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THE CHEN-RUBIN CONJECTURE IN A CONTINUOUS SETTING*

CHRISTIAN BERG! AND HENRIK L. PEDERSEN#

Abstract. We study the median m(z) in the gamma distribution with parameter z and show
that 0 < m/(z) < 1 for all z > 0. This proves a generalization of a conjecture of Chen and Rubin
from 1986: The sequence m(n) — n decreases for n > 1. We also describe the asymptotic behaviour
of m and m’ at zero and at infinity.

Key words. median, gamma function, gamma distribution

AMS subject classifications. primary 60E05; secondary 41A60, 33B15
1. Introduction. The gamma distribution with (positive) parameter z has den-

sity with respect to Lebesgue measure on (0, 00) given by e~#*~1 /T'(z). The median
m(z) of this distribution is defined implicitly as

m(z) —tpzr—1
/ e gt
0 ['(z) 2

/ et dt = —/ et dt. (1)
0 2 0

This is of course equivalent to

[ oetwta=g [ eetar 2)
m(z) 2 0

We show that m is continuous and increasing. This is a consequence of a result about
general convolution semigroups of probabilities on the positive half-line, that is given
in Section 2. There we also show that m is real analytic and that m satisfies a certain
differential equation.

We shall mainly study m through the function

or

o(z) = log @)’ x> 0. (3)

This function appears if we make the substitution v = log(z/t) in the relation (2):

o(x) C 1 [ —u
/ e (e +“)du:§/ el ) gy, (4)

— 00

Chen and Rubin (see [7]) studied the median of the gamma distribution and proved
that  — 1/3 < m(z) < x for x > 0. The relation (4) was also used in [7] to
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64 C. BERG AND H. L. PEDERSEN

establish that ¢(z) > 0, or equivalently m(z) < z. (It follows by observing that
f?oo e~z ) gy < I e~ ®(¢""+) dy, which is true because sinhu > u for u > 0.)

Chen and Rubin furthermore conjectured that the sequence m(n) — n decreases.
This conjecture has recently been verified by Alm [2]. See also Adell and Jodra
[1], which contains a simpler proof. We also mention Alzer [3], who proved that
m(n+1) — an decreases for all n > 0 exactly when o > 1 and increases exactly when
a <m(2) —log2. (Note that m(1) = log2.)

In this paper we investigate the properties of m as a function on (0,00). Chen
and Rubin’s conjecture follows from the relation

m/(z) <1 forall x>0 (5)

and it is our main goal to verify this relation. (See Theorem 3.4.)
The graph of m can be found in Figure 1. (The dotted line is given by = — 1/3.)
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Fic. 1. The graph of m

In terms of ¢ the inequality (5) takes the form 1 — z¢/(z) < e#(*). As a crucial
step towards this result we show that zp(z) decreases and that

1
3 < zo(z) < log2

for all # > 0 (see Proposition 3.6). In terms of m this relation can be rewritten as
ze”182/T < m(z) < ze” /3,

If we use that e~ < 1 — a + a?/2 for a > 0 then in fact

()< 1 1+ 1 1+ 1
mz)<z|l—-—4 — | =20— =+ —
3z 18z2 3 18z
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for all © > 0. This result improves a result of Choi about m(n + 1), see [8, Theorem
1], even though it is there claimed to be best possible.

The asymptotic behaviour of m(z) for x — 0 and for & — oo is given in Section
4. From this we can deduce that m(*)(z) > 0 for x close to 0 for each k while
(=1)Fm®) () > 0 for  sufficiently large and k > 2. Tt is reasonable to believe that
m”(z) > 0 for all > 0, i.e. m is convex, but the higher derivatives of odd order
change sign.

2. Medians of convolution semigroups on the half-line. A family {u,}.>0
of probabilities concentrated on [0, 00) is called a convolution semigroup if it has the
properties

(i) pz([0,00)) =1 for all x > 0;
(ii) po * py = poty for all z,y > 0;
(iii) pg — o for © — 0 in the vague topology (here &y denotes the Dirac mass at

7€ero).
A probability measure p on [0, 00) has median m if
1
M([Ov m]) = 9

Of course a probability measure may not have a median and if it exists it may not be
unique. However, if the measure has density w.r.t. Lebesgue measure on [0, 00) then
the median exists: this follows from the fact that M — u([0, M]) is continuous and
increases from 0 to 1. If the density is strictly positive almost everywhere on [0, 00)
then the median is unique.

PROPOSITION 2.1. Let {uy}z>0 be a convolution semigroup of probabilities on
[0,00) having a.e. strictly positive densities w.r.t. Lebesque measure on [0,00). Then
the median m(x) of u, is a continuous and strictly increasing function on (0,00).
Furthermore, lim,_om(xz) =0 and lim,_,, m(x) = oo.

Proof. We write du,(t) = g.(t) dt. As was noticed above, m exists as a function
on the positive half-line. We now show that m is strictly increasing. Let x > 0 and

h > 0. Then
/ utn(t)dt = / ga * gn(t) dt
0

gn(t — 8)g(s)dsdt

A/
/m(w) (t — s) dt go(s) ds
/

Since m(z + h) by definition satisfies

m(z+h) 1
[ sntar=s,
0
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it follows that m(z) < m(x 4+ h). Therefore m is strictly increasing.
Concerning the continuity we first notice that for any A > 0,

A A
/ Gron(t) dt — / g (1)
0 0

as h — 0. In fact, by the same computation as above,

A A
/ Gron (1) dt = / G * g (1) dt
0 0

_ /O ! /0 U ) dt g (5) ds
. /0 ! /O T d5o(t) g (5) ds

A
= / 9o (8) ds,
0

as h — 0, because of the vague convergence. (All measures in question have the same
total mass, so vague convergence implies weak convergence.) Now let z¢ > 0 and let
€ > 0 be given. For A = m(xo) + € we have, as h — 0,

m(zo)+e m(zo)+e 1
[ s [ e 5,
0 0

so that m(zg + h) < m(xg) + € for all sufficiently small and positive h. Similarly,
m(zg — h) > m(zg) — €, and this shows that m is continuous.

To show that lim,_om(z) = 0 and lim,_,, m(x) = oo, it is enough to exclude
that

(a) there is @ > 0 such that m(x) > a for z > 0, and

(b) there is A > 0 such that m(z) < A for z > 0,
m being increasing.

If (a) holds then

a m(z)
/ g (t)dt < / g(t)dt = 1
0 0 2

for all . Since p, converges vaguely to the Dirac mass at 0 for = tending to 0 we get

)

DN =

which is a contradiction.
If (b) holds then

1 m(x) A A .
5= / ga(t)dt < / ga(t)dt < e / e tgu(t)dt < etem ™),
0 0 0

where f is the Bernstein function corresponding to the convolution semigroup (see
[5]). However, f(1) > 0 so that the right-hand side tends to 0 as © — co. We have
reached a contradiction. O
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The gamma distributions {e~*~!/T'(x) dt},>0 is an example of such a convolu-
tion semigroup. Other examples can be constructed from the one-sided stable distrib-
ution of order o (0 < v < 1), and the log-normal distribution; see [14]. Both of these
distributions are infinitely divisible and can be embedded in a convolution semigroup.
The median of either of these semigroups has the properties of Proposition 2.1.

We now specialize to consider the median m(x) of the gamma distributions. We
notice

PROPOSITION 2.2. The median m(x) of the gamma distributions is real analytic.
Proof. We consider the C'-function
Y 1
F(z,y) = /0 e*ttxflm dt, x,y>0.

The median is implicitly defined as F'(z,m(z)) = 1/2. The fact that the continuous
function m is C* follows from the implicit function theorem, which yields the following
differential equation for m:

m(x)
e_m(w)m(x)w_lml(x) = %F/({I]) — / (log t) e_ttw_l dt; (6)
0

which shows that m satisfies a differential equation of the form
m/(x) = G(x,m(x)),

with G(z,y) being real analytic for z,y > 0. Therefore m is real analytic. O

REMARK 2.3. From (6) it seems difficult to deduce monotonicity properties of
m; e.g. it is not at all clear that m/(x) > 0, which follows from Proposition 2.1. For
another derivation of m'(x) > 0 see Proposition 5.6.

3. Uniform results. In this section the generalized version of Chen and Rubin’s
conjecture (Theorem 3.4) is proved.

Proposition 3.3 below is the key to our results. Before stating it we need some
notation.

We consider the function f(x) = e™® +z. It is easily seen that f(z) decreases for
x < 0 and then increases for > 0. Hence f has an inverse on (—o0, 0], which we call
u, and an inverse on [0,00), which we call v. The function u is defined for t > 1 as
u(t) <0 and

e O Lty =t, t>1;
the function v as v(t) > 0 and
e W pu(t)y=t, t>1.

The following function £ plays an important role:

60) = Ty + Ty = W) + (1), 7

Since u(t) — —oo and v(t) — oo for t — oo it follows that

E(t)—1 as t— oo. (8)
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The function £(t) is defined for ¢ > 1. For ¢t = 1 the expression (7) yields co — 0o and
a closer study is necessary.

PROPOSITION 3.1. The function £(t) is holomorphic in a neighbourhood of t = 1
and £(1) = 2/3, €'(1) = 8/135.

The monotonicity properties of £ also play an important role in our investigations.
The following result holds.

PROPOSITION 3.2. The function £(t) is increasing and concave for t > 1.

These two propositions are proved in Section 5. It is in fact proved that £ has
a holomorphic extension to the cut plane C\ {x £ 27¢ |z > 1} (Corollary 5.5). Fur-
thermore, an integral representation of ¢ is obtained (Proposition 5.8) from which
the monotonicity properties are derived. It is shown that £(t) is increasing for t € R
and has the limit 0 as ¢t tends to —oo. Hence the function cannot be concave on the
whole real line and this is reflected in the technicalities establishing concavity on the
interval [1, c0).

PROPOSITION 3.3. We have

o(z) C 0
2/ e = W gy :/ E(t)e "t dt, 9)
0 1

where the function & is defined in (7).
Proof. From (4) it follows

o(x) . oo u 0 —u
2/ e w(e ) gy = / e~ @€ ) gy — / e~ xe ) gy
0 0 —0o0

In the first integral on the right-hand side we make the substitution v = v(t) and in
the second the substitution u = wu(t), where u(t) and v(t) denote the functions above.
This leads to

o(x) _ 0 1 1
—z(e”"4u) _ —xt
2/0 e du—/1 e (1_e—v(t)+1_e—u(t)> dt

= /100 E(t)e " dt. O

As mentioned in the introduction the inequality m/(z) < 1 follows from the result
below.

THEOREM 3.4. The inequality
1— 2o (z) < e?®
holds for all x > 0.

Before proving this result, we give the following Lemma.

LEMMA 3.5. The relation

zp(x) . 9 oo
2/ e—sem(l—e / )dS _ = +/ é-/(t)e_m(t_l) dt
0 3 1

holds for all x > 0.
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Proof. On the left hand side of the relation in Proposition 3.3 we make the
substitution s = zu and get in this way

) zp(x) Cia 00
—/ emsmwe ds:/ E(t)e " dt,
0 1

T

hence by integration by parts

zp(x) —e/s S
2/ esTwe ds=/ E(t)we " dt
0 1
=e "¢(1) —|—/ & (t)e "t dt.
1

Here £(1) = 2/3 (see Proposition 3.1) and the assertion of the lemma now follows by
multiplication by e*. O

PROPOSITION 3.6. The function x — xp(x) decreases for x > 0 and

lim zp(z) =log2,

z—04
li (@) = -
1m re(r) = —.

In particular ¢ is decreasing from oo to 0 (and m is increasing).

Proof. Tt follows from Lemma 3.5, by differentiation, that

zp(x) Ctm
—/ e—ser (1= (1 — (1 + i) e_s/m) ds
0 X

1 o0
—5/ te "t (t + 1) dt.

0

e 2 (P@) 1) (o)) =

Since 1 — (14+a)e™® > 0 for a > 0 and &'(t+1) > 0 for ¢ > 0 (see Proposition 3.2) we
have

A = [ et (1 (14 D) e s o

and
B(x) = %/ te "t (t 4 1) dt > 0.
0
Therefore
(wp(w)) = —e" DTN (A@) + B(x)), (10)

which is a negative quantity, so xp(z) decreases.
Furthermore, since e~ ser(1=e7*/7) > e °, we get from Lemma 3.5,

2/0 : e_sdsgg—i—/l §'(t)dt=§+ lim &(z) —€&(1) =1,

xr—00
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since limy 00 £(z) = 1 (see (8)). Therefore zp(z) is bounded by log?2 for all x > 0.
Let [ = lim,_.o, z¢(x). Then by the dominated convergence theorem we find

l oo
2
2/ efsds:——l—/ (t)ydt =1,
0 3 A
so that [ = log 2.

Finally, let L = lim, .o x¢(x). In the same way, we get

L
2/ 1ds:2,
0 3
so that L =1/3. 0

Proof of Theorem 3.4. With the expressions A(z) and B(x) and the relation (10)
from the proof of Proposition 3.6 we obtain

1 — 2 (z) = * @O+ (A(2) 4 B(a)) + p(a) + 1
< e™(A(z) + B(x)) + p(z) + 1.

Now, using that 1 —e™®* < a and 1 — (1 4+ a)e™® < a?/2 for a > 0, it follows that

o) 2\ apla)®
A(a:)g/o e e(/)<ﬁ)d5— e

Furthermore, since &'(t +1) < ¢'(1) =8/135 for t > 0,

1 o 4
B(z) < —i/ te *tdt = ——.
2135 J, 13522
This gives
1= o (@) < 1+ p(a) +eme@ (220 4 Y o
- 6 135(xp(x))? '

It is easily seen that the function

(u) wf U n 4
uy=e"| -+ -—
P 6 ' 13502
attains its maximum on [1/3,log2] at v = 1/3 with value
1\ 20, 1

P (3) “90° 3%

We obtain from this the relation
1
1—z¢(z) <1+ p(x) + 5@(:6)2 <er® 0
REMARK 3.7. The difference between e#®) and 1 + ¢(z) + 2¢(2)? is O(p(x)3),

that is (by Proposition 3.6) the difference is O(xz~3). Hence for large x the difference
is very small, reflecting the fact that m’(z) is very close to 1. For x close to 0, the
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difference is large, reflecting the fact that m’(x) approaches 0 rapidly. See Proposition
4.1.

REMARK 3.8. Defining 6(n) for natural numbers n by

n n—1 n
(& n n
7 =2 3 o
k=0

Ramanugan [13] claimed that % <f(n) < % This was later proved independently by
Szegd [15] and Watson [16]. Further details about Ramanujan’s problem can be found

in [2], [6], [10] and [8].

Watson obtained the relation

O(n) =1+ g (/Ol(tel—t)" dt — /100(tel—f)" dt)

and noticed that the right-hand side of this equation makes perfect sence when n is
replaced by a positive real variable x. The substitution t = e~ in the integrals and
some computation lead to

O(z) = = /OOO e et + 1) dt. (11)

The inequalities 1/3 < 8(x) < 1/2 can now be obtained from the inequalities 2/3 <
Et+1) < 1.

4. Asymptotic results. Here the behaviour of m and m’ at zero and at infinity
is described. We use f(z) ~ g(x) for x — 0 to denote that

lim f(2)/g(x) = 1.

PROPOSITION 4.1. We have m(x)* — 1/2 as x — 0 and
m(x) ~e 727" a5 2 —0.
Furthermore,

271/1

5 as x — 0.
T

m/(z) ~ (log2)e™”

(The constant vy denotes Euler’s constant.)

Proof. Let I(x) = log(m(z)*) = —zp(x) + 2 log . From Proposition 3.6 it follows
that I(z) — —log2 as x — 0. Therefore m(z)* — 1/2 as x — 0.

By the definition of m(x) and by the functional equation of the gamma function
we have

m(z) 1
/ e tet® tdt = =T'(z + 1).
0 2

Integration by parts on the integral on the left hand side in this relation yields

m(z)®e ™) 4 / e M dt = 51"(90 +1).
0
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We next differentiate this relation and get after some manipulation

logm(z) + m'(z) = e™®m(z)~" <%F’(x—|—1)— / (logt) e~ tt® dt).
0

x
m(x)
Since m(z)* — 1/2 as x — 0 it follows that

T

) m/(a:)> =T'(1) = —. (12)

lim {1
lim <0gm(:1:) + (e

This is the same as I'(z) = (log(m(x)*)) — —v as  — 0. Using "Hospital’s rule we
get

I(z) +log2
- -
T

for 2 — 0. Therefore m(x) ~ 27/%e™7 as x — 0.
From (12) it follows that

m(z)

for © — 0 and, since (as used before) xlogm(z) — —log?2, we get

xlogm(z) + m/(z) — 0

log 2
I —1/x —
m(x)w ?2 & v

asx — 0.0

PROPOSITION 4.2. The functions m and m' have asymptotic expansions at in-
finity. We have in particular

8 368
/ _ -3
M) = 1= (557 " Jppings TOW ) as oo
and
8 184 .,
m@) =2 =3+ 050t ogsimee TOWT) e T o0

REMARK 4.3. Choi [8] found the asymptotic expansion of m(n + 1) up to order
o(n=3). Higher order expansions of m(n + 1) were found in [11]. In the appendiz we
have included higher order expansions of m(x) and p(x) (and higher order derivatives
of the function & at 1). Because of the complexity, the computations behind the expan-
sions in the appendiz were made with “Maple 97, using the same method as described
in Lemma 4.5.

Some properties of & are also needed here, namely:
LEMMA 4.4. For anyn > 1, lim;_, £ (¢) = 0.
This lemma is proved in the last part of Section 5.

LEMMA 4.5. The functions ¢ and ¢’ have asymptotic expansions at infinity. In
particular

1 29 37

p(r) = -

_ -3
32 T 81022 2551508 T 0@ )
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as r — 0.

Proof. We have already seen in Proposition 3.6 that p(z) = O(z~!). Therefore

»(x) u " (—1)kgk e
2/ e mute ™ 1) gy = 2 Z = / (u+e ™ —1)* du + o(z= "),
0 k! 0
k=0
On the other hand, by partial integration and Lemma 4.4,
¢ £ (1) 1
/ E(t+ e "t dt = Z s (z= (D), (13)

From Proposition 3.3 we thus get

" (k) no k .k p(x)
o)=Y S S B [ e aus o) 1)

From this relation it is possible to deduce that ¢(z) has an asymptotic expansion of
the form

|(‘3
x| =

D=3 G

k=1

(15)

8]

as x — oo and for any n. (See below.)
Let us first find the coefficients c1, c3 and c3 in the expansion. If n = 0 the relation
(14) yields, since £(1) = 2/3,

pla) = o+ o)

(This was already found in Proposition 3.6.) For n = 1 we get, using &'(1) = 8/135,

1 4

w(x)
_ —u —2
go(ac)——&r—i— 1351724—:6/0 (ute 1) du+ o(z™%).

Now, u+ e~ % —1=u?/2 + o(u?) for u — 0 and therefore

T 3
@) = 5+ gz + 2 (D55 40l o)

Then we use the result for n = 0 to obtain that z¢(z)® = 1/(2722) + o(z~2), and if
we insert this into the relation above it follows that

B 4 1\ 1 129 o
o) =3 +(135+162> Fole™) = 30+ g T o)

The argument is repeated and yields the following for n = 2:

@) = L, 4 8
P = 3 T 13522 283527

@(z) T e(z)
—i—x/ (u+e ™ —=1)du— ?/ (u+e*—1)*du+o(x™3).
0 0



74 C. BERG AND H. L. PEDERSEN

Here we use u+e % —1 =1u%/2 —u3/6+ o(u®) and (u+e " —1)? = u*/4 + o(u*) for
u — 0 and get

1 4 8
P(7) = 30+ 352~ 3835,
o(x)®  px) 4
x2 i 5
5 (@(20) * "("”5)) +ola™):

In the term xp(x)3 /6 the expansion of ¢(x) for n = 1 is substituted and in the terms
zp(x)* /24 and x2p(z) /40 the expansion of ¢(z) for n = 0. In this way we get

1 29 8 1 29 11 11 1 _3
P@) =3t g0t <_2835 * 18810 2481 Eﬁ) G
1 29 37
3z 1 81027 2551527
These computations also indicate how to show that there is an asymptotic expansion
(15) for every n > 1. One could use an inductive argument based on the relation (14):
First of all, the sum

+o(z™?).

contains a term of order 1/z"*1. Next the integrand (u +e~* — 1) is approximated
by its Taylor polynomial of order n + k,

n+k
(u+e ™ —1)F = Z apu' + o(u" ),
1=2k
and the expansion ¢(z) = >_p_, ck/x ™% + o(z™™) is then used in the upper limit of
the integrals in the sum

1\, k  pe(x)
E %/ (u+ e —1)* du.
k. O

k=1

Using these approximations it is possible to obtain

I+1
n+k +

M) K (DR arl [N~ ¢ ~(n+1)
o@) =D Sorm — 1|\ 2w] tew ):
k=0 k=1 1=2k j=1

This is an expansion of ¢(z) of order n + 1.
To see that also ¢’(z) has an asymptotic expansion we differentiate (9) and get

e () u 00
2g0/(x)€_m(¢(m)+e @y 2‘/0 e~ T(ute )(u + e—u) du = _‘/1 tg(t)e_””t dt.

Adding (9) to the relation above we get after multiplication by e* and a change of
variable s =t — 1,

2/ (a)e " (#@re 1)

w(x) . 00
= 2/ e~ e =y 4 e — 1) du — / sE(1+ s)e " ds.
0 0
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In the first integral we use again Taylor approximation and in the second integral
integration by parts. Using also the asymptotic expansion of erlpl@)+e 7 -1) i
follows finally that there is an asymptotic expansion of ¢’(z). The coeflicients in
this expansion can be identified by integrating the expansion and using the known
expansion of ¢(x), cf [4][Appendix C]. O

Proof of Proposition 4.2. Since (x) has an asymptotic expansion,
k

_ —p(x) _ - (_1)1@()0(1:)
m(x) = ze ( )—xkgoT

also has an asymptotic expansion and in particular

x 2 €T 3
i) =267 = (1 o)+ £ - B o).

We insert in this relation the asymptotic expansion of ¢(z) from the lemma above
and get, after some computation,

1 8 184
=z(1-— -3
m(z) =@ ( 3 T 10502 T 2551508 T O )>
18 184
—r— -+ +———— +o(z?).

3 405z = 2551522

Since ¢’(z) has an asymptotic expansion, the same is true for m/(x), since m’(z) =
(1— ¢/ (x))e"#*). The expansion of m(z) can be found by integrating the expansion
of m/(z), and this gives the desired expansion of m/(z). 0.

REMARK 4.6. It s clear that the methods above can be continued so the asymptotic
behaviour of m™*) (z), k > 2 for x — 0 and x — oo can be determined by differentiation
of the asymptotic formulas for m’(x).

REMARK 4.7. The asymptotic expansion of Ramanugjans function 0(x)

n ¢(k)
O(z) = 52;,}) +o(z™™)
k=0
follows from (13) and (11).

5. Properties of the auxiliary function £. In this section the properties of
the function &, stated in the propositions 3.1, 3.2 and in Lemma 4.4 are derived. The
monotonicity properties of £ we found surprisingly difficult to establish. Much of the
difficulty lies in the fact that £ is given as a sum of two terms, where it is necessary
to control the cancellation between these two terms.

Behaviour of £ at t = 1.

Proof of Proposition 3.1. We put f(z) = e # + z and notice that the function
f(2)—1 has a zero of multiplicity 2 at z = 0. Hence there exists a holomorphic function
h in a neighbourhood of 0 such that f(z) —1 = h(z)? there. Since h/(0)2 =1/2# 0, h
is one-to-one near z = 0. We choose h'(0) = 1/+/2 and with this choice h is uniquely
determined.
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There is thus a radius r > 0 such that for any w with |w| < r, there are exactly
two solutions to the equation f(z) = w, namely z = h~!(&v/w — 1). In particular,
for t > 1 and close to 1 we have

u(t) =h Y (=t —1) and w(t) =h 'Vt —1),

where u and v are the functions appearing in (7). Denoting the Taylor series of h~!(w)
by >°0° | anw™ it follows that

u(t) +v(t) =Y 2a(t — 1)*.
k=1

Since £(t) = w/(t) + v'(t), we find £(1) = 2a2 and &'(1) = 4ay. The numbers az and
ay can be found as follows. If h(z) = >°°7 | b,2™ then

2
- 1 1 1
(ng_lbnz"> :e_z+z—1:§z2—gz3+ﬂz4+...

and this gives after some manipulation by = 1/v/2, by = —/2/12, by = \/2/72 and
by = —V/2 /540. The numbers as and a4 can now be identified if we differentiate four
times the relation (h=1)(h(z)) = z and put z = 0 (so that expressions involving e.g.
(h~1)*(0) appear). This gives, again after some manipulation, (h~1)?)(0) = 2/3 and
(h=1*(0) = 16/45, so that £(1) = 2as = 2/3 and &'(1) = 4ay = 4-(16/45) - (1/24) =
8/135. O

REMARK 5.1. One can in principle find any derivative of € at 1 in this way.
Higher order derivatives of £ at 1 can be found in the appendiz.

Monotonicity properties of ¢. The monotonicity properties are derived
through an approach using complex analysis and we shall make extensive use of the
theory of the so-called Pick functions, see [9]. A holomorphic function p defined in
the upper half plane is a Pick function if it maps the upper half plane into the closed
upper half plane, or put in another way, if Sp is a non-negative harmonic function.
A Pick function has an integral representation,

(2) :az—l—b—i-/oo (L ! ) du(t), (16)

Co \t—2z  t2+1

where a > 0, b is real and p is a positive measure on the real line. Furthermore,

g
a = lim \rp(ly), b= Rp(i)
y—oo Yy
and
N .
= lim SPEFW)
y—04 ™

in the vague topology. Note that a Pick function can be extended to a holomorphic
function in C\ R by (16). If A C R is closed we recall that p has a holomorphic
extension to C\ A if and only if the support of p is contained in A.
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The proof of the monotonicity properties of £ (Proposition 3.2) is based on an
investigation of the conformal properties of the holomorphic function

fR)y=e*+z (17)

The key to the proof is an integral representation of £ that is given in Proposition 5.8.
Some quite technical lemmas are needed, basically to exploit the relation between the
functions f and &.

LEMMA 5.2. The function f(z) = e * + z is a conformal mapping of the strip
Sor = {0 < 32z < 27}
onto the domain

T=C\({Sw=2mRw>1} U{Sw=0,Rw >1}).

The image of some horizontal lines in So, under the function f is shown in
Figure 2.

F1G. 2. The image of horizontal lines under f(z) =e % + z.

Proof. We have f(x + iy) = o + i7 if and only if

e Tcosyt+r=o0
—e ¥siny+y=r".
If y=mthen 7 =7 and 0 =z — e~ so f maps the horizontal line R + i7 onto itself

and is one-to-one there.
Note that if 0 < y < 7 then 7 = —e ™ *siny +y < y so

FH0< Sz <7}) C{Sw < 7}
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For 7 < m we get e” = (siny)/(y—7) and since 7 < y this gives = log(siny/(y —
7)). Therefore we shall look for a solution y to the equation

si — T) cos
iny  (y—r)cosy

log -
y—T siny

For 7 < 7w we put

si — T) cos
Fo(y) = log iny  (y—r7)cosy

18
Yy—T siny (18)

and claim the following;:

1. For 0 < 7 <7, Fr(y) decreases for y € (7,7) from co to —oo.

2. For 7 =0, F;(y) decreases for y € (7,7) from 1 to —oo.

3. For 7 < 0, F;(y) decreases for y € (0,7) from oo to —oo.
It is easy to see that lim, .. Fr(y) = —oo, limy .., F-(y) = oo for 7 > 0 and
limy o, Fo(y) = 1. Furthermore, lim, .o, Fr(y) = oo for 7 < 0 since the first term
in F;(y) has a logarithmic singularity. To verify 1., 2. and 3. we need to show that
F!(y) < 0. We find, after some computation,

1 i —
Fl(y) = = (2005y— Sy y, T) .
siny y—7T  siny

Putting x = (siny)/(y — 7) then x > 0 and hence x + 1/k > 2. Since cosy < 1 it
follows that indeed F!(y) < 0.

From 1. and 3. it follows that for given 0 € R and 7 < 7, 7 # 0 there is a
unique solution y to the equation F;(y) = o and therefore there is a unique solution
x +1iy € Sor to f(xz +iy) = o +ir. If 7 =0 there is by 2. a unique solution y to the
equation F;(y) = 0 when o < 1 and none when o > 1.

For m < y < 27 we have siny < 0 so 7 > y and therefore

f{m < Sz < 27}) C {r < Sw}.

For 7 > m we put

Fo(y) = log —siny n (r— y) cosy
T—y —siny
It follows that F(y) increases with y € (7, min(7,27)), and the conformality follows
in the same way as for the case 7 < 7. O
In the following we let f~' denote the inverse of the conformal mapping f of
Lemma 5.2, including its obvious continuous extension to both sides of the cuts.

LEMMA 5.3. The function w — f~Y(1 —w) is a Pick function with the represen-
tation

1 t
t—w 241

- =rta-a s [ ) oy,

where

is increasing on (0,00) from 0 to 1.
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Proof. First of all, 1 — w belongs to the lower half plane when w belongs to the
upper half plane. Since f~! maps all of 7, and hence in particular the lower half
plane, into the strip 0 < 3z < 2w, f~1(1 — w) is certainly a Pick function. We next
derive its integral representation. Since its imaginary part is bounded the number a
in the representation (16) must be zero.

It remains to identify the measure pu. Since the function f=(1 —t — iy) is con-
tinuous for (¢,y) € R x [0,1] and is real for y = 0 and ¢ < 0 we find

SfN1—t—iy)  SFA-1)

t:l. =
n(t) o - -

for t > 0 and n(t) = 0 for t < 0.
By definition the function Y (¢) = 7n(t) satisfies the equation

sinY (t)  Y(t)cosY(t)

Fo(Y (1)) = log Y (t) sin Y (¢)

=1-t

(with the notation of Lemma 5.2) and therefore
YY) = —1.

Since F} is negative (see again Lemma 5.2), Y (¢) and hence n(t) must be increasing.
Since Y (t) tends to 7 as ¢ tends to oo (this is because Fy(Y (t)) — —o0), n(t) — 1 as
t—o0. 0

LEMMA 5.4. The function
g(w) = f~H(w) + f~1(@)

has a holomorphic extension to C\ {Sw = £2x,Rw > 1}. All points on the lines
{Sw = +27, Rw > 1} are singular points for g.

Proof. Since f~! is a conformal mapping of the region
C\ ({Sw=2mRw > 1} U{Sw=0,Rw > 1}),
the function g is holomorphic in
C\ ({Sw==x2m,Rw > 1} U{Sw =0,Rw > 1}).

However, g has a continuous extension to {Sw = 0, Rw > 1} with boundary values
u+ v (see the beginning of Section 3), so from Moreras theorem we conclude that g
is holomorphic across this half-line. Concerning the boundary values on the half-lines
{Sw = £27, Rw > 1} we have (0 > 1)

lir2n g(o+ir) = 111211 Yo +ir) + f~(o — 2mi)
=wv(o) + 2w + f~1(oc — 2mi)

and similarly

lim g(o+ir) =u(o) + 2mi+ f~1(o — 2mi).

T—2m 4
Therefore g is not continuous across any segment of the half-line

{Sw = 2m, Rw > 1}
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and so all these points are singular points. Since g(w) = g(w) the same conclusion
holds for the points on the other half-line. O
The next result relates g from the lemma above with u, v (defined by (7)) and ¢&.

COROLLARY 5.5. The function
g(w) = f~H(w) + f~1(w)

is a holomorphic extension of u + v to C\ {Sw = 2w, Rw > 1}. The function g’ is
thus a holomorphic extension of .

PROPOSITION 5.6. The Taylor series for £(z) centered at 1 has radius of conver-
gence equal to 2w and the asymptotic series

SRy

diverges for any z in C.

Proof. We have £ = ¢’, where g is the function in Lemma 5.4. If the radius
of convergence of £ at 1 were larger than 27 then the primitive g would also have
a holomorhic extension to this larger disk, and this contradicts the fact that g has
singular points in that disk.

Concerning the divergence of the asymptotic series we use that the radius of
convergence of the Taylor series is finite. It means that

1/k

(k)
lim sup (w> > 0,

and hence that for some e > 0, [£() (1)|'/*/(k!)}/* > ¢ for infinitely many k. Stirlings
formula yields (k!)'/* ~ k/e and therefore

lim sup [€*) (1)[/* = co.

k—o0

This shows on the other hand that the asymptotic series diverges for any complex
number z. O

In the following log denotes the principal logarithm defined in the cut plane
C\ (—00,0].

LEMMA 5.7. The function
V(w) = [~ (logw) + [~ (log W)
is a Pick function. It has the representation
W (w) = RU(7) - /Oo <L - L) h(t)dt,
v Ut+w £2+1
where the function h is given as

ht) =1 — %f‘l(logt—m)'

™
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Furthermore, h increases on (0,00) from 0 to 1.

Proof. We consider the holomorphic function g from Lemma 5.4 in the strip
S = {0 < Sw < 7}. Hence the function V(w) = Sg(w) is a harmonic function in S.
Furthermore, since f~! maps all of {Sw < 7} \ {z |z > 1} into S, V is also bounded
there, with the apriori bound —7 < V(w) < w. We claim that indeed 0 < V(w) < 7
for all w € S.

We consider the boundary values of V. The horizontal line {t + im, |t € R} is
mapped by f~! to itself, whereas {t — i, |t € R} is mapped by f~! to some curve
inside the strip S. Therefore f~1(¢ —imw) has imaginary part greater than —m and
hence the boundary values V(¢ +i7),t € R, are all non negative. Since g(w) = g(w),
the boundary values V' (¢),t € R, are all zero. Therefore V' has non-negative boundary
values. Since it is bounded, the maximum principle in an unbounded region (see e.g.
[12]) yields that V(w) > 0 for all w € S.

Since log maps the upper half plane onto the strip S, the function ¥(w) = g(log w)
maps the upper half plane into itself, and is hence a Pick function. Since SV is
bounded, ¥ has an integral representation of the form

ww) = v+ [ (2 - ey ) o)

Co \t—w 241

for some positive measure p. Here SW(¢) = 0 for ¢ > 0 since V is zero on the real line.
We thus find the measure p to be supported on the negative half-line with density
S f ! (log(—t) — im)

1 , t<O.
7T

After making a change of variable (¢t — —t) in the integral it follows that
U(w) = RU(0) —/Oo P Y (19)
B o \t+w 241 ’

where h is the function in the statement of the lemma.
By definition of h, 7(1—h(t)) = Sf~*(logt —im), so h is increasing if the solution
Y () to the equation F_ (Y (t)) = logt is decreasing. This is indeed the case, since

FLY @)Y (1) = 5 >0,

and F’ < 0. O

PROPOSITION 5.8. The function £(logw) is holomorphic in the cut plane C\
(=00, 0] with the representation

t

E(logw) =1 _/0 t—i-—whl(t) dt,

where h(t) is given in Lemma 5.7.

Proof. From Corollary 5.5 it follows that ¥(w) = u(logw) + v(logw), for w > e,
where U is the function in Lemma 5.7. Hence £(log w) = w¥'(w) and so we get from

(19),

E(logw) = /000 % dt.
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Integration by parts on the right-hand side of this relation yields

éllogw) = | Ty,

or

£(logw) =1 — /OOO ' wwydo

t4+w

Proof of Proposition 3.2.
&(t) increases from 0 to 1 for ¢t € R (this is more than is stated in the proposition).
From (8), lim;—,o {(t) = 1. Letting w — 04 in the integral in Proposition 5.8 then

¢(logw) — 1 —/ Wt dt =1~ Jim h(t) + h(0) = 0.
0 0
Hence &(t) — 0 as t — —oo. Differentiation of the formula in Proposition 5.8 gives us
(1 o t
w 0 (t+w)?

and since h/(t) > 0 for all ¢t € R, we see that £'(¢) > 0 for all ¢t € R.
&(t) is concave for t > 1. Differentiation of both sides of the relation above yields

¢ (log w) — £ (log w) = —2uw? /0 ﬁ R (t) dt,

so that, again using the integral representation of £’ (logw),

& (logw) = /Ooo ((t_fliis + G +ww)2) th'(t) dt

o t—w

< s—1
= w/o GrIP sh'(sw) ds.

This last integral we split into two, one for s < 1 and another for s > 1. We thus get,
after making the substitution s — 1/s in the latter one,

= [ (o () )

From this relation we see that £ is concave on [logwg, 00) if

1

N (%) —sh'(sw) <0 for se(0,1) and w > w. (20)
Now, as noted in the proof of Lemma 5.7, h(s) = 1 — Y_.(log s)/m, where Y_.(¢)
(0,7) is the solution to the equation F_ (Y_r(t)) = t, see (18). Therefore h'(s)
—Y’ .(log s)/(ms) and hence

I m

lh’ (E) _ Y (logw —log 5)

S S Tw
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and

Y (1 1
sh!(sw) = — “r(logw +logs)
Tw

The relation (20) holds provided

Y’ (logw —logs) > Y’ (logw + logs).

Since log s runs through (—o0,0) when s € (0, 1), this condition is the same as

Y (logw+1t)>Y' (logw —t)

for all ¢ > 0 and all w > wy. We aim at proving this for wy = e, so what we really

should prove is the following:

Ylﬂ’(a + t) 2 YLW(O‘ - t)

(21)

for all t > 0 and all a > 1. This inequality is verified by using Lemma 5.3. According

to that lemma, with w =1 — a — t 4+ iw, we have

—Sf 1= (1—a—t+in)

e T
= d
/0 (S+t+a—1)2+w2n(s) §

so that

Vilatt) = /0°° (%(s+t+aﬂ— 1)2+772> n(s) ds

N /OOO (%(S-l-t—f—aﬁ— 1)2 +7T2> n(s) ds

oo

B {(s+t+aw_ 1)2 +7T277(8)]0

(o] T ,
- d
/0 (s+t+a—1)2—|—7r2n(s) 5
__/OO T !
0 (s+t—|—a—1)2—|—7r2n

Replacing t by —t in this formula we get

(s) ds.

Y (a—t)=— i '(s)d
o= | e s

so that

Y—/ﬂ'(a +t> - Y—/ﬂ'(a - t)
s+a—1

_47rt/0 (Grt+a—12+72)((s—t+a—1)2+nr2) n'(s) ds.

Since 7/(s) > 0 it follows that Y/ (a+t) =Y’ (av—t) has the same sign as ¢ for o« > 1

and hence is positive for ¢ > 0. O
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Behaviour of ¢ at co. The behaviour of £ and its derivatives at infinity can be
investigated through the theory of completely monotonic functions. The investigation
is based on a simple lemma of independent interest.

We recall that a C*°-function v(t) defined on the positive half-line is called com-
pletely monotonic if

(=1)Pu®P)(t) > 0, for all integers p > 0.
It is called a Bernstein function if
v(t)>0 and (—1)PvP(t) <0, for all integers p > 1.

The last conditions can also be expressed that v/(t) is completely monotonic. For
details about these classes of functions see e.g. [5].

LEMMA 5.9. Let F' be completely monotonic, let (t) be a positive C*®-function
for t >0 and assume that <'(t) = F(s(t)). Then:
For each n > 1 there exists a completely monotonic function F,, such that

(=) 1M () = Fu(s(t)).

In particular ¢ is a Bernstein function.
Proof. For n = 1, F; = F can be used. If (—1)" '™ (t) = F,(c(t)) for some
completely monotonic function F;, then

(—1)"<U D (E) = —F (1)< (1) = —F, (s(0)) F(<(1)).-

Here F,y1 = —F/F is completely monotonic as a product of two completely
monotonic fuctions.
Furthermore we have

(=1)"" () = =Fu(s(1)) < 0,

so ¢ is a Bernstein function. O

PROPOSITION 5.10. The functions —u(t+1) and v(t+1) are Bernstein functions
and

lim v(t)/t =1, lim u(t)/t =0.

t—o0 t—o0

Proof. We have v'(t) = F(v(t)) where

o0

F(z) = ! Z e e

l—e®
k=0

is completely monotonic. Since v(t) — oo as t — oo we have e *®) — 0 and hence
v(t)/t=1—e"®/t - 1ast— oco.
If w = —u then w'(t) = G(w(t)) where

1 S
G(az):em_1:Ze k
k=1
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is completely monotonic. Furthermore, t = e~ (") +-u(t) > 14-u(t)?/2 (since u(t) < 0)
so that —u(t) < \/2(t — 1) and thus u(t)/t — 0 ast — oco. O

Bernstein functions admit integral representations (see e.g. [5, p. 64]) and thus
we have

v(t+1) —t—|—/0 (1 —e ") dA(z)
and

Cu(t+1) = /000(1 — =) do(z),

for some positive measures A and o on (0,00). Since t +1 —v(t +1) = e D — 0
for t — oo we conclude that A((0,00)) =1 and hence

vt+1)=t+1- / e "t d\(x).
0

The measure o has infinite total mass because u(t) — —oo for t — co.

From these representations we rediscover the relation £(t) (= w/(t) +v'(t)) — 1 as
t — oo (see (8)). Furthermore, u(+1(¢) and v+ (t) both tend to zero as ¢ tends
to infinity for any n > 1. Consequently, £(")(t) — 0 as t — oo (for any n > 1) and
Lemma 4.4 is proved.

One could hope to deduce the monotonicity properties of £ by using these integral
representations. We have not succeeded in doing this, since much cancellation between
u and v takes place and we do not know A and o explicitly. Furthermore, it is not even
true that £(t 4 1) is a Bernstein function even though it is increasing and concave.

6. Appendix: Higher order expansions. In this section the asymptotic ex-
pansion of m(z) up to o(z~?) can be found. We have also included the expansion
of the auxiliary function ¢(x) and the numbers £*) (1) for k£ up to 10. These results
were found using the Maple 9 program. The Maple code and a short description can
be found at

www.math.ku.dk/“berg/

The asymptotic expansion of m(z) is

9
1 mp -9
m(z) =z -3 +k§71:$_k +o(z77),
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where
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23
=31y
g — 2%.23
36.5.7
g — 2% . 281
39.52.7
7n4::__23~17.139753
313.53.7.11
s — — 2° - 708494947
315.53.72.11-13
g — 2% . 140814348739
318.51.72.11-13
e — 23 . 7663181003289047
321.56.73.11-13-17
7n8::__23~653~1359581~759929-3307
323.56.73.11-13-17-19
7n9::__23~29~1376560394479059407

327.57.73.112 .17

The asymptotic expansion of ¢(z) is

where

1
Cl—g
29
34.5.2
37
T 36.5.7
3877
©39.52.22
8957413
T 3BT 11
401 - 8842279
2.315.52.72. 11 - 13
356146891 - 2039
S 318.51.72.11-13
216607304027 - 3077479
T 23.321.56.73.11-13- 17
31 - 743 - 4569027042343
T 328.53.73.11-13-17-19
71 - 282699240672481 - 1949 - 5113
2.327.57.73. 11213 - 17 - 19

C2 =

Ce =

Cr =

Ccg =

Cio =
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The derivatives of £ are:

2
1) ==
(1) 3
23
&)= 75
®) 2
W =gr57
@y 2
3 (1)——35.5.7
6
4, _ 20281
¢ (1)*3&52-7.11
7
) (1) — 20.23-227
&) 39.52.7.11-13
8
©)(1) = _ 2% -53-103
) 310.52.7.11-13
€D(1) = — 29.373 - 4439 - 557
o 312.51.72.11.13-17
£€®(1) = 210 2650986803
C313.54.72.11-13-17-19
£€9(1) = 2. 6171801683
©314.54.72.11-13-17-19
€00 (1) = 2'% 1117 - 3835213201

T 316.52.72.11-13-17-19-23"

Added in Proof. The conjecture m” (x) > 0 mentioned at the end of Section 1 has

been proved by the authors.
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