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The present paper is concerned with the abstract semi-linear differential eq-
uation

@ du/dt+A®u=F(, u), 0<t<T,

in a Banach space X, where the unknown #»(#) and the given function F (¢, %) in
[0, T7] x X take values in X and where {A(®), 0<¢<T7} is a family of not nece-
ssarily bounded operator acting in X. This equation was treated by K. Asano
[1] when A® does not depend on t: A®=A. The main object of the present
article is to show that his method can be applied to this equation when -—-A®),
0<t<T are infinitesimal generators of analytic semi-groups exp(—sA®)) of bou-
nded linear operators on X which have the properties (I), (II) and (III) stated
below.

We are also interested in finding sufficient conditions on F(¢, #) under which
the solution of (1) exists in some sense or other. In order to construct a strict
solution of (1) we had to assume among other things the strong Holder continuity
of F(t, A®~ap) in t&[0, T] for pcX with some positive «, which seems to be
rather restrictive. It is possible, however, to construct approximate solutions to
(1) replacing this assumption with weaker one.

1. Preliminaries,

We first state the assumptions to be made throughout this paper. By D(A) _
and R(A) we denote the domain and the range of an operator A.

(ID For each t=[0, T], A® is a densely defined closed linear operator in X.
The resolvent set of A() contains a fixed closed sector > ={4: arg A&(—6, 0)},
0<{6<n/2 and the resolvent of A(® satisfies ||[(A—AM®)||<M/|2| for any &3,
where 6 and M are constants independent of ¢# and 2;

(D) A®~* is continuously differentiable in ¢ in the uniform operator topol-
ogy;

(III) There exists a positive number p=1 such that R(dA®'/dt) CD(A®»)
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and AW*dA®1/dt is strongly cotinuous in t&[0, T]. Hence with some positive
constant N independent of ¢ we have ||A(®)dA()~'/dt|| <N.

Under these assumptions the fundamental solution U(, s), 0<s<t<T of the
equation du/dt+A(Du=0, 0<t<T is constructed as follows:

U, s)=exp(—(@—s)A®O)Y+W({, s), W, s)=§texp(—(t—a)A(t))R(a, s)do,
R(t» S)=i;1.Rm(t, S), Rm(t, S) S Rl(t o)Rm_ICa', s)da', m= 2 3 ......

Ri(t, §)=—(2/at+3/25)exp(—(t—s) AWD)) = 1§ e3t—s)(2/2t)(A— AD)dA,

exp(— sA(t))——l.S e15(A— A®)Wd2, >0,

where I' is a smooth contour running in 3 from ooe % is oocefi, For the details,
see [2] and [3].
As to fractional powers of A, by (I), A®8, 0< <1 is well defined by

AWP=CAW )1, ADs=0TB “1pat ADY .
Next we assume on F(¢, #) the following condition:

dV) F@, o(t)) is a function defined on
{&, v®): v(AOEDCA®™), te[0, T]}

into X for some constant a« with 0<a<{p and satisfies
NEC, A®O—p)lI<f(llplD
and |F(t,A®—2p)—F(t, A®O-2|l=<g(llpll+]rIDlp—qll

for p, ¢g&X and tc[0, T], where f and g are non-decreasing continuous functions
on [0, ) to [0, o).
But we don’t know whether the condition a<p is essential or not.

2. Existence and uniqueness of the weak solution.

In this section we consider the following abstract integral equation associated
:
@ w(H=U(t, O)¢+§;U(t, $F(s, u(s))ds, 0=<t<T.

To solve this equation by successive approximation we assume

(V) F{, v(®)) is strongly measurable in ¢&[0, T] if v(t)ED(A(t)”) and if
A" (t) is strongly continuous in ¢t&[0, T].

We first prove the following
THOREME 1. Under the assumptions (I)—-(V) there exists, for every o=D(A(0)®),
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one and only one solution u(t) of (2) in [0, Tyl and

) u() is strongly continous in [0, Tol,
(1)) u(OEDCAW®® for each t&[0, Tyl and AW*u(t) is strongly continuous in
[Ol TO],

whbre Ty is a constant with 0<To<T depending only on ||A0)%p||+|l¢||.
We call u(t) a mild soulution of (2) in [0, To].
Proor. We put %,($)=U(¢, 0)p. Then uy(t) belongs to D(A®*) and

A<t>auo<t)=_2%%—gﬁ"e—t (= AD)~1—(A— A~} pd2

+exp(—tA0))A0 o+ S;A(t)“exp(—- (t—s)AMOHR(s, 0)pds.
Noting a<p we can see that A(®ayy(® is strongly continuous in [0, 7] and
A ue(ON=C A %0]| +]lel) = ao.

In what follows, various constants depending only on T, 8, M, p, N and a are
denoted by C.

By the assumption (V), u:.(¢), =0, 1, ------ can be defined for &[0, T] step
by step as follows:

u(DH=U, 0o,
{uk(D =uo<t)+§;U (t, F(s, ur—1())ds, k=1, 2, -+---.
As is easily seen,
| A uo(D|| < a0
{"A(')auk(t)ll_é_ao-l—cS:(t—s)—af(HACSD“uk_l(s)ll)ds, k=1, 2, ..

Hence there exist positive numbers ¢ and 7y, with 0<T\<T depending only on
lAC0)?¢||+ll¢ll such that

HA®u(Dl||<a for t=[0, To] and =0, 1, ------ .

©))

From
IA®* () —ue(ENN=C-f@) A —a) 87,
{u AD rn (D —us() | ZC-£(20) | (=9~ 1A @r(® —sa-1 (s,
it follows immediately that

« _ f(@):(C-gQOI A=)t ")k o 4 1 ...

Thus A®.(¥) converges uniformly on [0, To] in the strong topology as
n—oo and so does ux(¢) because of the uniform boundedness of A —*.

Putting
s—1limu_, ottn () =u(t)
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and passing to the limit in (3), we can conclude without difficulty that (¥ is a
mild solution of (2) in [0, T,] with the desired properties.

In order to complete the proof it remains to show the uniqueness of the
solution.

Let »(#) and »(¢) be mild solutions of (2) in [0, T7] (0T e<T).

Putting
b()=sup [|AE*u(s)—v(),
0<s<t
K=C-g(sup |[A® US|+ sup [|ASCSID,
0<s<T/, 0<s<T’,
we get

t Nea (KrCQ—a)p—a)ktr 0
b(t)gKSo(t WM [ ey k=0 b

which implies 6(#)=0 on [0, T"].
3. Approximate solutions.
In this section we investigate the behaviour of the solution #. (#) of the
equation
Dn du/dt+AOu=U+n""AO)'F(, w), 0=t<T

with the initial value #,(0)=¢&D(A0)=) as n—c. Here n and 7 are arbitrary
natural number and a positive constant with 7<1.

Fa(t, W)= +n"*AQ@)")"1F(t, u) satisfies
WFnCt, A ~apll< M-£(lplD
and \Fa(t, A= pd—Fa(t, A~ 2ll=M-g(lipll+lalDlip—qll
for p, ¢g€X and t<[0, T] with the aid of ||(T+» 1A Y|<M.
Now we assume
VD F@, A(®-*p) is strongly continuous in ¢&[0, T] for p&X.

Obviously the assumptions (IV) and (VI) imply that if »(¥)ED(A®) and if
A(®=(t) be strongly continuous in ¢&[0, T], then F(t, o)) is strongly contin-
uous in &[0, T1.

By Theorem 1, for every natural number n» and ¢&D(A)*) there exists a
unique mild solution #.(#) of the equation

w(O=U(, 0)¢+§;U(t, )Fn(s, #(s))ds, 0<t<T

in [0, T,] satisfying ||A®%a()||<b, where T, and b are constants with 0T\ <T
and 0<b depending only on [A*p|+]l¢| but not on z.
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The equality
S;A@U(t, Fn(s, un(s))ds

- S; {A®exp(—(t—)AD) — AWexp(— (t—) AW} FaCs, tn(s))ds
+S;Acsﬂ-rech—(t-s)A(s))A(s)f(Hn~1A<s>r>F<s, un(s))ds

+S;A(t)W(t, Fa(s, un(s))ds

implies that #.(#) belongs to D(A®) and is continuously diffdrentiable in
t=[0, Ty] in the strong topology. Furthermore u.(¥) satisfies

We are now in a position to state

TueoreM 2. Under the assumptions (ID-(IV) and (VII), there exists a unique
solution un(t) of (n in [0, T1]1 (O<T"\<T) with the initial value un(0)=¢&D(A0)),

Moreover, if (I+n—1AM)~" converges to I uniformly on [0, T in the strong to-
pology as n— oo, then un—u(t) uniformly on [0, Tl N[0 T1], where u(t) is the unique
solution of (2) in [0, T,].

Proor. We have only to prove the last half part. #.(#) may be given by
K o kt+1 k
un(t) =t (D33 (- (O—10,(8),

where
{un°(t)=U @, 0e,
unt()=UCt, ¢+ :UCt, DFns, unt='(Dds, k=1, 2, -+

On the other hand, from (3) «»(¥) is expressed as
u() =g (£) + 33 (ra () —us(t).

Therefore we obtain
I A@eCun() —uCOD|< | AD(unK () —ux ()l

L)+ (C-g@HRTA—dt )k | & f(a)-(C-gaI (A —adt—)kt:
kg2 -DDE+DA-—a)+1) ki x &R -I'((R+DA—a)+1)

for t= [0’ TO] N [0) Tl] .

For any given ¢>0 a natural number K=K (¢) dependent only on ¢ can be
chosen so that for any tc[0, Toln[0 T,] the second and third terms on the right
hand side of the above inequality may be dominated by e/4.

F(t, ur—1(6)), k=1, 2, ------ , K are strongly continuous on [0, T¢ln[0, T7] and hence

Ck': {F(t, uk-—]_(t): tE[O: To}ﬂ[O, Tl]}’ k:]-) 27 """ ’ K(S)
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are compact subsets of X depending only on e.
Noting
{IIA(f)“(u‘n(t)—ul(t)) II_S_S:CCt—S)‘“II {T+n" AN =1V F(s, UG, 0)¢)llds,
| A6 —u(ED = | C =) ~eg (a-+D)] AWl ™(5) —wn-1(D)lds

+H\Ct—) el (T +n1AOD 1= 1 FGs, wn-1(DIds,
we can show by induction that fdr any k{1, 2, ------ » K}
AW®ukn(t)—> ADO*ur(t)
uniformly on [0, Toln[0, T:] as n — .

In other words, there exists a natural number N=N(¢, K(¢)) depending

only on ¢ such that |A@®*(unK(E)—ug(t))<e/2
and hence |A®*(un(t)—u(t))|<e for any n=N and t=[0, Toln [0, T1].
Thus the proof is completed in such a way that was often used in [4].

4. Existence of the strict solution.

We begin with the proof of a preparatory lemma.
LemMma. (DFor any B>a and TED(AWOS), AOUG, OW is strongly Holder

continuous in [0, T1,
(ii) For a strongly measurable and bounded function w(t) on [0, T] to X
SZAO)"’U (t, o)w(e) do is strongly Holder continuous in [0, T].

Proor. From
A®OWT Ut, s)=A®OW exp(—({—s)A®)

+{ (4@ exp (—(t—) AW~ A@MT exp (—(t—)A) R(s, 5) do
+{lAcy-@-n12 exp (—(t—D AN A DIRC, ) do
and
(3/3t) (ADT (L, ) =ii’E§:zaAct>l—n(z+Aa>)—1A<t>ﬂdA<t>-l/dt-<z+A<t>)—1dz
X A®U, $)— S0 g1 4O1-1(1+ AD)~1d2- AOWU, 5)
for 7 with « <r<p, we have
1(8/0t) {AOT(, )} [=CIAOUL, $HI|=CE—s)~To~1, To=(atp)/2.

(ii) is a direct consequence of

IIS;A(t)“U(t, o w(a)da—S;ACS)“U(s, w(a)do|
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=|140Ut, w@)Nds+{ do|!1C0/32) ATz, o) u(olds
and the above inequality.
Noting
ADOWU(t, OF = {(ADOW exp (—tA®)— AW exp (—tAO) ¥
+ A+ -8 exp (—tA))-AT+AOWW (L, OO¥F
for v with a<r<min(B,p), we can prove (i) and complete the proof.

By Theorem 1, there exists a unique mild solution #(#) of (2) in [0, T,] for
dED(AOB) (B>a). To prove that »(¢) is also a solution of (1) in [0, T,] we
must assume

(VII) F(, A®-+p) is strongly Holder continuous in t&[0, T7:
IECt, A®D—ap)—F(s, A®~ep)ll<h(lpl)]|t—s]|®
for p&X and ¢, s&[0, T] with some >0, %2 being such a function as f and g.
Then it is easy to see
I1FC, v(2))—F(s, v()I=g(JAO=(® |+ | A% A () — A (s
+ha( A= ()|t —s]|2
for v()ED(AM®M*) and ¢, s=[0, T].
By the above lemma, A®*u(¢) is strongly Hoélder continuous in [0, T,] and
hence so is F(t, u(t)).
Writing
SZA(t)U(t, FCs, u(s))ds
-——S;A(t)U(t, ) (FCs, u(s))—F(t, u(t))}ds—S;(a/at—i—a/as)exp(—(t—s)A(t))ds

X F(t, u())+ {I—exp( —tA®D} F(4, u(t))—gs(a/at)W(t, $dse FCt, u(d)),
we have established

TueoREM 3. Under the assumptions (I)—(IV) and (VII), for every ¢=D(A(0)#)
(B>a) there exists a unique solution u(t) of (1) in [0, Tyl (0<To<T) with the initial
value u(0)=¢ and

(i) u(t) is strongly continuous in [0, Tyl and continuously differentiable in (0, Tyl,

() u(t)EDCA®) for each t=(0, Tyl and ABOu(t) is strongly continuous in
(O: TO]'

u(t) is called a strict solutian of (1) in [0, Ty].

ReEMARK. As is easily seen in the preceding section, if we make the following
assumption instead of (VII):
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For t=[0, T] and p&=X, F(t, A®~2p) belongs to D(A®?) with some >0
and A@®F(t, A®~«p) is strongly continuous in ¢t [0, T1,
then we can prove similarly that (1) admits a unique strict solution in [0, 7]
with the initial value #(0)=g¢& D(AW)%).

Especially if F(¢, u)=—B®u, where

{B®, 0<t<T} is a family of closed linear operators acting in X such that
D(B®)YDDCA®™), D(A®)DR(BMBO A@® =) for t=[0, T] with a=[0, 1) and 6&(0, 1)
and A@®SBM A@®) —« is strongly continuous in ¢t [0, T],
we can construct the fundamental solution V(% s), 0=s<t<T to the perturbed

equation
du/dt+ADOu+BBOu=0, 0<t<T

without difficulty in the following manner:

V=3 Vmt, 9,

VO(t; 3)=U(t, s>,
{Vm<t, s)=— S:U(t, 0)B(0)Vm-1(o, s)do, m=1, 2, ------
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