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BLOW-UP RESULTS FOR A REACTION-DIFFUSION SYSTEM*

YUSUKE YAMAUCHI'

Abstract. We consider the Cauchy problem for the reaction-diffusion system with the nonlinear
terms |x|%iuPiv?i. In this system, the exponents p1 and g2 play a crucial role to determine the
behavior of the solutions. Using an ODE method, we prove the Fujita-type nonexistence results for
p1,q2 < 1, for g2 < 1 < py or for p1,q2 > 1. Moreover, we also show the nonexistence results for
large initial data.
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1. Introduction. We consider the Cauchy problem for the reaction-diffusion
system:

(1.1) up — Au = ||t uProh, re RN, t>0,

(1.2) v — Av = |z|2uP? o, re RN, t>0,
u(z,0) = ug(z) > 0,#0, re RV,
v(z,0) = vo(z) > 0,# 0, ze RV,

where p;, ¢; > 0, 0; > max(—2,—N) (j =1,2), and p1,¢2 # 1.

There are some papers on the Cauchy problem for semilinear reaction-diffusion
systems. In [2], Escobedo and Herrero proved the existence and nonexistence of global
solutions, so-called the Fujita-type result, for 01 = 02 = p1 = ¢2 = 0, p2, ¢1 > 1,
p2q1 > 1. As an extension of [2], Mochizuki and Huang [4] showed the Fujita-type
result for p1 = g2 =0,0<0; < N(p2 —1),0< 02 < N(q1 — 1), p2, @1 > 1, p2qu > 1.
Both of the results show that the interaction between the unknown functions in the
nonlinear terms determines the behavior of solutions of the system.

In [3], Escobedo and Levine showed an interesting result for o9 = o9 = 0, p1,
P2, q1, g2 > 0. Under the assumption that ps + g2 > p1 + g1 > 0, they showed that
if p1 > 1, the solutions of the system behave like a solution of the single equation
Up — Ay = yPrta,

Our aim of this paper is to show the conditions for the nonexistence of global
solutions of the system (1.1) and (1.2) in three cases p1,¢2 < 1, g2 < 1 < py, or
p1,q2 > 1. The conditions are about the relation between the exponents p;, g;, o0,
and the initial data. See Theorems 2.1-2.3 in the next section. Comparing each part
(i) in the theorems with the results in [1], we see that our conditions are optimal
because the authors in [1] have proved the following results:

(i) Let p1 < 1,92 < land paqn — (1 —p1)(1 —¢2) > 0. If @« < N/2 and 8 < N/2, then
global solutions exist for small initial data.

(ii) Let p1 > 1 and g2 < 1. f @ < N/2 and p1 + ¢1 > 1 + (2 + 01)/N, then global
solutions exist for small initial data.

(iii) Let py > land g2 > 1. If p1+¢1 > 1+ (2+01)/N and pa +q2 > 1+ (2+02)/N,
then global solutions exist for small initial data.

*Received April 13, 2005; accepted for publication December 1, 2006.
TDepartment of Mathematics, Hokkaido University, Sapporo 060-0810, Japan (yamauchi@math.
sci.hokudai.ac.jp).

337



338 Y. YAMAUCHI

(iv) Let p1 < 1, ¢2 < 1 and pag1 — (1 —p1)(1 —¢2) < 0. Then all nonnegative solutions
are global.

Since this problem includes the sublinear case, p; or ¢; < 1, the authors in [1] show
the global existence by iteration argument in weighted L*° function space.

Moreover, the same result as [3] holds in our problem, that is, if p; > 1, the solu-
tions of the system behave like a solution of the single equation u; — Ay = |z|7t uPrT¢
under the assumption that (p2 +¢2 —1)/(o02 +2) > (p1 +q¢1 — 1)/(01 + 2).

The iteration method of [3] is often used to show blow up for reaction-diffusion
systems. However, the method does not seem applicable for our problem because the
nonlinear terms have the variable coefficients |z|?7. In this paper, we improve the
argument in [4] and apply it to our problem. The argument in [4] is to transform the
system of PDEs into the ordinary differential inequalities. In our problem, multiply-
ing the equation by negative power of unknown function makes the transformation
possible.

Our plan of this paper is as follows. In Section 2, we state main theorem and
some notation. In Section 3, we prepare several pointwise estimates for solutions.
These estimates are obtained from the system of integral equations associated to
(1.1) and (1.2). In Sections 4 and 5, we prove the nonexistence results in the case
max(p1,q2) < 1 and the case max(p1,g2) > 1, respectively. Because the interaction
between u and v in the former case is stronger than that in the latter, we employ a
system of ordinary differential inequalities. On the other hand, because self-growth of
the solution in the latter case is stronger than that in the former, we employ a single
ordinary differential inequality. In both of the cases, we first show that functions
used in the differential inequality have upper bounds under the assumption that the
global solutions exist. Next, we show lower bounds from the estimates in Section 3.
This contradicts the upper bounds. Hence, the nonexistence of global solutions is
shown. In Appendix, we introduce a comparison principle used in the proofs and a
local existence result for the associated system of integral equations.

Remark 1.1. In [2], [3], [4] and [5], the authors show that the solution blows up
in critical case. This critical blow-up also occurs in our system (1.1)-(1.2), which is
shown in Sections 4 and 5.

2. Main results. For simplicity, let

_qi(o2+2) + (1 —g2)(01 +2)

 2peqi — (L —p1)(1—q2)}
(2.1) _ p2({0pl 3 2) Ei- (111.)7?(1)(02(1-2}2)

h= 2{p2q1 — (1 —p1)(1 —q2)} ’
5y = q102 + (1 — q2)oy

Cpen — (T=—p)(1—q2)’
(22) 5y = P201 + (1 —pl)UQ

Cpeqn — (T=p1)(1—qa)’

For a € R, we define the function spaces:

I = {w € C(R");w(z) > 0, limsup |z|%w(z) < 0o},

|| —o0

I, = {w e C(RY);w(x) >0, liminf |z|w(z) > 0},

|| — o0
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and

L2° = {w is measurable function on RN;

w(z) >0, [, = sup (x)*w(z) < oo},
zeRN

where (z) = (1 + |£C|2)1/2. We also define
Ep ={(u,v); [0,T] = L5} x L3, ||(u,v)[|zr < 00},
where

[(w, )2y = sup ([[u(t)]loo,s, + [[v(E)]loo,s2)-
t€[0,T]

Now, we state our main results. Throughout this paper, we assume that the initial
data (ug,vo) € I x I%.

THEOREM 2.1. Let p1 <1, g2 <1 and pagi — (1 —p1)(1 — g2) > 0.
(i) If max(«, B) > N/2, then no nontrivial global solutions exist.
(ii) If up € I, (a < 2ar) or vy € I (b < 20), then no global solutions exist.
(iii) For any v > 0, there exists large C > 0 such that no global solutions with
up(x) > Cexp(—v|z|?) exist.

THEOREM 2.2. Letp1 > 1, g2 < 1.
(i) Ifa>N/2orpr+q <14 (24 01)/N, then no nontrivial global solutions exist.
(ii) If uo € I, (a < max((o1+2—Naq1)/(p1 — 1),
—{q(o2+2)+ (1 —q2)(01+2) —p2gi N}/{(1 — p1)(1 — q2)}), then no global solutions
exist.
(iii) For any v > 0, there exists large C > 0 such that no global solutions with
up(x) > Cexp(—v|z|?) exist.

THEOREM 2.3. Let p1 > 1, g2 > 1.
) Ifpr4+qa <1+2+01)/N orps+qg <14 (2+03)/N, then no nontrivial global
solutions exist.
(i) fup €Iy (a<(o14+2=Nq1)/(p1—1)) orvg € I (b< (02+2—Np2)/(g2—1)),
then no global solution exist.
(iii) For any v > 0, there exists large C > 0 such that no global solutions with
ug(x) > Cexp(—v|z|?) ezist.

Remark 2.4. Each part (i) in Theorems 2.1-2.3 is so-called the Fujita-type nonex-
istence result. Each (ii) and (iii) are for the initial data with bad decay and for large
initial data, respectively.

We can also rewrite the theorems into the way in Escobedo-Levine [3].
COROLLARY 2.5. Assume that

pt+q—1 <p2+fJ2—1
0’1—|—2 - 0’2—|—2

(2.3) :
and let p1 <1, g2 # 1.

(i) If max(«, B) > N/2, then no nontrivial global solutions exist.

(ii) If 0 < max(a, B) < N/2, then no global solutions exist for large data.
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COROLLARY 2.6. Assume (2.3), and let p1 > 1, g2 # 1.
(i) If pr+q1 <14 (24 01)/N, then no nontrivial global solutions exist.
(ii) If p1+q > 14 (24 01)/N, then no global solutions exist for large data.

3. Key estimates. In this section, we prepare several estimates for the solu-

tions. To show them, we introduce the system of integral equations associated to
(1.1) and (1.2):

(3.) u(t) = S(Ouo+ [ (=) (s o) s,
(3.2) v(t) = S(t)vg —|—/0 St —s)|-|72u(s)P?v(s)ds,
where

s(150) = )} [ e (<E0)

The following lemma is a well-known estimate for the heat equations.

LEMMA 3.1. Let u and v be solutions of the system (1.1) and (1.2). There exists
C > 0 such that

2
u(z,t) 20(14—15)_% exp <—%> , (t>0),
z2
v(z,t) ZC’(I—Ft)_% exp <—%> , (t>0).

Moreover, we can add logarithmic growth to the bounds in the critical case.

LEMMA 3.2. (/3)) Let u and v be solutions of the system (1.1) and (1.2). Assume
that

2

ula, ) > Cr(1+ 1) ¥ exp (—%) | (t > 0),
2

v(z,t) > Ca(1+ )™ exp (— CgLI| ) , (t > to),

where C1, Co, C3 >0, tg > 0 and m € R. If m and o1 satisfy

N +2 N

) ) —5 o1 > max(—2, —N),

then there exist constants Cy, Cs > 0 and t1 > tg such that

_xN Cs|z|?
u(z,t) > Cy(14+t)2 log(l + t)exp ) (t > t1).

Proof. See Proposition 1 in [3]. O

The following two lemmas are for the sublinear case.
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LEMMA 3.3. Let 0 < g2 < 1, 09 > max(—2, —N) and define

~ oo+2

(x,t) = Ct=0a (S(t)ug(x)?)=0 ) .

for C~', e>0. If C and ¢ are sufficiently small, then v(x,t) is a subsolution for the
problem:

— Av = |z]72uP2 0%, ceRN, t>0,
v(z,0) = vo(x), z € RN,

Proof. Let k > max{(o2 + N)/N,1} and 0 < ¢ < min(1,p2/{(1 — ¢2)k}).
suffices to prove that

oz, t) < /0 S(t — s)|x|7 (S(s)uo(x))?? v(x, s)?ds.

By Jensen’s inequality, we have
[ 8= 9t (S o) o5y
a2(o2
(5:3) > G [ HET 50— s)al” (S(5)uole)) T s
0

Using the inverse Holder inequality and Jensen’s inequality again, we have for k > 1,

S(t = 8)|]7 (S(s)uo()) @

> {S(t — 5[z PIRLS(E — ) (S(5)uo(x)?) Friam Jr

> {C(t — ) 7P (S (t - 5) (S(s)uo(2)7)} T
(34) — 17 (t = 5)F (S(t)uo(x)?) =m0 |

Substituting (3.4) into (3.3), we obtain

/0 S(t — s)|x|72 (S(s)uo(x))"* v(x, s)?ds

t - -
> éqzcllfk (S( ) 5(1 q2) / q22((1 2:22)) t_ s)%ds
0

>Cq201 k02t2<1 q2)( () (;U)E)s(l q2)
= Ce 1Ok Cyi(x, t)
v(z,t)

Y

for sufficiently small C > 0. This completes the proof. O

LEMMA 3.4. Let 0 < g2 <1, and o3 > (—=2,—N) and let u and v be solutions of
the system (1.1) and (1.2). Then there exist constants C1, Co > 0 such that

_og+2 __paN Cslz|?
ola,t) > CLtTmm) (14 1) Tm exp <‘ 2?' > (t > 0).
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Proof. Fix arbitrary s > 0, and apply Lemma 3.3 to U(t) = u(t + s) and V(t) =
v(t + s). Then, we have

Ve, t) > Ct7m (S()U(z,0)°) T .
Putting s = ¢ and using Lemma 3.1, we obtain

oot2 v
v(zx,2t) > CtT0=aD (S(t)u(x,t)s)r%m

P2
o p —_ 2 2 =(1—-q3)
> Ctﬂffqi) (1+ t)_2<131:2) {(4m€)‘g /exp (—% — %) dy} "

. 2
> 20 (14 1) 70w exp (—C|f| ) .

This completes the proof. O

4. Proof of Theorem 2.1. NECESSARY CONDITION FOR THE GLOBAL EXIS-
TENCE  Assume that (u,v) are global solutions for (1.1) and (1.2). Since p; < 1,
g2 < 1 and p2g1 — (1 —p1)(1 —¢2) > 0, we can take a positive constant k > 0 such that
(1 —=¢2)/p2 <k <q/(1—p1). For this k, fix positive constants r1, ro > 0 satisfying

T2 Zle,

r1 <min{l —p1, pa2},

ro <min{l — g2, q1},

N(qi — k(1 —p1))
A )

N(kp: — (1 —q2))

ro0gy < .

k

rio; <

For € > 0, define the cut off function

N 1 _1
pe(a) =4 (‘1—a|x|2) ==
0 (lz] = e72),
and set
(4.1) F.(t) :/RN w(z, )™ pe(z)dx,
(4.2) Ge(t) :/RN v(x,t)"? pe(x)dz.

Then the following inequalities hold.

LEMMA 4.1. Let p1 <1, ¢ < 1 and 05 > —N (j = 1,2). Then there exist
constants C1, Cz, C3, Cy > 0 such that

(A—p1)—m1 a1

(4.3) F!(t) > —CieFo(t) + Coe™ T F.(t)" 1 Go(t)=

P2 _(1—g3)—m2
= —_—

(4.4) GL(t) > —C3eGe(t) + Cac~ T F.(t) 1 Go(t) ™ 72
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Proof. Multiplying (1.1) by "~ p., and integrating over R" with respect to z,
we obtain the desired inequality (4.3). Indeed, integration by parts implies that

1d
/ . pett" Lupdr = ——F. (1),
R

/ peu "t Audr > — Vpe - u" " Wudz
RN RN
1
=—— Vpe - V(u™)dz
1 JRN
1
— u Ap.dx
T1 RN
>R,
™

Here, we have used the property of p. that there exists a constant C' > 0 depending
only on N such that Ap. > —Cep.. The normal and inverse Holder inequalities also
imply that

/ p€|x|01u”_(l_p1)v‘hd:§
RN
g1 r2—41

T ” rgoy  ra(ri—(—pi1)) "2
> | PV Pdx | Pelx|mau T T dr
|z|<e™ 2 lr|<e™ 2

r1—(1—-p31) _ria—r2(1-pj)

a1 "1 T1T2
a rirpoq
= ___miTeo1
> G2 / . psurldl‘ / . P5|$| r1ar—r2(1-p1)
|z|<e™ 2 lz|<e™ 2

o1 (A-p1)—r1

=Ce T E@M)T o G(t).

Multiplying (1.2) by v"2~1p., and integrating over RY with respect to z, we can
also get (4.4). O
Setting

we simplify the inequalities (4.3) and (4.4).

LEMMA 4.2. Let p1 <1, g2 < 1 and 0; > —N (j = 1,2). Then there exist
constants Cs, Cg, C7, Cg > 0 such that

FL (t) > —CseFa(t) + Coe~ P Go(t) T,

P2

G- (t) > —CreGL(t) + Cye FFL(t) 1.

From the phase field argument in [4], we get upper bounds of F.(t) and G.(t) as
follows:

PROPOSITION 4.3. Letp; <1, q2 <1 ando; > —N (j =1,2).
(i) There exist constants A >0 and B > 0 such that

) FL() < Aetin),
(4.6) G.(t) < BePU-®),
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for allt > 0 and e > 0, where « and [ are defined in (2.1).

(ii) (upperbounds) There exist constants A > 0 and B > 0 such that
(4.7) F.(t) < Ae™™,
(4.8) G.(t) < BePr,

for allt >0 and e > 0.

Proof of Theorem 2.1 (i). We consider the case o > N/2. Lemmas 3.1, 3.2, 3.4,
and the definition of F. in (4.1) give lower bounds of F.(¢~1):

_ 056% (Oé > ﬂ)
4.9 F.(eH > L 277
(4.9) ()= {CGEA; log(l+¢e7Y), (a=3%).
Indeed, in the critical case & = N /2, we have
_n |z |?
u(z,t) <C(1+1t)” 2 exp - ) (t>0),
oo+2—po N C 2
v(z,t) < C(1+1) S0=a3) exp (—%) , (t>1)
from Lemmas 3.1 and 3.4. Applying Lemma 3.2, we have
N |z |2
(4.10) u(z,t) < C(14+t)” 2 log(l +t) exp - (t > to)

for some tg > 1. Substituting (4.10) into (4.1), we obtain (4.9). This contradicts (4.7)
for small € > 0. This completes the proof. O

Proof of Theorem 2.1 (ii). We consider the case liminf|;|_, o |2[*uo(z) > 0 (a <
2a). Then we have

F.(0) = /RN uo(x)™ pe(x)de

1 1
= uo(e™2x)™ exp (—7> dx.
f e

Hence, for the constant A in Proposition 4.3, we can choose sufficiently small ¢ > 0
such that

e M F.(0)

1
>e / up(e~ %)™ exp (—72> dx
1/2<|z|<1 1—|z|

a 1
> Celmatein / |z| =" exp (—72> da
1/2<|z|<1 1—|z|

> A.
Therefore, we get

F.(0) > Ae™,
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which contradicts (4.7). This completes the proof. O

Proof of Theorem 2.1 (iii). We assume that ug(z) > C exp(—v|z|?) for sufficiently
large C' > 0. Letting e = 1 and t = 0, we get for the constant A in Proposition 4.3,

~ 1
Fi(0)=0Cm / exp (—VT’1|:E|2) exp <—71 — |$|2> dx

lz|<1

> A,

which contradicts (4.7). This completes the proof. O

5. Proofs of Theorems 2.2 and 2.3. In this section we prove Theorems 2.2
and 2.3. In order to prove the theorems, it suffices to show the following propositions.

PROPOSITION 5.1. Let p1 > 1, g2 < 1. (i) If @« > N/2, then no nontrivial global
solutions exist.
(i) Ifuo € Lo (@ < —{q1 (02 +2) + (1 —@2) (01 +2) — poar N}/{(1 — p)(1 — g2)}), then
no global solutions exist.
(iii) For any v > 0, there exists large C > 0 such that no global solutions with
up(x) > Cexp(—v|z|?) exist.

PROPOSITION 5.2. Letp1 > 1. (i) If p1+¢1 <14 (24 01)/N, then no nontrivial
global solutions exist.
(i) Ifup €I, (a < (01 4+2—Naq1)/(p1 — 1)), then no global solutions exist.
(iii) For any v > 0, there exists large C > 0 such that no global solutions with
up(x) > Cexp(—v|z|?) exist.

NECESSARY CONDITION FOR THE GLOBAL EXISTENCE Assume that (u,v) are
global solutions for (1.1) and (1.2). For € > 0, define

(5.1) F.(t) = /RN u(z, t)" pe(x)de,

N
p1—1°
Multiplying (1.1) by pe(x)u"~! and integrating by parts, we have

where 7 > 0 satisfying ro; <

o1 a1(o2+2)—poa1 N r4+p1—1

F.(t) > —CieF.(t) + Coe™ 2t 20-@)  F.(t)" + (t>e 1),

where C and Cs > 0. Indeed, from the inverse Holder inequality and Lemma 3.4,

/ p8|x|01ur+p1—lvq1 dx
RN

r+p;—1 1-py
" o] 741 r
> peu”dx pelx|Trio TP dr
RN RN
r4+p;—1 o1 a1(o2+2)—poq1 N

> Fg(t) v .Ce 2 ¢ 2(1—q2)

Putting

P 91(92+2)+(1—gp)(01+2)—poa1 N
{FE(S) —¢ 2(1-p1)(I1—a2) Fs(t);

s = et,
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yields the following inequality:

— q1(o2+2)—p2a1 N — r+p1—1

Fo(s) > —CiFo(s) + Cos 20w Fo(s) ™7 (s > 1).

A comparison argument and the global existence of f‘;(s) imply that

FE(l) S K7

where K > 0 is independent of 0 < ¢ < 1. Hence,

_a1(oa+2)+(1—g3)(a1+2)—paar N |

(52) Fs(gil) S Ke 2(1-p1)(1—a2)

)

for0 <e < 1.

Proof of Proposition 5.1 (i). Lemmas 3.1 and 3.2, and the definition of F in (5.1)
give lower bounds of F.(s71):

&l N
Fa(Eil) > OBENT, (Oé ” 2 ),
Cie 2 log(l+e71), (a=%),

which contradicts (5.2) for small € > 0. Indeed, one can see that @ > & is equivalent
to

NE

@02 +2)+ (1 —g2)(01 +2) —pos N
2(1=p1)(1 = q2)

N
> —.
-2
This completes the proof. O

Proof of Proposition 5.1 (ii). From the definition of F; in (5.1), we obtain

F.(e7h)

> /m«% (S uol@))” pe(a)da

el 1 > / AT
> exp (— — dx exp | — ug(e™2y)" dy
/|x|<1 21— RN 2

1

2
=C exp (_r|y| ) uo(e™2y)" dy.
RN 2

Hence, for the constant K in (5.2), we can choose sufficiently small € > 0 such that

a1(02+2)+(1—gg)(o1+2)—paar N . 1
€ 2(1-p1)(T—q2) FE(a‘* )

2
a1(e2+2)+(1—g2)(e1+2)—poa1 N r 1
> Ce 2(I1-p1)(I1—4q2) r exp —M ’U,O(E_Ey)rdy
RN 2

91 (o2+2)+(A—q2)(01+2)—poa1 N | a
> Cg{ 2(1-p1)(1—q2) +2}T

> K.




BLOW-UP RESULTS FOR A REACTION-DIFFUSION SYSTEM 347

Therefore, we get

_a1(o2+2)+A—g3)(o1+2)—paar N |

Fg(E_l) > Ke 2(1-p1)(1—q2) ,

which contradicts (5.2). This completes the proof. O

Proof of Theorem 5.1 (iii). We assume that ug(z) > C exp(—v|z|?) for sufficiently
large C' > 0. In the same way as the previous proof, we obtain

—1 T|y|2 —1 \r
F.(e7)>C exp | — uo(e™2y)" dy.
RN 2
Letting ¢ = 1, we get for the constant K in (5.2)
rlyl? .
B =C | exp|- uo(y)"dy
RN 2

~ rly|? 2
> CC’T/ exp | ——5— | exp (—vrlyl?) dy
RN

> K,

which contradicts (5.2). This completes the proof. O

Proof of Proposition 5.2 (i), (ii) and (iii). Using Lemma 3.1 instead of Lemma 3.4
for the estimate of v(z,t), we can prove Proposition 5.2(i), (ii) and (iii) in the same
way as the proof of Proposition 5.1(i), (i) and (iii), respectively. O

6. Appendix. In this section, we give a comparison theorem and a local
existence theorem.
COMPARISON PRINCIPLE

LEMMA 6.1. Let f(u,v) and g(u,v) be strictly monotone increasing in u and v
foru, v>0. Assume that u, U, u, v are nonnegative and satisfy on RY x (0,7),

uy — Au > x| f(u, v),
vy — AT > |x|7%g(a, D),
u, — Au < |z|7* f(u,v),

v, — Av < |z|"%g(u, v),

and that on RY,

]

(:Z?,O) —_(IE,O) > O,ié 07
(:Z?,O) —Q(I,O) Z 0, ?—é 0.

S

Then we have (z,t) > u(x,t) and 5(z,t) > v(z,t) on RY x (0,T).
LOCAL EXISTENCE RESULT

THEOREM 6.2. Let §; and 2 be defined in (2.2). Assume that (ug,vo) € I%* x I
and that 0 < 61,02 < N. Then there exist (u(t),v(t)) € Pr = {(u,v) € Ep; u >
0, v > 0} satisfying the integral equations (3.1) and (3.2) for some T > 0.
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To prove the theorem, we define {u,(z,t)} and {v,(z,t)} (n = 1,2--+) inductively
by:

Un41(t) = S(t)uo —l—/o St —8)| |7 un(s)P vn () ds,

Un41(t) = S(t)vo —|—/0 St —s)| - |72un(s)P2v,(s)ds,

Uy = S(t)uo,
v = S(t)’l)o.

At first, we introduce two lemmas.
LEMMA 6.3. ([4)) (1) Let (ug,vo) € I’ x I’2 and 0 < 61,60 < N. Then
(S()ug, S(-)vo) € Er for all T > 0, and we have

sup |[|S(s)uolloo,s, < Clluolloc,s:
s€[0,T)

sup [|S(s)vollos,s, < Cllvollos,s,-
s€[0,T]

(ii) For (u,v) € Er, define ®1(u,v) and ®2(u,v) by
t
Dy (u,v) = / St —8)| |7 u(s)Pro(s)ds,
0

Dy (u,v) = /0 S(t— )| - |72u(s)P?v(s)?ds.

Then (®1(u,v), P2(u,v)) € Er, and we have

sup |[®1(u, v)(s)| 0.6, SCT< sup ||u(s)[|% 5, sup ||v(s)|22,52>=
s€[0,T) s€[0,T] s€[0,T)

sup |[®2(u, v)(s)]l 00,5, SCT< sup |lu(s)[|2 5, sup ||v(s)|22,52>-
s€[0,T) s€[0,T] s€[0,T]

This lemma leads to uniform estimates for the solutions.
LEMMA 6.4. Suppose that (ug,vo) € I°* x I°2. Then there exist K > 0 and T > 0
such that

sup ||un(t)||oo,51 <K,
te[0,T)

sup _||vn (t)loc,50 < K,
t€[0,T]

for all n.

Proof. Let C > 0 be as in Lemma 6.3, (i) and (ii). Put R =
max(||%o .6, 5 [|V0]| 00,6, ). Taking K > 0 and T' > 0 such that
K —-CR
C(Kprita + K;D2+q2)’

K >2CR, T <
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we can get the desired estimates. This completes the proof. O

Now, we can prove Theorem 6.2.

Proof of Theorem 6.2. From Lemma 6.4, one can see that

sup |[un (t)]leo < K,
t€(0,T]

sup [lv(t)[eo < K
te[0,T]

for all n. The monotonicity of the heat kernel gives

Unp < Un+1,Un < Un+1
for all n. Therefore, there exist @(z,t) = limy, o0 un(z,t), V(z,t) = limp_ 00 vn (2, 1)
on RY x [0,T], and we have

sup ||u(t)([oc,8, < K,
t€(0,T]

Sup_[[5(t) [oc,5, < K.
t€[0,T]

Moreover, from Lebesgue’s monotone convergence theorem, we can easily see that

(u,v) are local solutions for (3.1) and (3.2). This completes the proof of Theorem
6.2. 0
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