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Y. Tashiro and S. Tachibana have introduced a transformation in a normal
contact space which carries C-loxodromes. In this place a C-loxodrome means a
loxodrome cutting geodesic trajectories of & with constant angle. The transforma-
tion thus defined is called a CL-transformation [6].

They have shown some relations between a normal contact space and a
C-Fibinian space under a CL-transformation. Recently S. K6to and M. Nagao have
obtained invariant tensors under a CL-transformation [1].

The main purpose of the present paper is to show that in a compact normal
contact metric space an infinitesimal CL-transformation is necessarily projective.
In §1 we state the fundamental identities of normal contact spaces. In §2 we
shall deal with a C-loxodrom and a CL-transformation. In §3 we shall prepare
some lemmas used to prove the main theorem. The last §4 is devoted to the
proof of the main theorem.

1. Normal contact metric space.

Let M be an n(=2m-+1)-dimensional contact manifold with (¢,£,%7,g) structure.
We know the relations between a tensor field ¢;/, contravariant vector field &i,
covariant vector field 7; and a positive definit metric tensor field gj; such that

A. 1) gin; =1,

a. 2 rank|pji| = n—1,
a. 3 @i’§i = 0,

a. 4 @it = 0,

L. 5 Qiipri = — 3K+t
a. 6 gii€l = i,

a n Ziiokiond = gnk—Th"k.
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A space is called a normal contact metric space, if the tensor Nj> vanishes.
In normal cotact metric space, the structure satisfies the equations

a. 8 Vil = ¢ji,
a 9 V rpji = 1jgri—igkj

where V ; denotes the covariant derivative with respect to the Riemannian connec-
tion of gji and ¢ji = ¢lgii.
Moreover in the normal contact metric space we have the identities®

a. 109 "y Rrji* = Mrgii—"igki,
(1. 1) oirRI” + ; o Rrkjt = (n—2)pj1,
(1. 12) 7Ry = (n—1)7;

where Rpjir and R;» are Riemannian curvature tensor and Ricci’s tensor respecti-
vely. In the following paragraph we use a notation 7 instead of é&i.

2. C-loxodromes and CL-transformations.

In a normal contact metric space, we consider a parameterized curve %(s)
which satisfies differential equation

, L
@ D | aZZ aljpih L8 A

where s indicates arc-length and & covariant differential along the curves #(s) and
a is a certain scalar. If « is constant, above equation shows that its integral
curve is a C-loxodrome which was introduced by Y. Tashiro and S. Tachibana,
that is, the curve is a loxodrome cutting trajectories of & with constant angle.

Now let us consider a relation between symmetric affine connections in an
almost contact manifold. If it carries C-loxodromes to C-loxodromes, then it will
be called a CL-transformation. By standard arguments, we can express it by the
following relation:

‘T jih—T"jih = pjdik+ pidjh+ a(Mjpih+Mip;H)

where p; is a vector field and « is a cretain scalar.
In a normal contact metric space, a vector » is called an infinitesimal CL-
transformation if it satisfies

1) The tensor was defined by S. Sasaki and Y. Hatakeyama [5].
2) M. Okamura [3].
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@ 2 £1{ji} = pidih+pidjh+a(Dipih+Tipih)

where £ is the operator of Lie drivative and {%} is Riemannian connection.
” .

Contracting ~ and j in (2. 2), we see that p; is a gradient.
From (2. 2) we have
@ 3 Vk.;g{;-‘,-} = Vrpjoih+V rpidjh + a (@it V &7 +71;V kpit
+ AV BT+ 1V ki) + V ra (Wjgih +Tigh)
and
Q. 49 Vjas { ,ﬁ-} = V jiprbi*+ V jpidrh + a(@i*V e+ V joi®)
+@rhV i+ jor?) + V jaClrpih +Tiprh).
Substituting (2. 3) and (2. 4) into the following identity of Lie derivation®
2. 5) ‘ £ Rejih = ka{}‘,-}—Vj'.;g{lﬁ’,-}
and using (1. 9) and (1. 10), we get
2. 6 £Rrji" = 88V kpi— 014V jpi+ a {20k @ik +1: (106" — k0 ;%)
v

41 (Midrh—hgr) — (M0 ik —Thg i) + ori@ih— @ jiprh}
+¢i*(V eali—V jale) +7:(V rapih— V japrh).
Contracting 2 and % in (2. 6), we have
@. D £Rji = —(n—1)V jpi+2a(Wlili—gi)) +Tipi" V ra+7ipi" V ra.

Transvecting (2. 6) with 7, we have

2. 8 T £kajih = iV kpi—V jpi+ a(Irgji—1igki)-

3. Some Lemmas.

In this section we shall prepare some lemmas which are useful to prove the
main theorem.
LemMA. 3. 1. In a normal contact metric space, if vi is an infinitestmal CL-trans-

3) K. Yano [7].
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Sformation, then the following relation holds good :
3. D £g5i = =V jpi+ pU%i+ a(gii—"1%)
where a and B are certain scalars.

Proor. Taking the Lie derivative of the both sides of (1. 10) and substitut-
ing (2. 8) into the equation thus obtained, we get

3. 2 Rkﬁh;g,’?h = gji.f’?k-i-’?kavegji—gkiag’ij—ﬂj.;ggki—ﬂijpi
+"V ipi+ a(Digri—Trgii)-
Transvecting (3. 2) with g7, we have

@G 3 Rr? ;5: = (n—1) .;S: Te+Te(g .fgji +Vrpr)—7( as:gkr-l- V kpr)

+ a(1—n).
Similarly transvecting (3. 2) with 7* and using (1. 10), we get
@G D £gii = —V ipi+ 07 £&ri+"V ipr) +algii—7%)-
On the other hand, transvecting (3. 2) with ¢*/ we have

@G 9 (@kiRkjib+20iF) £7h = 0.

Transvecting (3. 3) with ¢j*, we have

@3. 6 0i*Reb £7n = {(n—1) £~ (£rr+ V kpr)}oi*

from which

3. D (o Ryrih+2¢5m) .-,53 Th=2p;*(0r 'f Gkr +77V kpr).
If we put B = 77s( £grs+Vrps), taking account of (1. 2), from (3. 5) and
v

@. 7 we get
3. 8 72’(§gir+Vipr) = B7%;.
Substituting (3. 8) into (3.4), we can get (3. 1)
LEMMA. 3. 2. Between a and B in (3. 1), the following relation holds good:
' 2a = B.
Proor. Taking the Lie derivative of the both sides of (1. 12) we have

Rk iu‘ﬂh%-vh ang" = (n—1) f,’ik.
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This equation can be written as
@G 9D ﬂthraEgh’—l—’i’,;ngr:(n——l)ag’?k—Rkhagﬂh-
Substituting (3. 3) and (2. 7) into (3. 9), we have
G. 10 TnRer ;ve ghr +r {(1—n)V kpr+2a (It — grr) + Teprt +1ror?) V hat}
= _7]k(gjifgji‘l'Vrp’)-l‘n"C.;ggkr'l‘Vkpr)+a<n—1)7]k.
Substituting (3. 1) into (3. 10) and using (1. 1) and (1. 12), we get
@G. 1D InRerV hpr — B(n—1D) M+ (1 —n) V kpr +2a(n—1)Tk+ 0"V ra
+7(B—a+na)— pr—a(n—1)% = 0.
Transvecting (3. 11) with 7* and using (1. 12) we get
n—13Qa—p) = 0.

Thus we have 2a = 8. q.e.d.
LemMma. 3. 3. In an n(n>3) dimensional compact normal contact metric space, if
an infinitesimal transformation vi satisfies

(3. 12) £giji = 2(&ii+"1%)

where 2 is a certain scalar, then we have A =0.
ProoF. Substituting (3. 12) into the identity®

£} =g (ViLeri+ViLeri—VrL£eid,

v

we get
(3. 13) £{ ry = —;— {2 (i 7005 + 2: (65 -+ 100 ) — AR gji +1i:)

+ 2(oi"%; + @ik %)}

where 1 = VjA.
Operating VvV to (3. 13), using (1. 8), we get

3. 13) V& ;53 {;-'i} = % {V £A;(0ib+ 7)) 4 2%irh 42 Th@pt 4V £Ai (017 4107 5)
+ 2iphMj+ Aipr T — V £k AR(gji + 1% — AW ik
— A8 jori + 2kl ih+159ik) + 2TV ki + @0k

+ 75V kit + @itori)}
Interchanging j and % in (3. 14) and substituting the equation thus obtained

4) K. Yano [7].
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and (3. 14) into (2. 5), we get

(3. 15) £ Rejih = ~—é— {or? 21— @ 72N+ @it (AR j— 27K)
+ V r2i(05+715) — V jAi(Okk +Th0E) — V k25 (gji +757:)
+ V iAh(gri + k%) + AB(Trg ji — W ioki — 2Migrs)
+ 724 jori — AR@ji +22ipk;) + Ak joib— A kpik

+427:(1j0rh— 6 7)) + 227h (Mg ji — N igri)} -

Transvecting (3. 15) with 7 and using (1. 4), we get

3. 16) 7h £ Rijit = —%—— {275V ki — 29,V j2i —TnV kAR(gji + 77

+ 0V jAR(ri + ) + A joki — Akpji + 2Ai k5
— DA jori — Mg ji +2%i0ri) +22(Teg i — 1igki)} -
Now taking the Lie derivative of both sides of (1. 10), we have
@3. 1D Rejit £ Tn+7n £ Rerjik = gji £ Te— Ghi £ i+ .fgji—’?j £ gki-

Substituting (3. 16) and (3. 12) into (3. 17), we have

3. 18 Rejir a§ Ny = gji as: De— ki as 7j— —;— {27V rAi — 2Tk V jAi
— 0,V kA7 (gji + 09+ 7,V jA7 (Gri + 7)) + riki— @iiAk

+20rjAi — T A7 Corili— @ik + 2057} -

Transvecting (3. 18) with ¢#% and ¢;*gsi, we find respectively

3. 19 —%— ©*IiREji" .;57 Ny = —@i” 36 T+ —é—— {— @i sV rA25s—n(2i—1,277;)}

and

(3. 20)  gitRw £7 = (n—l)goi’ag’]r-i-—;— ((B=2)Pir sV r 25 +3(Ai— Dy A7)} .
Adding (3. 19) and (3. 20), and taking account of (1. 11), we get
@G. 21D Ai—Tpd7Ni— it sV A5 = 0, (n>3)
Tranvecting (3. 21) with ¢;7, we have
3. 22) Dy Vidr = puli—@i* iy

where g = 795y, 2.
Moreover, transvecting (3. 18) with 7% and using (1. 10) and (3. 22), we get
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@G. 22 2V jii = p(—gji+37%)— 27 Ar +70i” Ar).

Operating Vi to (3. 22) and transvecting the equation thus obtained with ¢#/,
we get

(3. 23 20%iV £V jAi = @i"V rtt+(Bn—5)p7i+-27;V ,27.
By (1. 11), this equation can be written as

@G 20 @i (2(n—2)2r—Rys25+V 71} +(Bn—5) 7 +27:V r47=0.
Transvecting (3. 24) with %, we have

3. 25) 2v 27+ (Bn—5)¢ = 0.
On the other hand, transvecting (3. 23) with g7, we have

(3. 26 2V 27 +(n—3)p = 0.

Comparing (3. 25) and (3. 26), it follows that v,ir = 0.
Consequently by Green’s theorem we have 2 = constant.
Again applying Green’s theorem to

n+1
2

which is obtained from (3.12), we have 1 = 0. q.e.d.

Vr?r = A

4. Infinitesimal CL-transformation in compact normal contact metric spaces.

Let »¢ be an infinitesimal CL-transformation in compact normal contabt
metric space. Then from lemmas 3. 1 and 3. 2, we have

4. 1 £g5i = —V jpi+a(gji+7%).
Above equation can be written as

4. 2) Vivi+Vivi+Vipi = a(gii+77).
In (4. 2), since V jpi =/V}p,-, putting w; = vi-{——%—[)h then we have
4. 3 £giji = V jwi+Viw;j = a(giji+77).

By lemma 3. 3, we have a = 0.

Thus we have following

THEOREM. 4. 1. In an n(n>3) dimensional compact normal contact metric space,
an infinitesimal CL-transformation is necessarily projective.

By theorem 4. 1, we have immediately the following

COoLORARY 4. 1. In an n(n>3) dimensional compact 7-Einstein space, an infinite-
simal CL-transformation is necessarily an isometry.
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An 7-Einstein space is a normal contact metric space with Ricci’s tensor
satisfying Rji = agji+b";%;, where ¢ and b are constsnts and its example was given
by M. Okumura [4].

COLOLLARY 4. 20. Let M be a compact normal contact mnetric space of comsant

scalar curvature R>n(n—1) and p; be an associated vector of an infinitesimal CL-trans-
orfmation, then 7p, = 0.
Next, let M be an Einstein normal contact metric space, then

@ 9 Rji = kgiji

where % is constant.
Transvecting (4. 4) with 7;, we have

4. 5 7iRji = k7Y;j.
Comparing (1. 12) and (4. 5), we have

4. 6) k=n-1.
Taking the Lie derivative of the both sides of (4. 4), we get
@ D £Rji = (n—1) £gji

Now, let »i be an infinitesimal CL-transformation, then substituting (2. 7) and
(4. 1) into (4. 7), we have

4. 8 A—n)V jpi+2amii—gij) +71ipi* V ra-+Mipi” V ra
= (n—D{—Vjpi+a(gji+77)}.
Transvecting (4. 8) with gJi, we have
n2—Da = 0.
Hence, we have
a=0.

Thus we have the following
THEOREM 4. 2. In an Einstein normal contact metric spac., an infinitesimal CL-
transformation is mecessarily projective.
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