ from the equilibrium position and time $t$ . The function $z$

stands for the contractile movement of filalnents which is determined by the contractile force
$\int_{R}w(x)u(x, t)dx$ .

In the model problem $(1.1)-(1.3)$ , the “slipping effect”, which is represented as a viscosity
term $-\epsilon u_{xx}$ , is taken into account. See $[2, 3]$ for such models. In the case of bounded
domain in $\mathbb{R}$ , Colli and Grasselli [2] have shown the local existence of a strong solution
of $(1.1)-(1.3)$ under the Dirichlet boundary condition. In the case of the whole space $\mathbb{R}$ ,
Colli and Grasselli [3] have shown the global existence of weak solutions for the special case
$\varphi(x, t, z, u)=F(x, t, z)-G(x, t, z)u$ .

In this paper we shall establish the global existence and uniqueness of strong solutions to
$(1.1)-(1.3)$ by using the approach employed in [3] together with the theory of abstract semi-
linear evolution equations. Although we require certain stronger regularity assumptions of $\varphi$

and $u_{0}$ than those in $[2, 3]$ , our setting allows $\varphi$ to have more general forms: for instance, it is
possible to take not only the form $\varphi(x, t, z, u)\equiv\gamma(t)f(x)(1-u)-g(x)u$ (which was originally
introduced by Huxley) but also its generalizations $\gamma(t)f(x, z)(1-|u|^{p-1}u)-g(x, z)|u|^{q-1}u$

and $\gamma(t)f(x, z)|1-u|^{p-1}(1-u)-g(x, z)|u|^{q-1}u$ which involve power nonlinearities. lfurther,
it is expected that when $e$ tends to zero, the solution of $(1.1)-(1.3)$ approaches to the solution
of $(1.2)-(1.4)$ . Concerning such limiting behaviour, we shall discuss it in the forthcoming
paper [9].

The paper is organized as follows. In Section 2 we formulate our problem and give our
assumptions and main result. Section 3 is devoted to solving semilinear evolution problems
obtained from (1.1) and (1.3) by regarding $z$ as a fixed given function. Then we introduce
equivalent formulations to the problem $(1.1)-(1.3)$ in Section 4. In Section 5 we verify the
uniqueness and global existence of strong solutions to $(1.1)-(1.3)$ by applying the contraction
mapping principle argument in a successive way. Section 6 is devoted to the proofs of some
technical lermnas containing a priori estimates of $z$ , which is important in the argument of
previous section. In this paper we treat the above-mentioned problems in the function space
BUC with the H\"older continuity. For the convenience of the readers, we contain a detailed
explanations on such spaces in Appendix.

2. TRANSPORT-DIFFUSION PROBLEM

In this section we make assumptions for the given functions and data, give a precise
formulation of the transport-diffusion problem $(1.1)-(1.3)$ , and then state the main results
concerning the existence and uniqueness of solutions. In what follows, BUC stands for the
space of bounded and uniformly continuous functions and $ BUC^{\eta},\doteqdot$ for the space of H\"older
continuous functions in BUC of two variables. The space of H\"older continuous functions
wil be denoted by $C^{0,\eta}$ with $0<\eta<1$ ; by $C^{0,1}$ we mean the space of Lipschitz continuous
functions. For the precise definitions and properties, see Appendix.

Let $T>0$ be fixed. We assume the following hypotheses.
(H1) $L:$ ] $a,$ $b[\rightarrow R$ is a continuous, strictly decreasing function, where-oo $\leq a<0<b\leq$

$+\infty$ , and its inverse function $\lambda$ $(:=L^{-1})$ : $\mathbb{R}\rightarrow$ ] $a,$ $b$ [ satisfies $\lambda(0)=0,$ $\lambda(\xi)\rightarrow a$

(resp. $\rightarrow b$ ) as $\xi\rightarrow+\infty$ (resp. $\rightarrow-\infty$ ). Moreover, for any $R>0$ , there exists a
constant $M_{1}(R)>0$ such that

$|\xi_{1}-\xi_{2}|\leq M_{1}(R)|\lambda(\xi_{1})-\lambda(\xi_{2})|$ for all $\xi_{1},$ $\xi_{2}\in[-R, R]$ .
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(H2) $w\in C^{1}(\mathbb{R})$ is an increasing function satisfying $w(O)=0$ and $dw/dx\in W^{1,\infty}(\mathbb{R})$ .
(H3) $\varphi\in C(\mathbb{R}\times[0, T]\times \mathbb{R}\times \mathbb{R})$ has the following properties:

(i) for some $\eta\in$ ] $0,1$ ], $\varphi(\cdot, \cdot, z, u)\in BUC^{\eta_{2}^{1}},(\mathbb{R}\times[0, T])$ uniformly for $(z, u)$ in bounded
subsets of $\mathbb{R}\times \mathbb{R}$ (see Appendix for the definition);

(ii) for any $R>0$ , there exists a constallt $M_{2}(R)>0$ such that

$|\varphi(x, t, z_{1}, u)-\varphi(x, t, z_{2}, u)|\leq M_{2}(R)|z_{1}-z_{2}|$

for all $(x, t, z_{1}, u),$ $(x, t, z_{2}, u)\in \mathbb{R}\times[0, T]\times[-R, R]\times[-R, R]$ ;
(iii) $\varphi$ has the partial derivative $\partial_{u}\varphi$ with respect to $u$ which is ulliformly continuous and

bounded on $\mathbb{R}\times[0, T]\times[-R, R]\times[-R, R]$ for any $R>0$ ;
(iv) $\varphi$ is decreasing in $u$ on [$0,$ $+\infty$ [ ;
(v) for any $(x, t, z)\in R\times[0, T]\times \mathbb{R}$ ,

$\varphi(x, t, z, u)\geq 0$ if $u\leq 0$ and $\varphi(x, t, z, u)\leq 0$ if $u\geq 1$ ;

(vi) there exists a nonnegative function $\mathcal{F}\in L^{\infty}(\mathbb{R}\times]0, T[)$ which satisfies $x^{2}\mathcal{F}\in L^{\infty}(0,$ $T$ ;
$L^{1}(\mathbb{R}))$ and

$\varphi(x, t, z, u)\leq \mathcal{F}(x, t)$

for $a.e$ . $(x, t)\in \mathbb{R}\times$ ] $0,$ $T[,$ $z\in \mathbb{R}$ and $0\leq u\leq 1$ ;
(vii) for any $R>0$ there exists a constant $M_{3}(R)>0$ satisfying

$\varphi(x, t, z, u)\geq-M_{3}(R)(1+|x|)u$ if $0\leq u\leq 1$

for $(x, t, z)\in R\times[0, T]\times[-R, R]$ ;
(viii) for any $R>0$ , there exist $q>1$ and $h\in L^{q}(0, T)$ such that for any function

$u\in L^{\infty}(\mathbb{R})$ satisfying $x^{2}u\in L^{1}(\mathbb{R})$ and $\Vert u\Vert_{L^{\infty}(R)}\leq R$ ,

$\int_{R}(1+|x|)|\varphi(x+z_{1}, t, z_{1}, u(x))-\varphi(x+z_{2}, t, z_{2}, u(x))|dx$

$\leq h(t)|z_{1}-z_{2}|\{1+\int_{R}(1+|x|)|u(x)|dx\}$

for $a.e$ . $ t\in$ ] $0,$ $T$ [ and $z_{i}\in[-R, R],$ $i=1,2$ .
(H4) The initial value $u_{0}$ belongs to $BUC(\mathbb{R})$ and satisfies $0\leq u_{0}\leq 1$ on $\mathbb{R},$ $x^{2}u_{0}\in L^{1}(\mathbb{R})$

and
$a<\int_{R}w(x)u_{0}(x)dx<b$ .

Remark 2.1. (1) By $x^{2}\mathcal{F}\in L^{\infty}(0, T;L^{1}(\mathbb{R}))$ and $x^{2}u_{0}\in L^{1}(\mathbb{R})$ , we mean $\int_{R}x^{2}\mathcal{F}(x, \cdot)dx\in$

$L^{\infty}(O, T)$ and $\int_{R}x^{2}u_{0}(x)dx<+\infty$ , respectively.
(2) From (H2), we see that $w$ is Lipschitz continuous. We denote by $C_{w}$ the Lipschitz

constant of $w$ .
(3) Condition (H3 iii) implies that for any $R>0$ there exists a constant $M_{4}(R)>0$ such

that
$|\varphi(x, t, z, u_{1})-\varphi(x, t, z, u_{2})|\leq M_{4}(R)|u_{1}-u_{2}|$
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for $(x, t, z, u_{1}),$ $(x, t, z, u_{2})\in \mathbb{R}\times[0, T]\times[-R, R]\times[-R, R]$ .
(4) It is easily seen from (H3 vi) and (H4) that $\mathcal{F}\in L^{\infty}(O, T;L^{p}(\mathbb{R}))$ and $u_{0}\in L^{p}(\mathbb{R})$ for

any $p\geq 1$ . (See Lemma 3.3 in Section 3.) Besides, the integral in (H4) makes sense, since $w$

is Lipschitz continuous, $w(O)=0,$ alld $\int_{\mathbb{R}}|x|u_{0}(x)dx<+\infty$ .
(5) Conditions (H1), (H2), (H3 v), and (H4) are similar to those in [2] or [3], although we

have $req\iota lired$ stronger regularities for $\varphi$ and $u_{0}$ than those in $[2, 3]$ to treat the case in which
$\varphi$ is nonlinear in $u$ .

Examples. As afunction $\varphi$ satisfying (H3), one may take functions of the form

$\varphi(x,t, z,u)=\gamma(t)f(x, z)(1-|u|^{p-1}u)-g(x, z)|u|^{q-1}u$

and $\varphi(x,t, z, u)=\gamma(t)f(x, z)|1-u|^{p-1}(1-u)-g(x, z)|u|^{q-1}u$ .

Here it suffices to assume that $p,$ $q\in[1,$ $+\infty$ [, and that the functions $\gamma,$ $f$ and $g$ are nonnega-
tive and satisfy the following conditions: $\gamma\in c^{0},\doteqdot[0, T](0<\eta\leq 1),$ $f(x, \cdot),$ $g(x, \cdot)\in C_{loc}^{0,1}(R)$

uniformly in $x\in \mathbb{R}$ , and $f(\cdot, z),$ $g(\cdot, z)\in BUC^{\eta}(\mathbb{N})$ uniformly in $z$ on bounded subsets of
R. Further, $f\in L^{\infty}(R^{2}),$ $x^{2}\Vert f(x, \cdot)\Vert_{L^{\infty}(R_{z})}\in L^{1}(R_{x})$ and for any $R>0$ there is a constant
$C(R)>0$ such that

$\int_{R}(1+|y|)|f(y+z_{1}, z_{1})-f(y+z_{2}, z_{2})|dy\leq C(R)|z_{1}-z_{2}|$ ,

$|g(x+z_{1}, z_{1})-g(x+z_{2}, z_{2})|\leq C(R)|z_{1}-z_{2}|$

for all $x\in \mathbb{R}$ and $z;\in[-R, R](i=1,2)$ .
In these cases, one can take $\mathcal{F}(x, t)=\gamma(t)||f(x, \cdot)\Vert_{L\infty(R_{\iota})},$ $h(t)=C_{R}\max\{\gamma(t), 1\}$ with

$C_{R}=C(R)\max\{R^{p}+1, R^{q-1}\}$ and $C_{R}=C(R)\max\{(R+1)^{p}, R^{q-1}\}$ , respectively.

We are now in a position to formulate the transport-diffusion problem.

Problem $(P_{1})$ . Given initial function $u_{0}$ satisfying (H4).
Find $u\in BUC(\mathbb{R}\times[0, T])\cap BUc^{2+\eta},g(R\times[\delta, T])$ for any $\delta\in$ ] $0,$ $T$] and $z\in C^{0,1}[0, T]$

such that $u(x, \cdot)\in C^{0,1}[\delta, T]$ uniformly for $x\in \mathbb{R}$ and any $\delta\in$ ] $0,$ $T$], $u_{t}(\cdot, t)\in BUC(\mathbb{R})$ for
$a.e$ . $ t\in$ ] $0,$ $T[,$ $wu\in L^{\infty}(O, T;L^{1}(\mathbb{R}))$ , and such that

$a<\int_{R}w(x)u(x, t)dx<b$ , $t\in[0, T]$ , (2.1)

$z(t)=L(\int_{R}w(x)u(x,t)dx)$ , $t\in[0, T]$ , (2.2)

$u_{t}(x, t)-eu_{xx}(x, t)+z^{l}(t)u_{x}(x, t)=\varphi(x,t, z(t), u(x,t))$ , $x\in \mathbb{R},$ $a.e$ . $ t\in$ ] $0,$ $T$ [, (2.3)

where $z^{\prime}=dz/dt$ , and
$u(x, 0)=u_{0}(x)$ , $x\in R$ . (2.4)

Our main result is then stated as follows:
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Main Theorem. Assume that conditions $(H1)-(H3)$ are satisfied and let $u_{0}$ satisfy (H4).
Then there exists a unique solution $(u, z)$ of Problem $(P_{1})$ . Moreover, $0\leq u\leq 1$ on $\mathbb{R}\times[0, T]$ .

By change of variables $x\mapsto x+z(t)$ , the equations $(2.2)-(2.4)$ are transformed into

$z(i)=L(\int_{R}w_{z}^{*}(x, t)v(x, t)dx)$ , $t\in[0, T]$ ; (2.5)

$v_{t}(x, t)-ev_{xx}(x, t)=\varphi_{z}^{*}(x, t, v(x, t))$ , $(x, t)\in \mathbb{R}\times$ ] $0,$ $T$], (2.6)

$v(x, 0)=u_{0}(x+z(0))$ , $x\in \mathbb{R}$ . (2.7)

Here for $\zeta\in C[0, T]$ ,

$\varphi_{\zeta}^{*}(x, t, \xi)$ $:=\varphi(x+\zeta(t), t, \zeta(t), \xi)$ , $(x, t, \xi)\in \mathbb{R}\times[0, T]\times R$ , (2.8)
$w_{\zeta}^{*}(x, t)$ $:=w(x+\zeta(t))$ , $(x,t)\in \mathbb{R}\times[0, T]$ .

This transformation has an advantage that the resultant equations $(2.5)-(2.7)$ make sense
if $z$ is only continuous because the derivative $z^{l}$ disappears. Therefore, instead of equations
$(2.2)-(2.4)$ , we deal with equations $(2.5)-(2.7)$ . Accordingly, our subsequent discussions may
be organized in the following way:

I. Given $z\in C[0, T]$ , we solve the semilinear problem $(2.6)-(2.7)$ . (Section 3)
II. We reformulate the original problem $(P_{1})$ as $eq\iota\iota ivalent$ problems in conjunction with

$(2.5)-(2.7)$ . (Section 4)
III. Finally, we seek $z\in C[0, T]wch$ solves the equivalent problems. (Section 5)

3. SEMILINEAR PROBLEMS

We begin by considering the following semilinear problem:

$\left\{\begin{array}{ll}\frac{\partial v_{z}}{\partial t}-e\frac{\partial^{2}v_{z}}{\partial x^{2}}=\varphi_{z}^{*}(x, t, \nu_{z}), & (x, t)\in \mathbb{R}\times] r, T],\\v_{z}(x, r)=\omega(x), x\in \mathbb{R}, & \end{array}\right.$ $(P_{z}; r,\omega)$

where $z$ is given in $C[0, T],$ $0\leq r<T$ and $\omega\in BUC(\mathbb{R})$ . To solve the problem $(P_{z}; r,\omega)$ , we
employ a theory of abstract semilinear evolution equations (cf. [6, 10]). For this purpose, we
prepare some technical propositions.

Lemma 3.1. Let $z\in C[0, T]$ . Assume that $z\in C^{0,\beta}[r, T]$ for some $\beta$ with $\frac{1}{2}\leq\beta\leq 1$ . Then
the function $\varphi_{z}^{*}(x, t, u)$ defined by (2.8) has the following properties:

(i) $\varphi_{z}^{*}\in C(\mathbb{R}\times[0, T]\times \mathbb{R})$ ;
(ii) $\varphi_{z}^{*}(\cdot, \cdot, u)\in BUC^{\eta_{2}^{1}},(\mathbb{R}\times[r, T])$ uniformly for $u$ in bounded subsets of $\mathbb{R}$ ;
(iii) the partial derivative $\partial_{u}\varphi_{z}^{*}$ with respect to $u$ exists and is uniformly continuous and

bounded on $\mathbb{R}\times[0, T]\times[-R, R]$ for each $R>0$ .

Proof. (i) By the continuity of $\varphi$ alud $z$ , it is easily seen that $\varphi_{z}^{*}$ is continuous.
(ii) By (H3 i), it is straightforward to check that $\varphi_{z}^{*}(\cdot, \cdot, u)\in BUC(\mathbb{R}\times[0, T])$ uniformly

for $u$ in bounded subsets of $\mathbb{R}$ . Let $R>0,$ $(x, t),$ $(y, s)\in R\times[0, T]$ , and $|u|\leq R$ . By (H3
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i-ii) we have
$|\varphi_{z}^{*}(x, t, u)-\varphi_{z}^{*}(y, s, u)|=|\varphi(x+z(t), t, z(t), u)-\varphi(y+z(s), s, z(s), u)|$

$\leq|\varphi(x+z(t), t, z(t), u)-\varphi(y+z(t), s, z(t), u)|$

$+|\varphi(y+z(t), s, z(t), u)-\varphi(y+z(t), s, z(s), u)|$

$+|\varphi(y+z(t), s, z(s), u)-\varphi(y+z(s), s, z(s), u)|$

$\leq$ $sup[\varphi(\cdot, \cdot, \xi, v)]_{R,[0,T],\eta,\doteqdot}(|x-y|^{\eta}+|t-s|\doteqdot)+C_{1}|z(t)-z(s)|$

$|\xi|\leq||z||_{T}$

$|v|\leq R$

$+$ $sup[\varphi(\cdot, \cdot, \xi, v)]_{R,[0,T],\eta,\not\in}|z(t)-z(s)|^{\eta}$

$|\xi|\leq||z||_{T}$

$|v|\leq R$

where $C_{1}$ depends on $\Vert z\Vert_{T}$ ; hereafter $\Vert z\Vert_{T}$ stands for $\Vert z\Vert_{C[0,T]}$ . For the qualltity
$[\varphi(\cdot, \cdot, \xi, v)]_{R,[0,\eta_{\eta_{2}^{1}}},,$ , see Appendix. Since $z$ is H\"older continuous on $[r, T]$ with exponent $\beta$

with $\frac{1}{2}\leq\beta\leq 1$ , we obtain
$|\varphi_{z}^{*}(x,t, u)-\varphi_{z}^{*}(y, s, u)|\leq C_{2}(|x-y|^{\eta}+|t-s|\$)$ , $(x, t),$ $(y, s)\in R\times[r, T]$

for $|u|\leq R$ , where $C_{2}$ is independent of $x,$ $y,$ $t,$ $s$ , and $u$ .
(iii) Rom (H3 iii) the assertion is obvious. $\blacksquare$

Set $X_{0}$ $:=BUC(R),$ $X_{1}$ $:=$ { $u\in X_{0}|u_{xx}$ exists in $X_{0}$ } and let $X_{\alpha}$ $:=(X_{0},X_{1})_{\alpha,\infty}^{0}$ be the
interpolation space between $X_{0}$ and $X_{1}$ for $0\leq a\leq 1$ (see [6, 4.11 Definition, p.50] for the
definition). For $z\in C[0, T]$ , define an operator $F_{z}$ : $[0, T]\times X_{0}\rightarrow X_{0}$ by

$F_{z}(t,u)(x):=\varphi_{z}^{*}(x,t, u(x))$ , $x\in R$

for $t\in[0, T]$ and $u\in X_{0}$ .
Proposition 3.1. The operator $F_{z}$ is well-defined and has the following properties:

(i) There exists an increasing function $\rho_{z}$ : [$0,$ $+\infty[\rightarrow[0,$ $+\infty$ [ such that for any $R>0$ ,
$||F_{z}(t, u)-F_{z}(t, v)||_{X_{0}}\leq\rho_{z}(R)||u-v||_{X_{0}}$

for all $t\in[0, T]$ and $u,$ $v\in X_{0}$ with $\Vert u\Vert_{X_{0}}$ , $\Vert v||_{X_{0}}\leq R$ .
(ii) If in addition $z\in C^{0,\beta}[r, T]$ with $\frac{1}{2}\leq\beta\leq 1$ , then there is an increasing function

$\rho_{r,z}$ : [$0,$ $+\infty[\rightarrow[0,$ $+\infty$ [ such that for any $R>0$ ,
$||F_{z}(t, u)-F_{z}(s, v)||_{X_{0}}\leq\rho_{r,z}(R)(|t-s|^{3}+||u-v||_{X_{0}})$

for all $t,$ $s\in[r, T]$ and $u,$ $v\in X_{0}$ with $||u||x_{0},$ $||v||x_{0}\leq R$ .
Proof. (i) This is an easy consequence of (H3 iii). See Remark 2.1 (3).

(ii) By virtue of Lemma 3.1, the assertion follows from [6, Proposition 15.16 and Remark
15.18 $(b)$ ] . $\blacksquare$

Defining an operator $A$ with domain $D(A)=X_{1}$ by
$Au:=eu_{xx}$ for $u\in D(A)$ ,

the initial value problem $(P_{z}; r,\omega)$ can be rewritten as the following abstract initial value
problem in $X_{0}$ :

$\left\{\begin{array}{ll}\frac{dv_{\overline{\wedge}}}{dt}(t)=A\nu_{z}(t)+F_{z}(t, v_{z}(t)), & t\in] r, T]\\v_{z}(r)=\omega\in X_{0}. & \end{array}\right.$
$(AP_{z}; r,\omega)$

The next proposition is well known. See [6, Theorem 1.5].
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Proposition 3.2. The operator A generates an analytic semigroup $\{T(t)\}_{t\geq 0}$ of contractions
on $X_{0}$ . Moreover, $T(t)$ is given by

$(T(t)u)(x)=\int_{R}K_{\epsilon}(x-y, t)u(y)dy$ , $x\in \mathbb{R},$ $t>0$ (3.1)

for $u\in X_{0}$ , where

$K_{\epsilon}(x, t)=\frac{1}{\sqrt{4\pi et}}$ exp $(-\frac{x^{2}}{4et})$ , $x\in \mathbb{R},$ $t>0$ .

Deflnition 3.1. (i) By a classical solution of $(P_{z}; r,\omega)$ , we mean a function $ v\in BUC(\mathbb{R}\times$

$[r, T])\cap BUC^{2,1}(R\times[\delta, T])$ for all $\delta\in$ ] $r,$
$T$] satisfying $(P_{z}; r,\omega)$ .

(ii) By a regular solution of $(P_{\underline{\sim}}; r,\omega)$ , we mean a function $ v\in BUC(\mathbb{R}\times[r, T])\cap$

$BUC^{2+\eta,1+n}2(\mathbb{R}\times[\delta, T])$ for all $\delta\in$ ] $r,$
$T$], satisfying $(P_{z}; r,\omega)$ .

Definition 3.2. (i) If $\omega\in X_{\alpha}$ , a function $v\in C([r, T];X_{\alpha})\cap C^{1}(]r,T];X_{0})(0\leq\alpha\leq 1)$

satisfying $(AP_{z}; r,\omega)$ for each $ t\in$ ] $r,$
$T$] is called a classical solution of $(AP_{z};r,\omega)$ .

(ii) A function $v\in C([r, T];X_{0})$ is called a strong solution of $(AP_{z}; r,\omega)$ , if $v(t)$ is differen-
tiable for $a.e$ . $ t\in$ ] $r,$

$T$ [ and $v(t)\in X_{1}$ for $ t\in$ ] $r,$
$T$ [ and satisfies $(AP_{z}$ ; $r,\omega)$ for $a.e$ . $ t\in$ ] $r,$ $T[$ .

(iii) A function $v\in C([r, T];X_{0})$ satisfying

$v(t)=T(t-r)\omega+\int^{t}T(t-s)F_{z}(s, v(s))ds$ $r\leq t\leq T$,

is called a mild solution of $(AP_{z};r,\omega)$ .
Proposition 3.3.

(i) Each classical solution of $(AP_{z} ; r, \omega)$ is a strong solution of $(AP_{z}; r,\omega)$ .
(ii) Each strong solution $v$ of $(AP_{z}; r,\omega)$ is a mild solution of $(AP_{z}; r,\omega)$ .
(iii) There exists at most one mild solution of $(AP_{z}; r,\omega)$ .

Proof. (i) is clear from Definition 3.2. The proof of (ii) is obtained in a standard way. (iii)
is a consequence of Proposition 3.1 (i) and Gronwall’s Lemma. $\blacksquare$

Proposition 3.4. Suppose that $z\in C[0, T]\cap C^{0,\beta}[r, T],$ $\frac{1}{2}\leq\beta\leq 1$ . Then
(i) each classical solution of $(P_{z}; r, \omega)$ is a classical solution of $(AP_{z};r,\omega)$ ;
(ii) each classical solution of $(AP_{z}; r,\omega)$ with initial value $\omega\in X_{\alpha},$ $0\leq\alpha\leq 1$ , is a regular

solution of $(P_{z};r,\omega)$ .
Proof. Owing to Lemma 3.1 and Proposition 3.1 (i), the assertions are derived from [6,
Theorem 25.2 and ${\rm Re} mark25.3(a)$ ]. $\blacksquare$

Proposition 3.5. Let $z\in C[0, T]\cap C^{0,\beta}[r, T],$ $\frac{1}{2}\leq\beta\leq 1$ and $\omega\in X_{\alpha},$ $0\leq\alpha\leq 1$ . Then
(i) $(AP_{z}; r,\omega)$ has a unique classical solution $\nu_{z}$ ;
(ii) the problem $(P_{z}; r,\omega)$ with $0\leq\omega(x)\leq 1$ has a unique regular solution $v_{z}$ satisfying

$0\leq\nu_{z}\leq 1$ on $\mathbb{R}\times[r, T]$ .
Proof. Due to [6, Section 25], (i) follows from Lemma 3.1. Part (i) together with Proposition
3.4 (ii) yields the existence of a unique regular solution $\nu_{z}$ of $(P_{z}; r,\omega)$ . By virtue of (H3 v),
it is easily seen that $v\equiv 0$ (resp. $\nu\equiv 1$ ) is a super-(resp. $sub-$ )$solution$ of $(P_{z}; r,\omega)$ . Since
$0\leq\omega(x)\leq 1$ for $x\in \mathbb{R}$ , it follows from [6, Theorem 25.6] that $0\leq v_{z}\leq 1$ . $\blacksquare$

When $z$ is given to be a continuous function, we have:
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Theorem 3.1. For $z\in C[0, T]$ and $\omega\in X_{0}$ with $0\leq\omega\leq 1$ , the problem $(AP_{\simeq} ; \uparrow\cdot, \omega)$ has a
unique mild solution $v_{z}\in C([\uparrow, T];X_{0})$ satisfy ing

$v_{z}(x, t)=\int_{R}I\iota_{e}^{\prime}(x-y, t-\uparrow\cdot)\omega(y)dy$ (3.2)

$+l^{t}\int_{R}K_{e}(x-y, t-\tau)\varphi_{z}^{*}(y, \tau, v_{z}(y, \tau))dyd\tau$ , $(x, t)\in R\times$ ] $r,$
$T$],

and $0\leq v_{z}\leq 1$ on $R\times[r, T]$ . Moreover, suppose that $z_{n}\in C^{0,\beta}[r, T]_{f}\frac{1}{2}\leq\beta\leq 1$ , and $z_{n}\rightarrow z$

in $C[r, T]$ and that $\omega_{n}\rightarrow\omega$ in $X_{0}$ and $0\leq\omega_{n}(x)\leq 1$ . Let $v_{n}$ be a classical solution of
$(AP_{z_{\mathfrak{n}}} ; r,\omega_{n})$ , which exists by Proposition 3.5 (i). Then $v_{n}\rightarrow v_{z}$ in $C([r, T];X_{0})$ as $ n\rightarrow\infty$ .
Proof. Let $z_{n}\in C^{0,\beta}[r, T],$ $\frac{1}{2}\leq\beta\leq 1$ , and let $z_{n}\rightarrow z$ in $C[r, T]$ , and $\omega_{n}\rightarrow\omega$ in $X_{0}$ . Let
$v_{n}$ be a unique classical solution of $(AP_{z}. ; r,\omega_{n})$ . Then, $v_{n}$ is also a mild solution, i.e.,

$\nu_{n}(t)=T(t-r)\omega_{n}+l^{\ell}T(t-s)F_{z_{n}}(s, \nu_{\mathfrak{n}}(s))ds$ , $r\leq t\leq T$, (3.3)

and from Propositions 3.4 and 3.5, $v_{n}$ satisfies $0\leq v_{n}(x, t)\leq 1$ for $(x, t)\in \mathbb{R}\times[r, T]$ . Since
$T(t)$ is a contraction semigroup on $X_{0}$ , it follows from (3.3) that

$\Vert v_{\mathfrak{n}}(t)-v_{m}(t)\Vert_{X_{0}}\leq\Vert\omega_{\mathfrak{n}}-\omega_{m}\Vert_{X_{0}}+\int^{\ell}\Vert F_{z_{\mathfrak{n}}}(s, v_{n}(s))-F_{z_{m}}(s, v_{m}(s))\Vert_{X_{0}}ds$

$\leq\Vert\omega_{n}-\omega_{m}||x_{0}+\int^{\ell}\Vert F_{z_{n}}(s, v_{n}(s))-F_{z}(s, v_{n}(s))\Vert_{X_{0}}ds$ (3.4)

$+l^{\ell}\Vert F_{z}(s, v_{n}(s))-F_{z}(s, v_{m}(s))\Vert x_{0}ds+\int_{r}^{\ell}\Vert F_{z}(s, \nu_{m}(s))-F_{z_{m}}(s, \nu_{m}(s))\Vert_{X_{0}}ds$

for $t\in[r, T]$ . Using the relations $0\leq v_{n}\leq 1$ , the uniform boundedness of $z_{n}(s)$ and (H3
i-ii), we have

$\Vert F_{z_{\mathfrak{n}}}(s, v_{\mathfrak{n}}(s))-F_{z}(s, v_{\mathfrak{n}}(s))\Vert_{X_{0}}\leq C_{3}\Vert z_{\mathfrak{n}}-z\Vert_{C[r,\eta}^{\eta}$ , $s\in[r,T]$ (3.5)

for all $n\in N$ . On the other hand, it follows from Proposition 3.1 (i) that

$||F_{z}(s, v_{n}(s))-F_{z}(s, v_{m}(s))\Vert x_{0}\leq\rho_{z}(1)\Vert v_{n}(s)-v_{m}(s)\Vert x_{0}$ , $s\in[r, T]$ (3.6)

for all $n,$ $m$ . From $(3.4)-(3.6)$ we obtain for any $t\in[r, T]$ ,

$||v_{n}(t)-v_{m}(t)||x_{0}\leq||\omega_{n}-\omega_{m}||x_{0}+C_{3}T(\Vert z_{n}-z||_{C[r,T]}^{\eta}+||z_{m}-z||_{Clr,\eta}^{\eta})$

$+\rho_{z}(1)\int^{\ell}$ II $v_{n}(s)-\nu_{m}(s)$ I $x_{0}ds$ .

By Gronwall’s Lemma,

$\Vert v_{n}(t)-v_{m}(t)\Vert_{X_{0}}$

$\leq\{||\omega_{n}-\omega_{m}\Vert x_{0}+C_{3}T(\Vert z_{n}-z||_{C[r,\eta}^{\eta}+\Vert z_{m}-z\Vert_{C[r,\eta}^{\eta})\}\exp(\rho_{z}(1)T)$ , $t\in[r, T]$ .
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Taking the supremum over $t\in[\uparrow\cdot, T]$ alld then passing to the limit as $n,$ $ m\rightarrow\infty$ , we find
that $\{v_{n}\}$ is a Cauchy sequence in $C([r, T];X_{0})$ , and so there exists $v_{z}\in C([r, T];X_{0})$ such
that $v_{n}\rightarrow v_{z}$ in $C([r, T];X_{0})$ as $n\rightarrow\infty$ . Since $v_{z}(x, t)$ is the uniform limit of $v_{n}(x, t),$ $v_{z}$

satisfies $0\leq v_{z}\leq 1$ on $\mathbb{R}\times[r, T]$ .
Let us prove that $v_{z}$ is a mild solution of $(AP_{z}; r,\omega)$ . It follows frolll Proposition 3.1 (i)

and (3.5) that

$\Vert\int^{t}T(t-s)F_{z_{n}}(s, v_{n}(s))ds-\int_{r}^{t}T(t-s)F_{z}(s, v_{z}(s))ds\Vert_{X_{0}}$

$\leq\int^{t}\Vert F_{z_{\mathfrak{n}}}(s, v_{n}(s))-F_{z}(s, v_{z}(s))\Vert_{X_{0}}ds$

$\leq l^{t}\Vert F_{z_{n}}(s, v_{n}(s))-F_{z}(s, v_{n}(s))\Vert_{X_{0}}ds+\int_{r}^{t}\Vert F_{z}(s, v_{n}(s))-F_{z}(s, v_{z}(s))\Vert_{X_{0}}ds$

$\leq TC_{3}\Vert z_{n}-z\Vert_{C[r,\eta}^{\eta}+T\rho_{z}(1)\Vert v_{n}-v_{z}\Vert_{C([r},\eta_{;X_{0})}$
$\rightarrow 0$ as $ n\rightarrow\infty$ .

Hence, letting $ n\rightarrow\infty$ in (3.3), we have

$v_{z}(t)=T(t-r)\omega+l^{t}T(t-s)F_{z}(s, \nu_{z}(s))ds$ , $t\in[r, T]$ . (3.7)

Thus $v_{z}$ is a mild solution of $(AP_{z}; r,\omega)$ . Since the mild solution of $(AP_{z}; r,\omega)$ is unique by
Proposition 3.3 (iii), $v_{z}$ does not depend on the choice of $\{z_{n}\}$ . Finally, (3.2) is a consequence
of (3.1) and (3.7). $\blacksquare$

In the rest of this section, we give some properties of the solutions $v_{z}$ to $(AP_{z}; 0, \omega)$ or
$(P_{z};0,\omega)$ with $\omega(\cdot)=u_{0}(\cdot+z(O))$ for later use.

Lemma 3.2. Let $v_{z}$ be a mild solution of $(AP_{z}; 0,\omega)$ with $\omega=u_{0}(\cdot+z(O))$ . Then there exists
a constant $C_{4}>0$ , independent of $z$ and $e$ , such that for any $z\in C[0, T]$ and $\alpha\in[0,2]$ ,

$\int_{R}|x|^{\alpha}v_{z}(x, t)dx\leq C_{4}(1+\Vert z\Vert_{T}^{2})$ , $t\in[0, T]$ .

Corollary 3.1. (i) For any $R>0$ , there is a constant $M_{5}(R)>0$ such that for any
$z\in C[0, T]$ with $\Vert z\Vert\tau\leq R$ and $\alpha\in[0,2]$ ,

$\int_{R}|x|^{\alpha}v_{z}(x, t)dx\leq M_{5}(R)$ , $t\in[0, T]$ .

(ii) For each $z\in C[0, T],$ $w_{z}^{*}\nu_{z}\in L^{\infty}(0, T;L^{1}(\mathbb{R}))$ .
Proof of Corollary 3.1. (i) is obvious from Lemma 3.2. Let $z\in C[0, T]$ . Recalling Remark
2.1 (2), we get

$|w_{z}^{*}(x,t)v_{z}(x, t)|=|w(x+z(t))|v_{z}(x,t)\leq C_{w}(|x|+|z(t)|)v_{z}(x,t)$

for $(x, t)\in \mathbb{R}\times[0, T]$ . Thus it follows from Lemma 3.2 that $w_{z}^{*}v_{z}\in L^{\infty}(0, T;L^{1}(\mathbb{R}))$ . $\blacksquare$

Before proving Lemma 3.2, we recall the following elementary fact:
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Lemma 3.3. If.$f\in L^{\infty}(\mathbb{R})$ and $x^{2}.f\in L^{1}(\mathbb{R})$ then $f\in L^{p}(\mathbb{R})$ for any $ 1\leq p<\infty$ and

$\Vert.f\Vert_{L^{p}}^{p}\leq\Vert.f\Vert_{L\infty}^{p-1}(\Vert x^{2}f\Vert_{L^{1}}+2\Vert f\Vert_{L^{\infty}})$

is satisfied; moreover $x.f\in L^{1}(\mathbb{R})$ .
Proof of Lemma 3.2. Since $|x|^{\alpha}\leq 1+x^{2}$ for $\alpha\in[0,2]$ , it suffices to show that there exists
a constant $C_{5}>0$ , independent of $z$ and $e$ , such that

$\int_{R}x^{2}v_{z}(x, t)dx\leq C_{5}(1+\Vert z\Vert_{T}^{2})$ , $t\in[0, T]$ (3.8)

for $z\in C[0, T]$ . Indeed, (3.8) implies $x^{2}v_{z}\in L^{\infty}(O, T;L^{1}(\mathbb{R}))$ ; then since $0\leq v_{z}\leq 1$ , it
follows from Lemma 3.3 that

$\int_{R}|x|^{\alpha}v_{z}(x,t)dx\leq\int_{R}(1+x^{2})\nu_{z}(x, t)dx\leq 2(\int_{R}x^{2}\nu_{z}(x,t)dx+1)$ ,

which implies the desired estimate.
Let us show that (3.8) holds. Using (3.2), (2.8) and (H3 vi), we have

$\int_{R}x^{2}v_{z}(x,t)dx=\int_{R}x^{2}\int_{R}K_{e}(x-y,t)u_{0}(y+z(0))dydx$

$+\int_{R}x^{2}\int_{0}^{t}K_{\epsilon}(x-y, t-\tau)\varphi(y+z(\tau), \tau, z(\tau), v_{z}(y, \tau))dyd\tau dx$

$\leq\int_{R}u_{0}(y+z(0))\int_{R}x^{2}K_{\epsilon}(x-y,t)dxdy$

$+\int_{0}^{\ell}\int_{R}\mathcal{F}(y+z(\tau), \tau)\int_{R}x^{2}K_{e}(x-y,t-\tau)dxdyd\tau$ , $t\in[0, T]$ .

By a change of variables,

$\int_{R}x^{2}K_{e}(x-y, t)dx=\frac{1}{\sqrt{\pi}}\int_{R}(\sqrt{4et}\xi+y)^{2}e^{-\xi^{2}}d\xi$

$\leq C_{6}\int_{R}(4et\xi^{2}+y^{2})e^{-\xi^{2}}d\xi\leq C_{7}(1+y^{2})$

for all $y\in R$ and $t\in[0, T]$ . Hence,

$\int_{R}x^{2}v_{z}(x, t)dx\leq C_{7}\int_{R}(1+y^{2})u_{0}(y+z(0))dy+C_{7}\int_{0}^{t}\int_{R}(1+y^{2})\mathcal{F}(y+z(\tau), \tau)dyd\tau$

$=C_{7}\{\int_{R}[1+(\xi-z(0))^{2}]u_{0}(\xi)d\xi+\int_{0}^{t}\int_{R}[1+(\xi-z(\tau))^{2}]\mathcal{F}(\xi, \tau)d\xi d\tau\}$

$\leq C_{8}(1+\Vert z\Vert_{T}^{2})\{\int_{R}(1+\xi^{2})u_{0}(\xi)d\xi+\int_{0}^{t}\int_{R}(1+\xi^{2})\mathcal{F}(\xi, \tau)d\xi d_{\mathcal{T}}\}$

for all $t\in[0, T]$ . Since $u_{0},$ $x^{2}u_{0}\in L^{1}(\mathbb{R})$ and $\mathcal{F},$ $x^{2}\mathcal{F}\in L^{1}(0, T;L^{1}(R))$ by (H4) and (H3 vi),
we obtain (3.8). $\blacksquare$

If $v$ is a regular solution of $(P_{z}; 0, \omega)$ with $\omega=u_{0}(\cdot+z(O))$ , we obtain the following
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Lemma 3.4. Let $v$ be a regular solution of $(P_{z}; 0, u_{0}(\cdot+z(O)))$ satisfying $0\leq v\leq 1$ on
$\mathbb{R}\times[0, T]$ . Then $v\in L^{\infty}(O, T;L^{1}(\mathbb{R}))$ and

$\Vert v\Vert_{L^{\infty}(0,T,L^{1}(R))}\leq\Vert u_{0}\Vert_{L^{1}(R)}+\Vert \mathcal{F}\Vert_{L^{1}(R\times]0,T[)}$ .

Proof. Let $0<\delta<t\leq T$ . Multiply the equation by $\psi_{n\iota}(x):=\exp(-x^{2}/m)(x\in \mathbb{R}, m\in N)$

and then integrate the result to obtain

$\int_{\mathbb{R}}v(x, t)\psi_{n\iota}(x)dx-\int_{R}v(x, \delta)\psi_{m}(x)dx-\epsilon\int_{\delta}^{t}d\tau\int_{R}v_{xx}(x, \tau)\psi_{m}(x)dx$

$=\int_{\delta}^{t}d\tau\int_{R}\varphi_{-}^{*}-(x, \tau, v(x, \tau))\psi_{n\iota}(x)dx$ .

Integration by parts and (H3 vi) yields that

$\int_{R}v(x, t)\psi_{m}(x)dx$ (3.9)

$\leq\int_{R}v(x, \delta)\psi_{m}(x)dx+e\int_{\delta}^{t}d\tau\int_{R}v(x, \tau)\frac{d^{2}\psi_{m}}{dx^{2}}(x)dx+\Vert \mathcal{F}\Vert_{L^{1}(Rx]0,T[)}$ .

Since $v\in BUC(\mathbb{R}\times[0, T])$ and $\psi_{m}\in L^{1}(\mathbb{R})$ ,

$\lim_{\delta\downarrow 0}\int_{R}\nu(x, \delta)\psi_{m}(x)dx=\int_{R}u_{0}(x+z(0))\psi_{m}(x)dx$ .

Thus letting $\delta\downarrow 0$ in (3.9) yields

$\int_{R}v(x, t)\psi_{m}(x)dx$

$\leq\int_{R}u_{0}(x+z(0))\psi_{n\iota}(x)dx+e\int_{0}^{t}d\tau\int_{R}v(x, \tau)\frac{d^{2}\psi_{m}}{dx^{2}}(x)dx+\Vert \mathcal{F}\Vert_{L^{1}(Rx]0,T[)}$

$\leq||u_{0}||_{L^{1}(R)}+\int_{0}^{T}d\tau\int_{R}v(x, \tau)|\frac{d^{2}\psi_{m}}{dx^{2}}(x)|dx+||\mathcal{F}\Vert_{L^{1}(Rx]0,T[)}$ (3.10)

for all $ t\in$ ] $0,$ $T$ ] and $m\in N$ .
Now we claim that there exists a constant $C_{9}>0$ , independent of $m,$ $z,$ $e$ , such that

$\int_{0}^{T}d\tau\int_{R}v(x, \tau)|\frac{d^{2}\psi_{m}}{dx^{2}}(x)|dx\leq\frac{C_{9}}{\sqrt{m}}$ (3.11)

A simple calculation shows $|(d^{2}/dx^{2})\psi_{m}(x)|\leq(2/m)\psi_{m}(x)-(2/m)x(d/dx)\psi_{m}(x)$ . Thus by
integration by parts in space variable, we have

$\int_{0}^{T}d\tau\int_{\mathbb{R}}v(x, \tau)|\frac{d^{2}\psi_{nl}}{dx^{2}}(x)|dx\leq\int_{0}^{T}d\tau\int_{R}|\frac{d^{2}\psi_{m}}{dx^{2}}(x)|dx$

$\leq\tau\{\frac{2}{m}\int_{R}\psi_{m}(x)dx-\frac{2}{m}\int_{R}x\frac{d\psi_{m}}{dx}(x)dx\}=\frac{4T}{m}\int_{R}\psi_{m}(x)dx=\frac{4T}{\sqrt{m}}\int_{R}e^{-\xi^{2}}d\xi$ ,
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as claimed. From (3.10) and (3.11), we get

$\int_{R}v(x, t)\psi_{n\iota}(x)dx\leq\Vert u_{0}\Vert_{L^{1}(R)}+\frac{C_{9}}{\sqrt{m}}+\Vert \mathcal{F}\Vert_{L^{1}(Rx]0,T[)}$

for all $ t\in$ ] $0,$ $T$ ] aiid $m\in N$ . Since the positive function $v(x,t)\psi_{n\iota}(x)$ converges increasingly
to $\nu(x, t)$ as $ m\rightarrow\infty$ for each $ x\in \mathbb{R}uldt\in$ ] $0,$ $T$], by the Beppo-Levi Monotone Convergence
Theorem, we have $v(\cdot,t)\in L^{1}(\mathbb{R})$ and

$\int_{R}v(x,t)dx\leq\Vert u_{0}\Vert_{L^{1}(R)}+\Vert \mathcal{F}\Vert_{L^{1}(Rx]0,T[)}$

for all $ t\in$ ] $0,$ $T$]. This proves the lemma. $\blacksquare$

4. EQUIVALENT PROBLEMS

In view of the previous sections, we can reduce Problem $(P_{1})$ to the following problem $(P_{2})$ .
Actually, in the last of this section, we will find that Problems $(P_{1})$ and $(P_{2})are$ equivalent
in conjunction with another problem $(P_{3})$ .
Problem $(P_{2})$ . Find $v\in BUC(\mathbb{R}\times[0, T])\cap BUC^{2+\eta,1+}21(R\times[\delta, T])$ for each $\delta\in$ ] $0,T$] and
$z\in C^{0,1}[0, T]$ such that $w_{z}^{*}v\in L^{\infty}(0, T;L^{1}(R))$ and satisfying

$a<\int_{R}w_{z}^{*}(x,t)v(x,t)dx<b$ , $t\in[0, T]$ , (4.1)

$z(t)=L(\int_{R}w_{z}^{*}(x, t)v(x, t)dx)$ , $t\in[0, T]$ ; (4.2)

$v_{\ell}(x, t)-ev_{xx}(x, t)=\varphi_{z}^{*}(x, t, v(x, t))$ , $(x, t)\in \mathbb{R}\times$ ] $0,$ $T$], (4.3)

$v(x, 0)=u_{0}(x+z(0))$ , $x\in R$ . (4.4)

Here $\varphi_{z}^{*}$ and $w_{z}^{*}$ are the functions defined by (2.8).

Notice that Problem $(P_{2})$ has a meaning even if we only ask for $z\in C[0, T]$ , while that is
no longer true for Problem $(P_{1})$ .
Proposition 4.1. Suppose that a pair $(v, z)$ solves Problem $(P_{2})$ . Then setting

$u(x, t):=v(x-z(t), t)$ , $(x, t)\in \mathbb{R}\times[0, T]$ , (4.5)

the pair $(u, z)$ solves Problem $(P_{1})$ .
Proof. It is easily checked that $u\in BUC^{2+\eta^{1}},(R\times[\delta, T])$ for each $\delta\in$ ] $0,$ $T$]. Since $ v\in$

$BUC^{2+\eta,1+}21(\mathbb{R}\times[\delta, T])$ alld $z\in C^{0,1}[0, T]$ , we have $u(x, \cdot)\in C^{0,1}[\delta, T]$ uniformly for $x\in R$ .
Since $z$ is differentiable $a.e$ . on ] $0,$ $T[$ ,

$u_{t}(x, t)=-z^{l}(t)v_{x}(x-z(t), t)+v_{\ell}(x-z(t), t)$ (4.6)

for all $x\in \mathbb{R},$ $a.e$ . $ t\in$ ] $0,$ $T$ [; and hence $u_{\ell}(\cdot,$ $t)\in BUC(\mathbb{R})$ for $a.e$ . $ t\in$ ] $0,$ $T[sincev_{x}(\cdot-z(t), t)$ ,
$v_{t}(\cdot-z(t), t)\in BUC(\mathbb{R})$ for every $ t\in$ ] $0,$ $T$]. By changing variables,

$\int_{R}|w(x)u(x, t)|dx=\int_{R}|w(x+z(t))u(x+z(t), t)|dx=\int_{R}|w_{z}^{*}(x, t)v(x, t)|dx$
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for each $t\in[0, T]$ , which leads to $wu\in L^{\infty}(O, T;L^{1}(\mathbb{R}))$ since $w_{=}^{*}v\in L^{\infty}(O, T;L^{1}(\mathbb{R}))$ .
Also, by challging variables, (2.1) and (2.2) hold from (4.1) and (4.2), respectively. From
$(4.5)-(4.6)$ , and (4.3), one easily obtains

$u_{t}(x, t)-\epsilon u_{xx}(x, t)+z^{\prime}(t)u_{x}(x, t)=v_{t}(x-z(t), i)-ev_{xx}(x-z(t), t)$

$=\varphi_{z}^{*}(x-z(t), t, z(t), v(x-z(t), t))=\varphi(x, t, z(t), u(x, t))$

for all $x\in R,$ $a.e$ . $ t\in$ ] $0,$ $T$ [, and (2.3) follows. Finally, due to (4.4) and (4.5), $u(x, 0)=$

$v(x-z(O), 0)=u_{0}(x)$ for $x\in \mathbb{R},$ alud the proof is complete. $\blacksquare$

We now define a function $\mu_{z}$ for each $z\in C[0, T]$ by

$\mu_{z}(x, t)$ $:=\nu_{z}(x-z(t), t)$ , $(x, t)\in \mathbb{R}\times[0, T]$ , (4.7)

where $v_{z}$ is the mild solution of $(AP_{z}; 0, u_{0}(\cdot+z(O)))$ defined by Theorem 3.1. Then we have

Proposition 4.2. (i) For any $z\in C^{0,1}[0, T]$ the function $\mu_{z}$ defined by (4.7) satisfies $\mu_{z}\in$

$BUC(R\times[0, T])\cap BUC^{2+\eta_{2}^{1}},(\mathbb{R}\times[\delta, T])$ for all $\delta\in$ ] $0,$ $T]_{j}\mu_{z}(x, \cdot)\in C^{0,1}[\delta, T]$ uniformly for
$x\in \mathbb{R}$ and $\delta\in$ ] $0,$ $T$], $\partial\mu_{z}(\cdot, t)/\partial t\in BUC(\mathbb{R})$ for $a.e$ . $ t\in$ ] $0,$ $T$ [, and fulfills

$\left\{\begin{array}{ll}\frac{\partial\mu_{z}}{\partial t}(x, t)-e\frac{\partial^{2}\mu_{z}}{\partial x^{2}} & x, t)+z^{\prime}(t)\frac{\partial\mu_{z}}{\partial x}(x, t)=\varphi(x, t, z(t), \mu_{z}(x, t)), x\in \mathbb{R}, a.e. t\in] 0, T[,\\\mu_{z}(x, 0)=u_{0}(x), & x\in R.\end{array}\right.$

(4.8)
(ii) For $z\in C[0, T]$ , the function $\mu_{z}$ satisfies $w\mu_{z}\in L^{\infty}(O, T;L^{1}(\mathbb{R}))$ and $0\leq\mu_{z}\leq 1$ on

$\mathbb{R}\times[0, T]$ . Moreover, for every $R>0$ , there exists a constant $M_{6}(R)>0$ such that for any
$z\in C[0, T]$ with $\Vert z\Vert_{T}\leq R$ and for any $\alpha\in[0,2]$ , the inequality

$\int_{R}|x|^{\alpha}\mu_{z}(x,t)dx\leq M_{6}(R)$

holds for all $t\in[0, T]$ .

Proof. (i) is obtained quite similarly to Proposition 4.1. The assertion (ii) is an easy con-
sequence of Corollary 3.1. $\blacksquare$

We introduce the following problem which is shown to be mutually equivalent to Problems
$(P_{1})$ and $(P_{2})$ .

Problem $(P_{3})$ . Find $z\in C^{0,1}[0, T]$ satisfying

$a<\int_{R}w(x)\mu_{z}(x, t)dx<b$ , $t\in[0, T]$ , (4.9)

$z(t)=L(\int_{R}w(x)\mu_{z}(x, t)dx)$ , $t\in[0, T]$ , (4.10)

where $\mu_{z}$ is the one defined by (4.7).
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Theorem 4.1. Problems $(P_{1})_{\dot{}}(P_{2})$ and $(P_{3})$ are mutually equivalent in the following sense:
(i) if $(u$ , : $)$ solves $(P_{1})$ , then $z$ solves $(P_{3})$ and $\mu_{z}\equiv u$ ;
(ii) if $z$ solves $(P_{3})$ , then $(\nu_{z}, z)$ solves $(P_{2})$ ;
(iii) if $(v, z)$ solves $(P_{2})$ , then $(u, z)$ defined by (4.5) solves $(P_{1})$ and $\nu_{z}\equiv v$ ,
where $\mu_{z}$ is defined by (4.7) and $v_{\overline{\sim}}$ is the regular solution of $(P_{z}; 0,\omega)$ with $\omega=u_{0}(\cdot+z(0))$

defined in Proposition 3.5 (ii).

Proof. (i) Let $(u, z)$ solves $(P_{1})$ . Then it is clear that $z$ solves $(P_{3})$ . Let us prove that
$\mu_{z}\equiv u$ . Set

$v(x, t):=u(x+z(t), t)$ , $(x, t)\in \mathbb{R}\times[0, T]$ . (4.11)

Then, as in the proof of Proposition 4.1, we find that $ v\in BUC(\mathbb{R}\times[0, T])\cap BUC^{2+\eta,g}(R\times$

$[\delta, T])$ for all $\delta\in$ ] $0,$ $T$], $v(x, \cdot)$ is differentiable almost everywhere on ] $0,$ $T[for$ each $x\in R$ ,
and $v_{\ell}(\cdot,t)\in BUC(R)$ for $a.e$ . $ t\in$ ] $0,$ $T$ [; and

$v_{\ell}(x, t)-ev_{xx}(x,t)=\varphi_{z}^{*}(x,t, v(x,t))$ , $x\in R,$ $a.e$ . $ t\in$ ] $0,$ $T[$ ,
$v(x, 0)=u_{0}(x+z(O))$ , $x\in R$ .

Since $v_{t}(\cdot, t),$ $v_{xx}(\cdot,t)\in X_{0}$ for $a.e$ . $ t\in$ ] $0,$ $T$ [ and $v\in C([0, T];X_{0}),$ $v$ is a strong solution of
$(AP_{z}; 0, u_{0}(\cdot+z(O)))$ . Hence $v$ is also a mild solution by Proposition 3.3 (ii). Since $\nu_{z}$ defined
by Theorem 3.1 is a unique mild solution of $(AP_{z}; 0, u_{0}(\cdot+z(O)))$ , we find $v\equiv v_{z}$ ; and so
$u\equiv\mu_{z}$ by (4.7) and (4.11).

(ii) This is clear from (4.7), Proposition 3.5 (ii) and Corollary 3.1 (ii).
(iii) This is a consequence of Proposition 4.1, part (i) of this proposition and (4.7). $\blacksquare$

Remark. Like Problem $(P_{2})$ , Problem $(P_{3})$ has a meaning even when $z\in C[0, T]$ , since $\mu_{z}$

is defined for $z\in C[0, T]$ by (4.7).

5. PROOF OF MAIN THEOREM

First, we prove the uniqueness result.

Proposition 5.1. Problem $(P_{i})(i=1,2,3)$ has at most one solution.

Proof. By virtue of Theorem 4.1, it suffices to prove only for $(P_{3})$ . Note that if $z$ is a
solution of $(P_{3})$ , then $(v_{z}, z)$ is a solution of $(P_{2})$ .

Suppose that $\zeta$ and $\theta$ are solutions of $(P_{3})$ . Put $\hat{K}$

$:=\max\{\Vert(\Vert\tau, \Vert\theta\Vert_{T}\}$ . If $\zeta(t)\leq\theta(t)$

$(0\leq t\leq T)$ , then it follows from $(H1)-(H2)$ that

$M_{1}(\hat{K})^{-1}|\zeta(t)-\theta(t)|\leq\lambda(((t))-\lambda(\theta(t))$

$=\int_{R}[w(x+((t))-w(x+\theta(t))]v_{\zeta}(x, t)dx+\int_{R}w(x+\theta(t))[v_{\zeta}(x, t)-v_{\theta}(x, t)]dx$

$\leq\int_{R}|w(x+\theta(t))\{v_{\zeta}(x, t)-v_{\theta}(x, t)\}|dx$

$\leq C_{w}(1+\hat{K})\int_{R}(1+|x|)|v_{\zeta}(x, t)-v_{\theta}(x,t)|dx$ . (5.1)
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Notice that $v_{\zeta}$ alud $v_{\theta}$ are mild solutions of $(AP_{\zeta}; 0, u_{0}(\cdot+\zeta(0)))$ and $(AP\theta;0, u_{0}(\cdot+\theta(0)))$

respectively (defined by Theorem 3.1) and $\zeta(0)=L(\int_{\mathbb{R}}w(x)u_{0}(x)dx)=\theta(0)$ . Then we have

$\int_{R}(1+|x|)|v_{\zeta}(x, t)-v_{\theta}(x, t)|dx$

$\leq\int_{0}^{t}\int_{R}|\varphi(y+\zeta(\tau),$
$\tau,$ $((\tau), v_{\zeta}(y, \tau))-\varphi(y+\theta(\tau), \tau, \theta(\tau), v_{\theta}(y, \tau))|$

$\times\int_{R}(1+|x|)Ii_{\epsilon}^{\prime}(x-y, t-\tau)dxdyd\tau$

for $t\in[0, T]$ . By changing variables, it is easily checked that

$\int_{R}(1+|x|)K_{e}(x-y, t)dx\leq C_{10}(1+|y|)$ , $y\in R,$ $t\in[0, T]$ ,

where $C_{10}$ is independent of $y,$
$t$ (see the proof of Lemma 3.2). Hence, due to Corolary 3.1,

(H3 viii) and Remark 2.1 (3), we have

$\int_{R}(1+|x|)|v_{\zeta}(x,t)-v_{\theta}(x, t)|dx$

$\leq C_{10}\int_{0}^{t}\int_{R}(1+|y|)|\varphi(y+\zeta(\tau), \tau, \zeta(\tau), \nu_{\zeta}(y, \tau))-\varphi(y+\theta(\tau), \tau, \theta(\tau), v_{\zeta}(y, \tau))|dyd\tau$

$+C_{10}\int_{0}^{t}\int_{R}(1+|y|)|\varphi(y+\theta(\tau), \tau, \theta(\tau), \nu_{\zeta}(y, \tau))-\varphi(y+\theta(\tau), \tau, \theta(\tau), \nu_{\theta}(y, \tau))|dyd\tau$

$\leq C_{10}\int_{0}^{t}h(\tau)|\zeta(\tau)-\theta(\tau)|\{1+\int_{R}(1+|y|)v_{\zeta}(y, \tau)dy\}d\tau$

$+C_{10}M_{4}(I^{\wedge}i^{\prime}+1)\int_{0}^{\ell}\int_{R}(1+|y|)|v_{\zeta}(y, \tau)-\nu_{\theta}(y, \tau)|dyd\tau$ .

By the Gronwall Lemma, we have

$\int_{R}(1+|x|)|\nu_{\zeta}(x, t)-v_{\theta}(x, t)|dx$

$\leq C_{10}\exp(C_{11}T)\int_{0}^{t}h(\tau)|\zeta(\tau)-\theta(\tau)|\{1+\int_{R}(1+|x|)v_{\zeta}(x, \tau)dx\}d\tau$

for $t\in[0, T]$ , where $C_{11}=C_{10}M_{4}(\hat{K}+1)$ . ${\rm Re} turning$ to (5.1), we have

$|\zeta(t)-\theta(t)|\leq M_{1}(\hat{I}\iota^{\prime})C_{w}(1+\hat{K})C_{10}\exp(C_{11}T)$

$\times\int_{0}^{t}h(\tau)\{1+\int_{R}(1+|x|)v_{\zeta}(x, \tau)dx\}|\zeta(\tau)-\theta(\tau)|d\tau$

for each $t\in[0, T]$ . Again, by the Gronwall Lemma, we conclude that $\zeta\equiv\theta$ on $[0, T]$ . $\blacksquare$

Remark 5.1. Notice that we use only the continuity of $\theta$ alzd $\zeta$ and they need not be
Lipschitz continuous.

In order to prove the existence result, we need the following four technical lemmas, whose
proofs are done in the next section.
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Lemma 5.1 (A PRIORI ESTIMATE). There exists a constant $K>0$ , independent of $e$ , such
that any solution $(u, z)$ of Problem $(P_{1})$ satisfies

$\Vert\approx||\tau\leq K$ , (5.2)

$a<\lambda(K)\leq\int_{R}w(x)u(x, t)dx\leq\lambda(-K)<b$ , $t\in[0, T]$ , (5.3)

where $\lambda$ is the inverse function of $L$ (see (H1)).

Lemma 5.2. Let $\theta,$ $\zeta\in C[0, T]$ satisfy

$\max$ { $\Vert\theta\Vert\tau$ , I $\zeta\Vert_{T}$ } $\leq 2K$ , (5.4)

where $K$ is defined in Lemma 5.1. Suppose that for some $0\leq r<T_{i}\theta(t)=\zeta(t)$ for $t\in[0, r]$ .
Then there are constants $\sigma\in$ ] $0,1$ [ and $C_{12}>0$ , depending on $K$ but not on $e,$ $r,$

$\theta,$ $\zeta$ , such
that

$\int_{r}^{t}\int_{R}(1+|x|)|\varphi_{\zeta}^{*}(x, \tau, v\theta(x, \tau))-\varphi_{\zeta}^{*}(x, \tau, v\zeta(x, \tau))|dxd\tau\leq C_{12}(t-r)^{\sigma}\Vert\zeta-\theta\Vert_{\ell}$

for each $t\in[r, T]$ , where $\varphi_{\zeta}^{*}$ is defined by (2.8), $v_{\theta}$ and $v_{\zeta}$ are the mild solutions of
$(AP_{\theta};0, u_{0}(\cdot+\theta(0)))$ and $(AP_{\zeta}; 0, u_{0}(\cdot+\zeta(0)))$ respectively defined by Theorem 3.1.

For any $\zeta\in C[0, T]$ , define a function $\Gamma_{\zeta}$ : ] $0,$ $T[\times]0,$ $T[\rightarrow \mathbb{R}$ by

$\Gamma_{\zeta}(t, \tau)$ $:=\left\{\begin{array}{ll}\int_{R}w_{\zeta}^{*}(x, t)\int_{R}K_{\epsilon}(x-y, t-\tau)\varphi_{\zeta}^{*}(y, \tau, \nu_{\zeta}(y, \tau))dydx & if 0<\tau<t<T;\\0 & otherwise,\end{array}\right.$

where $\nu_{\zeta}$ is a nlild solution of ( $AP_{\zeta}$ ; $0,$ $u_{0}(\cdot+((0)))$ defined in Theorem 3.1. Then we have
Lemma 5.3. Let $\zeta\in C[0, T]$ . Then the function $\Gamma_{\zeta}$ is well-defined and has the following
properties:

(i) If $\Vert\zeta\Vert\tau\leq 2K$ , then there exists a constant $C_{13}>0$, depend only on $K$ but not on $e$

and $\zeta$ , such that
$|\Gamma_{\zeta}(t, \tau)|\leq C_{13}$ for all $t,$ $\tau\in$ ] $0,$ $T[$ .

(ii) For any $c\in[0,$ $T$ [, the function $ t\leftrightarrow\int_{c}^{\ell}\Gamma_{\zeta}(t, \tau)d\tau$ is continuous on $[c, T]$ .
Lemma 5.4. Let $\theta$ and (be the same as in Lemma 5.2. Then there exists a constant
$C_{14}>0$ , depending on $K$ but not on $e,$ $r,$

$\theta,$ $\zeta$ , such that

$\int^{t}|\Gamma_{\zeta}(t, \tau)|d\tau\leq C_{14}(t-r)$ ,

$\int^{\ell}|\Gamma_{\zeta}(t, \tau)-\Gamma_{\theta}(t, \tau)|d\tau\leq C_{14}(t-r)^{\sigma}||\zeta-\theta\Vert_{t}$

for each $t\in[r, T]$ , where $\sigma$ is the constant defined in Lemma 5.2.

We shall show the existence of the solution $z$ of $(P_{3})$ by applying the contraction mapping
principle step by step in time as done in [3]. Since each time interval will have the same
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width $d>0$ (to be specified later), we can conclude that the solution exists on the whole
given interval $[0, T]$ .

Let $r\in[0,$ $T[be$ arbitrary and assulne only the continuous $function\approx satisfying(4.9)-(4.10)$

to be known in $[0, r]$ . We introduce the function space

$X_{r}$ $:=$ { $\zeta\in C[0,$ $r+d]$ : $\zeta=z$ in $[0,$ $r],$ $\Vert\zeta\Vert_{r+d}\leq 2K$ }

as a complete metric space, where $K$ is the constallt defined by Lenuma 5.1. The equation
(4.10) is rewritten as

$\lambda(z(t))=\int_{R}w(x+z(t))\int_{R}K_{\vee},(x-y, t-r)v_{z}(y, r)dyda$.

$+\int_{R}w(x+z(t))\int^{t}\int_{R}K_{\epsilon}(x-y, t-\tau)\varphi^{*}=(y, \tau, v_{z}(y, \tau))dyd\tau dx$ (5.5)

since $v_{z}$ satisfies

$v_{z}(x, t)=\int_{R}IC_{e}(x-y, t-r)v_{z}(y, r)dy$

$+\int_{r}^{\ell}\int_{\mathbb{R}}I\iota_{e}^{\prime}(x-y, t-\tau)\varphi_{z}^{*}(y, \tau, v_{z}(y, \tau))dyd\tau$ (5.6)

for $t\in[r, T]$ (see Definition 3.2 and Proposition 3.2). We now define

$\lambda^{K}(\xi)$ $:=\left\{\begin{array}{ll}\lambda(-2K)-\xi-2K & if \xi<-2K ;\\\lambda(\xi) & if |\xi|\leq 2K ;\\\lambda(2K)-\xi+2K & if \xi>2K,\end{array}\right.$

$\lambda_{r}^{K}(\xi, t)$ $;=\lambda^{K}(\xi)-\int_{R}\mu_{z}(y, r)\int_{R}\frac{e^{-x^{2}}}{\sqrt{\pi}}w(2x\sqrt{e(t-r)}+y+\xi-z(r))dxdy$

for $(\xi, t)\in \mathbb{R}\times[r, T]$ . Then, by the definition of $\Gamma_{z}$ and (5.5), we have

$\lambda_{r}^{K}(z(t), t)=\int^{t}\Gamma_{z}(t, \tau)d\tau$ , $t\in[\uparrow, T]$ .

Lemma 5.5. The function $\lambda_{r}^{K}(\xi, t)$ is continuous and strictly decreasing in $\xi$ for fixed $t$ and
satisfies

$|\xi_{1}-\xi_{2}|\leq M|\lambda_{r}^{K}(\xi_{1}, t)-\lambda_{r}^{K}(\xi_{2}, t)|$ , $\xi_{i}\in \mathbb{R}(i=1,2),$ $t\in[r, T]$ , (5.7)

where $M=\max\{1, M_{1}(2K)\}$ .
Proof. Since $\lambda$ is continuous, $\lambda^{K}$ is obviously continuous. We put

$g(\xi, t):=\int_{R}\mu_{z}(y, \uparrow\cdot)\int_{R}\frac{e^{-x^{2}}}{\sqrt{\pi}}w(2x\sqrt{e(t-r)}+y+\xi-z(r))dxdy$ .

By using the Lipschitz continuity of $w$ alld Proposition 4.2 (ii), $g(\xi, t)$ is shown to be con-
tinuous, and so $\lambda_{r}^{K}(\xi, t)=\lambda^{K}(\xi)-g(\xi, t)$ is also continuous. Since $\lambda$ is strictly decreasing
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and $w$ is increasing, $\xi\mapsto\lambda_{r}^{I\backslash }(\xi, t)$ is strictly decreasing. One can easily check that (5.7) holds
from (H1). $\blacksquare$

We denote by $L_{r,t}^{I_{t}^{\prime}}$ the inverse function of $\xi\mapsto\lambda_{r}^{I\backslash }(\xi, t)-$ . Notice that (5.7) implies the
Lipschitz continuity of $L_{r,t}^{I^{\prime}}\backslash $ . We define an operator $S_{r}^{I\backslash }$ : $X_{r}\rightarrow X_{r}$ as follows:

$[S_{r}^{K}(\zeta)](t)$
$:=\left\{\begin{array}{ll}z(t) & for t\in[0, r[;\\L_{r,t}^{I\backslash }(\int_{r}^{t}\Gamma_{\zeta}(t, \tau)d\tau) & for t\in[r, r+d],\end{array}\right.$

for $\zeta\in X_{r}$ . We shall show that for sufficiently small $d>0$ , which does not depend on $r,$
$S_{r}^{K}$

is well-defined and is a contraction mapping in $X_{r}$ . Then $S_{r}^{K}$ has a unique fixed point in $X_{r}$ ,
which is shown to be the solution of $(P_{3})$ .
Proposition 5.2. For sufficiently small $d>0,$ $S_{r}^{K}$ : $X_{r}\rightarrow X_{r}$ is well-defined and is a
contraction mapping.

Proof. First, let us ascertain that $S_{r}^{K}$ is well-defined. Let $\zeta\in X_{r}$ . Then it is obvious from
the definition that $[S_{r}^{K}(()](t)=z(t)$ is continuous in $t\in[0,$ $r$ [. Using (5.7) and Lemma 5.3
(ii), we obtain that for $t_{0}\in[r, r+d]$ ,

$M^{-1}|[S_{r}^{K}(\zeta)](t)-[S_{r}^{K}(\zeta)](t_{0})|\leq|\lambda_{r}^{K}([S_{r}^{K}(\zeta)](t), t)-\lambda_{r}^{K}([S_{r}^{K}(()](t_{0}),$ $t$ ) $|$ (5.8)
$\leq|\lambda_{r}^{K}([S_{r}^{I\backslash }(\zeta)](t), t)-\lambda_{r}^{K}([S_{r}^{K}(()](t_{0}),$

$t_{0}$ ) $|+|\lambda_{r}^{K}([S_{r}^{K}(()](t_{0}),$ $t_{0}$ ) $-\lambda_{r}^{K}([S_{r}^{K}(\zeta)](t_{0}), t)|$

$=|\int_{r}^{\ell}\Gamma_{\zeta}(t, \tau)d\tau-\int^{t_{0}}\Gamma_{\zeta}(t_{0}, \tau)d\tau|+|\lambda_{r}^{K}([S_{r}^{K}(\zeta)](t_{0}), t_{0})-\lambda_{r}^{K}([S_{r}^{h}(\zeta)](t_{0}),t)|\rightarrow 0$

as $t\rightarrow t_{0}$ , which implies that $[S_{r}^{K}(\zeta)](t)$ is continuous on $[r, r+d]$ . From the definition of
$\lambda_{r}^{K}$ and (4.10), we find that $\lambda_{r}^{K}(z(r), r)=0=\int_{r}^{r}\Gamma_{\zeta}(r, \tau)d\tau$ , and hence,

$L_{r,r}^{K}(l^{r_{\Gamma_{\zeta}}}(r, \tau)d\tau)=z(r)$ .

Thus, we see that $S_{r}^{K}(\zeta)\in C[0, r+d]$ and $S_{r}^{K}(\zeta)=z$ on $[0, r]$ . Let $r\leq t\leq r+d$ . Letting
$t_{0}=r$ in (5.8), we have

$M^{-1}|[S_{r}^{h}(\zeta)](t)-z(r)|=M^{-1}|[S_{r}^{K}(\zeta)](t)-[S_{r}^{K}(\zeta)](r)|$

$\leq|\int_{r}^{t}\Gamma_{\zeta}(t, \tau)d\tau|+|\lambda_{r}^{h}([S_{r}^{K}(\zeta)](r), r)-\lambda_{r}^{K}([S_{r}^{K}(\zeta)](r), t)|$

$=|/\ell\Gamma_{\zeta}(t, \tau)d\tau|+|\lambda_{r}^{Ii}(z(r), r)-\lambda_{r}^{I\backslash }(z(r),t)|$ . (5.9)

Since $dw/dx\in W^{1,\infty}(\mathbb{R})$ (see (H2)), from Taylor’s formula we get

$w(2x\sqrt{\epsilon(t-r)}+y)-w(y)$

$=\frac{dw}{dx}(y)\cdot 2x\sqrt{\epsilon(t-r)}+\int_{0}^{2x\sqrt{\epsilon(t-r)}}(2x\sqrt{\epsilon(t-r)}-\xi)\frac{d^{2}w}{dx^{2}}(y+\xi)d\xi$ .
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Thus, noting that $\int_{\mathbb{R}}x\exp(-x^{2})d\alpha\cdot=0$ and $\int_{\mathbb{R}}x^{2}\exp(-x^{2})dx=\sqrt{\pi}/2$ , we have

$|\lambda_{r}^{K}(z(\uparrow\cdot), r)-\lambda_{r}^{I\backslash }(z(r), t)|$

$=|\int_{\mathbb{R}}\mu_{\sim}\sim(y, \uparrow)\int_{R}\frac{e^{-x^{2}}}{\sqrt{\pi}}\{w(2x\sqrt{\epsilon(t-|)}+y)-w(y)\}dxdy|$

$=|\int_{R}\mu_{\sim}\sim(y, r)\int_{R}\frac{e^{-x^{2}}}{\sqrt{\pi}}\int_{0}^{2x\sqrt{\epsilon(t-r)}}(2x\sqrt{\vee^{\wedge}\triangleright(i-r)}-\xi)\frac{d^{2}w}{dx^{2}}(y+\xi)d\xi dxdy|$

$\leq\frac{1}{\sqrt{\pi}}\Vert\frac{d^{2}w}{dx^{2}}\Vert_{L^{\infty}(R)}\int_{R}\mu_{z}(y, r)dy\cdot\int_{R}e^{-x^{2}}\int_{0}^{2x\sqrt{e(t-r)}}(2x\sqrt{e(t-r)}-\xi)d\xi dx$

$=\frac{2}{\sqrt{\pi}}\Vert\frac{d^{2}w}{dx^{2}}\Vert_{L^{\infty}(R)}\int_{R}\mu_{z}(y, \Gamma)dy\cdot\int_{R}x^{2}e^{-x^{2}}dx\cdot e(t-r)\leq\Vert\frac{d^{2}w}{dx^{2}}\Vert_{L^{\infty}(R)}M_{6}(2K)e(t-r)$ .

So, putting $C_{15}$ $:=\Vert d^{2}w/dx^{2}\Vert_{L^{\infty}(R)}M_{6}(2K)$ , we have

$|\lambda_{r}^{K}(z(r), r)-\lambda_{r}^{K}(z(r),t)|\leq C_{15}(t-r)$ . (5.10)

It then follows from $(5.9)-(5.10)$ and Lemma 5.4 that

$|[S_{r}^{K}(\zeta)](t)-z(r)|\leq C_{16}(t-r)$ (5.11)

for each $t\in[\uparrow, r+d]$ , where $C_{16}$ $:=M(C_{14}+C_{15})$ . Choose $d>0$ such that

$d\leq C_{16}^{-1}K$ .

Then it follows (5.11) and (5.2) that

$|[S_{r}^{K}(\zeta)](t)|\leq|[S_{r}^{K}(\zeta)](t)-z(r)|+|z(r)|\leq C_{16}d+|z(r)|\leq 2K$

for all $t\in[r, r+d]$ . Hence $S_{r}^{K}(\zeta)\in X_{r}$ for every $\zeta\in X_{r}$ , which shows that $S_{r}^{K}$ is well-defined.
Next, we show that $S_{r}^{K}$ is a contraction. Let $\zeta,$ $\theta\in X_{r}$ . For $t\in[r, r+d]$ , using (5.7), the

definitions of $S_{r}^{K}$ and $L_{r,\ell}^{K}$ , and Lemma 5.4, we obtain that

$|[S_{r}^{K}(\zeta)](t)-[S_{r}^{K}(\theta)](t)|\leq M|\lambda_{r}^{K}([S_{r}^{K}(\zeta)](t), t)-\lambda_{r}^{K}([S_{r}^{K}(\theta)](t), t)|$

$=M|\int_{r}^{t}\Gamma_{\zeta}(t, \tau)d\tau-\int_{r}^{t}\Gamma_{\theta}(t, \tau)d\tau|\leq MC_{14}(t-r)^{\sigma}\Vert(-\theta\Vert_{\ell}\leq MC_{14}d^{\sigma}||\zeta-\theta||_{t}$ .

Noting that $S_{r}^{It}(\zeta)=S_{r}^{K}(\theta)=z$ on $[0, r]$ , take the supremum over $[0, r+d]$ to obtain

$\Vert S_{r}^{K}(\zeta)-S_{r}^{I\backslash }(\theta)\Vert_{r+d}\leq MC_{14}d^{\sigma}\Vert\zeta-\theta\Vert_{r+d}$ .

Consequently, choosing $d$ so small that

$0<d<nlin\{C_{16}^{-1}K, (MC_{14})^{-1/\sigma}\}$ , (5.12)

the operator $S_{r}^{It}$ is well-defined alld a contraction mapping in $X_{r}$ . $\blacksquare$
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Now, we are ready to prove our main theorem.

Proof of Main Theorem. Since the uniqueness is shown in Proposition 5.1, we have only
to show the existence result. In what follows, fix $d>0$ as (5.12) is fulfilled. Then by
Proposition 5.2, $S_{\Gamma^{\backslash }}^{I^{\prime}}$ has a unique fixed point $\tilde{z}\in X_{r}$ . Note that $\tilde{z}$ satisfies $\tilde{z}\in C[0, r+d]$ ,
$\tilde{z}=z$ in $[0, r],$ $\Vert\tilde{z}\Vert_{r+d}\leq 2K$ alld

$\Leftrightarrow\approx(t)=[S_{r}^{h}(\tilde{z})](t)=L_{r,t}^{K}(\int_{r}^{t}\Gamma_{\overline{z}}(t, \tau)d\tau)$ , $t\in[r, r+d]$ .

Since $L_{r,t}^{h}$ is the inverse function of $\lambda_{r}^{K}(\cdot, t)$ , we see that

$\lambda_{r}^{h}(4\approx(t), t)=\int^{t}\Gamma_{\overline{z}}(t, \tau)d\tau$ , $t\in[r, r+d]$ .

Therefore, by the definitions of $\lambda_{r}^{K}$ and $\Gamma_{\overline{z}}$ ,

$\lambda(\tilde{z}(t))=\int_{R}w(x+\tilde{z}(t))\{\int_{R}K_{e}(x-y, t-r)v_{\overline{z}}(y, r)dy$

$+\int^{t}\int_{R}K_{\epsilon}(x-y, t-\tau)\varphi\frac{*}{z}(y, \tau, \nu_{\overline{z}}(y, \tau))dyd\tau\}dx$ (5.13)

for $t\in[r, r+d]$ . Note that $\tilde{z}=z$ and $v_{\overline{z}}=v_{z}$ in $[0, r]$ . Since $\nu_{\overline{z}}$ satisfies (5.6) in $[r, r+d]$ , it
follows from (5.13) that

$\lambda(\tilde{z}(t))=\int_{R}w(x+\tilde{z}(t))v_{\overline{z}}(x,t)dx$ , $t\in[r, r+d]$ .

Hence, $\tilde{z}$ satisfies $(4.9)-(4.10)$ in $[r, r+d]$ . On the other hand, $z$ satisfies $(4.9)-(4.10)$ in $[0, r]$

from our assumptions. Consequently, $\tilde{z}$ satisfies $(4.9)-(4.10)$ in $[0, r+d]$ .
Next, we show that $\tilde{z}$ is Lipschitz continuous in $[r, r+d]$ . For each $s\in[r,$ $r+d$ [, let

$z_{s}\in X_{s}=$ { $\zeta\in C[0,$ $s+d]$ : $\zeta=\tilde{z}$ in $[0,$ $s],$ $\Vert\zeta\Vert_{s+d}\leq 2K$ } be the fixed point of $S_{S}^{K}$ . Note
that $z_{s}$ satisfies $(4.9)-(4.10)$ in $[0, s+d]$ and

$|[S_{s}^{K}(z_{s})](t)-\tilde{z}(s)|\leq C_{16}(t-s)$

for each $t\in[s, s+d]$ (see (5.11)). Since continuous function satisfying $(4.9)-(4.10)$ is unique
(see Proposition 5.1 and Remark 5.1), we have $z_{s}=\tilde{z}$ in $[0, r+d]$ . Consequently, for each
$t,$ $s\in[r, r+d]$ with $s<t$ ,

$|\tilde{z}(t)-\tilde{z}(s)|=|z_{s}(t)-\tilde{z}(s)|=|[S_{s}^{K}(z_{s})](t)-\tilde{z}(s)|\leq C_{16}(t-s)$ .

This implies that $\tilde{z}$ is Lipschitz continuous in $[r, r+d]$ . Since $r$ is arbitrary, we can construct
step by step a Lipschitz continuous function $z$ on $[0, T]$ satisfying $(4.9)-(4.10)$ , i.e., a solution
of $(P_{3})$ . $\blacksquare$

Remark 5.2. Note that the Lipschitz constant of the solution $z$ of $(P_{3})$ is independent of $e$

because
$|z(t)-z(s)|\leq C_{16}|t-s|$

for all $t,$ $s\in[0, T]$ , and $C_{16}$ is independent of $e$ .
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6. PROOFS OF TECHNICAL LEMMAS 5. 1-5.4

In this section we give proofs of Lemmas 5.1-5.4.

Proof of Lemma 5.1. The proof is split into five steps.
Step 1: Set

$W(x)$ $:=\int_{0}^{x}w(\xi)d\xi$ , $x\in \mathbb{R}$ ; $\Lambda(y)$ $:=\int_{0}^{y}\lambda(\xi)d\xi$ , $y\in \mathbb{R}$ .

In view of (H2) alud (H1), it is easily seen that there exists a constant $C_{17}>0$ such that

$0\leq W(x)\leq C_{17}x^{2}$ , $x\in \mathbb{R}$ (6.1)

and that A is nonpositive and satisfies

$-\Lambda(y)\rightarrow+\infty$ as $|y|\rightarrow+\infty$ . (6.2)

Let $(u, z)$ be a solution of Problem $(P_{1})$ . Then $z$ solves $(P_{3})$ and $\mu_{z}\equiv u$ satisfies (4.8) by
Proposition 4.2 (i) and Theorem 4.1. Let $0<\delta<t\leq T$ and set $\psi_{m}(x)$ $:=\exp(-x^{2}/m)$

and $\phi_{m}(x)$ $:=W(x)\psi_{m}(x)$ ( $x\in \mathbb{R},$ $ m\in$ N). Then from (6.1), one can find that $\phi_{m}\in$

$L^{1}(R)\cap L^{\infty}(\mathbb{R})$ . Since $\partial\mu_{z}/\partial x,$ $\partial^{2}\mu_{z}/\partial x^{2}\in L^{\infty}(R\times]\delta, T[)$ (by Proposition 4.2 $(i)$ ), and
$z^{l}\in L^{\infty}(O, T)$ , we have $z^{l}(\partial\mu_{z}/\partial x)\phi_{n\iota},$ $(\partial^{2}\mu_{z}/\partial x^{2})\phi_{n\iota}\in L^{1}(\mathbb{R}\times]\delta, T[)$ . Let $\varphi_{z}(x, t, \zeta)=$

$\varphi(x, t, z(t), \zeta)$ . Then $\varphi_{z}(\cdot, \cdot, \mu_{z})\phi_{n\iota}\in L^{1}(\mathbb{R}\times]0, T[)$ . In fact, since $0\leq\mu_{z}\leq 1$ , we have by
(H3 vi-vii) that

$|\varphi_{z}(x, \tau, \mu_{z}(x, \tau))\phi_{m}(x)|\leq \mathcal{F}(x, \tau)\phi_{m}(x)+M_{3}(\Vert z\Vert_{T})(1+|x|)\mu_{z}(x, \tau)\phi_{m}(x)$

for $a.e$ . $(x, \tau)\in \mathbb{R}\times$ ] $0,$ $T$ [. Since $(1+|x|)\mu_{z}\phi_{m}\in L^{1}(\mathbb{R}\times$ ] $0,$ $T$ [) (see Proposition 4.2 (ii)), the
function $\varphi_{z}(\cdot, \cdot, \mu_{z})\phi_{m}$ is integrable on $\mathbb{R}\times$ ] $0,$ $T$ [. Multiplying the equation (4.8) by $\phi_{m}$ and
then integrating over $\mathbb{R}\times$ ] $\delta,$ $t$ [, we have

$\int_{R}\phi_{m}(x)\mu_{z}(x, t)dx=\int_{R}\phi_{m}(x)\mu_{z}(x, \delta)dx+e\int_{\delta}^{t}d\tau\int_{R}\frac{\partial^{2}\mu_{z}}{\partial x^{2}}(x, \tau)\phi_{m}(x)dx$ (6.3)

$-\int_{\delta}^{t}z^{\prime}(\tau)\int_{R}\frac{\partial\mu_{z}}{\partial x}(x, \tau)\phi_{m}(x)dxd\tau+\int_{\delta}^{\ell}d\tau\int_{R}\varphi(x, \tau, z(\tau), \mu_{z}(x, \tau))\phi_{m}(x)dx$ .

Step 2 (letting $\delta\downarrow 0$ ): First note that $0\leq\phi_{m}(x)\rightarrow 0$ and $|d\phi_{m}(x)/dx|\rightarrow 0$ as $|x|\rightarrow+\infty$ .
Then by integrating by parts, (6.3) becomes

$\int_{R}\phi_{m}(x)\mu_{z}(x, t)dx=\int_{\mathbb{R}}\phi_{m}(x)\mu_{z}(x, \delta)dx+e\int_{\delta}^{t}d\tau\int_{R}\frac{d^{2}\phi_{m}}{dx^{2}}(x)\mu_{z}(x, \tau)dx$ (6.4)

$+\int_{\delta}^{t}z^{l}(\tau)\int_{\mathbb{N}}\frac{d\phi_{n\iota}}{dx}(x)\mu_{z}(x, \tau)dxd\tau+\int_{\delta}^{t}d\tau\int_{R}\varphi(x, \tau, z(\tau), \mu_{z}(x, \tau))\phi_{m}(x)dx$ .

Since $\mu_{z}\in BUC(R\times[0, T])\subset C([0, T];X_{0}),$ $X_{0}=BUC(\mathbb{R})$ , and $\mu_{z}(\cdot, 0)=u_{0}$ , we obtain

$\int_{R}\phi_{m}(x)\mu_{z}(x, \delta)dx\rightarrow\int_{R}\phi_{m}(x)u_{0}(x)dx$ as $\delta\downarrow 0$ .
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Taking the limit in (6.4) as $\delta\downarrow 0$ , we have

$\int_{R}\phi_{n\iota}(?\cdot)\mu_{z}(x, t)dx=\int_{R}\phi_{m}(x)u_{0}(x)dx+e\int_{0}^{t}d\tau\int_{R}\frac{d^{2}\phi_{n\iota}}{dx^{2}}(x)\mu_{z}(x, \tau)dx$ (6.5)

$+\int_{0}^{t}z^{l}(\tau)\int_{R}\frac{d\phi_{n\iota}}{dx}(x)\mu_{z}(x, \tau)dxd\tau+\int_{0}^{t}d\tau\int_{R}\varphi(x, \tau, z(\tau), \mu_{\approx}(x, \tau))\phi_{m}(x)dx$ .

Step 3: A simple calculation shows that

$\sup_{x\in R}|\frac{d\psi_{m}}{dx}(x)|=\sqrt{\frac{2}{me}}$ , $\sup_{x\in R}|\frac{d^{2}\psi_{n\iota}}{dx^{2}}(x)|\leq\frac{4}{me}+\frac{2}{m}$ .

Since $d^{2}\phi_{n\iota}/dx^{2}=(dw/dx)\psi_{n\iota}+2w\cdot d\psi_{m}/dx+W\cdot d^{2}\psi_{m}/dx^{2}$ , we have from (6.5) that

$\int_{R}\phi_{m}(x)\mu_{z}(x, t)dx\leq\int_{R}\phi_{m}(x)u_{0}(x)dx+\int_{0}^{\ell}d\tau\int_{R}\frac{dw}{dx}(x)\psi_{m}(x)\mu_{z}(x, \tau)dx$

$+\frac{C_{18}}{\sqrt{m}}\int_{0}^{\ell}d\tau\int_{R}|w(x)|\mu_{z}(x, \tau)dx+\frac{C_{19}}{m}\int_{0}^{\ell}d\tau\int_{R}x^{2}\mu_{z}(x, \tau)dx$

$+\int_{0}^{t}z^{l}(\tau)\int_{R}\frac{d\phi_{m}}{dx}(x)\mu_{z}(x, \tau)dxd\tau+\int_{0}^{t}d\tau\int_{R}\mathcal{F}(x, \tau)\phi_{m}(x)dx$ (6.6)

for $t\in[0, T],$ $m\in N$ , where $C_{18}$ and $C_{19}$ are independent of $m$ . Here we have used (6.1) and
(H3 vi).

Step 4 (letting $ m\rightarrow\infty$ ): By using (6.1) and Proposition 4.2 (ii), we ffild

$\int_{R}\phi_{m}(x)\mu_{z}(x, t)dx\leq C_{17}\int_{R}x^{2}\mu_{z}(x, t)dx\leq C_{17}M_{6}(\Vert z\Vert_{T})$

for each $t\in[0, T],$ $m\in N$ , where $C_{17}M_{6}(\Vert z\Vert_{T})$ is independent of $m$ . Besides the nonnegative
function $\phi_{m}(x)\mu_{z}(x,t)=W(x)\exp(-x^{2}/m)\mu_{z}(x,t)$ converges increasingly to $W(x)\mu_{z}(x,t)$

as $ m\rightarrow\infty$ for each $x\in \mathbb{R},$ $t\in[0, T]$ . Then by the Beppo-Levi Monotone Convergence
Theorem,

$\int_{R}\phi_{m}(x)\mu_{z}(x, t)dx\rightarrow\int_{R}W(x)\mu_{z}(x, t)dx$ as $ m\rightarrow\infty$

for each $t\in[0, T]$ . By (6.1), (H4) and the Monotone Convergence Theorem,

$\int_{R}\phi_{m}(x)u_{0}(x)dx\rightarrow\int_{R}W(x)u_{0}(x)dx$ as $ m\rightarrow\infty$ .

Recalling (H2) and Proposition 4.2 (ii), we can use again the Monotone Convergence Theorem
to obtain

$\int_{0}^{t}d\tau\int_{R}\frac{dw}{dx}(x)\psi_{m}(x)\mu_{z}(x, \tau)dx\rightarrow\int_{0}^{t}d\tau\int_{R}\frac{dw}{dx}(x)\mu_{z}(x, \tau)dx$ as $ m\rightarrow\infty$ .

Further, by (6.1) and the Monotone Convergence Theorem,

$\int_{0}^{t}d\tau\int_{R}\mathcal{F}(x, \tau)\phi_{m}(x)dx\rightarrow\int_{0}^{\ell}d\tau\int_{R}\mathcal{F}(x, \tau)W(x)dx$ as $ m\rightarrow\infty$ .
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Note that $|z$
‘ $(d\phi_{m}/dx)\mu_{z}|\leq\Vert z$

‘ $\Vert_{L^{\infty}(0,T)}(C_{\iota\iota},|x|\mu_{z}+C_{20}x^{2}\mu_{z})$ by (6.1), where $C_{20}$ is indepen-
dent of $m$ . Recalling Proposition 4.2 (ii), we can use the Lebesgue Dominated Convergence
Theorem to obtain

$\int_{0}^{t}\approx^{l}(\tau)\int_{\mathbb{R}}\frac{d\phi_{m}}{dx}(x)\mu_{z}(x, \tau)dxd\tau\rightarrow\int_{0}^{t}z^{l}(\tau)\int_{\mathbb{R}}w(x)\mu_{z}(x, \tau)dxd\tau$ as $ n\tau\rightarrow\infty$ .

Since $w\mu_{z},$ $x^{2}\mu_{z}\in L^{1}(\mathbb{R}\times]0, T[)$ (by Proposition 4.2 (ii)), taking the limit in (6.6) as $ m\rightarrow\infty$

leads to

$\int_{R}W(x)\mu_{z}(x, t)dx-\int_{0}^{t}z^{l}(\tau)\int_{R}w(x)\mu_{z}(x, \tau)dxd\tau$ (6.7)

$\leq\int_{R}W(x)u_{0}(x)dx+\int_{0}^{t}d\tau\int_{R}\frac{dw}{dx}(x)\mu_{z}(x, \tau)dx+\int_{0}^{t}d\tau\int_{R}\mathcal{F}(x, \tau)W(x)dx$

for each $t\in[0, T]$ .
Step 5 (a priori estimate): It follows from (4.10) and the definition of A that

$\Lambda(z(t))=\int_{0}^{t}z^{\prime}(\tau)\int_{R}w(x)\mu_{z}(x, \tau)dxd\tau+\Lambda(z(0))$ , $t\in[0, T]$ .

By (6.7), we get

$0\leq-\Lambda(z(t))\leq\int_{R}W(x)u_{0}(x)dx+\int_{0}^{T}d\tau\int_{R}\frac{dw}{dx}(x)\mu_{z}(x, \tau)dx$

$+\int_{0}^{T}d\tau\int_{R}\mathcal{F}(x, \tau)W(x)dx-\Lambda(z(O))$ , $t\in[0, T]$ .

It follows from (4.7) and Lemma 3.4 that

$\int_{0}^{T}d\tau\int_{R}\frac{dw}{dx}(x)\mu_{z}(x, \tau)dx\leq C_{w}\int_{0}^{T}d\tau\int_{R}v_{z}(x-z(\tau), \tau)dx$

$=C_{w}\int_{0}^{T}d\tau\int_{R}v_{z}(y, \tau)dy\leq C_{w}T(\Vert u_{0}\Vert_{L^{1}}+||\mathcal{F}||_{L^{1}})$ .

Noting that $\Lambda(z(O))$ is actually independent of $z$ , we can take a constant $C_{21}$ , independent
of $z$ and $\epsilon$ , satisfying

$0\leq-\Lambda(z(t))\leq C_{21}$ , $t\in[0, T]$ .

Hence by (6.2), we obtain (5.2). Finally, (5.3) is a direct consequence of (H1), (4.10) and
(5.2). $\blacksquare$

Proof of Lemma 5.2. The proof is split into six steps.
Step 1 (approximation): Let $\frac{1}{2}\leq\beta\leq 1$ alud take $\theta_{n}\in C^{0\beta}$} $[\uparrow, T]$ such that $\theta_{n}(r)=\theta(r)$

and $\theta_{n}\rightarrow\theta$ in $C[r, T]$ as $ n\rightarrow\infty$ .
Let $\nu_{\theta_{n}}$ be a regular solution to $(AP_{\theta}; r, v_{\theta}(\cdot, r))$ . By Theorem 3.1, we have $v_{\theta_{n}}\rightarrow v_{\theta}$ in

$C([r, T];X_{0})$ as $n\rightarrow\infty$ . For $\zeta$ , the same fact holds, that is, there exists a sequence $\{\zeta_{n}\}$ in
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$C^{0,\beta}[r, T]$ such that $\zeta_{n}(\uparrow\cdot)=\zeta(\uparrow),$ $(_{n}\rightarrow\zeta$ in $C[r, T]$ as $n\rightarrow\infty$ , and we have $v_{\zeta_{n}}\rightarrow v_{\zeta}$ in
$C([r, T];X_{0})$ as $ n\rightarrow\infty$ , where $v_{\zeta_{n}}$ is a regular solution of $(AP_{\zeta} ; \uparrow\cdot, v_{\zeta}(\cdot, r)))$ .

Setting $\nu_{n}$ $:=v_{\zeta_{n}}-v_{\theta_{n}}$ , it is easy to see that $v_{n}$ satisfies

$\frac{\partial v_{n}}{\partial t}-\epsilon\frac{\partial^{2}v_{n}}{\partial x^{2}}+\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, t, v_{\theta_{\mathfrak{n}}})-\varphi_{\zeta_{n}}^{*}(x, t, v_{\zeta_{n}})=\varphi_{\zeta_{n}}^{*}(x, t, v_{\theta_{n}})-\varphi_{\theta_{\mathfrak{n}}}^{*}(x, t, v_{\theta_{n}})$ (6.8)

for $(x,t)\in \mathbb{R}\times$ ] $r,$
$T$]. Furthermore, we have $\nu_{n}(\cdot, r)=0$ . Indeed, since $\theta=\zeta$ on $[0, r]$ and

both $\nu_{\theta}$ and $v_{\zeta}$ are the lnild solutions of $(AP\theta\dagger 0, u_{0}(\cdot+\theta(0)))$ on $[0, r]$ , the uniqueness of the
mild solution yields $v_{\theta}=\nu_{\zeta}$ on $[0, r]$ ; in particular, $\nu_{\theta_{n}}(r)=\nu_{\theta}(r)=v_{\zeta}(r)=\nu_{\zeta_{\hslash}}(r)$ .

Step 2: Set $\psi_{n\iota}(x)$ $:=\exp(-x^{2}/m),$ $\phi(x):=2+x$ taldl $x$ , and

$\Psi(x, t):=\phi(x)\psi_{n\iota}(x)\tanh(m\nu_{n}(x, t))$ , $\Phi_{m}(x):=\int_{0}^{x}\tanh(m\xi)d\xi$

for $x\in R,$ $t\in[r, T],$ $m\in N$ . Then it follows that

$1+|x|\leq\phi(x)\leq 2(1+|x|)$ , (6.9)

$0\leq\Phi_{m}(x)\leq|x|$ . (6.10)

Let $r<\delta<t<T$ . Multiplying (6.8) by $\Psi$ and then integrating over $\mathbb{R}\times$ ] $\delta,$ $t$ [, we obtain

$\int_{R}\phi\psi_{m}\Phi_{m}(\nu_{n}(t))dx-\int_{R}\phi\psi_{m}\Phi_{m}(\nu_{\mathfrak{n}}(\delta))dx-\epsilon\int_{\delta}^{t}d\tau\int_{R}\Psi\frac{\partial^{2}\nu_{n}}{\partial x^{2}}dx$

$+\int_{\delta}^{\ell}d\tau\int_{R}\Psi(x, \tau)[\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, v_{\theta_{\mathfrak{n}}})-\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, \nu_{\zeta_{\mathfrak{n}}})]dx$

$=\int_{\delta}^{\ell}d\tau\int_{R}\Psi(x, \tau)[\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, \nu\theta_{\mathfrak{n}})-\varphi_{\theta}^{*}(x, \tau, \nu\theta_{\mathfrak{n}})]dx$ . (6.11)

Here we have used $(\partial/\partial\tau)\Phi_{m}(v_{n})=(\partial v_{n}/\partial\tau)\tanh(mv_{n})$ . By integration by parts yields the
third term of the left-hand side of (6.11) becomes

$e\int_{\delta}^{\ell}d\tau\int_{R}\frac{m\phi\psi_{m}}{\cosh^{2}(mv_{n})}|\frac{\partial\nu_{n}}{\partial x}|^{2}$ dx-e $\int^{\ell}d\tau\int_{R}\Phi_{m}(v_{n})\frac{d^{2}}{dx^{2}}(\phi\psi_{m})dx$ .

Thus we have

$\int_{R}\phi\psi_{m}\Phi_{m}(\nu_{n}(t))dx+e\int_{\delta}^{\ell}d\tau\int_{R}\frac{m\phi\psi_{m}}{\cosh^{2}(m\nu_{\mathfrak{n}})}|\frac{\partial\nu_{n}}{\partial x}|^{2}dx$

$+\int_{\delta}^{t}d\tau\int_{R}\Psi(x, \tau)[\varphi_{\zeta_{n}}^{*}(x, \tau, \nu_{\theta_{n}})-\varphi_{\zeta_{n}}^{*}(x, \tau, \nu_{\zeta_{\mathfrak{n}}})]dx$

$=\int_{R}\phi\psi_{m}\Phi_{n\iota}(v_{n}(\delta))dx+e\int_{\delta}^{t}d\tau\int_{R}\Phi_{m}(v_{n})\frac{d^{2}}{dx^{2}}(\phi\psi_{m})dx$

$+\int_{\delta}^{\ell}d\tau\int_{R}\Psi(x, \tau)[\varphi_{\zeta_{n}}^{*}(x, \tau, v\theta_{\mathfrak{n}})-\varphi_{\theta_{\mathfrak{n}}}^{*}(x, \tau, v_{\theta_{\mathfrak{n}}})]dx$ . (6.12)
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Step 3: By (6.9), one call check that

$|\frac{d^{2}}{dx^{2}}(\phi(x)\psi_{m}(x))|\leq C_{22}’(1+\frac{x^{2}}{m^{2}})\phi(x)\psi_{n\iota}(x)$ ,

where $C_{22}$, is independent of $m$ . Hence the second term of the right-hand side of (6.12) is
estimated by

$C_{22}\int_{\delta}^{t}d\tau\int_{R}\Phi_{m}(v_{n})\phi\psi_{n\iota}dx+\frac{C_{22}}{m^{2}}\int_{\delta}^{t}d\tau\int_{R}\Phi_{n\iota}(v_{n})x^{2}\phi\psi_{n\iota}dx$ .

Furthermore, by using (5.4), $(6.9)-(6.10)$ and Corollary 3.1,

$\int_{\delta}^{t}d\tau\int_{R}\Phi_{m}(v_{n}(x, \tau))x^{2}\phi(x)\psi_{m}(x)dx\leq\int_{\delta}^{t}d\tau\int_{R}|v_{n}(x, \tau)|\phi(x)x^{2}e^{-x^{2}/n\iota}dx$

$\leq\frac{m}{e}\int_{\delta}^{t}d\tau\int_{R}(1+|x|)|\nu_{n}(x, \tau)|dx$

$\leq\frac{m}{e}\int_{\delta}^{\ell}d\tau\int_{R}(1+|x|)(|v_{\zeta_{n}}(x, \tau)|+|v_{\theta_{n}}(x, \tau)|)dx\leq 4me^{-1}TM_{S}(2K+1)$ .

Therefore, we find that the second term of the right-hand side of (6.12) is majorized by

$C_{22}\int_{\delta}^{t}d\tau\int_{R}\Phi_{m}(v_{n})\phi\psi_{m}dx+\frac{C_{23}}{m}$ ,

for sufficiently large $n$ , where $C_{23}$ is independent of $r,$
$\theta,$ $\zeta,$ $\epsilon m,$ $n$ , and $\delta$ .

We next estimate the third term of the right-hand side of (6.12). In view of Corollary 3.1,
it follows from (H3 viii) that for some $h\in L^{q}(0, T)$ with $ 1<q<\infty$ ,

$\int_{\delta}^{t}d\tau\int_{R}\Psi(x, \tau)[\varphi_{\zeta_{n}}^{*}(x, \tau, v_{\theta_{n}})-\varphi_{\theta_{\mathfrak{n}}}^{*}(x, \tau, \nu_{\theta_{n}})]dx$

$\leq 2\int_{\delta}^{t}d\tau\int_{R}(1+|x|)|\varphi(x+\zeta_{n}(\tau), \tau, \zeta_{n}(\tau), v_{\theta_{n}}(x, \tau))$

$-\varphi(x+\theta_{n}(\tau), \tau, \theta_{n}(\tau), v_{\theta_{n}}(x, \tau))|dx$

$\leq 2\int_{\delta}^{t}h(t)|\zeta_{n}(\tau)-\theta_{n}(\tau)|\{1+\int_{R}(1+|x|)\nu_{\theta_{n}}(x, \tau)dx\}d\tau$

$\leq 2\Vert\zeta_{n}-\theta_{n}\Vert_{C[r,\ell]}[1+2M_{5}(2K+1)]\int_{\delta}^{t}h(\tau)d\tau$

$\leq C_{24}\Vert\zeta_{n}-\theta_{n}\Vert_{C[r,t]}(t-\delta)^{\sigma}$ ,

where $n$ is large enough, $\sigma$ $:=1-q^{-1}$ and $C_{24}$ $:=2\{1+2M_{5}(2K+1)\}\Vert h\Vert_{L^{q}\langle 0,T)}$ . Since the
second term of the left-hand side of (6.12) is nonnegative, we get

$\int_{R}\phi\psi_{n\iota}\Phi_{m}(v_{n}(t))dx+\int_{\delta}^{t}d\tau\int_{R}\phi\psi_{m}\tanh(m\nu_{n})[\varphi_{\zeta_{n}}^{*}(x, \tau, v_{\theta_{n}})-\varphi_{(}^{*}n(x, \tau, \nu_{\zeta_{\mathfrak{n}}})]dx$

$\leq\int_{R}\phi\psi_{m}\Phi_{m}(v_{n}(\delta))dx+C_{22}\int_{\delta}^{t}d\tau\int_{R}\Phi_{m}(v_{n})\phi\psi_{m}dx$

$+\frac{C_{23}}{m}+C_{24}(t-\delta)^{\sigma}\Vert\zeta_{n}-\theta_{n}\Vert_{C[r,t]}$ . (6.13)
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Step 4 (passage to the limit as $\delta\downarrow\uparrow\cdot$ ): Since $v_{n}(x, r)=0$ , we have

$|\int_{R}\phi(x)\psi_{n\iota}(x)\Phi_{n\iota}(v_{n}(x, \delta))dx|\leq\Vert v_{n}(\cdot, \delta)\Vert_{X_{0}}\int_{R}\phi(x)\psi_{m}(x)dx\rightarrow 0$ as $\delta\downarrow r$ .

Then letting $\delta\downarrow r$ in (6.13) leads to

$\int_{R}\phi\psi_{m}\Phi_{m}(v_{n}(t))dx+\int_{r}^{t}d\tau\int_{R}\phi\psi_{m}\tanh(m\nu_{n})[\varphi_{\zeta_{n}}^{*}(x, \tau, \nu_{\theta_{n}})-\varphi_{(}^{*}\mathfrak{n}(x, \tau, \nu_{(\mathfrak{n}})]dx$

$\leq C_{22}\int^{t}d\tau\int_{R}\Phi_{m}(v_{n})\phi\psi_{n\iota}dx+\frac{C_{23}}{m}+C_{24}(t-r)^{\sigma}\Vert\zeta_{n}-\theta_{n}\Vert_{C[r,\ell]}$ (6.14)

for each $t\in[, T]$ alld $m,$ $n$ large enough.
Step 5 (passage to the limit as $ m\rightarrow\infty$ ): Noting that the second term of the left-hand

side of (6.14) is nonnegative since $\varphi(x, t, z, \cdot)$ is decreasing on [$0,$ $+\infty$ [ by (H3 iv), it follows
in particular that

$\int_{R}\Phi_{m}(\nu_{n}(t))\phi\psi_{n\iota}dx\leq C_{22}\int_{r}^{t}d\tau\int_{R}\Phi_{m}(\nu_{n}(\tau))\phi\psi_{m}dx+\frac{C_{23}}{m}$

$+C_{24}(t-r)^{\sigma}\Vert(-\theta\Vert_{C[r,t]}$

for each $t\in[r, T]$ . Put $f_{m}(t)$ $:=C_{23}m^{-1}+C_{24}(t-r)^{\sigma}\Vert\zeta_{n}-\theta_{n}\Vert_{C[r,t]}$ . Noting that the
mapping $t\mapsto f_{m}(t)$ is increasing, we apply the Gronwall Lermna to get

$\int_{R}\Phi_{m}(v_{n}(t))\phi\psi_{m}dx\leq f_{m}(t)\exp\{C_{22}(t-r)\}$

for each $t\in[r, T]$ . Therefore, returning to (6.14), we have

$\int_{r}^{t}d\tau\int_{R}\phi\psi_{m}\tanh(mv_{n})[\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, \nu_{\theta_{\mathfrak{n}}})-\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, \nu_{\zeta_{\mathfrak{n}}})]dx$

$\leq C_{22}\int^{\ell}f_{m}(\tau)\exp\{C_{22}(\tau-r)\}d\tau+f_{m}(t)$

$\leq f_{m}(t)(\exp\{C_{22}(t-r)\}-1)+f_{m}(t)\leq\exp(C_{22}T)f_{m}(t)$ (6.15)

for $t\in[r, T]$ . By using (H3 iii), it is known that

$g_{m}(x, \tau)$ $:=\phi(x)\psi_{m}(x)\tanh(mv_{n}(x, \tau))[\varphi_{\zeta_{n}}^{*}(x, \tau, v_{\theta_{\mathfrak{n}}})-\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, v_{\zeta_{n}})]$

converges increasingly to $\phi(x)|\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, v_{\theta_{n}}(x, \tau))-\varphi_{\zeta_{n}}^{*}(x, \tau, v_{\zeta_{n}}(x, \tau))|$ for $a.e$ . $(x, \tau)\in$

$\mathbb{R}\times]r,$ $T$ [ as $ m\rightarrow\infty$ . Thus we call apply the Monotone Convergence Theorem alld we obtain
from (6.15) that

$\int^{\ell}d\tau\int_{R}\phi(x)|\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, v_{\theta_{\mathfrak{n}}}(x, \tau))-\varphi_{\zeta_{\mathfrak{n}}}^{*}(x, \tau, v_{\zeta_{\mathfrak{n}}}(x, \tau))|dx$

$=\lim_{m\rightarrow\infty}\int_{r}^{\ell}d\tau\int_{R}g_{m}(x, \tau)dx\leq C_{25}(t-r)^{\sigma}\Vert\zeta_{n}-\theta_{n}||_{C[r,\ell]}$
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for each $t\in[r, T]$ , where $C_{25}$ is independent of $r,$ $t,$ $z,$ $\epsilon,$ $n$ .
Step 6 (passage to the limit as $ n\rightarrow\infty$ ): By Fatou’s Lemlna,

$l^{t}d\tau\int_{R}\phi(x)|\varphi_{\zeta}^{*}(x, \tau, v_{\theta}(x, \tau))-\varphi_{\zeta}^{*}(x, \tau, v_{\zeta}(x, \tau))|dx$

$\leq\lim_{n\rightarrow}\inf_{\infty}\int^{t}d\tau\int_{R}\phi(x)|\varphi_{\zeta_{n}}^{*}(x, \tau, v_{\theta_{n}}(x, \tau))-\varphi_{\zeta_{n}}^{*}(x, \tau, v\zeta_{n}(x, \tau))|dx$

$\leq C_{25}(t-r)^{\sigma}\Vert\zeta-\theta\Vert_{t}$ .

Noting (6.9), we arrive at the desired estimate. $\blacksquare$

Proof of Leinma 5.3. (i) Let $0<\tau<t<T$ . By challging variables,

$\Gamma_{\zeta}(t, \tau)=\int_{R}\int_{R}\frac{e^{-\xi^{2}}}{\sqrt{\pi}}w(y+2\xi\sqrt{\hat{\circ}(t-\tau)}+\zeta(t))\varphi_{(}^{*}(y, \tau, v_{\zeta}(y, \tau))d\xi dy$ , (6.16)

$=\int_{R}\int_{R}\frac{e^{-\xi^{2}}}{\sqrt{\pi}}w(y+2\xi\sqrt{e(t-\tau)}-\zeta(\tau)+\zeta(t))\varphi(y, \tau, \zeta(\tau), \mu_{\zeta}(y, \tau))d\xi dy$ ,

where $\mu_{\zeta}$ is defined by (4.7). Let us denote the integrand above by.$f(\xi, y, t, \tau)$ . Using (H2),
(H3 vi-vii), and Proposition 4.2 (ii), we have for $ R\geq\Vert\zeta\Vert\tau$ ,

$\int_{R}d\xi\int_{R}|f(\xi, y, t, \tau)|dy$

$\leq\frac{C_{w}}{\sqrt{\pi}}\int_{R}e^{-\xi^{2}}\int_{R}(|y|+2|\xi|\sqrt{e(t-\tau)}+|\zeta(\tau)|+|\zeta(t)|)|\varphi(y,$ $\tau,$ $\zeta(\tau\}, \mu_{\zeta}(y, \tau))|dyd\xi$

$\leq\frac{C_{w}}{\sqrt{\pi}}\int_{\mathbb{R}}e^{-\xi^{2}}d\xi\int_{R}(|y|+2R)|\varphi(y, \tau, \zeta(\tau), \mu_{\zeta}(y, \tau))|dy$

$+\frac{2C_{w}\sqrt{T}}{\sqrt{\pi}}\int_{R}e^{-\xi^{2}}|\xi|d\xi\int_{R}|\varphi(y, \tau, \zeta(\tau), \mu_{\zeta}(y, \tau))|dyd\xi$

$\leq C_{26}\int_{R}(|y|+2R+1)\{\mathcal{F}(y, \tau)+\Lambda f_{3}(R)(1+|y|)\mu_{\zeta}(y, \tau)\}dy$ , (6.17)

where $C_{26}=C_{w}+2C_{w}\sqrt{T}/\sqrt{\pi}$ . Due to (H3 vi) and Proposition 4.2 (ii), the above inequality
shows that (6.16) is well-defined and the assertion of (i) holds true by taking $R=2K$ .

(ii) Let $c\leq t_{0}\leq T$ . If $\tau\in$ ] $c,t_{0}$ [, then $f(\xi, y,t, \tau)$ is continuous in $t\in[\tau, T]$ and in view of
(6.17), one can use the Lebesgue Dominated Convergence Theorem to obtain

$\int_{R}\int_{R}.f(\xi, y, t, \tau)d\xi dy\rightarrow\int_{\mathbb{N}}\int_{\mathbb{R}}.f(\xi, y, t_{0}, \tau)d\xi dy$ as $t\rightarrow t_{0}$ .

Since $\Gamma_{\zeta}(t, \tau)=\int_{R}\int_{R}f(\xi, y, t, \tau)d\xi dy$ if $\tau<t$ , the above fact shows that

$t\rightarrow t_{0}1i_{lI1}\Gamma_{\zeta}(t, \tau)=\Gamma_{\zeta}(t_{0}, \tau)$ , $c<\tau<t_{0}$ .

This combined with (i) yields

$\lim_{t\rightarrow t_{0}}\int_{c}^{t_{0}}\Gamma_{\zeta}(t, \tau)d\tau=l^{t_{0}}\Gamma_{\zeta}(t_{0}, \tau)d\tau$ .
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Consequently,

$|l^{\Gamma_{\zeta}(t,\tau)d\tau-l^{\Gamma_{\zeta}(t_{0},\tau)d\tau 1}}\ell t_{0}$

$\leq|l^{\ell}\Gamma_{\zeta}(t, \tau)d\tau-l^{t_{0}}\Gamma_{\zeta}(t, \tau)d\tau|+|l^{t_{0}}\Gamma_{\zeta}(t, \tau)d\tau-l^{t_{0}}\Gamma_{(}(t_{0}, \tau)d\tau|$

$\leq C_{13}|t-t_{0}|+|\int_{c}^{\ell_{0}}\Gamma_{\zeta}(t, \tau)d\tau-\int_{c}^{\ell_{0}}\Gamma_{\zeta}(t_{0}, \tau)d\tau|\rightarrow 0$ as $t\rightarrow t_{0}$ .

This completes the proof. $\blacksquare$

Proof of Lemma 5.4. The first estimate is an easy consequence of Lemma 5.3 (i). Let us
show the second estimate. By (6.16) that

$\int^{\ell}|\Gamma_{\zeta}(t, \tau)-\Gamma_{\theta}(t, \tau)|d\tau$

$\leq\int^{\ell}\int_{R}\int_{R}\frac{e^{-\xi^{2}}}{\sqrt{\pi}}|w(y+2\xi\sqrt{e(t-\tau)}-\zeta(\tau)+\zeta(t))$

$-w(y+2\xi\sqrt{e(t-\tau)}-\zeta(\tau)+\theta(t))||\varphi_{\zeta}(y, \tau, \mu_{\zeta}(y, \tau))|dyd\xi d\tau$

$+\int^{t}\int_{R}\int_{R}\frac{e^{-\xi^{2}}}{\sqrt{\pi}}|w(y+2\xi\sqrt{e(t-\tau)}+\theta(t))|$

$\times|\varphi_{\zeta}^{*}(y, \tau, v_{\theta}(y, \tau))-\varphi_{\theta}^{*}(y, \tau, \nu_{\theta}(y, \tau))|dyd\xi d\tau$

$+\int_{r}^{\ell}\int_{R}\int_{R}\frac{e^{-\xi^{2}}}{\sqrt{\pi}}|w(y+2\xi\sqrt{e(t-\tau)}+\theta(t))|$

$\times|\varphi_{\zeta}^{*}(y, \tau, \nu_{\zeta}(y, \tau))-\varphi_{\dot{\zeta}}(y, \tau, v_{\theta}(y, \tau))|dyd\xi d\tau$

for $t\in[r, T]$ . We denote by $I_{1}(t),$ $I_{2}(t)$ and $I_{3}(t)$ , the three terms in the right-hand side,
respectively. Due to (H2), (H3 vi-vii), (5.4) and Proposition 4.2 (ii), we have

$ I_{1}(t)\leq\frac{C_{w}}{\sqrt{\pi}}l^{t}\int_{R}\int_{R}e^{-\xi^{2}}|\zeta(t)-\theta(t)|[\mathcal{F}(y, \tau)+M_{3}(2K)(1+|y|)\mu_{\zeta}(y, \tau)]dyd\xi d\tau$

$\leq C_{w}\Vert\zeta-\theta||_{t}l^{t}\int_{R}[\mathcal{F}(y, \tau)+M_{3}(2K)(1+|y|)\mu_{\zeta}(y, \tau)]dyd\tau$

$\leq C_{w}[\Vert \mathcal{F}\Vert_{L}\infty(0,\tau;L^{1}\langle R))+2M_{3}(2K)M_{6}(2K)]T^{1-\sigma}(t-r)^{\sigma}\Vert\zeta-\theta||_{\ell}$

for $t\in[r, T]$ . Next it follows from (H2), (H3 viii), (5.4), and Corollary 3.1 that

$I_{2}(t)\leq\frac{C_{w}}{\sqrt{\pi}}l^{t}\int_{R}\int_{R}e^{-\xi^{2}}(|y|+2|\xi|\sqrt{T}+2K)$

$\times|\varphi_{\zeta}^{*}(y, \tau, v_{\theta}(y, \tau))-\varphi_{\theta}^{*}(y, \tau, v_{\theta}(y, \tau))|dyd\xi d\tau$

$\leq C_{27}\int^{t}\int_{R}(1+|y|)|\varphi(y+\zeta(\tau), \tau, \zeta(\tau), \nu_{\theta}(y, \tau))$

$-\varphi(y+\theta(\tau), \tau, \theta(\tau), v_{\theta}(y, \tau))|dyd\tau$

$\leq C_{27}\int_{r}^{t}l\iota(\tau)|\zeta(\tau)-\theta(\tau)|\{1+\int_{R}(1+|y|)v_{\theta}(y, \tau)dy\}d\tau$

$\leq C_{27}\{1+2M_{5}(2K+1)\}\Vert h\Vert_{L^{q}(0,T)}(t-r)^{\sigma}\Vert\zeta-\theta\Vert_{\ell}$
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for each $t\in[\uparrow, T]$ , where $C_{27}$ $:=2\pi^{-\frac{1}{2}}C_{w}(1+\sqrt{T}+K)\int_{\mathbb{R}}(1+|\xi|)\exp(-\xi^{2})d\xi$ . Finally, we
obtain from Lemma 5.2 that

$ I_{3}(t)\leq C_{27}\int^{t}\int_{R}(1+|y|)|\varphi_{\zeta}^{*}(y, \tau, v_{\zeta}(y, \tau))-\varphi_{\zeta}^{*}(y, \tau, v_{\theta}(y, \tau))|dyd\tau$

$\leq C_{27}C_{12}(t-r)^{\sigma}\Vert\zeta-\theta\Vert_{t}$

for each $t\in[r, T]$ . Consequently, we get the desired estimate. $\blacksquare$

APPENDIX

For the reader’s convenience, we give definitions and notations of some function spaces used
in this paper. Let $M,$ $N$ alud $L$ be subsets of $\mathbb{R}^{m},$ $R^{n}$ alld $\mathbb{R}^{I}$ , respectively. Let $\eta,$

$\sigma\in$ ] $0,1$ ].
By $BUC(M)$ we denote the space of all bounded and uniformly continuous functions on $M$

with the supremum norm $\Vert\cdot\Vert_{\infty}$ . For aluy function $f:M\rightarrow R$ , put

$[f]_{M,\eta}$
$;=x,y\in M\sup_{x\neq y}\frac{|f(x)-f(y)|}{|x-y|\eta}$

.

The space of all H\"older continuous functions with exponent $\eta\in$ ] $0,1[isdenotedbyC^{0,\eta}(M)$ ,
that is, $f$ belongs to $C^{0,\eta}(M)$ if and only if $f$ is continuous and $[f]_{M,\eta}$ is finite. And then
we set $BUC^{\eta}(M)$ $:=BUC(M)\cap C^{0,\eta}(M)$ for $\eta\in$ ] $0,1$ [. We denote by $C^{0,1}(M)$ the space of
Lipschitz continuous functions on $M$ .

For a function $f$ : $M\times N\rightarrow R$ , we say that $f(\cdot, y)\in BUC^{\eta}(M)$ uniformly for $y$ in a subset
$N$ ‘ of $N$ if $\sup_{y\in N}’\Vert.f(\cdot, y)||_{\infty}<\infty$ and $\sup_{y\in N}’[f(\cdot, y)]_{M,\eta}<\infty.$ For $f:M\times N\rightarrow R$ , put

$[f|_{M,N,\eta,\sigma}$
$;=(x_{1},y_{1})\neq(x_{2},y_{2})\sup_{(x;,y.)\in M\times N}\frac{|f(x_{1},y_{1})-f(x_{2},y_{2})|}{|x_{1}-x_{2}|^{\eta}+|y_{1}-y_{2}|^{\sigma}}$

and define
$BUC^{\eta,\sigma}(M\times N):=\{u\in BUC(M\times N):[u]M,N,\eta,\sigma<\infty\}$ .

Let $L$ ‘ be a subset of $L$ . For a function $f$ : $M\times N\times L\rightarrow \mathbb{R}$ , we say that $ f(\cdot, \cdot, z)\in$

$BUC^{\eta,\sigma}(M\times N)$ uniformly for $z$ in $L$ ‘ if

$\sup_{z\in L}\Vert f(\cdot, \cdot, z)\Vert_{\infty}<\infty$ and $\sup_{/,\in}[f(\cdot, \cdot, z)]_{M,N,\eta,\sigma}<\infty$ .

Let $k_{i}$ be nonnegative integers and $M_{i}$ subsets of $R^{m}$ ” $i=1,2$ . Denote by $C^{k_{1},k_{2}}(M_{1}\times M_{2})$

the space of all functions $u$ having partial derivatives $\partial_{i}^{l_{i}}u$ up to the order $k_{i},$ $i=1,2$ , which
are continuous on $M_{1}\times M_{2}$ . The space $BUC^{k_{1},k_{2}}(M_{1}\times M_{2})$ is defined as a subspace of
$C^{k_{1},k_{2}}(M_{1}\times M_{2})$ consisting of al functions $u$ having partial derivatives $\partial_{i}^{l;}u$ up to the order
$k_{i},$ $i=1,2$ , in $BUC(M_{1}\times M_{2})$ . Finally, we define

$BUC^{k_{1}+\eta,k_{2}+\sigma}(M_{1}\times M_{2}):=\{u\in BUC^{k_{1},k_{2}}(M_{1}\times M_{2}):\partial_{i}^{l;}u\in BUC^{\eta,\sigma}(M_{1}\times M_{2})$

whenever $0\leq l_{i}\leq k_{i}(i=1,2)$ }.
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