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LYAPUNOV’S FUNCTIONS AND EXISTENCE OF INTEGRAL
MANIFOLDS FOR IMPULSIVE DIFFERENTAL SYSTEMS WITH
TIME-VARYING DELAY*

GANI STAMOVT

Abstract. In this paper the existence of integral manifolds for impulsive differential systems
with time-varying delay and with impulsive effect at fixed moments are investigated. The main results
are obtained by using of piecewise continuous Lyapunov’s functions and Razumikhin’s technique.
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1. Introduction. The theory of integral manifolds comes back from the works
of A. M. Lyapunov (see [1]) for qualitative theory of differential equations, and N. N.
Bogolubov, U. A. Mitropolskii (see [14]) for asymptotic methods of nonlinear mechan-
ics.

In recent years the theory of integral manifolds for impulsive differential equations
have been intensively researched (see [2-4], [8]). Recently, some properties (existence,
reduction of the systems, asymptotic stability) are investigated by several authors
(see [6-7], [9], [12-13], [16]). A natural generalization of impulsive ordinary differential
equations is impulsive differential equations with time-varying delay. In spite of great
possibilities for applications, the theory of these equations is developing rather slowly
due to a series of difficulties of technical and theoretical character yet.

In this paper we apply the comparison principle to the problem of existence of
integral manifolds for impulsive differential equations with time-varying delay. The
impulses are in the fixed moments of time and since the solutions of such systems are
piecewise continuous functions. The investigations are carried out by using minimal
subset of a suitable space of piecewise continuous functions, by the elements of which
the derivative of Lyapunov’s functions are estimated [13], [18].

2. Preliminary notes. Let R™ be the n-dimensional Euclidean space with norm
[|.]l, RT = [0,00), B ={x € R": ||z|| < h}, h>0, QCR" B CQ.

Consider the sets:

B={{m}; k€Z, . €R, 1% < Tit1, kEIJPoo T, = +0oo} is the set of all sequences

unbounded and strictly increasing.

PCR,R" = {p:R — R", ¢ is a piecewise continuous function with points
of discontinuity at the first kind T, {Tc} € B at which ¢(1;,) and o(;) exist,
and ¢(r7) = p(mi)}.

PC'R,R"] = {p : R — R", ¢ is continuously dif ferentiable everywhere
except the poins 1, {Tx} € B at which ¢(1, ) and p(t)) exist, and o(r, ) = p(71)}.

Let @9 € PC[R, Q] and |¢o| = supier]||po(t)|]. Consider the following system of
impulsive differential equations with time-varying delay

@(t) = f(t,x(t),z(t —n(t)), t > to, t # Tk,
() = ¢o(t),t € (=00, o], (1)
Ax(t) = CC(T]:_ —x() = Ig(x(7x)), T > to, k=1,2,...,
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where:
i) fi(tg,00) x AxQ—R" teR n:R—RT;

i) I : Q — R™;
iii) {Tk}EBa 0<tyr=10<1 <1< ..
iv) po(t) € Q, to € (=00, o).

Denote by z(t) = z(t;to, po) the solution of system (1) and by J*(tg,pg) - the
maximal interval of type [tg, 3) in which the solution z(t;tg,po) is defined, and by
0+ (to, ¢o(t)) denote the integral orbit of the solution x(t;to, po) for t € J(to, ¢o).

We assume that the solution z(t) = x(¢; %o, ¢o) of (1) exists and from [13] is easy
to see that x(t) is piecewise continuous function with points of discontinuity at the
moments 7, k= 1,2,.. at which it is continuous from the left.

Thus in interval J7T (¢, po) the solution x(t;to, po) of problem (1) is a piecewise
continuous function with points of discontinuity of the first kind 7, &k = 1,2, ... at
which it is continuous from the left.

Further on the paper we are going to write x > 0if x; >0, i =1,2,....norx <0
ifz; <0,i=1,2,...,n.

Introduce the following assumptions:

H1. The function f € Cl[tg,00) x 2 x Q, R"] and f is Lipschitz continous with
respect to its second and third arguments in [tg, 00) x Q X Q.

H2. n € CR,R*], t —n(t) > 0.
H3. There exists N = const > 0 such that
|f(t,2, @) < N < o0, (t,z,T) € [tg,00) X £ x Q.

H4. The function I, € C[Q,R"] and I, are Lipschitz continous in Q for
k=12, ...

H5. The functions (I + Ii) : Q@ — Q, k = 1,2, ..., where I is the identity in .

H6. ¢y € PC[R, Q).

LEMMA 1. Let the conditions H1-H6 hold.

Then J*(to, vo) = [to,00).

Proof. Since the conditions H1-H3 hold then from the existence theorem for
the functional differential equation without impulses [10] it follows that the solution
x(t) = x(t;to, o) of the problem (1) is defined on each of the intervals (731, 7],
k=1,2,..., to = 79. From H4-H6 and the property of the sequence {7}, k= 1,2, ...

we conclude that it is continually for ¢ > .

DEFINITION 1. We call an arbitrary manifold M in the extended phase space
R x Q of (1) an integral manifold if from (t,¢o(t)) € M for t < t¢ it follows that,
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0+ (to, o(t)) C M.
Consider the following sets and classes of functions:
Gy ={(t,z,y) e RXR" X R" : 141 <t <, k=1,2,...},

G=JGk k=1.2,..,

Vir = {V € C[G,RT], V(t,x) =0 for (t,x) € M,t > to,

and V(t,z) >0 for (t,z) € [to,00) X Q\ M, V is locally Lipschitz
continuous with respect to its second argument x in each of the

sets Gy, V(1 ,x) = V(1,2),and V(1 ,x) = limV (¢, 2)
t—Ty
t>T1

exists, k=1,2,...}.

Q1 ={z € PCR,Q]: V(s,z(s)) < V(t,x(t)),s € (—oo,t], t > ty, V € Vir}.

We note that manifold M is a kernel of the class Vj; and let V' € V. Introduce

DYV (t,a(t) = lim info  [V(t+0,2(t) + o f (t,2(t), 2(t = (1)) = V(t,x(1))]
LEMMA 2. Let the following conditions hold:

1. Conditions H1, H2, H4 and H5, H6 are met.

2. The function g : (tg,00) x RT — RT is continuous in each of the sets
(Th1, 7] X RY, k=1,2,... and g(t,0) =0 for t € (tg,00).

3. By € C[RT,R*], Bk(0) =0 and ¢ (u) = u+ Bi(u), k=1,2,... are
nondecreasing with respect to u.

4. The mazimal solution r(t;tg,ug) of the problem

U= g(t,u), t > to, t?’é Tk
u(ty) = ug >0, (2)
Au(m) = Bk(u(Tk)), T > to, k=1,2,...

is defined in the interval [tg, 00).

5. The solution x = z(t;tg,po) of the problem (1) is such that z €
PC[R7 Q]ﬂpcl[[toaoo)vﬂ]
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6. There exists a function V € Vi is such that V(t§,p0(0)) < ug and the
following relations are satisfied

DTV (t,z(t)) < g(t,V(t, (1)), t # Tk, k=1,2,..., t > 1o,

Vis,z(s)) < V(t,z(t)) for any s <t,
and
V(T,j,x(m) + I(x(11))) < U (V(rg, z(1r))), k=1,2,....

Then

V(t, z(t;to, vo)) < 7(t;to, uo), t € [to, 00). (3)

Proof. From Lemma 1 it follows that J* (o, vo) = [to,00).
The maximal solution 7(t;tg, uo) of the problem (2) is defined by the equality

r(t;To,u(T), 0 <t<T,
rl(t;n,uf), T <t <9,

where rk(t;Tk,uz) is the maximal solution of the equation without impulses
@ = g(t,u) in the interval (7,7k41], & = 0,1,2,.., for which u} =
1#1@(7“1@—1(%;%—1711:,1))7 k=1,2,..and ud = uo.

Let ¢t € (to,71]. Then from the continuous case ([10], Theorem 1.4.1,) it follows

that
V(t7 .’I](t, tOu SDO)) S T(tv tOu ’LLQ),

i.e., the inequality (3) is valid for ¢ € (79, 71].
Suppose that (3) is satisfied for ¢ € (74x—1,7%], & > 1. Then, using condition 6 of
Lemma 2 and the fact that the function vy is nondecreasing, we obtain

V(rd, x(r 50, 00)) < r(V (Thy 2(Th5 0, 90))) < k(7 (Th3 to, 0))

= Y (ri—1(Ti; Thm1, uf_ ) = uy .

We apply again Theorem 1.4.1 from [10] for the continuous case in the interval
(Tk, Tk+1) and obtain

V(tu :E(t7 th SOO)) S Tk (t7 Tk UZ_) = T(tv tOu ’LLQ),

i. e., the inequality (3) is valid for ¢ € (7%, Tp41]-
The proof is completed by induction.
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In the case when g(t,u) = 0 for (t,u) € (to,00) x RT and 9x(u) = u for
u€RT, k=1,2,... we deduce the following corollary from Lemma 2.

COROLLARY 1. Let the following conditions hold:
1. Conditions H1, H2, H4 and H5, H6 are met.
2. The condition 5 of Lemma 2 is satisfied.

3. The function V € Vs is such that the inequalities

D_V(t,z(t) <0, t#£7, k=1,2,...,

V(T z(t) + I(z()) < V(t,2(t), k=1,2,...

are valid for t € [tg,o0) and x € Q4.
Then

V(t, z(t; to, 00)) < V(t5, wo(to)), t € [to, 00).

3. Main results.

THEOREM 1. Assume that:
1. Conditions H1-H6 are met.

2. For the problem (1) there exists a function V € Vi with kernel the
mani fold M, so that the following relations are satisfied

D_V(t,x(t) <0, t £ 1, k=1,2,..., t >to, x € Qi (4)

V(s () + Ie(@(m) < V(m o), k=1,2, ... (5)

Then M is an integral manifold for (1).

Proof. Suppose that M is not an integral manifold. Therefore there exists ¢/, ¢ >
to such that, if (¢,0(t)) € M for t € [—o0,to] (¢, x(t;to, o)) € M for to <t <t and
(t,z(t;to,0)) ¢ M for ¢t > t'.

Then V (¢',2") = 0, where 2/ = x(t'; to, po). Moreover z(t) € PC[J " (to, p0), R"].

We denote that for ¢’ the following two cases are possible:

a)Ift' =7, k=4,+1,..., 5 >1,then (t'T, 2t ;to,0)) = ', 2(t'; to, 00) +
I(2")), (U, x(t'";t0,00)) ¢ M and consequently V(¢'*, z(t't;to, o)) > 0. Then
0=V, 2") <V, z(t'";to, po)) which is contradiction by (5).

b)Ift' # 1%, k= j,j+1,..., j > 1 there exists t” > t’ such that (¢, z(t"; 0, p0)) ¢
M. From (4) and (5) it follows that the function V (¢, z(t)) is not increasing in [to, 00)
and

V(f”, LL‘(t”; to, QDQ)) > 0. (6)
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Since the conditions of Corollary 1 are met, then
V(t,2(t;to, po)) < V(t',2(t'; 0, %0)),
for ¢t € [t', 00) and we obtain
V(" z(t";to, p0)) < V(' 2(t';t0, p0)) = 0,

which is contradicts (6).
The proof of Theorem 1 is complete.

Now we shall use Theorem 1 to prove the existence of integral manifold for the

system
i) = A)z(t) + Bt)z(t — n(t), z(t) >0, t # 1,
Gyt 20> 0,1 @
Cra(t), z(t) >0, t = 7%,
Ax(t) = { 07’“ ) <0, t= %
where:

i)t > to; x € PC[(to,00), R"]; A(t) and B(t) are (n X n) matrix- valued functions;
ii) C, k=1, 2,... are (n X n) matrices; n € C|(tp, 00), RT];
i) {r}€B, 0<tp=710<T1 < T2 < ...

Let 7 = gltf (t —n(t)) and p1 € C[[r,to],R"]. Denote by x(t) = z(t;to, 1) the
Zto

solution of the system (7) satisfying the initial condition :

x(tvtOuwl):wl(t)a T S tS tOu (8)

and by J*(t, 1) - the maximal interval of the type (¢o,3), at which the solution
x(t; to, p1) is defined.

THEOREM 2. Assume that:

1. The matriz functions A(t) and B(t) are continuous for t € (o, 00).

2. The condition H2 is met.

3. For each k= 1,2, ... the elements of the matriz C) are nonnegative.
4. There exists a continuous real (n x n) matriz D(t), t € (tg,00), which

is symmetric, positively definite, dif ferentiable for t # 1, k=1,2,... and
such that for each k=1,2, ...

2T[AT(t)D(t) + D(t)A(t) + D(t)]z < —c(t)|z)|?, = € R, t # 7, (9)

2T [CED(t) + D(t)Cy + CED(t)Cilz < 0, t = 4, (10)
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where c(t) > 0 is a continuous function.

5. There exists an integral positive function A(t) such that
d(t) = c(t) — maz{a(t)A(t), BHA[)} = 0, (11)

_ 260
041/2(15 _ n(t)) |D(t)B(t)| < d(t)a (12)

where a(t) and B(t) are respectively the smallest and the greatest
eingenvalues of matriz D(t).

Then, the set M = {[t — tg,00) x {x € R": x <0}} is integral manifold
of the system (7).

Proof. Consider the function
2T D(t)z, for x>0,
Vit,z) = { 0, forz<0.
From condition 5 of Theorem 2 the following inequalities hold
a()|2]* < 2" D(t)z < B(1)|xf*
For the function V (¢, x) the set Q is

Q1 = {z € PC|(ty,00),R"] : 27 (s)D(s)x(s) < 2T (t)D(t)z(t), t —n(t) < s < t,
te (to, OO)}

If t >ty and z € 1 we have

a(t = n(t)(t —n(®)* < 2Tt —n(t))D(t - n(t))z(t —n(t)

<z"(t)D(t)x(t) < B(1)]x(t)]?,
and we obtain the estimate

1/2
[2(t — n(1))] < #%wn.

Let t # 7, and z € 4. From (9), (11), (12) and (13) we have
D_vitstt) = { §AOOFFAPOBOIOl =1, 0 >0

(13)

0, =z(t) <0
< { 0,[0(?@ d(®)lfz()]*, 2(t) >0,
—ABV(E, z(t))-
Let t = 7,. Then from (10) we get
V(" x(t) + Cra(t))
_ { («(t) + 27 () C)D(E)((t) + Cra(t)), x(t) > 0,
0, x(t) g 0
_ { 2T () D(t)x(t) + 2T (t)[CED(t) + D(t)Cr + CL D(t)Cy], z(t) > 0,
0, =z(t) <0
< V(t,z(t)).



298

G. STAMOV

Thus we have checked that all the conditions of Theorem 1 are satisfied.

He

nce the set M = {[1 — tp,00) x {x € R" : z < 0}} is an integral manifold for

the system (7).

[1]
2]
3]
[4]

[5]

[6]
7]
(8]
[9]
(10]
(11]
(12]

(13]

[14]
[15]
[16]
(17]

(18]

o oa a » @ »

o o o U

= [

—

N

A%

A%

/

B

REFERENCES

. M. LyapuNov, The Main Problems of Stability of the Motions, Nauka, Moscow, 1950. (in
Russian)

. M. SAMOILENKO AND N. A. PERESTYUK, Differential Equations with Impulse Effect, World
Scientific, Singapore, 1995.

. STAMOV, Integral Manifolds of Singularly Perturbed Systems of Impulsive Differential Equa-
tions Defined on Tori, Ann. Univ. Ferrara - Sez. VII - Sc. Mat., XLI (1995), pp. 117-130.

. Tr. STAMOV, Stability of Moving Invariant Conditionally Manifolds for Impulsive Differ-
ential Equations, Adv. Studies in Cont. Math, 9/1 (2004), pp. 7-14.

. D. BAlNOV AND I. M. STAMOVA, Second Method of Lyapunov and Comparison Principle
for Impulsive Differential-Difference Equations, J. Austra. Math. Soc. Ser. B, 38 (1997),
pp. 489-505.

. D. BAINOV AND I. M. STAMOVA, Strong Stability of Impulsive Differential-Difference Equa-
tions, PanAmerican Math.J., 9 (1999), pp. 87-95.

. D. BaNov AND I. M. STAMOVA, Lypschitz Stability of Impulsive Functional Differential
Equations, ANZIAM J., 42 (2001), pp. 504-515.

. BaiNov, S. KOSTADINOV AND NGUYEN VAN MIN, Dichotomies and Integral Manifolds of
Impulsive Differential Equations, SCT Publishing, Singapore, 1994.

. BAalNOv AND P. SIMEONOV, Systems with Impulse Effect: Stability, Theory and Applica-
tions, Ellis Horwood,Chichester, 1989.

. K. HALE, Theory of Functional Differential Equations, Springer-Verlag, New York, Heidel-

berg, Berlin, 1977.
K. HALE AND V. LUNEL, Introduction to Functional Differential Equations, Springer-Verlag,
1993.

. M. StaMova, Stability Theorems of Perturbed Linear Impulsive Equations, Math. Science

Research J., 2 (2002), pp. 96-103.

M. StaMovA AND G. T. StaMOV, Lyapunov-Razumikhin Method for Impulsive Func-
tional Differential Equations and Applications to the Population Dynamics, J. Comp.Apll.
Math., 130 (2001), pp. 163-171.

. N. BocoLuBov AND U. A. MITROPOLSKII, Asymptoticall Methods in Nonlinear Mechanics,
Nauka, Moscow, 1974. (in Russian)

. B. KoLmaANOVSKIl AND V. R. Nosov, Stability of Functional Differential Equations, Aca-
demic Press, 1986.

. LAKSHMIKANTHAM, D. D. BAINOV AND P. S. SIMEONOV, Theory of Impulsive Differential
Equations, World Scientific, Singapore, 1989.

. Luo AND J. SHEN, Stability Results for Impulsive Functional Differential Equations with

Infinite Delays, J. Comp. Apll. Math., 131 (2001), pp. 55-64.
. S. RAZUMIKHIN, Stability of Systems with Retardation, Nauka, Moscow, 1988. (in Russian)



